SCHATTEN CLASS MEMBERSHIP OF
HANKEL OPERATORS ON THE UNIT SPHERE

Quanlei Fang and Jingbo Xia

Abstract. Let H?(S) be the Hardy space on the unit sphere S in C", n > 2. Consider
the Hankel operator Hy = (1 — P)M|H?(S), where the symbol function f is allowed to
be arbitrary in L?(S,do). We show that for p > 2n, Hy is in the Schatten class C, if and
only if f — Pf belongs to the Besov space B,. To be more precise, the “if” part of this
statement is easy. The main result of the paper is the “only if 7 part. We also show that
the membership Hy € Cy,, implies f — Pf =0, i.e., Hy = 0.

1. Introduction

Let S denote the unit sphere {z € C" : |z| = 1} in C". Throughout the paper, we
assume that the complex dimension n is greater than or equal to 2. Let o be the positive,
regular Borel measure on S which is invariant under the orthogonal group O(2n), i.e., the
group of isometries on C™ =2 R*" which fix 0. We take the usual normalization ¢(S) = 1.

Recall that the orthogonal projection P from L?(S,do) onto the Hardy space H?(S)
is given by the Cauchy integral formula

P - | %dam, ] < 1,

,page . As usual, the Hankel operator : — ,a40) O 1s defined by
9 39]. A 1, the Hankel Hy H?(S L%(S,d H?(S) is defined b
the formula

Hy = (1— P)M;|H*(S).

Here we are interested in the so-called “one-sided” theory of Hankel operators, as explained
on page 27 in [12]. The challenge of the “one-sided” theory is to deal with Hankel operators
H which cannot be expressed in the form of a commutator [My, P], g € L?(S,do). As
it turns out, “one-sided” problems can usually be interpreted as concrete versions of this
simple question: if Hy has a certain property, does HW have the same property?

Since the boundedness and compactness of H ¢ were characterized in [12], in this paper
we will take up the task of determining when H; belongs to a Schatten class. Recall that
for each 1 < p < oo, the Schatten class C, consists of operators A satisfying the condition
|A||, < oo, where the p-norm is given by the formula

(L1) | Al = {tr((A= AP/},
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In terms of the s-numbers s1(A), s2(A), ..., s;(A), ... of A (see [5,Section II.7]), we have
1A, = (Z?‘;l{sj (A)}P)Y/P. For convenience, we adopt the convention that || X||, = oo if
the operator X is unbounded.

The motivation for this investigation mainly came from the following sources:

(1) In the unit circle case, the classic result of Peller [7,8] completely determines the
Schatten class membership of the Hankel operator Hy, f € L?(T). But this result is really
about commutators, for on L?(T) we always have Hy = [M¢_py¢, P).

(2) The result of Janson and Wolff on the Schatten-class membership of commutators
of singular integral operators on R" [6].

(3) In [3] , Feldman and Rochberg showed that if h € H?(S) and if p > 2n, then
Hj, € C, if and only if h € B,,. But the assumption that h € H?(S) leads to the identity
Hj;, = [Mj,, P]. So, again, this is a result about commutators.

(4) In [3], Feldman and Rochberg also showed that if h € H?(S) and if H; € Cop,
then h is a constant.

Although these results are all about commutators, they do provide hints as to what
we should expect for Hy. To state our results, let us introduce the Besov spaces on S.

Definition 1.1. (a) For each 1 < p < oo and each g € L?(S,do), denote

_ [ 19 =9@©F .
7,0) = [ [ 4 dr(Qaate).

(b) For each 1 < p < oo, the Besov space B, consists of those g € L?(S,do) which satisfy
the condition Z,(g) < oc.

Using interpolation techniques [1,6], it is easy to prove
Proposition 1.2. In the case 2n < p < oo, if f € By, then [My, P] € C,,.
Since Hy = Hy_py, from this proposition we immediately obtain
Corollary 1.3. Let 2n < p < oo. For any f € L*(S,do), if f — Pf € By, then Hy € Cp.
The main result of the paper is the converse to Corollary 1.3:
Theorem 1.4. Let 2n < p < oo. Then there exists a constant 0 < C' < oo which depends
only on n and p such that the inequality
(1.2) Ip(f = Pf) < ClHgllp

holds for every f € L*(S,do), where ||.||, is the Schatten p-norm defined by (1.1).

Unlike Peller’s classic result on the unit circle, in the case n > 2 there is a complete
“cutoff line” for Schatten class Hankel operators at p = 2n:

Theorem 1.5. Let f € L?(S,do). If Hy belongs to the Schatten class Cay, then Hy = 0.
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In fact, we have a more quantitative result in terms of s-numbers:

Theorem 1.6. Let f € L?(S,do). If Hy is bounded and if Hy # 0, then there exists an
e =€(f) > 0 such that
Sl(Hf) + ...+ Sk(Hf) > Ek(Qn_l)/Qn

for every k € N.

It is elementary that, for any 1 < p < oo, if {a;} € ¢%, then E—(=1)/p Zle a; — 0
as k — 0o. Thus Theorem 1.5 is an immediate consequence of Theorem 1.6.

The rest of the paper contains the proofs of these results. Section 2 deals with various
estimates of mean oscillation. The culmination of these estimates is an inequality (Lemma
2.4) which tells us how mean oscillation behaves under the combined action of P and
Mobius transform. In Section 3 we derive a “quasi-resolution” of the Cauchy projection
P, which is perhaps the key to the proof of Theorem 1.4. This “quasi-resolution” is what
allows ||Hy||, to get into the action. In Section 4 we introduce a gadget called J,, and we
show that it dominates the 7, defined in Definition 1.1. Roughly speaking, J, “takes the
exponent p outside the integral”, and the fact that 7, dominates Z,, is a kind of “reverse
Holder’s inequality”. We should mention that the proof of Proposition 4.2 is based on
ideas adapted from [6].

In Section 5 we bring together the estimates in the above-mentioned three sections to
show that there is a C such that inequality (1.2) holds for every f € L?(S,do) satisfying
the condition Z,(f — Pf) < co. The reason that we need this intermediate step is that our
proof uses cancellation (twice). Finally, in Section 6 we use a technique called “smoothing”
to remove the a priori condition Z,(f — Pf) < oo, completing the proof of Theorem 1.4.

In Section 7 we give an easy proof of Proposition 1.2. Although Proposition 1.2 can be
proved by using the conventional interpolation techniques in [1,6], the proof given here can
perhaps best be described as a “hybrid” proof. That is, we combine the idea behind the
Marcinkiewicz interpolation with the fact that we are dealing with a commutator, which
offers nice cancellation properties. By taking full advantage of cancellation, we are able to
find a rather explicit bound for ||[M, P]||p. This more explicit version of the result will
be established as Proposition 7.1.

The technique in the proof of Proposition 7.1 can be further exploited. In Proposition
7.2, we use the same technique to show that, if f is Lipschitz on S, then the commutator
[M, P] belongs to the Lorentz-like ideal C. [5]. This provides an interesting contrast to
Theorem 1.5: while there are no nonzero Hankel operators in the Schatten class Cs,,, there
are plenty of nonzero Hankel operators in the slightly larger ideal C; . The significance of
Proposition 7.2 extends beyond curiosity; it will be needed in the proof of Theorem 1.6.

Section 8, the longest in the paper, is devoted to the proof of Theorem 1.6. The length
of the section is a reflection of the fact that the proof is really technical. The proof involves
functions of a very specific type and hinges on obtaining the lower bound given in Lemma
8.14. A moment of reflection on the lower bound tells us that this is a natural approach
for proving Theorem 1.6.



In Section 9 we derive two more conditions which are equivalent to the membership
Hy € Cp, p > 2n. Then we determine the distribution of the s-numbers of H; in the case
where f is Lipschtz on S. The final result of the section is a re-interpretation of Theorem
1.6 in the language of norm ideals [5].

Since the paper is full of estimates, there are many constants involved. Constants
which appear in the statement of a proposition or lemma usually carry the same enumer-
ation as that proposition or lemma. For example, (51 is the constant that appears in
Proposition 2.1. The reason for this is that they will be cited in later proofs. For constants
which occur in proofs, we label them sequentially as C,Cs,--- , and so on.

2. Estimates of Mean Oscillation

We begin with the basics. It is elementary that if ¢ is a complex number with |¢| < 1
and if 0 < p <1, then
2|11 — pc| > |1 —¢|.

In the sequel this fact will be used frequently. For the rest of the paper, we write B for
the open unit ball {z € C" : |z] < 1} in C". For each z € B, we denote

I
(1 - <w7 Z>)n7

lw| < 1.

k2 (w) =
It is well known that the formula
(2.1) d¢.6)=N—-(COI2  ¢ees,
defines a metric on S [9,page 66]. Throughout the paper, we denote
B(¢r)={zeS:|1—(2,¢)"? <r}
for ( € S and r > 0. There is a constant Ay € (27", 00) such that
(2.2) 27" < o(B(¢,r)) < Agr®”

forall ( € Sand 0 < r < V2 [9,Proposition 5.1.4]. Note that the upper bound actually
holds when r > /2. For any f € L?(S,do), define

. 1/2
. o . 2
SD(f7 C?T) - (O’(B(g,?")) /B(g’r) |f fB(C,T')| dO') ’

where
1

[Bcr) = —/ fdo.
P o(B(Gm) Jaem
It is easy to see if (,£ € S and r, p € (0,00) satisfy the relation B(&, p) C B((,r), then

a(B(G,7))
a(B(&, )

4

1/2
(2.3) SD(f;€,p) < { } SD(f;¢,7).



Using the newly introduced notation SD, we can restate [12,Proposition 2.2] as

Proposition 2.1. There ezists a constant 0 < Cy.1 < 0o such that the inequality
— 1
SD(Pf;¢,a) < Cay Z 2—kSD(f;C,2ka)
k=1

holds for all f € L?(S,do), ¢ € S and a > 0.

Lemma 2.2. There exists a constant 0 < Coo < 00 such that for all f € L*(S,do) and
z € B\{0}, we have

(7 = (Fhe kDbl < oo 3 S SD(F: €, 2%
k=1
where a = (1 — [2|?)Y2 and ¢ = 2/|2|.

Proof. Let f, z, ¢ and a be as above. Write By = B((,2%a) for every k € N. Then

24)  [1(F = (Fho ko)) |? < /B f = fouPlkefPdo + 3 /B 1T S
1 k=2 k

Byr_1

For x € By, we have |1 — (z,2)| > 1 —|z| > a?/2. Thus we have

2 n 22n 24nA
2. 2y @ L2 2 20 4 eB,.
( 5) |kz<x)| = {(a2/2)2} a2n’ >~ O'(Bl) 1 x & 1

If z € S\Br_1, k > 2, then |1 — (z, 2)| > (1/2)|1 — (z,¢)| > 227342, Hence

26  @p<d e V' _ 1 A . pp
. 2= (22k—3¢2)2 [ 204k—6)ng2n = 22nky(B,) i k—1-

Write C; = 26" Ag. Then by (2.4-6) we have

oo

(= kDl < Y g s [ 1f = fPen

k=1

(2.7)

For any integer k > 2,
k
|f_fB1‘2 < 2|f_ka|2+2|ka _fB1|2 < 2|f_ka|2 +2(k_ 1)Z|fBj—1 _fBj|2
j=2
1
<2|f — 212(k—-1 —/ — fB.|?do
|f ka| ( )ZO'<B‘—1) B, |f fBJ|

k
j=2
k
<2f = fu P+ Calk = )Y s [ 1f = g, P

=2

o(Bj)



where Cy = 2371 Ay, Let C5 = C1(2 + C3). Combining this with (2.7), we see that

k

1(F—{fhas k2)) k||2<22m ! / = fi, Pdo
Jj=

a(Bj)

o0

Z SD(f:¢, 2 a)}’ sz —2223{31)(“2] a)}* 222@1 F

If t; > 0 for every j > 1, then (3_; t)l/? < > t;/Q. Hence the above yields

SCN A N
1(f = (Fhas ka))ka|| < {Z 22(”;_%} > 57SD(f:¢, 2a).

k=1 j=1

This completes the proof. [
For each z € B\{0}, define the Mébius transform

orti) = s fe = e oy (0= L i<

Then ¢, is an involution, i.e., ¢, o ¢, = id [9,Theorem 2.2.2]. Recall that the formula

(2.8) (U-1)(C) = F(@:=(O)k:=(¢), (€S and fe L*(S,do),

defines a unitary operator with the property [U,, P] = 0 [11,Section 6].

