COMMUTATORS AND LOCALIZATION ON
THE DRURY-ARVESON SPACE

QUANLEI FANG AND JINGBO XIA

ABSTRACT. Let f be a multiplier for the Drury-Arveson space H? of the unit ball, and let (, ...,
¢n denote the coordinate functions. We show that for each 1 < i < n, the commutator [M IS M¢,]
belongs to the Schatten class Cp,, p > 2n. This leads to a localization result for multipliers.

1. INTRODUCTION

Let B denote the open unit ball {z : |z| < 1} in C™. Throughout the paper, the complex dimen-
sion n is assumed to be greater than or equal to 2. A multivariable analogue of the classical Hardy
space of the unit circle is the Drury-Arveson space H2 on B [3, 9]. Because of its close relation
to a number of topics in operator theory, among which we mention the von Neumann inequal-
ity for commuting row contractions, H> has been the subject of intense study of late [2-7,10,12,13].

The space H? is a reproducing kernel Hilbert space with the kernel
1
1—(zw)’
which is a multivariable generalization of the one-variable Szego kernel. An orthonormal basis of

H? is given by {e, : o € Z" }, where

K(z,w) = z,w € B,

_ ol

ea(() = ?Ca
In this paper we use the standard multi-index notation: For o = (avy,. .., an) € Z7,
al =ajlag! -, o=+ -+, =G0

For functions f, g € H? with Taylor expansions
FO = cal™ and g(¢) = > du®,
a€Zl a€Z

the inner product is given by

| -
<fag>:: 2{: {g;cada-

Throughout the paper, we let M, ,..., M, denote the operators of multiplication by the coor-
dinate functions (i, ...,(, on H2. With the identification of each ¢; with each M,, H? is often
called the Drury-Arveson module over the polynomial ring C[(, ..., (..

A holomorphic function f on B is called a multiplier for the space H? if fH? C H2. If f is a
multiplier, then the multiplication operator M, defined by M;(g) = fg is necessarily bounded on
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2 COMMUTATORS AND LOCALIZATION

H? [3], and the multiplier norm of f is defined to be the operator norm of M;. In [3], Arveson
showed that, when n > 2, the collection of multipliers of H? is strictly smaller than H*. On
H?, multipliers can be used to express orthogonal projections. Suppose that £ is a submodule
of the Drury-Arveson module, i.e., £ is a closed linear subspace of H? which is invariant under
Mg, ..., M,. Then there exist multipliers {fi,..., fx, ... } of H? such that the operator

Mf1M;1+"'+Mko;k+"'
is the orthogonal projection from H?2 onto &£ (see page 191 in [4]).

Among the recent results related to multipliers, we would like to mention the following devel-
opments. Interpolation problems for multipliers and model theory related to the Drury-Arveson
space also have been intensely studied over the past decade or so [5, 6, 10, 12, 13]. Recently,
Arcozzi, Rochberg and Sawyer gave a characterization of the multipliers in terms of Carleson
measures for H2 [2]. In another study, Costea, Sawyer and Wick [7] proved a corona theorem for
the Drury-Averson space multipliers.

Since H? is a natural analogue of the Hardy space, it is natural to take a list of Hardy-space
results and try to determine which ones have analogues on H2> and which ones do not. Commu-
tators are certainly very high on any such list. One prominent part of the theory of the Hardy
space is the Toeplitz operators on it. Since there is no L? associated with H2, the only analogue of
Toeplitz operators on H? are the multipliers. In this paper we are interested in the commutators
of the form [M}, M,], where f is a multiplier for the Drury-Arveson space. Since the story about
the commutators of the form [M}‘, M,] is well known on the Hardy space, one would certainly like
to know the analogous story on H?2.

