CORRIGENDUM TO “MULTIPLIERS AND ESSENTIAL NORM
ON THE DRURY-ARVESON SPACE”

Quanlei Fang and Jingbo Xia

Let H2 be the Drury-Arveson space of analytic functions on the unit ball B in C™, and
let M denote the collection of multipliers of H2. This corrigendum concerns the following

lemma in our original article “Multipliers and essential norm on the Drury-Arveson space”,
Proc. Amer. Math. Soc. 139 (2011), 2497-2504:

Lemma 3.1. Let f € M. If there is a ¢ > 0 such that |f(z)| > ¢ for every z € B, then
1/f is also a multiplier of H2.

This lemma is, of course, an immediate consequence of the recently proved corona
theorem for M [7]. But in our original article, we also asserted that Lemma 3.1 also follows
from Theorem 2 in Chen’s paper [6], which claims that for g € H2, ||g||? is equivalent to

—g(w)[?
ol = o) + [ [ 125 =20 du(edotw).

It has since been discovered that this theorem of Chen’s is false. We would like to thank
Dechao Zheng for informing us of this fact, who in turn attributes his source to Carl
Sundberg. Once one knows this, the fact that [g[|* is not equivalent to [g]|% can be
directly shown. For example, if one tries the special case where the complex dimension n

equals 2, one finds that
Ja—wf
// TESRPRIE dv(z)dv(w) = oo,

where z; and w; denote the first component of z and w respectively.

Thus question arises as to whether there is a proof of Lemma 3.1 that does not invoke
the corona theorem of Costea, Sawyer and Wick [7]. One might call Lemma 3.1 the “one-
function corona theorem” for M. We learned this term from Dechao Zheng, and we also
learned that there is considerable interest in finding an elementary proof of the one-function
corona theorem, a proof that does not involve hard analysis in the style of [7].

In this somewhat expanded version of corrigendum, we will give an elementary proof
of Lemma 3.1. The virtue of our proof is that it involves only soft analysis, and very little
of it indeed. What makes this proof particularly worth reporting is the fact that it is

2010 Mathematics Subject Classification. Primary 47B10, 47B32, 47B38.
Key words and phrases. Multiplier, Drury-Arveson space.

1



based on the very essence of the theory of Drury-Arveson space, namely the von Neumann
inequality for commuting row contractions.

The proof begins with some elementary facts. For each f € M, we write || f||sp for
its multiplier norm. That is,

1£llm = sup{llfgll : g € Hy. [lgll < 1}.

For each analytic function h on B and each 0 < r < 1, we define the function

h.(z) = h(rz), z¢€ B.

Lemma 1. Let f € M. Then for each 0 <r < 1, we have f, € M and ||fr||m < || fllm-
Proof. Let T™ denote the n-dimensional torus {(71,...,7,) : |7j] = 1,1 < j < n}. Let

dm,, be the Lebesgue measure on T" with the normalization m,(T") = 1. For each
T=(71,...,7) € T", define the unitary transformation U, on C™ by the formula
UT(Zl, c. ,Zn) = (7—12:1; c. 7Tnzn>-

Let f € M. Then we obviously have || f[;m = [|f o Ur|lam, 7 € T". For each 0 <r < 1,
define the function

o1 — 2
P.(11,...,m) = H—_

on T™. By the well-known properties of the Poisson kernel, we have

My, = / Mowr. Po(7)dmn (7).

Since the integral of P. on T" equals 1 and P, > 0, the lemma follows. [

For each real number —n < t < oo, let H(Y) be the Hilbert space of analytic functions
on B with the reproducing kernel

1
(1= (¢ 2ttt

Alternately, one can describe H(Y) as the completion of Clz1,. .., 2zn] with respect to the
norm || - ||; arising from the inner product (-,-); defined according to the following rules:
(z%, 27} = 0 whenever a # (3,

al

T+t )

(1) <Za72a>t

if @ € Z7\{0}, and (1,1); = 1. Obviously, we have H(~™) = HZ2. Moreover, H(~1) is the
Hardy space H?(S), and H(®) is the Bergman space on the unit ball.
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Lemma 2. If f € M, then f is also a multiplier for every HY), —n < t < co. Moreover,
for each —n < t < oo we have

1fglle < IflIamllglle  whenever g € HI.