Lemma 2.3. There is a constant Cs.3 such that the following estimate holds: Let 0 <
a<1land( €S, and set z = (1 —a®)"/?¢. Let f € L?(S,do). Then for each a < b < 4,

(29) SD<f O Pz, C; b) S C12.3 Z %SD(fJ Ca 2k+2(a/b))

k=1

Proof. Let (,a and b be given as described above. Denote G = B((,b). Then for any
f € L*(S,do) and any ¢ € C we have

2
(2.10) {SD(f o p:;¢,b)}? < /|f0<,0z c| da—/ (G)|f— |2‘(Z’)
®2

Note that 4(a/b) > a under our assumption. Thus if b > 273 then (2.9) follows from
(2.10), Lemma 2.2, (2.3) and (2.2). For the rest of the proof we assume b < 273. Then
there exist an integer £ > 3 and an R € [1/2,1) such that

b=2"‘R.
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To complete the proof, we first show that
(2.11) £-(G) € S\B(¢.2' a).

To verify (2.11), consider any y € G = B((,b). We have [1—(y, z)| < 1—|z|+|z|[1—(y, ()| <
a’® + b? < 2b%. Note that for the last < we used the assumption b > a. It follows from 9,
Theorem 2.2.2(iii)] that k, o ¢, = 1/k,. Thus for y € G we have

(k=02 ()P = k= ()| 7> = {11 = (y, 2)[Pa™}" < {4b'a™*}".
In other words, if € ¢.(G), then {a?/|1 — (z, 2)|?}" = |k.(2)|* < {4b*a=2}". Hence
(2.12) 11— (z,2)| > (26%)'a® = (2R*) 71 (2%)* > (1/2)(2%a)® if z € ¢.(G).
On the other hand, if w € B(¢,2°'a), then
(2.13) 11— (w, 2)| <1—|z| + |2]|]1 = (w, ()| < a® +2%72a% < (5/16)(2%)>.
Thus (2.11) follows from a comparison between (2.12) and (2.13).

Denote By = B((,2%a) for k > ¢ — 1. If x € Byy1\By, then |1 — (z,2)] > (1/2)]1 —
(z,¢)| > 226=1a2. Recalling (2.2), for 2 € By41\By we have

a? n 1 C 22n(€ k)
< . <
o(G) ~ ({22’“‘1002}2) 27727 R)* T o(Brya)
where C; = 2™ Ay. Combining this with (2.10) and (2.11), we have

k|2
{SD(f 0 ¢.:¢,b)} Z /B ]f—c]2j7<(‘;)da

k=t—1" Br+1\Bu

& 2n(L—k) 2nj
(2.14) < Z €12 / |f — ¢ da<2022 /
Bry1\By )

B
et—1 k—|—1 j+L

’f - C’2d0-7
+L

J

where L = ¢/ —1, Cy = 2*"(C, and c is any complex number. The rest of the proof resembles
the proof of Lemma 2.2, as it should. For any integer 7 > 1,

|f - fBL|2 S 2|f - fBj+L|2 + 2|fBL - fBj+L|2
J
1
<2lf = [ |” + Csj —/ |f = [Bs. P do,
J+L kz::lo'(Bk—l—L) Byps k+L

where C3 = 2371 Ay, Let Cy = Co(2 + C3). Setting ¢ = fp, in (2.14), we find that

J
{SD(fop-:(.b) SZ Oy |V oo

Z D(f:¢, 25 a >}222§:i <> SlSD(f ¢ 2 Fa) Y

=1 j=k k=1 j=1




If t, > 0 for every k > 1, then (>, ti)l/? < Dok t,1€/2. Hence the above yields

1/2
o0 . oo

C
SD(f0pi G <4 e b eS¢, 2 ),

n—1)j
j=1 k=1

Since (1/4)(a/b) < 2Fa < a/b, the lemma follows from this inequality and (2.3). O

Lemma 2.4. There is a constant Cs 4 such that the following estimate holds: Let0 < a < 1
and ¢ € S. Set z = (1 — a?)Y/2¢. If N € N satisfies the condition 2Na < 4, then

k;ZN Q_kSD(( (fop:)) 0 p23¢,2%) < Caupy Zl pa-a7oP(f3¢, 2a)
= J=

for all f € L?(S,do) and 0 < € < 1/2.
Proof. First note that for any £ € S and r > 0, if ¥ > 0 is such that 2¥r > 2, then

g 1
2.1 1 R
( 5) ; 2J 5 ) 2”8 (fa 67 T)
Consider any k > N such that 2¥a < 4. Applying Lemma 2.3 and (2.15), we have
k—1 1
D((P(f o SOz)) o (pz;<72ka) < Ol Z 2—mSD(P(f o (pz), C72m7k:+2)'
m=0

Then apply Proposition 2.1 to each term on the right hand side. We have

k—1 k—1-m
1 .
SD((P(fop:))opsi¢2%) < Ca Y, D, 5y SD(f oz (207 7H42),
m=0 d=0
By the condition 2¥a < 4, we have a < 27F+2 < 2d+m=k+2 Op the other hand, if
d < k—1—m, then 2¢+m=F+2 < 9 Thus we can apply Lemma 2.3 to each term on the
right hand side to obtain

k—1 k—1-m oo

SD((P(f o sz)) SEZP C;Qka,) < 03 Z Z Z ﬁSD(f;C,2i+k—m—da).

m=0 d=0 1i=1

Combining this inequality with (2.15), we have

=1 1
D iSD((P(fop:))opsi(2a) <2 Y SD(P(fops) 0 s ¢, 2%a)
k=N 2N q<2ka<4

oo k—1 m oo

1—
< 203 Z Z Z 2k+m+d+z D(f:¢, 27" a)

k—
k=N m=0 d=0 1i=1

> . 1
(2.16) <203) SD(fi¢.2%a) Y. g
j=1

C(N,jsk,m,d,i)



where C(N, j; k,m,d, i) represents the following set of constraints: £ > N, m >0, d > 0,
i>1l,andi+k—m—d=j. Forany 0 < e <1/2, we have

1 < 1 1
Z ok+m+d+i — 9eN Z 2(1—6)(k+m+d+i)
C(N7]7kamad77‘) C(N7]7kam’dvl)

1 1 1
(2.17) = 2eN " 9(1—e)j Z 92(1—¢€)(m+d)
C(N.j;k,m,d,i)

Now we need to count the number of tuples (i, k, m, d) satisfying C(N, j; k,m,d, ) and the
additional constraint m +d = t, t > 0. There are at most ¢t + 1 pairs of such (m,d), and
there are at most j + ¢ + 1 pairs of (i, k) satisfying the condition i + k — ¢ = j. Therefore
the total number of such tuples (i, k, m,d) does not exceed (¢t + 1)(j + ¢+ 1). Thus

1 > 1 '
Y. paoema <2 gaart DG D)
C(N,j;k,m,d,i) t=0
= 1 .
(2.18) szi(t+1)(t+2):04-g.

t

I
o

Now we substitute (2.18) into (2.17), and then the new (2.17) into (2.16). This gives us
the desired estimate. [

Let d\ be the Mobius invariant measure on B. That is,

dv(z)

PO TRy

where dv is the volume measure on B with the normalization v(B) = 1.
For each z € B\{0} and each integer k£ > 0, denote
(2.19) By(z) = B(z/|2],25(1 — |21*)'/?).

Keep in mind that Bj(z) is a ball with respect to the metric d in S.

Lemma 2.5. There is a constant Ca5 such that the inequality

XBi(2) ()X By () (§) Cy sk - 227k
/ o2(By(2)) d\(z) <

=GO
holds for all k € N and ¢ # & in S.

Proof. Given a pair of ( # ¢ in S, we have 27¢ < d((, &) < 27! for some ¢ > 0. If
X B (2) (€)X By (2)(§) # 0, then 2k(1 — |2|2)Y/?2 > 27%~1 which implies that

(1 . |Z|2>1/2 > 2—£—k—1.
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Define G; = {z € B: £ € Bi(2),277 < (1 —|2])Y/2 <279} for 1 < j <l +k+ 1. Then

l+k+1
220 ot CE > [, O

Recalling (2.2), if z € G; with j > k, then

(2:21) a(Bi(2)) = C1(2"(1 = [2*)1/?)%" > €y (2F277)%" = ¢y 229,
where C; = 272", If z € G; with j < k — 1, then o(By(z)) = 0(S) = 1. Note that

v(Gy) 272 (2k—7)2n
(2.22) AGy) < (220

o 2nk
= @)D = = (a2

< Oy

for every 1 < j < ¢+ k+ 1. Combining (2.20), (2.21) and (2.22), we get

l+Ek+1 onk
X By (z) (C)XBk(z) onk C 2
2
/ o?(B(z)) ZC " Z C224n(k—j)
24n(€+k+1) k. 92nk
< Lo2nk 2 s
=G (k + ) <O g

where the last < holds because d(¢,¢) < 271, This completes the proof. [J

Proposition 2.6. Let 2n < p < co. There is a constant Cs6(p) which depends only on p
and n such that the inequality

J I = e e 4G) < CosDIT,(F)
holds for every f € L*(S,do).
Proof. From Lemma 2.2, for each z € B\{0} we have

1(f = (fhz k)R || < szZ—SD Fiz/l2, 251 = |21)1?).

Since p > 2n, we can write p = 2n+2€ with some € > 0. Splitting 2% as 2-¢+/p.2=(2n+e)k/p
and applying Holder’s inequality to the above, we find that

— 1
I(f = (fhas kD)o P < €1y SErar (SD(f52/121,2°(1 [2[%)1/2)3.
k=1
By Holder’s inequality,

/2l 9% (1 — |22)1/2 )P _ — Pdo.
228 (DR 2O Y < s 1= fola
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On the other hand, for each { € S we have

p 1 p
(2:21) 1O~ fol < gy [ 1O~ S@Paoe)

Thus the combination of the above three inequalities yields

2 (2n+e)k

- Pdo(¢)do(§).
S S e O~ OO0

Integrating both sides with respect to the measure d\, we obtain

(2.25) / 1(f = (Fher kDRI dA(2) < Co / G(C.OIF(C) — F(E)Pdo(¢)do(©),

where
o0

G166 = 3 s | )

It follows from Lemma 2.5 that

o0 k- 22nk 1 > k 1
G(¢:€) < Cas (Z 2<2n+e>k> - Ggp <;; 7’“) =P

Substituting this in (2.25), the proof is complete. [J

3. A Quasi-resolution of the Identity Operator
Let t be a positive real number. For each z € B, define the function
(1 _ ‘Z|2)(n/2)+t
(1= (w, z))m*t

7vbz,t(w) =

|lw| < 1. We also define the Schur multiplier

1 -2
3.1 z = T . 0
(3) mew) = T
|lw| < 1. Then we have the relation
(3.2) Vo = (14 |2[)'mik

Given a t > 0, we need a crude asymptotic formula for ¢(¢ + 1)...(¢t + k), which is
derived in the same way as Stirling’s formula for factorial. We have the identity

W+ 10} = [ e =5 [ @ -0 @

11



for any C2-function f on any neighborhood of [0,1]. From this it follows that

QE—LL’

.
(t4 7+ )2

Zlogtﬂ)——{logt+log(t+k)}+/ log(t +z)dz + 5 Z/

7=0

k € N. Evaluating the integral fok and then exponentiating both sides, we find that
k
(3.3) H(t+j) = (£ + k)HRT/D ket
j:

where ¢(t; k) has a finite limit (which depends on t) as k — oc.

Proposition 3.1. For each t > 0, the self-adjoint operator

R, - / ot ® s 1dA(2)

is bounded on the Hardy space H?(S). In other words, for any given t > 0, there exists a
constant 0 < B(t) < oo which depends only on t and the complex dimension n such that

(Reh, by < B(t)||R]|

for every h € H?(S).
Proof. Write C}* for the binomial coefficient m!/(k!(m — k)!). We first show that for all
w,w’ € B and integer k > 0,
(3.4 Cp [t (s dotu) = (w0}
Since any two monomials of different degrees in H?(S) are orthogonal to each other, for
every 0 < r < 1 we have

Nk

P+ (w0, 'Y :/ 7 _(UT&UXU ch 1+JTJ/ wF (w, u) do(u)

— C’]’;‘_l"’krk /(w,u>k<u,w’>kda(u),

proving (3.4).

Given any t > 0, we have the power series expansion



on the open unit disc {v € C: |v| < 1}, where ag; = 1 and
(3.5) ! ]:[ ot
: gt = —
kgt = Ll g n j

for k > 1. Thus for w,w’ € B and 0 < r < 1, we have

1— ’I“2 n—+2t
/¢ru,t(w)¢ru,t(w’)d0(u) = / (1 —r{w, u(>)n—|—t(1) —r{u, w/>)n+td0(u)

— Z az (1 - )2tk /(w,u)k<u, w'Y*do (u)

%
_ Z Cm 1t+k 1 _ 7‘2)”+2tr2k<w,w’>k,

where the last = follows from (3.4). Therefore

1 2 2n—1d
/wz,t(w)wz,t(w’)d)\(z) :/(; /wru,t<w)wru,t(wl)d0<u)M
_ QHi a%’t /1 (1 — 2)nt2tp2ky,2n—1 .
0

— Cg—l—i—k (1 _ T2)n+1
- a% t !