Recall that for each 1 < p < oo, the Schatten class C, consists of operators A satisfying the
condition ||A||, < oo, where the p-norm is given by the formula

|A]l, = {tr((A*A)P/2) )P,

Arveson showed in his seminal paper [3] that commutators of the form [M{,, Mc,] all belong to C,,
p > n. As the logical next step, one certainly expects a Schatten class result for commutators on
H? involving multipliers other than the simplest coordinate functions. The following is the main
result of the paper:

Theorem 1.1. Let f be a multiplier for the Drury-Arveson space H?. For each 1 < i < n, the
commutator [M}‘, M¢,] belongs to the Schatten class C,, p > 2n. Moreover, for each 2n < p < oo,
there is a constant C' which depends only on p and n such that

1M, M ][l < Ol Mgl

for every multiplier f of H? and every 1 < i < n.
This Schatten-class result has C*-algebraic implications.
Throughout the paper, we denote the unit sphere {z € C" : |z| = 1} in C" by S.

Let 7,, be the C*-algebra generated by M;,, ---, M, on H?. Recall that 7,, was introduced by
Arveson in [3]. In more ways than one, 7,, is the analogue of the C*-algebra generated by Toeplitz
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operators with continuous symbols. Indeed Arveson showed that there is an exact sequence
{0} = K — 17, = C(S) — {0}, (1.1)

where K is the collection of compact operators on H2. But there is another natural C*-algebra on
H? which is also related to “Toeplitz operators”, where the symbols are not necessarily continuous.
We define

TM,, = the C*-algebra generated by {M; : fH2 C H>}.
Theorem 1.1 tells us that 7, is contained in the essential center of 7.M,, in analogy with the
classic situation on the Hardy space of the unit sphere S. This opens the door for us to use the
classic localization technique [8] to analyze multipliers.

Recall that the essential norm of a bounded operator A on a Hilbert space H is
|Allg = inf{||A + K| : K is compact on H}.

Alternately, ||Allg = ||7(A)||, where 7 denotes the quotient map from B(H) to the Calkin algebra
Q = B(H)/K(H).

To state our localization result, we need to introduce a class of Schur multipliers. For each
z € B, let
1—|z|
s = —.
=T

The reason we call s, a Schur multiplier is that the norm of the operator M, on H? is 1, as we
will see in Section 2. Using Theorem 1.1, we will prove

Theorem 1.2. Let A € TM,,. Then for each £ € S, the limit
lim ||AM, || (1.3)

rTl

(1.2)

exists. Moreover, we have

|Allg = suplim [[AM,|.
ces r1l

The C*-algebraic meaning of the “localized limit” (1.3) will be explained in Section 6. Alter-
nately, we can state Theorem 1.2 in a version which may be better suited for applications:

Theorem 1.3. For each A € T M,,, we have
l4lle = lim sup |lAM,,

r<|z|<1

The rest of the paper is organized as follows. Section 2 begins with an orthogonal decom-
position of H2. This decomposition allows us to obtain the subnormality of certain multipliers.
We then use this decomposition to make a number of norm estimates. In Section 3 we derive a
“quasi-resolution” of the identity operator of H2, which plays the key role in the proof of Theorem
1.1. In Section 4 we estimate the Schatten p-norm and the operator norm of certain finite-rank
operators which arise from the “quasi-resolution”. With this preparation, the proof of Theorem
1.1 is completed in Section 5. Section 6 deals with localization and proves Theorems 1.2 and 1.3.

In terms of techniques, the reader will notice that this paper is quite different from previous
works on the Drury-Arveson space. This is highlighted by the fact that the unit sphere S and the
spherical measure do play a prominent role in our estimates. Many of the techniques we use in this
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paper are inspired by our earlier work on Hankel operators [11]. The best example to illustrate
this is the idea of using “quasi-resolution” of the identity operator. This interchangeability of
techniques serves to show that there is indeed much in common between the Hardy space and the
Drury-Arveson space. This view was one of the motivating factors which started this investigation.

2. ESTIMATES FOR CERTAIN MULTIPLIERS

First of all, let us introduce the subset B = {(0,32,...,8,) : f2,...,0n0 € Zy} of Z7. As we
indicated in Section 1, we denote the components of ¢ by (i,...,(,. For each g € B, define the
closed linear subspace

Hg = span{(f¢P : k > 0}

of H2. Then we have the orthogonal decompostion
H? = P H;.

For each 8 € B, we have an orthonormal basis {ej g : kK > 0} for Hg, where
(k+18D!
k15!