Proof. Let N be the number operator introduced by Arveson [2]. That is, Nz% = |a|z?,

a € Z7. For each —n <t < oo, let Mz(f), . ,Mz(i) denote the operators of multiplication

by the coordinate functions on H*). Using (1), it is straightforward to verify that
MOMD* 4 MOMD* = N(n+t+N)™*

Thus for each —n < t < oo, the commuting tuple (Mz(f), e ,Mz(i)) is a row contraction.
Consequently, the von Neumann inequality

Ip(MLD

z1 00 7M,§Z))H < HpHM
holds for every polynomial p. See [2,8]. That is, for each polynomial p, we have
(2) lpglle < llpllallglle  whenever g€ H®.

Thus our task is to show that (2) still holds if we replace p by f € M. For this we use the
power series expansion

' —1)!
ch ,  where cj:w

1—u gl(n—1)!"7

which holds when |u| < 1. Let any f € M be given. By the Cauchy integral formula

I
16 = | g2 gmaeo.

where do is the spherical measure on S = {£ € C™ : [{| = 1}, for each 0 <7 < 1 we have
chr%/)j, where 1;(z /f (2,6 do(&).

For each £ € S, the operator of multiplication by the function (z,§) is obviously a con-
traction on H®) as well as on H2. Therefore ||[¢j||am < [|fldo < ||f|le and, similarly,

Hng)H < || f]|oo for each j > 0. Thus the operators

k
chrjMd()?, k=0,1,2,...,



form a Cauchy sequence with respect the operator norm on H*). Hence

k
M0 = tim ZWM“ <liminfl)y el
=0

M

where the < follows from (2). Since the operators Z?:o cj'r’lepj, k=0,1,2,..., converge
to My, on H?2 with respect to the operator norm, we have

k
t . .
IMPN < lim |57 e = 11l < 1 llacs
e’} pr "

where the second < follows from Lemma 1. Now, if g € H®), then f,.g, = (fg),. Hence

1(F9)elle = 1M gelle < I Flaallgrlle < 1L 1aellglle-

Since this holds for every 0 < r < 1, we have ||fgll: < ||fllmllgll: as promised. O

Write R = 2101 + - - - + 2,05, the radial derivative in n variables. We now pick a fixed
nature number m such that 2m —n > 0. For each integer 0 < k < m, we define the norm
| - |l«,x by the formula

g% 5 = l9(O)F* + / (RE)(2)]P(1 — |2*)*™ " du(2).

For each a € Z7, we have Rz = |a[z* and

/ |27 (1 — |22 " dv(z) = ”'((‘ZT”‘+_2’2;?'

Comparing this with (1), for each 0 < k < m there are 0 < ¢, < C} < oo such that

(3) crllgllen < lgllam—n—or < Crllgllax for every g e HEmT720),
In particular, || - ||+, is equivalent to the norm on the Drury-Arveson space H2.
Proposition 3. Suppose that Y1, ..., Yk are operators satisfying the following conditions:

(a) For each 1 < j < K, either Y; = R or Y; = My, for some f; € M.
(b) Vi = R
(c)card{j:Y; =R, 1<j <K} =m.

Then there is a constant C = C(Y1,...,Yk) such that

(4) / (Vi Yieg) (2) 21— [2)>™ " du(z) < Cllg]?

for every g € H2, where || - || denotes the norm on H?2.
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Proof. We use an induction on K. If K = m, then, of course, (4) holds by virtue of (3) in
the case k = m. Now suppose that £ > m and that the proposition has been proved for all
m < K < (. Consider the case K = ¢+ 1. Let B denote the collection of j’s in {1,..., K}
such that Y; = My, for some f; € M. Then B # (). Let jo be the smallest integer in B.
If B={j:j0<j<K}, then

Vi Y = R™"Mj, fes

and (4) again follows from (3) and the assumption that f;,,..., fx are multipliers of H2.