2030 e [, ),
k=0 Cy 0

Since 2t — 1 > —1, we can integrate by parts to obtain

(n—1+k)!
[t @et+j)

1 1
2/ (1 o 7‘2)2t_17‘2k+2n_1d7’ — / (1 o $)2t_1$n_1+kd$ —
0 0
Hence

(3.6) /wzt )0z, (w')dA(2) Zbkton 1k (, w')®,

where

2
b n( gt ) (n—1+k)!
kit = — pra -
Ci ) TS et + )
Using (3.3) and (3.5), it is straightforward to verify that there exists a 0 < ((t) < oo which
depends only on ¢ and n such that

(3.7) brt < B(t)

13



for every k > 0.

For each k > 0, let Ty be the integral operator with the kernel function (¢, ¢’)*
H?(S). In other words,

(Th)Q) = [ EECVdo(C),
h € H%(S). Then obviously each T} is a positive operator. For each 0 < p < 1, define

w'z?tvp(c) = ¢z,t(pg)a C S S

Applying (3.6) and (3.7), for any h € H?(S) we have

[0 Pir: / [ v o{ / wz,t<p<>mw(z>}da((’)da(@

_Zb Cn 1+k 2k<Th h <B ch 1+k 2k<Th h>
k=0 k=0

= 3(t) [ WPORCIdo () < B0) 1]
Clearly, for each z we have ||, , — .|| — 0 as p T 1. Thus, by Fatou’s lemma,
(Bab, ) = [ {2} PANG) < imint [ (b, -0, PAAG) < SO

establishing the bound for R;. [

Corollary 3.2. Lett > 0. Then for any positive operator A on H?(S) we have

(3.8) / (Ao s, 162 )dN(2) < B(D)t(A),

where (3(t) is the constant provided by Proposition 3.1.

Proof. Tf rank(A) < oo, then the left hand side of (3.8) is just tr(AR;) = tr(AY/2R,A'/?).
Hence (3.8) follows from Proposition 3.1 in the case rank(A) < co. For an arbitrary A, con-
sider an increasing sequence of finite-rank orthogonal projections { E} which converges to
1 strongly on H?(S). Since (3.8) holds for each Ay, = A/2E;, A2 applying the monotone

convergence theorem to both sides, the general case follows. [J

Lemma 3.3. There exists a constant 0 < C3.3 < oo which depends only on the complex

dimension n such that the inequality ||[P, My,:]|| < Cs.3t holds for all z € B and t > 0.

Proof. 1t is well known [2] that there is a constant C' which depends only on n such that

(3.9) I[P, Myl < Clf l[Bmo

14



for every f € BMO (also see [13]). By (3.9), it suffices to find a C; which depends only on
n such that

(3.10) |lm%]Bmo < Cht

for all z€ B and ¢t > 0.

To prove (3.10), let n be the function on the unit circle T = {ei® . 0 <z < 2w}
such that n(e’”) = 7 — x for 0 < < 2m. Then n(e'®) = —iY ;= (1/k)(e?*® — e~iF),
Integrating this against the Poisson kernel on T, we conclude that the inequality

1 | 1
—lo
1—w gl—v

(3.11) log <7

holds on the open unit disc {v € C: |v| < 1}. For each z € B, define the functions

1 1 b
QZ(C):IOgm_IOgl—@,z) 1—(¢2)

¢ € S. Then (3.11) tells us that [|£2, || < 7 for every z € B. Since P2, = L., it follows
from Proposition 2.1 that

and L.(¢) = log

(3.12) IL:[lBmo = [P |lBmo < Caa - 2[|2 ][00 < 27C21,

z € B. Let
1 — |z
1_<<7Z>'

Since log(1 — |z|) is a constant on S, from (3.12) we obtain

J.(¢) = log

(3.13) |- lemo < 27C% 4.

For each z € B, let X, and Y, be the real part and imaginary part of J, respectively.
Because eX+(Q) = |m(¢)| < 1 for every ¢ € S, we conclude that X, < 0 on S.

Let an arbitrary B = B(&,r) be given, where £ € S and r > 0. Obviously, (X,)p < 0.
Since the inequality |e® — e¥Y| < |z — y| holds for all x,y € (—o0, 0], for t > 0 we have

1 1
14 tX, t(X:)B d <_/ t.XZ—tXZ do < 2w(C5 1t
(3 ) (B)/ |€ e ‘ 0> (B) ’ ( )B| - 2.1%

where the second < follows from (3.13). Also, we have |e®® — e?¥| < |x — y| for all z,y €
R. Since Y, is a real-valued function, we have

1 . . 1
3.15 —/ ™= — V2B |y < —/ tY, —t(Y.)gldo < mt,
(3.15) (B) B\ | (B) BI )B|

15



where the second < follows from the facts that Y, = ./2i and that ||Q,|cc < 7. Since
X, +1iY, = J, =logm,, we have

|mi _ et(Xz)Beit(Yz)B| _ |€theith _ 6t(Xz)Beit(Yz)B| < |eth _ et(Xz)B| + |ez‘th _ eit(Yz)B|.
Thus from (3.14) and (3.15) we obtain
1 .
m/ \mi — et(Xz)Belt(Yz)B ’dO’ < 7T(202,1 + 1)t
B

Since B = B(&,r) is arbitrary, this implies |m!|gmo < 27(2C5.1 + 1)t, verifying (3.10). O

Lemma 3.4. Let f € L?(S,do) and write g = f — Pf. Then for every z € B\{0} we have
kaz = v k., where v, = g — (P(g © 902» O Pz

Proof. We use the U, defined by (2.8). Since [U,, P] =0 and ¢, o ¢, = id, we have

vk, =gk, —U.,P(goy,) =gk, — PU,(g0 v,) = gk, — P(gk.) = Hgk, = Hsk,. O
Lemma 3.5. Let p > 2. Then for all0 <t <1 and f € L?(S,do) we have
3.16) [ 1M Hik|PNE) < 2780 Hy I + 27 (Cat)? [ |HphePaAG),

where 3(t) and C3.3 are the constants given by Proposition 3.1 and Lemma 3.3 respectively.

Proof. We may assume ||H¢||, < oo, for otherwise (3.16) holds trivially. By Corollary 3.2,

/((H;Hf)p/%z]z,t,wz,t>d>‘(z) < B(t)te((HFHp)P?) = B(t) | Hy 5.
Since p/2 > 1, by the spectral decomopsition of H}Hy and Holder’s inequality,

| H oo t||P = (HFH iz, o )P/? < (HFHp)P P4 g, 0z ) 102 o |P 2.

We have [[¢, ]| < 2! by (3.1-2), and 2 < 2 since we assume 0 < ¢ < 1. Thus the
combination of the above two inequalities gives us

(3.17) J 1t 0.alPx@) < 27250

For the given f, let g and v, be the same as in Lemma 3.4. Then f —v, = Pf +
(P(gop,)) oy, € H*(S). Recalling (3.2), we have

[H gl = [ Hyp(mzko) || = | Hy (mzk:)]| = (1 = P) M vzke||
(3.18) 2 [[My (1= P)ok || = [[[1 = P, My ][0z ]

16



By Lemma 3.4, v.k. = Hyk.. And by Lemma 3.3, [|[1 — P, My, ||| = [[[P, My, ]|| < C3.3t.
Also, since we now assume 0 < ¢ < 1 and since |m.| < 1on S, we have || My,: u|| > || M, ull
for every u € L?(S,do). Bringing these facts into (3.18), we find that

[ M, Hpko || < [[Hytpz il + Costl| H k|-

Since (a + b)P < 2P~ 1(aP + bP) for all a,b € [0, c0), this leads to
J 10 e PaN:) < 2070 [ a2 + 27 (Caat? [ [HiRIPAG)

Substituting (3.17) in the above, (3.16) follows. [J

4. Spherical Decomposition

For each k > 0, let {&x.1,..., k() } be a subset of S which is mazimal with respect
to the property

(4.1) Bk, 27 "™ N B(& 5,27 =0 if i # .
Denote
(42) Ay =B(&;27 "), Brj=B(&,;,27"") and Gy = B(&,;,27 "),

k>0,1<j<wv(k). The maximality of {{x 1, ..., &k, (k) } implies that

(4.3) UM A = S.

Definition 4.1. For p > 1 and g € L?(S, do), write

o v(k) p
340 =33 (535 [ =sou )

Proposition 4.2. Given any p > 1, there exists a constant 0 < Cya(p) < oo which
depends only on p and n such that

Zp(9) < Cu2(p)Tp(g)

for every g € L?(S,do).

Proof. Let g € L?(S,do) be given. We may assume J,(g) < oo, for otherwise the desired
inequality holds trivially. For every integer k > 0 define the function

1
S do, S.
o(B(C,27F)) /B@,g-k)g 5 (€

17
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In other words, gx(¢) is the mean value of g on B(¢,27%). For each k > 0, define
B ={(¢.§) € S x S:27% <d(¢,) <27},

where d was given by (2.1). We have

I 24"k / /E k &)Pdo(()do(€)

<> otk / | 3710000 = 31O + l91(O) = 91O + lon(€) (€)oY.

Applying Fubini’s theorem and (2.2), we have

J[| 1966 0 0Par(ao©) < [ 19(6) = QP (B 2+ o0

< Ap27 k=D / lg — gi|Pdo.

Substituting this in (4.4), we see that

(4.5) Tp(g) <3P~ 1{2°" T Aol + L},
where
L = 22"k/|g gx|Pdo and
2‘“““ / / 196(C) — g (€)Pdo (¢)dor (€).
Ey

We will estimate I; and I, separately.

For Iy, note that by (4.3) and the fact that o(Ag ;) < Ag22"(—*+3) we have

v(k)
22nk/|9k - |gk —9k+1|pd0
Ap i
V(k) 1
4.6 <C —/ 9k — 9c, 1P+ l9c, , — gr+1|P)do
(4.6) 1; (Ars) AM(I v P+ lgon +1/7)

But for any ¢ € A ; we have B((,27%) C Cj; and

1 Co
4.7 gkC—gch—/ g—9c, ,;ldo < / 9 — gc,,;|do.
A1) 190 =900l < ST Joean 9N = 5100 o, 19 908!
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A similar inequality holds for |gc, ; — gr+1(¢)], ¢ € Ay ;. Therefore from (4.6) we obtain

v(k) p
1
(4.8 22%/ gk — gr+1[Pdo < Cs / 9— 9o, ,ldo |
) 95— 9i+ 2\ 5iey Jo, o gend

J=1

k > 0. Now for any L € N, it follows from Holder’s inequality that

L=1 5i/p p oo 1 p=lr-1
|9k = g+ = Z W(gk—&-i — Ghtiv1)| < Z 2i/(p—1) Z 2'|Gr+i — Grtiva]”-
i=0 i=0 i=0

Combining this with (4.8), we see that

1
(4.9) 22nk / |9k — grarlPdo < Cy Y Y / |9 — gc,,;|do
i {=k j=1 U(CZJ) Cg’j -

for all K > 0 and L > 1. But for each k, we have g1 1.(§) — g(§) as L — oo if £ is a
Lebesgue point for g. Applying this fact and Fatou’s lemma to (4.9), we find that

(4.10) 221k / g — glPdo < CaTy(9)

for every k > 0.