It is well known that Hy = H?, the Hardy space associated with the unit circle T'. For our proofs,
we need to identify each Hg, 3 # 0, as a weighted Bergman space on the unit disc.

erp(Q) = 4 [ ¢ (2.1)

Denote D = {z € C : |z| < 1}, the open unit disc in the complex plane. Let dA be the area
measure on D with the normalization A(D) = 1. For each integer m > 0, let

B — [2(D, (1 — |2 "dA(2)), (2:2)
the usual weighted Bergman space of weight m. It is well known that the standard orthonormal

basis for B™ is {¢™ : k € Z,}, where

m (k+m+1)!

For each 3 € B\{0}, define the unitary operator Ws : Hg — BUI=1 by the formula
Wgekg = e,@m 1), keZ,. (2.4)

Using (2.1) and (2.3), it is straightforward to verify that the weighted shift M, |Hg is unitarily
equivalent to M, on BUPI=Y) More precisely, if 3 € B\{0}, then

WﬁMglhg = MZWghB for every hﬂ c Hg. (25)
The operator M, |Hy is, of course, the unilateral shift.

Lemma 2.1. For each individual i € {1,...,n}, the multiplication operator M, is subnormal on
H?. Moreover, each M, has a normal extension of norm 1.

Proof. This is actually a known fact. See [1]. But this fact also follows from (2.5) for M,. By the
obvious symmetry, the entire lemma follows from (2.5). O



COMMUTATORS AND LOCALIZATION 5

For each z € B, define the multiplier
1—]2?

m.(¢) = TG

Obviously, m, is just a minor modification of the Schur multiplier s, defined in (1.2). For many
purposes, it is easier to work with m, than s, as we will see. The proof of Theorem 1.1 involves
the subnormality of M,,» and an estimate for || M, m,|-

(2.6)

Let U denote the collection of unitary transformations on C”. It is obvious that if f is a
multiplier for H? and if U € U, then the function f o U is also a multiplier for H2. Moreover, the
multiplication operators

My and Moy
are unitarily equivalent on H?2. This fact will be used several times.
Corollary 2.2. For all k € Z, and z € B, the operator M, is subnormal on H?.
Proof. Given a z € B, pick a U € U such that
Uz =(|z],0,...,0).
Then for each k € Z, we have

mE(U¢) = m.,(C) = (11—_—|’zzlz>k

By Lemma 2.1 and the above-mentioned unitary equivalence, M, has a normal extension.  [J
The following lemma provides a key estimate:

Lemma 2.3. If 0 < s < 1, then the norm of the operator of multiplication by the function

G
1 —sG

on H? does not exceed
2

V1—s.

Proof. Consider an arbitrary hg € Hg, where 8 = (0, (2,...,3,). Then

Q) =Y ¢’
k=0

First we assume that 3 # 0. By (2.4), we have

B -
(Wshs)(2) = B=1 gckzk, zeD,

which is a vector in BU#I=Y . Denote ey = (0,1,0,...,0). Since (,¢? = ¢#+°2, we have

(WaseaGos) () = |2 ,;FQ Z o, zeD,
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which is a vector in B(8). Now suppose that

he(¢) = (1= s¢1) ™" f5(C),

where
=) arcic’.
k=0
For z € D and 0 < s < 1, we have |1 —sz| > 1 — |z] and |1 — sz| > 1 — s. Thus the above yields

1G2(1 = 5¢1) " fall Tz = lICahgllT = ||Wﬁ+e2C2hﬂ||QBum)

_(6+€2)' CZ
8! /D Z *

(1 —|2|H)PldA(2)

2

2
2 (BHe)! [N~ k] o s
< L0 /D k;akz (1= |2[)P-1dA(z)
2 1 ! N
e ﬁ2|;| ‘ (|5|ﬁ— 1)'/ Z%Z — [o*)dA(2)
: k=0
2 1
= ﬁj; 1Wa sl 55—
2 ﬂg +1

4 2
=T 3 1 fall72 < _SHfﬁHHg-

Thus we have shown that for 5 # 0, the norm of the restriction of the operator of multiplication
by (2(1 — s¢1)! to Hy does not exceed 2(1 — s)~1/2. Next we consider the case where 3 = 0.