Let us suppose that B # {j : jo < j < K}. Then the induction hypothesis gives us a
C'1 such that

(5) /I - Yio-1Yjor1 - Yieh) () (1 = [2[*)*™ " dv(2) < Cu||h]?
for every h € H2. Now, given a g € H2, write

G=Yjyi1 - Yxg.

Then ‘

Yy Yig = R°7(f,9).
Since B # {j : jo < j < K}, there is at least one j € {jo + 1,..., K} such that Y; = R.
Thus §(0) = 0. Applying (3) and Lemma 2, we have

/ (Vi Yieg) (2) 21— [2[2)27"do(z / (R0 — |22)2 " do(2)
< 2 1 f500l3m—n—2jor2 < o 150 131130 —n—2jo 2

< Coomrfen1 P15l IR THERA - 222" do(2)
= (Cor ez Wil [ 10+ Yiga¥ior -+ Yieg) (1 = o).

Combining this with (5), the induction on K is complete. [
With the above preparation, we now have

An elementary proof of Lemma 3.1. Let f be given as in the lemma. By (3), it
suffices to show that there is a 0 < C' < oo such that

/ (B M -19)(2)P(1 — [2[2)2™"du(z) < g

for every g € H2. By Proposition 3 and the assumption |f| > ¢ > 0 on B, this inequality
will follow if we can prove the following assertion: the operator R™M -1 is the sum of a
finite number terms of the form

Cle—qu cee YK,
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where a € R, v € N, and the operators Y7, ..., Yx satisfy the conditions
(a) for each 1 < j < K, either Y; = R or Y; = Mjy;
(b) Y1 = R;
(c)card{j:Y; =R,1<j <K} =m.
To prove this, note that for each natural number k, we have the commutation relation

Obviously, the above assertion about R™ M1 follows from this identity and an easy
induction on m. [J

References

1. N. Arcozzi, R. Rochberg and E. Sawyer, Carleson measures for the Drury-Arveson
Hardy space and other Besov-Sobolev spaces on complex balls, Advances in Math. 218
(2008), 1107-1180.

2. W. Arveson, Subalgebras of C*-algebras. 111. Multivariable operator theory, Acta Math.
181 (1998), 159-228.

3. W. Arveson, The curvature invariant of a Hilbert module over C[zy, ..., z4], J. Reine
Angew. Math. 522 (2000), 173-236.

4. J. A. Ball and V. Bolotnikov, Interpolation problems for multipliers on the Drury-
Arveson space: from Nevanlinna-Pick to Abstract Interpolation Problem, Integr. Equ.
Oper. Theory 62 (2008), 301-349.

5. J. A. Ball, T. T. Trent and V. Vinnikov, Interpolation and commutant lifting for
multipliers on reproducing kernel Hilbert spaces, Op. Th. Adv. and App. 122 (2001),
89-138.

6. Z. Chen, Characterizations of Arvesons Hardy space, Complex Var. Theory Appl. 48
(2003), 453-465.

7. S. Costea, E. Sawyer and B. Wick, The Corona Theorem for the Drury-Arveson Hardy
space and other holomorphic Besov-Sobolev spaces on the unit ball in C™, to appear in
Anal. PDE, arXiv:0811.0627v7.

8. S. W. Drury, A generalization of von Neumanns inequality to the complex ball, Proc.
Amer. Math. Soc. 68 (1978), 300-304.

Quanlei Fang

Department of Mathematics and Computer Science
Bronx Community College, CUNY

Bronx, NY 10453

E-mail: fangquanlei@gmail.com
Jingbo Xia
Department of Mathematics

State University of New York at Buffalo
Buffalo, NY 14260

E-mail: jxia@acsu.buffalo.edu