For each m € N, write

L =D 2% / lg — gi[Pdo.
k=0

Let N be the smallest natural number such that 2P=1272"N < 1/2. If m > N, then

m m
I <2071 ) 220 / |9 — gryn|Pdo 2071 22k / |gk+n — gi|Pdo

k=0 k=0
m—N m
oo S 2 [l g i v Y 2 [l gl
k=0 k=m—N-+1
N—1 m
-1

+ (2N)* Z 227k / |Gk+i+1 — gr+ilPdo.
0 k=0

Taking (4.10) and (4.8) into account, we see that

I, < 2P to20N g 4 2P INCL T, (g) + (2N)PC37,(9).
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By the assumption J,(g9) < oo and (4.10), we have I ,,, < oo for every m € N. Since
p—19—2nN < 1/2, we can cancel out 21’_12_2”N117m from both sides to obtain

(1/2)11 1y < {2P"'NCy + (2N)PC35} T, (9).
Letting m — oo, we have
(4.11) I <2{2P"'NCy + (2N)PC3} T, (9),

where N is the smallest natural number such that 2P~1272nNV < 1/2,

To estimate I3, note that (4.3) implies Ej C U]'{(:kl)(Bkvj X By, ;). Therefore

v(k)
2 ([ 10u©) ~ ae(@)Pao ) <32 I a0 - su@raoioe)
E, By j X By, J
v (k)
<201y 24"’fa(Bk,j)/ l9x — g¢, ;1P do
j=1 Bh.d

v(k) 1

<Cs / gk — 9o, ;|Pdo.
2 5Ty Jp,, % 90

If ¢ € By, then B((,27%) C Cy ;. Thus (4.7) still holds if ¢ € By ;. Substituting (4.7) in
the above inequality, we have

v(k)

p
gdnk //E 19£(C) — g (&)|Pdo(¢)do(€) < C5CY Z ( (Cr /c g —gOk,j’d‘7> :
) J k,j

Summing over all k£ > 0, we obtain I < C5C% 7,(g). Combining this with (4.5) and (4.11),
the proposition is proved. []

5. Cancellation

In this section, we will show that there is a C such that inequality (1.2) holds for
every f € L*(S,do) satisfying the condition Z,(f — Pf) < oo.

Lemma 5.1. For each k > 0, there is a Cs.1(k) which depends only on k and n such that
SD(vz; 2/[2],25(1 = |21%)/) < Cs. (k)| Mo, Hk:. |

for all f € L?(S,do) and z € B\{0}, where the relation between f and v, is the same as
in Lemma 3.4.

Proof. Let z € B\{0}. If £ € Bi(z) (see (2.19)), then
L= (€2 < 1=zl + 1= (€ 2/[2)] 1|2 + 225 (1 — |2*) < 22711 — [2?).
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Therefore for each £ € By (z) we have

R T o A i T (1)
Im. (§)k= ()" > 4|1 — (€, z)[2n+2 & (1—1z]2)" = o(Bo(z))

Recall from Lemma 3.4 that H¢k, = v,k,. Therefore

c(n; k) 5
| My, Hy|[? = mavkea |2 > —/ v, [2do
! o(Br(2)) J5,

c(n; k){SD(vz; 2/2], 25 (1 — [2*) /) }%.

This completes the proof. [

Lemma 5.2. Suppose p > 2n. Let vy > 0 be given. Then there is a constant Cs o(7y) which
depends only on n,p and « such that for any f € L*(S,do),

T(f = PI) < Csa(3) [ 1M HyhoPANE) +42,(f = P

Proof. Let f € L?(S,do) be given and write
g=f—-Pf
For each pair of £ > 7 and 1 < j < v(k), define
Fry={z € B:a7 < (1 - [22)1/2 < 27540 2z € By, 275},
where {&x.1, - &k, (k)} Were given at the beginning of Section 4. It is easy to see that
(5.1) Bi(2) D Cy; if z € Fy ;.
And, it is easy to verify that there is a ¢ > 0 such that
(5.2) A Fy,j) > c

for all k > 7 and 1 < j < v(k). The condition (1—|2|?)}/2 < 27%+6 for » € [}, ; guarantees
that there is a 0 < C; < oo such that o(Bi(2)) < C10(Cy,;) if z € Fi ;. Therefore for
z € Fy, ; we have

1 2C4
(5.3) —/ 19— 90, ldo < —/ |9 — 9B, (2 |do.
o(Crj) Jo., " o(B1(2)) JB,(2) Bilz)

Recall from Lemma 3.4 that we have the decomposition g = h, + v, where v, = g— (P(go
©,))op, and h, = (P(go¢,)) o ¢,. Since h, = —Pv,, we have

oo

1
D(g;ﬁ,r) S SD('UZ;Svr) + SD(P’UZ;g, 1 +02 1 Z 2_k: Uzvg 2k )
k=0
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where the second < follows from Proposition 2.1. Combing this with (5.3), we see that

[&.9]

1 1
4 - — _ < —SD(v,; ok(1 _ [5]2)1/2
(5.4) U(Ck’j)/ck’j lg gckﬂ\da_cQ;?ks (vs:2/2], 28 (1 — |2[2)1/2)

if z € Fij,k? > 7, where CQ = 401(1 + 02.1).
Now let N > 8 be given. We define

N —

—_

1
Ty (z) = Y 5pSD(vsi2/]2l, 25 (1 — [2%)/?),
k=1
(2 1 ) k 2\1/2
(5.5) TNIG) = 3 gD/l 24— e ),

z € B\{0}. Then (5.4) yields

(a(ém [, lo=ac, ’d"> <2 (I ()P + (T ())

if z € F), j. Combining this with (5.2), we find that

C

1 ’ 2;0—105 (1) p (2) p
(5:) (J(Ck’j) L |g—gck,j|da> <2 [ @@y + @@ Erae),

k>17,1<j<wv(k). Next we estimate T](\,l)(z) and T](Vz)(z).
By Lemma 5.1, there is a constant C3(N) such that

(5.7) TV (2) < Cs(N)|| My, Hsk.|  for all z € B\{0}.

Let us consider T](\,Q)(z). Since v, = g—(P(goy,))oy., we have T](Vz)(z) < T](\?)(z)—FT](\;l)(z),
where

TO() = Y 5SDlos /121,250 — )7,
T () = 3 —-SD((P(g 0 p2)) 0 0u 212, 2 (1 — [22)1/2).

Since p > 2n, there exist 6 > 0 and 0 < € < 1/2 such that p(1 — €) = 2n + 26. Define

oo v(k)

Fv= |J U Fes

k=N+6 j=1
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If z € Fy, then 2V (1 — |2]?)}/2 < 4. By Lemma 2.4,

4 1 = k
Ty (2) < Coagy ; S SD(gs 2/ 121,28 (1 = |2P)*/?)

for z € Fy. Obviously,

7O (: )<

Z S SD(g: 2/12], 281~ 1)),

Therefore, if we set C5 = 1 + Cy 4, then

T(2) 2€N Z (1 e)k D(g; z/l2l, Qk( - |Z|2)1/2) for z € Fy.

Since 1 — € = (2n + 26)/p, we can split 2= =% a5 270k/p . 2=(2n+0)k/p and apply Holder’s
inequality to the above. The result of this is

Co ~= kP
(TR ) < ey D g (SD(: 2/ 121, 251 = [27)V2)P for = € Fy.
k=1

From (2.23) and (2.24) we see that

sl 9k (1 — a2 2 <« L (VP (o (€.
(5052121, 20~ Y < s [ 10l — g(@)PastOo @

Therefore for each z € Fly, we have

@ e Co N~ K 1 eV
(T (2))P < 26Np];2(2n+5)k o2(By(2)) //Bk(z)ka(z) 19(¢) — g(§)[Pda(C)da ().

Integrating the above against dA over F, we find that

/ (T (2))PdA(2)

<505 | X smvisn 75 S, 9O - HOPAON

= o [ 701000 - s@Pao riote),

where
o0

P60 =3 s | g )
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By Lemma 2.5,

o fep+1 1 Cr
o — )
F(6:€) < Cas (; 50k > 11 —(C, 620 |1—(,&)n
Consequently
C

From the definition of Fj ; and (4.1) we see that Fy ;j N Fjs j» = () if either k # k" or
j # j'. Therefore it follows from (5.6),(5.7) and (5.8) that

p
C
9~ gck,j|da) < Co(N) [ 1M HiEPNE) + 530 T (0)

oo v(k)
> 3 (e
k=N+6 j=1 ki

Suppose now v > 0 is given. We pick an N = N(y) > 8 such that Cy/2°VP < ~. This
determines the value of NV in terms of v and converts Cy(NV) to Ci1(7y). We can write the
above inequality as
o0 l/(k) p
DD ( ol gck,jldrf) <Cu(y) [ 1M, Hyke P ONG) +43,().
i)

k=N-+6 j

Next we consider the terms in J,(g) corresponding to 0 < k < N + 5.
First all, there is a c¢12(7y) such that o(Cy ;) > ci2() when k < N + 5. Therefore

1

o(Ch ) — 9o, ,;ldo < C
S0 o 197 geuslie < Gl

if 0 <k<N+5and1<j<v(k). Combining this inequality with (5.9), we obtain
Tl9) < Cur(0) [ M Hyko[PANG) + Coalgl” + Ta()

Thus the proof of the lemma will be complete if we can find a constant C75 such that

(5.10) ol < Cus [ 134, Hyhe[PaAG:).

Note that M,, H¢k, = M,, Hyk, = M,,, (1 — P)M},_g. Also note that
My, (1= P)My.g— g ={Mn_ (1 - P)My, — (1 - P)}g.
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It is obvious that there is an a € (0,1) such that ||M,, (1 — P)My. — (1 — P)|| < 1/2if
|z| < a. This means that | M,,, Hk,|| = ||My. (1 — P)My_ gl > (1/2)|lg|| when |z| < a.
Thus if we let Q = {z : |z| < a}, then

2P
ol < g | 190,y P0N),

This establishes (5.10) and completes the proof of the lemma. [J

Proposition 5.3. Let 2n < p < oo. Then there exists a constant 0 < Cs.3(p) < oo which
depends only on n and p such that the inequality

Ip(f — Pf) < Css(p) || Hellp

holds for every f € L?(S,do) satisfying the condition Z,(f — Pf) < oo.
Proof. Let f € L?(S, do) and suppose Z,(f — Pf) < oo. Denote

g=f—-Pf
as before. Let v > 0. It follows from Proposition 4.2 and Lemma 5.2 that

Z,(9) < Ca2(p)C5.2(7) / [ M. k- |[PdA(2) + Ca2(p)VZp(9)-

Pick a 7 such that C4.2(p)y < 1/2. Then since Z,(g) < oo, we can cancel out (1/2)Z,(g)
from both sides to obtain

(1/2)7,(9) < Caa(p)Cs2() / | My H o |PA(2).

Now apply Lemma 3.5 with 0 < ¢t < 1 to the right hand side of the above. This gives us

(5.11)  (1/2)Zp(9) < Ca2(p)Cs5.2(7) (22pﬁ(t)IIHf||£ + 2”_1(03.3t)p/ ||kaz||pdA(z)) :

Since | H¢k.|| = ||Hg—ck:|| < ||(g — ¢)k||, ¢ € C, it follows from Proposition 2.6 that

JIHEIPaAG) < CospiTy o).
Substituting this into (5.11), we see that

(1/2)Z,(9) < 04.2(29)05.2(7){22])5(15)||Hf||g + 2P 1(C5.5t)P Ca.6(p)Zp(9) }-

Now set ¢ to be such that Cy2(p)Cs.2(7y) - 2P~ (C3.5t)PCa.6(p) < 1/4. Then, since Z,(g) <
0o, we can cancel out (1/4)Z,(g) from both sides to obtain

(1/4)Z,(9) < Ca2(p)Cs.2(7)2°PB(t) || Hy |5
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This completes the proof. [

6. Smoothing

Obviously, our goal here is to remove the a priori condition Z,(f — Pf) < oo in
Proposition 5.3. This is the soft part of the proof of Theorem 1.4, but it is a part of
the proof nonetheless. To carry out this part of the proof, we need to have available a
sufficiently large class of functions for which the desired inequality holds.

Many of the facts established in this section will also be needed in Section 8. For the
rest of the paper, let Lip(S) denote the collection of functions which are Lipschitz with
respect to the Euclidian metric on S. For any (,& € S, we have | — £]? = 2 — 2Re((, &),
which implies |¢ — &| < V2|1 — (¢, €)|Y/2. Thus each g € Lip(S) is also Lipschitz with
respect to the metric d defined by (2.1).

Proposition 6.1. If g € Lip(S), then Z,(g) < oo for every p > 2n.

Proof. Let g € Lip(S). Then there is an L such that |g(¢) — g(&)| < L|1 — (¢, €)]'/? for all
¢, €S. If p>2n, then p/2 =n + s for some s > 0. Therefore

19(0) =9 LP|1 — (¢, &)[P/?
/ W // 11— C R do(¢)do(§)

//ll— (C, e do(¢)do(&).

By [9,Proposition 1.4.10], this quantity is finite. [

Let U = U(n) denote the collection of unitary transformations on C". For each U € U,
define the operator Wy : L?(S, do) — L?(S,do) by the formula

Wug)(¢) = g(UQ),

g € L*(S,do). By the invariance of o, Wy is a unitary operator on L?(S,do).

Lemma 6.2. Let ¢ € C(S5). If there exists a positive number L such that
lp = Wuelleo < L1 = U

for every U € U, then ¢ € Lip(S).