We know that Hy = HZ, the Hardy space on the unit circle T. Let h € Hy. Then

h(¢) = et
k=0
We have
(WeGoh)(2) = Y ex2®, z€D,
k=0

which is a vector in the unweighted Bergman space B(Y). Now suppose

h(¢) = (1= sG) 7 f(C)

for some

Q)= af.
k=0
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Using the polar decomposition of dA, we see that
2

2
[e.9] 1 oo
IGa(1 = 560) ™l = WeaehlFyo = [ 3= exst| da@) = [ 322 S anst| dace)
D { k=0 D k=0

2
1 k
> ap(rr)¥| dm(r)dr
1—srr —

1
=)

o Jr -
<2 [ ary k=2 [ ot
T o (L—sr)r TR (= sr)? 3

2
= :”f”l%lg'

Thus we have shown that the norm of the restriction of the operator of multiplication by (3(1 —
s¢1)~! to Hy does not exceed v/2(1 — s)~'/2,

Obviously, if fg € Hg, fzr € Hg and 3 # (3, then

G2 G
L 2
1—3C1fﬁ 1—3C1fﬁ
Thus it follows from the above two paragraphs that the norm of M, 1 _sc,) on the entire H2? does
not exceed 2(1 — s)~!/2. This completes the proof. O

The proof of Theorem 1.1 involves Mobius transform. For each z € B\{0}, let

00 = e {o - S2le - ey (e - K21 27

1- <C7 Z>
Then ¢, is an involution, i.e., ¢, o ¢, = id. Recall that
/2
(1= =)

kz C = T s Z?CEBa 2.8
R o 2

is the normalized reproducing kernel for H>. Define the operator U, by the formula
(UNQ) = fle:(O)k:(C),  f e Hp, (2.9)

for each z € B\{0}. Using Theorem 2.2.2 in [14], it is straightforward to verify that

(L—[) 21 — |y
1= (y,2)

for all z € B\{0} and z,y € B. Therefore each U, is a unitary operator on H2.

(U,ky, U.ky) =

- <kx7ky>

Recall the elementary fact that if ¢ is a complex number with |¢| < 1 and if 0 < ¢ < 1, then
2|11 —te| > |1 —¢|. (2.10)
This equality will be used frequently in the sequel.
Lemma 2.4. Let z,w € B be such that |z| = |w|. Then
1— |z

[ Moy, || < 48 =———=.
1= (zw)]
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Proof. If z = w, then the conclusion is a trivial consequence of Lemma 2.1. So let us assume
z # w. Using the unitary operator defined by (2.9), we see that

||memz|| - ||M(mwmz)0§9z
By Theorem 2.2.2 in [14],

L= (0u(0)03) = 1= (pu(Q) a0 = 2

Thus we only need to estimate the norm of M, m.)op. -

which leads to
Write A = ¢, (w). Then w = ¢,(\). Using the above-cited theorem,
(1= = {6 A)

I —(p-(C),w) =1 —(p:(¢), p.(N)) = 1- <C7z>)(1__ (z,\)

Since 1 — |w[* =1 — |2/, this gives us

malip(Oma(o:(6) = (1 = () G 2.11)
Since we know that )
L= (20 = 1= (. 0) ) = T

we only need to consider the operator of multiplication by F/({) = (1 — (¢, 2))*/(1 — ((, \)).

Write s = || = |@.(w)]. Let U : C* — C" be a unitary transformation such that
U*X=(s,0,0,...,0) and
U*z = (a,b,0,...,0),

where @ = (z,\/s) and |[b|> = |z|*> — |(z, A\/s)|?. Since 1 — |w]?> =1 — |z|?, we have

1— |z
2l—s)>1-s"=1- 2_ 2.12
Since )
1—
l—sa=1-(\2) 12
1 —(w,z)
(2.10) gives us
11— a| <2[1— sq o L= lEF (2.13)
—a| <2|1 —sa| = : :
Also,
b2 < 1=z, )P <2(1 —|{z,\)]) < 21_—’Z|2. (2.14)
R e T ]
Since ||Mpg|| = ||Mpou||, it suffices to estimate the latter. We have
(1= (UC2)" _ (1—aG —bo)P _ (1=ah)® , (1-at)s V¢
1—(UCA) 1 —sG 1 —sG 1 —sG 1 —sG

= G1(C) — 2bG2(C) + G3(Q). (2.15)
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Write the first term in (2.15) as
1—a)? 1 — 1 — ()2
(1-a) +2a(1 —a) S +a2( G

G1(¢) = 1— s( 1 —s( 1 —sG
= Gu(Q) +2a(1 — a)Gr2(¢) + a*Gr3(C).