Proof. Clearly, the conclusion of the lemma follows from the following basic fact: Given a
pair of ¢, € S, there is a U = U¢ ¢ € U which has the properties that U( = £ and that
|1=U|| < v/2|¢—¢€|. This can be easily proved by considering the orthogonal decomposition
C'"=Ed (C"o ), where & = span{(,&}. We omit the details.

Next we recall the smoothing technique in [12]. With the usual multiplication and the
operator-norm topology, I/ is a compact group. We write dU for the Haar measure on U
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as in [9,12]. For each g € L?(S,do), the map U — Wy g is continuous with respect to the
norm topology of L?(S,do). Let ® € C(U). For each g € L*(S, do) we define

Yaog = [ &(U)WigaU

in the sense that

(Yo, ) = / S(U)(Wirg, £)dU

for every f € L?(S,do).

Lemma 6.3. If V is Lipschitz with respect to the operator norm onU, then Yyg € Lip(S)
for every g € L?(S,do).

Proof. First recall that the inequality

(Vog. )l <10l [ lgldo [ 17ldo

holds for all g, f € L?(S,do) and ® € C(U) [12,page 43]. This obviously means that
(6.1) 1Yo glloo < [|®lloollgll  for all g € L?(S,do) and & € CU).

Using Fubini’s theorem it is easy to see that if ¢ € C(.5), then

(Yap)(C) = / VYU, ¢ €S,

From this we draw the conclusion that if ¢ € C(S), then Yoo € C(S). But for any
f € L?(S,do), there is a sequence {fi} C C(S) such that ||f — f| — 0 as k — oo. Since
Yo fr € C(S), by (6.1) we also have Y f € C(S).

Now let ¥ be given as in the statement of the lemma, and let g € L?(S, do) also be
given. By the preceding paragraph and Lemma 6.2, to prove that Yy g € Lip(5), it suffices
to find a C' such that
(6.2) 1Yog — WoYugleo < Cl1 - U]l

for every U € U. To prove this, note that for any U € U and f € L?(S,do) we have
WoYog.f) = (Yag. Wi ) = [ W) (Weg. Wof)aV = [ W) WeWyg, fidv
(63 — [ w0 )W, av = [w U Weg. fav
where the last step uses the invariance of the Haar measure. Define the function
Dy(V)=9(V)-9(VU"), V el,
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for each U € U. Then, by (6.3), Yog — Wy Ywg = Yp,g. Applying (6.1), we have

(6.4) Yeg — WuYuglleo < [[Dullscllgll

Since W is Lipschitz with respect to |.||, there is an L such that

[Dulloe = sup [¥(V) = ¥(VU")| < Lsup [|[V - VU"| = L1 - U
Veu Veu

for every U € U. Obviously, (6.2) follows from (6.4) and this inequality. [J
Lemma 6.4. Let f € L*(S,do), ® € C(U), h € H>®(S) and ¢ € L?(S,do). Then

(Hy,sho) = [ ©0) Wy HWish, v)dU
Proof. Let f, ®, h and ¢ be given as above, and let g = (1 — P). Then

<HY<1>fha ¢> = <(Y<I>f) : h’vg> = <Y<I>f7 Bg> = /(I)(U)<WUf7 Bg>dU
— [ @) Wus.g)dv = [ e@)(WyM;Wih,g)dU
- / B (Wer Hy Wb, )dU

where the last step uses the fact that [Wy,1 — P] =0. O
Lemma 6.5. Let f € L?(S,do) and ® € C(U). If Hy is bounded, then

s1(Hygpp) + o+ su(Hyyp) <[|@lli{s1(Hy) + ... + su(Hy)}

for every k € N, where ||®||; is the L*-norm of ® with respect to the Haar measure dU.

Proof. Let k € N be given. Consider any operator E such that ||E|| = 1 and rank(E) = k.
Recall that s;(ABC) < ||A||s;(B)||C|| [5,page 61]. Thus for each U € U, we have

N

k k
tr(Wy Hf Wi E) Z (Wy Hy Wi E) Z Wolls; (Hp) WG E|l = Zsj(Hf)-

Combining this with Lemma 6.4, we find that
[tr(Hy, 1 )| = ‘ / U)tr(Wy H; W3 E) dU‘ / (U |tr(Wy H, W E)|dU
< 1@fa{s1(Hy) + - + su(Hp)}-

Since s1(Hy, ) + ... + sk (Hy, ) is the supremum of |tr(Hy, ¢ E)| over all possible E’s with
|E|| =1 and rank(E) = k, the lemma follows. [
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Corollary 6.6. Let ® € C(U) be such that ||®||y # 0. Then the inequality ||Hy, rll, <
||| || Hfll, holds for all f € L*(S,do) and 1 < p < oo.
Proof. This follows from Lemma 6.5 and the following easy exercise: If a1 > ... > ax >

...and by > ... > br > ... are non-increasing sequences of non-negative numbers such that
a1+ ... +ap < by + ... + by, for every k € N, then 3777 af <377 W, 1 <p < co. For a
more general version of this exercise, see Lemma I11.3.1 in [5]. O

Let 1 : [0,00) — [0,1] be the function such that n =1 on [0,1], n = 0 on [2,00), and
n(x) =2 —x on [1,2]. Of course, 7 is Lipschitz on [0, 00). For each j € N, define

G-
&) = TG v

U € U. Then we have the following properties:
(1) q)j Z OonU.
(2) [@,;(U)dU =1.
(3) @, is Lipschitz on U with respect to the operator norm.
(4) The sequence of operators {Yg, } converges to 1 strongly on L*(S,do).
In the above (1) and (2) are obvious, (3) can be easily deduced from the fact that 7 is
Lipschitz on [0,00), and (4) was established on page 45 of [12].

Proof of Theorem 1.4. Let f € L?(S,do) be given and write

g=f—-Pf

Furthermore, for each j > 1 let

fi=Ys,f and g;=f;—Pf;.
Because [P, Wy] = 0 for every U € U, we have [P,Ys,] = 0. Therefore
(6.5) g9; =Yo,g

for every j > 1. Let 2n < p < oo also be given.

By (6.5), (3) and Lemma 6.3, we have g; € Lip(S). By Proposition 6.1, this means
Zy(gj) < oo. Therefore it follows from Proposition 5.3 that Z,(g;) < C5.3(p)|Hy,||h. But
by (1), (2) and Corollary 6.6, we have ||Hy,||b < ||[H||5. Thus we conclude that

(6.6) Tp(95) < Cs3(p)|Hlly  for every j > 1.

By (4) and (6.5), there is a subsequence {g,, } of {g;} such that
(6.7) lim g;,(¢) =g¢(¢) for c-ae. (€8S.
Applying Fatou’s lemma, from (6.7) and (6.6) we obtain

Z,(g) <liminfZ,(g;,) < Cs(p)|[ Hyll}.
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This completes the proof of Theorem 1.4. [

7. Estimates for Commutators

Recall that the s-numbers of a bounded operator A are denoted by s1(A), s2(A),---,
s;(A),--- [5,Section IL.7]. For each t > 0, define

Ny(t) = card{j € N :s;(A) > t}.

It follows from [5,Theorem I1.7.1] that s;4x11(A+B) < s5j41(A)+5sk+1(B) for any bounded
operators A, B and any j > 0, £ > 0. A consequence of this is that

(7.1) Nayp(t) < Na(t/2) + Np(t/2).

To see this, suppose that Na(t/2) = j(t) and Ng(t/2) = k(t). Then by the definition of
N we have s;41(A4) <t/2 and sp4)41(B) < t/2. Therefore

Sit)+k)+1(A+ B) < si+1(A) + sppy+1(B) < t,
which implies Nayp(t) < j(t) + k(t). It is well known [4,Lemma 1.4.1] that
(7.2) S (s5(A))7 = p/ PN (O, 1< p < oo

~ 0

7j=1
Proposition 7.1. Let 2 < p < oo and f € L*(S,do). Then

L (367D [[1f@) ~ fw)P
oty Pl < S22 [ [ L8 b o).

Proof. Consider a real-valued f € L*(S,do). For any t > 0, define
(7.3) Eip={xeS:kt<f(x) <(k+1)t},
k € Z. For each pair of k € Z and i € {—1,0, 1}, define

XEyg, XEt joti”

Taking advantage of the commutator, we can rewrite it as

T3 = My, [My_ps, PIM

XEyg XEy k4

= ]\4(f—k75)x15t,,v PM

XE¢ ki

= Myp, ,PMs—ki)xe, , .,

By (73)7 we have “(f - kt)XEt,k ”OO <t and H(f - kt)XEt,k+i
each pair of k € Z and i € {—1,0,1} we have

so < (14 |i])t. Therefore for

(74) 1T < 8.
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Now for each i € {—1,0,1} define

T = Y1l
keZ

Since xp, ,L*(S,do) L xg,,L*(S,do) whenever k # ¢, (7.4) implies ||Tz-(t)|| < 3t, i €
{-1,0,1}. Write
t t

Then ||T®|| < 9¢, which means
(7.5) Ny (9t) = 0.

For each i € {—1,0, 1}, write th) = Ukez(Err X Et gy;). Note that G(_t)l, Gét) and
th) are mutually disjoint subsets of S x S. Define

B® = (8 x HH\(GY uGP uai).

If (v,y) € BY, x € By and y € Ey g, then |k — | > 2. By (7.3), this means
(7.6) BY C {(z,y) € S x S |f(x) = fy)l > t}.

Now define

v = My, P] - TW,

It is easy to estimate the Hilbert-Schmidt norm of Y. Indeed from the previous two
paragraphs we see that Y®) is the operator on L?(S, do) which has the function

%th) (2,9)

as its integral kernel. This and (7.6) lead to the bound

(7.7
(t) _ )|2 :U)_f(y)lz o(x)do
IVl = //B() |1— T,y) |2” // 1f(2)— ()| >t |1 (z,y)>" do(z)do(y)-

Combining the identity [My, P] = Y® 4+ T® with (7.1) and (7.5), we have

1
(7.8) Ny, p)(18t) < Ny (9t) + Ny (9t) = Ny (9t) < Ny (t) < t—2||Y<t>||§.

Therefore

/ "~ Ny, p) (18t dt</oo " 1// (z) = Jly 2)|2d0(x)da(y)dt
0 \f(2)—F(y)| >t |1 (z,y)[*"

[f(x)—f(y)] B |f($ F(y) 2
_ p—3 o(x)do
‘// (/ t dt) - P @)

//‘f ’p Q‘f('r)_f(yﬂ dU(l’)dO’(y)

’1 - <x,y>|2n
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Making the substitution s = 18¢, we have

/000 Sp_lN[Mf’P}(S)dS < (18>p / |f<.’L’) — f<y>|p da(x)da(y)

p_2 ‘1_<x,y>‘2n

By (7.2), the proposition follows. [J
Recall that, for each 1 < p < oo, the formula

s1(A) + s2(A) + ... + sk (A)
1 Up 4 9-1/p 4 . 4+ k=1/p

(7.9) 1Al =

defines a symmetric norm for operators [5,Section II1.14]. On any Hilbert space H, the set
C ={A € B(H): ||A|} < oo} is a norm ideal [5,Section III.2] of compact operators. It
is well known that C;/ D C,, and that Cf # C,. An interesting property of Cl is that it is
not separable with respect to the norm |}

Proposition 7.2. There is a 0 < C < oo which depends only on n such that the inequality

1[0y, P13, < CL(f)

holds for every f € Lip(S), where L(f) = sup,, |f(z) — f(y)|/|z — yl.

Proof. Recall that |z —y| < V2|1 — (z,y)|'/?, 2,y € S. Thus it suffices to consider a real-
valued f € Lip(S) with the property that |f(z) — f(y)| < d(z,y), z,y € S. Consider any
t >0 and let [M;, P] = Y® 4+ T® be the decomposition given in the proof of Proposition
7.1. Tt follows from (7.8) and (7.7) that

1 1
N, 18t§—// do(x)do(y
[Mf’P]( ) t2 d(z,y)>t ‘1 - <x,y>’2n—1 ( ) ( )
1/%/ L do(ydo(w)
= — o g
t2 B(z,2b 1)\ B(z,2kt) |1 — (T, 9)[*" 1
(z, 2FH11))
i z g do o).

Since o(B(z,281t)) < Ag(2F+1t)?", we see that there is a C; which depends only on n
(> 2) such that Ny, p(18t) < C1t72". Thus if we set Cy = (18)*"C, then Ny, py(t) <
Cyt=2™ for every t > 0. For each k € N, let t;, > 0 be such that C’gt,f” = k. Then
Niagg,p)(te) < Cgt,:%’ = k, which implies

(710) Sk-l—l([Mf,P]) <ty = C;/an—1/2n < 2021/2n(k + 1)—1/2n.

The condition |f(z) — f(y)| < d(x,y) implies ||[M;, P]|| < 2v/2, i.e., s1([M, P]) < 2v/2.
This plus (7.10) gives us si([My, P]) < 2max{C’21/2n, V2 k=127 for every k € N. By (7.9),
this means ||[M, P]||3, < 2max{021/2n, Vv2}. O
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8. Lower Bound for s-Numbers

The proof of Theorem 1.6 is a long journey. We begin with the action of the n-
dimensional torus on S. Let T" = {(71,...,7) € C" : |11| = ... = |m| = 1}. For each
T =(T1,...,7n) € T", define the unitary transformation U, on C" by the formula

Ur(21y ooy 2n) = (T121, ooy TnZn)-

We will follow the usual multi-index convention given on page 3 in [9].

Definition 8.1. A function f € L%(S,do) is said to be T"-invariant if f o U, = f for
every T € T".

Lemma 8.2. If f is a T"-invariant function in L°°(S,do), then ||[Hzh| = |[Hgh| for
every h € H*(S).

Proof. Let {en : a € Z'}} be the standard orthonomal basis in H?(S). That is, e4(¢) =
ca (Y, where ¢, > 0 is such that ||e,|| = 1. If f is T"-invariant, then it is well known (and
easy to verify) that the Toeplitz operator Ty = PM;|H?(S) is a diagonal operator with
respect to the orthonomal basis {e, : o € Z }. Therefore [T’ 5T t] = 0 and, consequently,

PM;(1 — P)MyP = T2 — TiTy = Tjjo — TyT} = PMy(1 — P)MP.
That is, H; Hy = H7Hp, which implies |H 7h|| = ||Hh|| for every h € H*(S). O

Next we consider functions of a very specific kind. For each j € {1,...,n}, let e; € S
be the vector whose j-th component is 1 and whose other components are 0. For each pair
of i,5 € {1,...,n}, define the function p; ; on U by the formula

pij(U) = (Uese;), Uel.

For the rest of the section, let
(s.1) F(Q) = [ m@pwoaw, ¢es,

where ¢ € C(S) and m is a monomial in p; ; and pys j, 4, 4,7, j € {1,...,n}.

Lemma 8.3. For the F given by (8.1), if Hr # 0, then there is an €1 > 0 such that
sp(Hp) > erk=1/?" for every k € N.

This lemma, whose proof will be given after we state Lemma 8.5, is one of the reduction
steps in the proof of Theorem 1.6.

Lemma 8.4. There exists a pair of o = (ai,...,an), 8 = (B1,..., Bn) in Z1 with the
property that oj3; = 0 for every j € {1,...,n} such that

FoU, =7°F
for every T € T".
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Proof. By the invariance of the Haar measure dU, we have
(8.2) F(U,¢) = [ m(@s(UQdt = [ muUewei

for all ( € S and 7 € T". But for any i, j € {1,...,n},
pi;(UU7) = (UUfei, €5) = Ti{Ues, ;) = Tipi ;(U)

if 7 = (71, ...,7p). Since m is a monomial in p; ; and p;/ j, it is easy to see that there exists
a pair of o, 3 as described in the statement of the lemma such that

m(UU) = 727Pm(U)

for all U € U and 7 € T". Substituting this in (8.2), the lemma follows. [J

With the a given by Lemma 8.4, we define the function
(8.3) G(Q)=C"F(¢), (€S

Lemma 8.5. For the G given by (8.3), if Hg # 0, then there is an ea > 0 such that
sp(Hg) > eok=1/2" for every k € N.

Before embarking on the long proof of Lemma 8.5, let us first show that it implies
Lemma 8.3.

Proof of Lemma 8.3. If « = (0,...,0), then F = G, and in this case Lemma 8.3 just
duplicates Lemma 8.5. Now suppose that there is a jo € {1,...,n} such that a;, > 0.

We first show that the assumption Hp # 0 implies Hg # 0. For if it were true that
Hg = 0, then we would have G € H?(S). By (8.3) and Lemma 8.4,

G(U¢) =727 F(¢) = 77¢*F(¢) = 7°G(0)

for all ¢ € S and 7 € T™. The only functions in H?(S) which have this property are
multiples of the monomial (?. That is, there is a ¢ € C such that

(8.4) G =P, cebs.

Since aj, > 0, by Lemma 8.4 we have (3;, = 0. Now let (s be the vector whose jo-th

component is 0 and whose other components are (n — 1)~*/2. Then ¢§ = 0 and Cg # 0.
Combining (8.3) and (8.4), we have

0=(SF(G) = G¢o) = ¢ -

Since Cg # 0, this means ¢ = 0. By (8.4), we then have G = 0. Since the zero set of (
is nowhere dense in S, (8.3) and the continuity of F' lead to the conclusion F' = 0 on S,
which contradicts the assumption Hg # 0.
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Hence if Hp # 0, then Hg # 0. By Lemma 8.5, this implies si(Hg) > ek~ /2",
k € N. Obviously, Hg = HpT¢e, where Tra = PMa|H?(S). Since || T¢o| < 1, we have
sk(Hg) < sp(Hp) [5,page 61]. Hence s, (Hp) > ok~ /2" k€ N. O

We now turn to the proof of Lemma 8.5. With the  given in Lemma 8.4, we write
(8.5) Q) =¢?, ces.
Note that the assumption Hg # 0 in Lemma 8.5 in particular implies
(8.6) G is not a multiple of b on S.

The basic idea for the proof of Lemma 8.5 is to show that (8.6) implies the lower bound
given in Lemma 8.14 below. This involves many technical steps, and a major hurdle among
these is the zero set of b. Due to the technicalities, it may be advisable for the reader to
first read Lemma 8.14 and beyond, and then come back for the proofs.

Define Q; = {(z1, ..., zn) € C" : z; = 0} for each j € {1,...,n}. Furthermore, define
Z=(5SNQ1)U...U(SNQy).

An obvious property of Z is that it is invariant under {U, : 7 € T"}. The key step on our
way to Lemma 8.14 is the following improvement of (8.6):

Lemma 8.6. There exist v,z € S and 0 <r < s < 7/2 such that the following are true:
(1) (z,z) = 0.
(2) {costx +sintz : t € [r,s]} N Z = 0.
(3) On the interval [r, s], the function t — G(costx + sintz) is not a multiple of the
function t — b(costx + sintz).

Proof. Define the vector uy = (n*I/Q, e n*1/2). We then define the linear subspaces £ =

span{ug} and & = C" & &; of C". Furthermore, let
S;=8nNn¢&, i=1,2.

The definition of w, guarantees that for each j € {1,...,n}, Q; contains vectors which are
not orthogonal to ug. Thus Q;NE; is a proper linear subspace of @);. Since dim(@;) = n—1,
we have dim(Q; N &) < n — 1. Since dim(&;) =n — 1, for each j € {1,...,n} the set

B; =Q;N5S;

is nowhere dense in S;. Consequently, the set By U ... U B,, is also nowhere dense in Ss.
Hence the set
I'=5\(B1U..UB,)

is dense in Sy. We have, of course, ' N Z = (). We first show that there exist an z € S}
and a z € I' such that, on the entire interval [0, 7/2], the function ¢ — G(costx +sintz) is
not a multiple of the function ¢ — b(costz + sintz).
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If this assertion were false, then for each pair of x € S; and z € I' there would be a
¢z,» € C such that

G(costx +sintz) = ¢, ,b(costx +sintz) for every t e [0,7/2].
But since b(x) # 0 and b(z) # 0, setting ¢ = 0 and ¢ = 7/2 in the above, we have
G(2)/b(z) = ca,. = G(2)/b(2).
If 2’ is any other point in I, then we also have
Co = G(x)/b(x) = ¢y 2.

Thus ¢, . is independent of z € I'. A similar argument shows that ¢, , is also independent
of z € S;. Hence there is a ¢ € C such that

G(costx +sintz) = cb(costx + sintz) for all x € S;,z €' and t € [0,7/2].
Since I' is dense in Sy and since G, b are continuous, the above implies
G(costx +sintz) = cb(costx + sintz) for all x € S,z € Sy and t € [0,7/2].

Since {costx +sintz : x € S1,z € Sa,t € [0,7/2]} = S, this contradicts (8.6).

Thus there exists a pair of z € S; and z € I such that on the whole interval [0, 7/2],
the function ¢ — G(costz + sintz) is not a multiple of the function ¢ — b(costz + sintz).
Next we will show that for such a pair of x, z, there exist 0 < r < s < 7/2 such that the
interval [r, s| satisfies requirements (2) and (3). To do this, we note that since x, z have
no zero components and since tant is strictly increasing on [0, 7/2), the set

{t € [0,7/2] : costx +sintz € Z}

is finite. If {¢t € [0,7/2] : costz +sintz € Z} = (), then [r,s] = [0,7/2] will do. Otherwise,
we enumerate the set {t € [0,7/2] : costx +sintz € Z} in the ascending order as

t1 < ... <tg,

1 <k < 0. Since t; > 0 and ¢, < 7/2, we can define tg = 0 and tx11 = 7/2. If there
is an i € {1,...,k + 1} such that the function ¢ — G(costx + sintz) is not a multiple
of the function ¢t — b(costx + sintz) on the interval (¢;,_1,t;), then there is a non-trivial
subinterval [r, s] in (t;—1, t;) for which (3) holds true. Such an [r, s] also satisfies (2) because
{t € [0,7/2] : costx +sintz € Z} = {t1,..., tx}.

Hence what remains for the proof is to rule out the possibility that, for each 1 < i <
k + 1, there is a ¢; € C such that

(8.7) G(costr + sintz) = ¢;b(costr +sintz)  for every t € (t;—_1,1t;).
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First of all, the choice of =,z does not allow the possibility ¢; = co = ... = cx41. Thus if
(8.7) were true for every i € {1,...,k + 1}, then there would be a v € {1,...,k} such that
¢y # ¢, +1. We will show that this leads to a contradiction.

By (8.5), the function ¢ — b(costz + sintz) is a polynomial in cost and sint. Since
cost and sint have analytic extensions to C, there is an analytic function b on C such that

(8.8) b(t) = b(costx +sintz) for every t e R.
We claim that there is an analytic function G on C such that
(8.9) G(t) = G(costx +sintz) for every t € R.

Postponing the proof of this claim for a moment, we first show that this leads to the
contradiction promised in the preceding paragraph. This is because the combination of
(8.8), (8.9) and (8.7) gives us

G(t) = ¢,b(t) for te (t,_1,t,) and
G(t) = cy1b(t)  for t e (ty, tysr).

The analyticity of G and b then leads to G = c,,b on C and G = c,,+1b on C. This implies
that (c,41 — c,,)b =G -G = 0. Since ¢, # ¢,11, this forces b=0on C. By (8.8), this
contradicts the fact that the function t — b(costx + sintz) is not identically zero.

We now turn to the proof that there is an analytic function G on C such that (8.9)
holds. For this we revert back to the function F. By (8.3) and the reasoning at the
beginning of previous paragraph, it suffices to show that the function

(8.10) t — F(costx + sintz)

on R is a polynomial in cost and sint. For this we need to introduce a one-parameter
subgroup of U, which will be used beyond this proof. Denote £ = span{x, z}. For each t €
R, let V; be the unitary transformation on C" such that

Vix = costr+sintz
(8.11) Viz = —sintx +costz .
Vi = 1 on C"OE&

By (8.1) and the invariance of the Haar measure dU, we have
(8.12) F(costz +sintz) = F(Vix) = /m Y(UVix)dU = /m(UV}*)w(Ux)dU.

Let @ : C" — C"™ & & be the orthogonal projection. For each pair of i,j € {1,...,n},

pi;(UV))

Ve, U%ej) = (V" ((es, x)x + (€s, 2) 2z + Qe;), U e;)

(

= (e;, x)(costr —sintz,U"e;) + (e;, z)(sintx + costz,U"e;) + (Qe;, U e;)
(<GZ,£IZ><U.CC,69'> + <617 ><UZ763
(

(ei, z2)(Uzx,e;) — (e;, x)(Uz,¢e;

)cost
)sint + (UQe;, e;).

+
(
)
)

+
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Combining this with (8.12) and with the fact that m is a monomial in p; ; and p; j,
i,7,7,7" € {1,...,n}, we see that (8.10) is indeed a polynomial in cost and sint¢. This
completes the proof of the lemma. [

Now consider the consequence of Lemma 8.6. A byproduct of the above proof is that
the function ¢ — G(Vix)/b(Viz) is smooth on the interval (7, s). Since Lemma 8.6 tells us
that this function is not a constant on (r, s), there is a 6 € (7, s) such that

a (G| L,
dt \ b(Viz) ) |,_g
Because V9 = Vp Vi, we can rewrite the above as
4 (G|
dt \ b(VeViz) )1,
Define
(8.13) y="Vex and vy ="Vpz

Then, of course, (y,y*) = (x,2) = 0. Since 0 € (r,s), y = cosx + sinfz ¢ Z. Therefore
(8.14) d(y, Z2) = inf{d(y,£): £ € Z} = p > 0.