By (2.10) and Lemma 2.1, we have |[Mg,|| < 2. Similarly, ||Mg,,|| < 4. For Gy;, Lemma 2.1
yields

1 —al?
Mg | < 2240

<8,

where the second < follows from (2.12) and (2.13). Therefore we conclude that

| Mg, || < 20. (2.16)
For the second term in (2.15), we have
G2(C) = % =(1- a)l —<25C1 + a(ll—_sill)@ = G21(¢) + Ga2(().

By Lemma 2.3, (2.12) and (2.13),

211 —
8l < D= <4y <
—s
By (2.10) and Lemma 2.1, || Mg, || < 2. Therefore
Mg, || < 10. (2.17)
Since ¢
G3(¢) =0 —2— .
by Lemma 2.3, (2.12) and (2.14),
[bf?
M. || < <8. 2.18
H GgH = \/m = ( )
Combining (2.16),(2.17),(2.18), and (2.15), we now have ||Mp|| = ||[Mpov| < 48. Recalling (2.11),
the proof is complete. O
Lemma 2.5. For every z € B and everyi € {1,...,n}, the norm of the operator of multiplication

by the function
(G — zi)m.(C)

3ny/1— |22,

on H? does not exceed

where z; is the i-th component of z.

Proof. Let z € B and i € {l,...,n} be given, and write G({) = (¢; — z;)m.(¢). Let z =
(z,0,...,0). Then there is a unitary operator U : C" — C™ such that U*z = Z. Since |M¢g|| =
| Mgoul|, it suffices to estimate the latter. We have

GUQ) = (UQ)i = 2z)m=(UC) = (UC)i = (UZ2)i)m=(¢) = (U(C = 2))

1—|z?
I |Z|C1’

1— [z
11— |2|¢1
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where >} |ugl* = 1. By Lemma 2.1, the norm of the operator of multiplication by (¢ —
|z])/(1 — |2|¢1) does not exceed 1. By Lemma 2.3, for each 2 < j < n, the norm of the operator
of multiplication by ¢;/(1 — |2]¢;) does not exceed 2(1 — |z|)~*/2. Therefore

| Mol < (1= [22) + (0 — 1)(1 — [2]) - /7' < 3ny/T— [P

This completes the proof. U
The next lemma will be needed in Section 6 when we deal with localization.
Lemma 2.6. For each h € H?, we have
lim ||s,h|| =0,
j2/11
where s, was defined in (1.2).
Proof. Write
1—7r
b.(C) =
€)= 1=
for each 0 < r < 1. We first show that for each h € Hﬁ,
ligl |b-h|| = 0. (2.20)

For this, we use the orthogonal decomposition H? = @scsHp introduced at the beginning of the
section. First consider any

ho(¢) =Y exCt
k=0
in Hy. Then
2
-7 &
2 _ k
1|6, ho || —/T - kz:%ckr dm(7).

Asr 11, (1—r)/(1—r7) — Ofor every 7 € T\{1}. Thus it follows from the dominated convergence
theorem that
lim [b-hol| = 0. (2.21)

Next we consider an hg € Hg, where 3 € B\{0}. Suppose that

o0

he(¢) =Y ar(f¢’.

k=0
As we saw in the proof of Lemma 2.3,

! 1—
Ioohall = = /|5 TZW

Asr 11, (1—=7r)/(1—rz)— 0 for every z € D. Thus it follows from the dominated convergence
theorem that

= [ dA(2).