Since VpVix = Vp(costx + sintz) = costy + sin tyL, from the above we obtain

Corollary 8.7. For the y and y* defined by (8.13), we have

£ 0.

t=0

d (G(costy + sin ty)
dt \ b(costy + sinty')

Let n : R — [0,1] be a C*°-function such that 7 = 0 on (—o0,1/2] and n = 1 on
[1,00). There is a sufficiently large number R > 1 such that if we define

(8.15) p(w) = H n(R|w;|), where w= (wy,...,wy,),
j=1

then

(8.16) u(u) =1 for every u € B(y,p/2).

With this p we define the functions G1, G2 on S by the formulas
(8.17) Gy =pG and Gy =(1-p)G.
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From the definition of p, it is clear that the function u(w)/b(w) = pu(w)/w? has a natural
smooth extension to C". In other words, there is a C'°°-function g on the entire space C"
such that

p(w)/b(w) if - p(w) # 0

(8.18) g(w) = :
0 if p(w)=0

For the rest of the section, let ¢ denote the function given by the formula

(8.19) p(C) = 9(Q)G(C), (€S
By (8.18), the identity b(¢)g(¢) = p(¢) holds on S. Hence
(8.20) G1(¢) =b(O)p(C), ¢S

Lemma 8.8. The function ¢ is T"-invariant.

Proof. Obviously, p is T"-invariant. By (8.3), (8.5), (8.18) and Lemma 8.4, if { € §
satisfies the condition p(() # 0, then

w(U-Q) o B o raca _ B(C) a _
(U-0)3 (U-Q)*F(Ur¢) = WT 7 rPF(¢) = g_ﬁc F(¢) = »(¢)

for every 7 € T". If ( € S is such that u(¢) = 0, then clearly ¢(U,() = 0 = ¢(() for every
7 € T". This completes the proof. [

o(U-¢) =

Lemma 8.9. For each V € U, the derivative
d ) n
—(costVy +sintVy—)
dt +=0

exists. Moreover, ast — 0, the convergence

/ intVyl) — d
©(cos Vy+smt Vy—) —o(Vy) N Egp(costVy—i—SintvyJ')

t=0

s uniform with respect to' V€ U. Finally, the map

d
(8.21) Vi ago(cos tVy 4 sintVyh)

t=0
s continuous with respect to the norm topology on U.

Proof. By (8.3) and (8.19), if we define f(¢) = (“g(¢), then ¢ = fF. Combining (8.13)
and (8.11), we have costVy + sintVyt = V(costy + sinty’) = VVyV;z for every V € U.
Thus, recalling (8.1) and using the invariance of dU, we have

F(costVy +sintVyt) = F(VVyV,z) = /m(U)¢(UVV0%x)dU
= /m(UVt*VQ*V*)w(Ux)dU.
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By the nature of m and the fact that f is the restriction to S of a C'°*°-function on C",
the desired conclusions follow immediately. [

Lemma 8.10. We have
# 0.

t=0

d
a(p(cos ty + sinty™)

Proof. By (8.19), (8.18) and (8.16), we have

_ d (G(costy + sin ty)
o dt \ blcosty +sintyl)

d
—(costy + sintyh) :
dt t=0

Corollary 8.7 tells us that this quantity is not 0. [J

Lemma 8.11. There exist ¢ > 0,0 < § < 1/2 and 0 < pg < p/3 such that if u € B(y, po)
and 0 <t <4, then

sup |p(v) — @(u)| = ct.
vEB(u,t)

Proof. By Lemma 8.10 and the continuity of the map (8.21), there exist a ¢y > 0 and an
open neighborhood N of 1 in i/ such that the inequality

d
’ —p(costVy +sintVyt) > ¢

dt

t=0

holds for every V' € A. Combining this with the uniform convergence mentioned in Lemma
8.9, there is a 0 < 0 < 1/2 such that

(8.22)

‘ @(costVy +sintVyt) — p(Vy)
t

‘200/2

if0 <t <dand V € N. Since N is an open set containing 1, there is a 0 < py < p/3 such
that {Vy : V € N} D B(y,po). Thus (8.22) tells us that for each u € B(y, pp) and each
0 <t <4, there is a ut € S with (u,u’) = 0 such that

|p(cos tu + sintul) — p(u)| > cot /2.

Since (u,costu + sintul) = cost, we have d(u, costu + sintu’) = /1 — cost < sint < t,
i.e., costu + sintu’ € B(u,t). Thus ¢ = ¢p/2 will do for the lemma. [J

Lemma 8.12. Let § and pg be the same as in Lemma 8.11. There exists a ¢ > 0 such
that if u € B(y, po) and 0 <t <6, and if we set

w = (1—t2)"%,
then ||H, k|| > cit.
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Proof. By (8.19), (8.3), (8.1) and Lemma 6.3, ¢ is Lipschitz on S. Therefore there is an
L > c such that

(8.23) [p(¢) — @(&)| < Ld(¢,€) forall ¢,£€S.

Let u, t and w be given as in the statement of the lemma. By Lemma 8.11, there is a
v € B(u,t) such that |p(v) — ¢(u)| > ct/2. Combining this with (8.23), we have

lo(C) — (&) > ct/6 if ( € B(v,ct/6L) and & € B(u,ct/6L).
Note that B(v,ct/6L) C B(v,t) C B(u,2t). Thus for any v € C, we have

o({C € B(u,2t) : |¢(C) — | = ct/12}) = min{o(B(u, ct/6L)),o(B(v,ct/6L))}
= o(B(u,ct/6L)).

Consequently, there is an a; > 0 which depends only on ¢, L and n such that

1 (B(u,ct/6L))

(8.24) W/H o= 2 = o, )

(ct/12)* > ayt*.

By Lemmas 8.8 and 8.2, ||Hgzky||? = ||[Hykw|?. Combining this with [11,(6.4)], we obtain
(8.25) 2 Hykw||* = [Hpkw|? + [ Hokwll* = (¢ = (0hw, kuw))kw*.
If ¢ € B(u,2t), then |1 — (¢, w)| <1 —|w|+ |1 — (¢, u)| <%+ (2t)? = 5t2. Thus

t2n a9

|kw(C)|2 2 (5t2)2n 2 U(B(U72t))

for ¢ € B(u,2t),

where as > 0 depends only on n. Combining this inequality with (8.25) and (8.24), we see
that 2||Hyky||? > asait?, which proves the lemma. [

Lemma 8.13. There is a constant Cg 13 which depends only on n such that the following
estimate holds: Letu € S and 0 <t < 1, and set

w=(1- t2)1/2u.
Suppose that f1, fo are functions on S satisfying the condition

|£i(€) = fi(§) < Led(C, &) for all ¢, & €S,

i=1,2. Then ||(f1 — fi(w)(f2 — fa(u))kwl| < Cs13L1Lot/?.

Proof. For any ¢ € S\B(u,2/7t), 7 > 1, we have 2|1 — (¢, w)| > |1 — (¢, u)| > (2771¢)2.
Therefore, if ¢ € S\B(u,27~1t), then

|k (C)‘ZZ (1_|w|2)n - 82nt2n _ 1 ' 82n - Cl . 1
b 11— (Cw)?r = (29)4 — 2200 (29¢)2n — 227 o(B(u,29t))’
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Also, for ¢ € B(u,t) we have

(1__|U42)n - 22n 22n C&

|k (O] < 1—[w)2 = Q- |[w2)"  &» < o(B(u,t))’

For ¢ € B(u,27t), j > 0, we have

1£1() — fr(w) P f2(¢) = fa(u)[* < 2L1|f1(C) — fi(w)|[f2(C) — fo(u)|® < 2Ly - L1 L3(271)°.

Combining the above, we find that

1(fr = fr(@) (f2=fo(w)kw|* = /B( ) 11 = i)l f2 = fo ()| kw|*do

> 1= B — o) b fdo

(27t)°

22nj °

< 2C,L3L5t% + 2C1 I3L3 )
j=1

By our standing assumption n > 2, we have 2n —3 > 0. Thus the above inequality implies
the desired estimate. [J

Lemma 8.14. Let § and pg be the same as in Lemma 8.11. There exist a 0 < cg < ¢1 and
a0 <y <9 such that if u € B(y, po) and 0 < t < g, and if we set

w = (1—t*)"%,

then ||Hgkyl|| > cat.

Proof. Consider any 0 < t < 6 and u € B(y, po). For such a pair of ¢, u, define w as above.
Recall from (8.17) that G = G1 + G3. We first derive a lower bound for ||Hg, kyw|. By
(8.14) and the fact that pg < p/3, we have

8.26 inf b(v)| =c3 > 0.
(5.20) int ()] = e

Recall from (8.20) that G; = by. Therefore
Hg by = b(w)Hyokyw + Hp—pu))okw = 0(w) Hokw + Hp—bw)) (o—p () Fw,
where the second = is a crucial use of the fact that Hy_y(,)ky = 0. There is an M > 0
such that |b(¢) —b(&)| < Md(¢, &) for all (,£ € S. Applying Lemma 8.12, Lemma 8.13 and
(8.26), we find that
[ He, kol 2> [0(uw) || Hpkwll = 1 Hp—bw)(o—p) kwll = csert — Csas LMtY2,
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where L is the same as in (8.23). Now let 0 < §; < & be such that Cg,lgLM(Si/Q < c3c1/2.
The above yields

(827) ||HG1]<Iw|| > 030125/2 if 0<t<dy.

Next we give an upper bound for ||[Hg,ky||. By (8.16) and (8.17), G2 = 0 on the set
B(y,p/2). Since pg < p/3, we see that there is a 0 < C' < oo which is independent of
u € B(y, po) and certainly independent of ¢ such that

G2(Qku(Q)] < C(1—[w)"? = C()"? = Ct" if ¢ € S\B(y,p/2).

Therefore ||Hg, k| < Ct™. Since n > 2, there is a 0 < dg < d7 such that if 0 < ¢t < d,
then |Hg, kw|| < cscit/4. Combining this with (8.27), we see that

[Hckull = [|Ha, kull = [[Ha, kull = (c3crt/2) = (czeat/4) = czert /4

for such t and u. Thus ¢y = c3¢q1/4 will do for the lemma. [

Lemma 8.15. There is a constant Cg 15 which depends only on n such that the following
estimate holds: Suppose that 0 <t < 1/2 and that {u; : j € J} is a subset of S satisfying
the condition

(8.28) B(u;,t) N B(u;,t) =0 for all i # j.
Define zj = (1 — t*)Y/%u;, j € J. Then the norm of the operator
E=) k., ok,
jedJ
satisfies the inequality ||E|| < Cs.1s.
Proof. Define G = {w € C" : |w| < 1/2}. We first show that

(8.29) ©2,;(G) C{ru:ue B(uy,3t), (1 — (26))Y2 <r < (1—(t/3)H)1/?},

j € J. Indeed for any given j € J and w € G, write ¢, (w) = ru, where v € S and
0 < r < 1. By [9,page 26], we have 1 — (¢, (w),z;) = (1 —|2]?)/(1 — (w, z;)). Since
lw| < 1/2, this gives us |1 — (u,u;)| < 21 — (@, (w), z;)| < 2(t*/271) = 4¢*. Thus
d(u,u;) <2t < 3t. To estimate r, note that

1—1% 1)1 = |w]? 1 — |w|?
]‘_|()0Zj(w)|2: ( |ZJ| )( ’;’U’ ) — ’w’ > 2
|1—<w,2’j>| |1—<w,2’j>|
(see [9,page 26]). Therefore
1—(1/2)? 1
t/3)2 < —— L2 <112 < t? = (2t)%
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This completes the proof of (8.29). Set
W ={ru:ues, 01— 2022 <r<@1-(t/3)%)Y2}.

By (8.28), there is a Cy which depends only on n such that card{j € J : u € B(u;,3t)} < C4
for every u € S. Combining this with (8.29), we see that

(830) wazj (%) S ClXW(t) on B.
jeJ

Let f be any function in L?(S,do) and denote h = Pf. Then h € H?(S) and

(8.31) (S f) =D Khke)P = (1= [z h(z)P = 7 ) 1R (z)].
Jjed jeJ jeJ

By the Mobius invariance dA o ¢.; = d\ [9,Theorem 2.2.6] and the fact ¢, (0) = z;,

(8.32) h*(zj) = h*(¢,(0)) = ﬁ /g h? o, ,d\ = ﬁ/ . h2d\

for each j € J. Combining (8.31), (8.32) and (8.30), we have

1 C
Ef, f) < 2 —/ thAg—th"/ h|2d\
(Ef, [) < ;Mg) %j(g)| | O) W(t)| |

2\1/2
Gy /<1—<t/3> W o an ( / 2 )
- e T oovnel hirw)?do(u) | dr
)\(g) (1—(2t)2)1/2 (1 — T2)”+1 | ( )| ( )

Ch 2,2n A=(t/3°)"7  gpp2n—1
A9) -2z (1—r2)nt

But it is easy to see that there is a Cy which depends only on n such that

A-(/3DY2 g 201
o [ T
(1—(2p2yr/z  (L—r2)nt

for all 0 < ¢ < 1/2. This completes the proof. [

Proof of Lemma 8.5. Let t € (0,00) be given, where ¢y is the same as in Lemma 8.14. Then
there is a subset {u; : j € J} of B(y, pp) which is maximal with respect to the property

The maximality of {u; : j € J} implies Ujc ;B (uj,2t) D B(y, po). Thus there are constants
0 < 1 < Oy < oo which depend only on pg and n such that

(8.36) Cit™2" < card(J) < Cot ™2™,
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For each j € J, define w; = (1 — ¢?)!/2u;. Then define the operator
B =) ku, ®ku,.
JjeJ

Let A= H3Hg. By Lemma 8.14, we have ||Hgky, || > cat for each j € J. Combining this
with the lower bound in (8.36), we obtain

(8.37) tr(AE,) = Z | Heku, |2 > (cat)? - Cyt ™" = et=27+2,
JjeJ

where € = ¢3C;. We have ||E;|| < Cs.15 by Lemma 8.15 and rank(E;) < Cot~2" by the
upper bound in (8.36). Also, s;(AE;) < s;(A)||E|| [5,page 61]. Hence

rank(E})
(8.38) tr(AEy) < [|[AE |1 = ) si(AE) <Csis Y si(A).
Jj=1 1<j<Cat—2n

Now suppose that an integer k > C3(89/2) 2" is given. Let t; € (0,d0) be such that
Oyt " = k. Then from (8.38) and (8.37) we obtain

Cs15{51(A) + ... + si(A)} > et "2 = qk(n=D/n

where a = eC{™" /™ Since the above inequality holds for every k > C5(50/2)~2", it is
easy to see that there is an a; > 0 such that

(8.39) s1(A) + ... + s (A) > a kP D/

for every k € N.
On the other hand, Proposition 7.2 tells us that ||Hg||3, < co. Observe that

ksi(Hg) < s1(Hg) 4 ... + sp(He) < |[Hegll3, (172" 4 . 4 k=21 < Ogkt—(/20)

for every k € N, where C3 = 3||H¢||3,,. Hence s (Hg) < Csk™/?". Since A = H}Hg, we
have s3,(A) = {sp(Hg)}? < (C3)?k~Y/™, k € N. Therefore

(840)  s1(A) + .+ 5 (A) < (Co)? (17" o+ ETVM) < 3(Cy)PR
for every k € N. Let N € N be such that a; N»~1/? > 3(C3)2 + 1. By (8.39) and (8.40),
Nksp(A) > sp(A) + ... + syi(A) > ay (NE)~D/m — 3(C5)2kn—D/n > (n=1)/n

for each k € N. Thus if we set ap = N~!, then s;(4) > ask=1/™ for each k € N. Hence
sk(Hg) = {sk(A)}/? > \/azk~1/?". This completes the proof of Lemma 8.5. [
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Proof of Theorem 1.6. Let f € L*(S,do) and suppose that H is bounded. If Hy # 0,
then by using the sequence of approximate identity {®;} in Section 6, we find that there
is a ¥ € C(U) such that the function

b= Yof = /\If(U)WdeU

also has the property Hy, # 0. Obviously, the functions {p;; : 1 < i,j < n} separate
points on U. Thus, by the Stone-Weierstrass approximation theorem, the linear span of
monomials in p; ; and p;s ;s is dense in C(U) with respect to the norm [|.||oc. Combining
this fact with the sequence {®;} in Section 6, we see that there is a monomial m in p; ;
and/or p; jr, 4,7,7,j" € {1,...,n}, such that the function

(8.41) F=Y,= / (U)W dl

also has the property Hrp # 0. In the proof of Lemma 6.3 we showed that ¢ € C(S).
Hence from (8.41) we obtain the “pointwise” expression (8.1) for this F'. Thus Lemma 8.3
is applicable. Since Hr # 0, Lemma 8.3 tells us that s, (Hr) > ek~ /2" for each k € N.
Applying Lemma 6.5, we have
61/{7(2n_1)/2n = /{761/{?_1/2n < k’Sk(HF) < Sl(HF) + ...+ Sk(HF)
< lmlly{s1(Hy) + v+ ()} < [mll [ {s(Hp) + .+ s (H))

for every k € N. Thus € = e;||m||7 || ¥]|;* will do. O

9. Further Results

In this section we first derive two more conditions (Corollary 9.3) which are equivalent
to the membership Hy € Cp, p > 2n. Then we use Theorem 1.6 and Proposition 7.2 to
describe the distribution of the s-numbers of Hy in the case f € Lip(S). The final result
of the section is a re-interpretation of Theorem 1.6 in the language of norm ideals [5].

To obtain additional conditions equivalent to Hy € C,, we begin with

Lemma 9.1. Let ® € C(U) and suppose that ® > 0 on U and that [ ®(U)dU = 1. Then
for all f € L?(S,do) and p > 2 we have

[t sblrin < [ Hs b PaxG).
Proof. Applying Lemma 6.4 twice, we obtain
|Hy, k|2 // VYW H Wk, Wy Hy Wk, dUdV
= //(I)(U)CI)(V)(WUka:UZ,WVka‘v,z>dUdV,
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z € B. Since p/2 > 1, Holder’s inequality yields

[yl < [ [ @@)ROWoHybo W Hb) P20 dy

/ / V|| H koo |1P/2 [ H ey [P/ dU V.

Therefore
/ | Hy, sk |PdA(2) / / Yo (V) / | H o |[P/2]| H oy o |P/2dA () dU dV
1/2 1/2
< [[ewww) (/ ||ka:Uz||pdA<z>) (/ ||kaVz||pdA<z>) dvav
- / | H e |PdA(2),

where the = follows from the U-invariance of d\ and the assumptions on ®. [J

Proposition 9.2. Suppose that p > 2n. Then there exists a constant 0 < Cyo(p) < 00
which depends only on n and p such that the inequality

0.1 1,1 = P1) < Coalp) [ |Hsk:|Pax)

holds for every f € L?(S,do).

Proof. Let f € L?(S,do) be given and write g = f — Pf as before. Recall that |m.| <1
on S. Let v > 0. Applying Propositions 4.2 and Lemma 5.2, we have

(9) < Caa(p)Cs2(7) / VH ke, [PAA(z) + Cao (W)Y, (9).

Again, we first prove (9.1) under the additional assumption Z,(g) < co. Set v to be such
that 7C4.2(p) < 1/2. Subtracting (1/2)Z,(g) from both sides, we find that

9.2) (1/2),(g) < Caa(p)Cs2(7) / |H k. PdA(z)  if T,(g) < oo.

Next we drop the a priori assumption Z,(g) < co. Let the sequence {®;} be the same as in
Section 6. For each j > 1, we set f; =Yg, f and g; = f; — Pf; as in the proof of Theorem
1.4. Then (6.5) holds. Again, by Lemma 6.3 and Proposition 6.1, we have Z,(g;) < oo for
each j. Applying (9.2) and Lemma 9.1, for each 7 > 1 we have

T,(9;) < 2C12(p)Cs2(7) / |Hy, . [PdA(z) < 2C12(p)Cs2(7) / | H k- [PdA(2).
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Then, as in the proof of Theorem 1.4, there is a subsequence {g;, } such that

1,(9) < Hnint ,(03,) < 2Caap)Craln) [ 1y PaA(2)

Thus the constant Cy 5(p) = 2C4.2(p)Cs.2(y) will do for the lemma. O

For any f € L?(S,do) and ¢ € C, we have Hf = Hf_p¢_.. Thus, combining Propo-
sitions 9.2 and 2.6, we have

Corollary 9.3. Let p > 2n. Then for every f € L(S,do) we have

1,1 = P1) < Coalp) [ |Hsk:|PaA)

< Coa(p) / 1((f = PF) = ((f — Pf)kos k) Yoo [PAN(:)
< Co.2(p)Cas(p)Ly(f — Pf).

For the distribution of s-numbers, we have

Proposition 9.4. Let f € Lip(S). If Hy # 0, then there exist 0 < a < b < 0o such that
ak™Y* < s, (Hy) < bk=1/%n

for every k € N.

Proof. Let f € Lip(S). Then Proposition 7.2 tells us that ||H;|5, < oo. For each k € N,

ksi(Hy) < s1(Hp) + o+ sp(Hy) < || Hplld, (172 o+ K71270) < 3|1 Hy |5, 301720,

Dividing both sides by k, we see that the desired upper bound holds with b = 3|/ H/||3,,.
Since Hy # 0, Theorem 1.6 provides an € = €(f) > 0 such that

$1(Hp) + .. 4 sp(Hy) > ek@n=b/2n

for every kK € N. Now we repeat the argument at the end of the proof of Lemma 8.5. Let
N € N be such that eNZn=1/2n > 3||H||F + 1. Then

N]{?Sk(Hf) > Sk(Hf) + ...+ SNk(Hf)
> €

(Nk)(2n—1)/2n . 3HHfH;_nk(2n_1)/2n > k(2n—1)/2n
for each k € N. Dividing both sides by k, we see that the desired lower bound holds with
a=N"1.0

Finally, let us consider norm ideals. From now on the symbol ® will be used to denote
a symmetric gauge function (also called symmetric norming function) [5,page 71], whose
definition we will now recall.

48



Let ¢ be the linear space of sequences {a;};en, where a; € R and for each sequence
a; # 0 only for a finite number of j’s. A symmetric gauge function is a map ® : ¢ — [0, 00)
which has the following properties:

(a) ® is a norm on ¢.

(b) ®({1, 0, ..., 0, ...}) = 1.

(c) ®({a;}jen) = ®({|ar(j)|}jen) for every bijection 7 : N — N.
Each symmetric gauge function ® gives rise to the symmetric norm

|Alle = ilili O({s1(A),...,sx(A),0,...,0,...})

for operators. On any Hilbert space H, the set of operators
Co ={A€B(H):|Ale < ox}

is a norm ideal [5,page 68]. This term refers to the following properties of Cg:
e For any B, C € B(H) and A € Cy, BAC € Cy and | BAC||e < ||B]|||Alla||C]|-
o If A€ Cgy, then A* € Cp and [|A*|o = || 4] a-
e For any A € Cy, ||A|| < ||A||¢, and the equality holds when rank(A4) = 1.
e Cg is complete with respect to |[|.| .

As an example, let us mention that for any 1 < p < oo, C;r is none other than the
norm ideal Cq>;7 where the symmetric gauge function @; : ¢ — [0,00) is defined as follows.
For any {a;};en € ¢,

|a’7r(1)| + ot |a7r(k)’

+ . —
(93) (I)p ({aJ}JEN) - igli 1—1/p 4.+ k_l/p ’

where m : N — N is any bijection such that |a| > |arj41)| for every j € N, which
exists because a; = 0 for all but a finite number of j’s.

Our final result asserts that C;”n is the smallest norm ideal of the form C¢ to which a
nonzero Hankel operator H; can belong.

Proposition 9.5. Let ® be a symmetric gauge function. If there is an f € L*(S,do) such
that 0 < ||Hy|le < oo, then Co D Ca,.

Proof. Suppose that 0 < ||Hf||e < co. By Theorem 1.6, there is an € = €(f) > 0 such that
s1(Hyp) + ... 4 sp(Hy) > ek@n=b/2n
for every k € N. By (7.9) (or (9.3)), for each A € C; we have
51(A) + oo 4 si(A) < ||AllS, (1720 4 k720 < 3| Al kB2
k € N. The combination of the above two inequalities gives us
$1(A) + o+ s1(4) < GIIAIS, /) {51 (Hy) + o+ s (H )},
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k € N. By [5,Lemma III.3.1], this implies
1Alle < BllAlIZ, /)l Hylls.
Since ||Hy||e < 0o, this means ||All¢ < oo for each A € C5,. That is, Co D Cs,. O
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