ligl |brhgl| = 0. (2.22)
For each § € B, b,Hz C Hg. Therefore (2.20) follows from (2.21) and (2.22).
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Recall that we denote the collection of unitary transformations on C™ by U. For each h € H?,
the collection of vectors {hoU : U € U} is a compact subset of H2. Therefore (2.20) implies that

limsup ||b, - ho U|| = 0. (2.23)
Ml veu
For each z € B, there is a V. € U such that Vz = (|z/,0,...,0). Hence
[s2hll = [I(s:h) o Vol = llsvzez - ho Vi = [[bpzy - ho VE|.
The lemma obviously follows from this identity and (2.23). O
3. A QUASI-RESOLUTION OF THE IDENTITY OPERATOR

Let N be an integer greater than or equal to n/2. For each z € B, define the function
(1 _ |Z|2)(1/2)+N
(1= (¢, 2N

wz,N(C) =

Then we have the relation

wz,N = mivkza
where m, and k, were given by (2.6) and (2.8) respectively. In this sense 1, y is a modified version
of k.. The main difference between these two functions is that ¢, y “decays much faster”. The
reader will clearly see the meaning of this statement in the subsequent proofs.

Let d)\ be the Mobius invariant measure on B. That is,
dv(z)
(1= [z
where dv is the volume measure on B with the normalization v(B) = 1. Let do be the positive,

regular Borel measure on the unit sphere S which is invariant under the orthogonal group O(2n),
i.e., the group of isometries on C" 2 R*" which fix 0. We normalize ¢ such that o(S) = 1.

d\(z) =

Theorem 3.1. Let N be an integer greater than or equal to n/2. Then the self-adjoint operator

Ry = /%,N ® Y. NdA(2)
is both bounded and invertible on the Drury-Arveson space Hﬁ. In other words, there exist constants
0 < a(N) <b(N) < oo which only depend on N and the complex dimension n such that
a(N) < Ry < b(N)
on H2.
Proof. For each z € B, define the function g, € H? by the formula

9:(C) = {¢: 2)
Write C}* for the binomial coefficient m!/(k!(m — k)!) as usual. Then

Z/}z,N _ (1 N ’2‘2)(1/2)+N ZCII:+NQI;7
k=0
and consequently

Yoy ® oy = (1= [2)P2N Y CfF VeI b @ gl
§,k=0
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For each 0 < p < 1, define B, = {2z : |2|] < p}. Since both d\ and B, are invariant under the
substitution z — €z, # € R, we have

/ (1 o ‘Z‘ )1+2N k ]d)\( ) / (1 o yeiezy )1+2Ngfl ezezd)\( )
B, B,

= i / (1= |2P) 2V gk & gidA(2).
B

P

This implies that
/ (1—2H"NgF @ gldN\(z) =0 if k#j.
BP

Therefore
ey VoA D) = YO(CEN [ (1= o) g @ ghin(a)
B, k=0 By
Since N
k _ k _ M a o
al=k
we have

k ® E _ Z (k!)zzazﬂca ® Cﬁ
al=|6|=k

By the radial-spherical decomposition of dJ, it is obvious that
/ (1—[2))"2Vz028dN(z) =0 if o #p.
B,

Therefore
k1?2
0tk e g = X8 [ - e o ¢
Iz lo|=k \7 2
Consequently
. k+N (k‘)2 2\14+2N | |2 o o
[ i) = S Y (a,)2/3<1—|z|> PP . (3)
, k=0 laj=k \Y 2

Notice that if |«| = k, then

[ =l eepane) = [ 1 e Pau)

B, B,

p
:/ (1—7"2)2N_n2n7“2k+2n_1d7”/|§a‘2d0(f)
0 S

p(l o T2)2N—n2nr2k+2n—1dr (n —1)la!
(n—1+k)V

where the third = follows from Proposition 1.4.9 in [14]. Since 2N —n > 0, we can integrate by
parts to obtain

1 1
2/ (1 o T2)2N7n7,,2k+2nfldr — / (1 - x)?ana:an»kd:L_ — (
0 0

(3.2)

Il
S~

2N —n)l(n — 1+ k)!
(2N + k)! '
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Letting p 7 1 in (3.1) and (3.2), we see that

/ Yon @YondN2) =Y by Y z—!,ca ® (%, (3.3)
k=0 )

|laf=k

where 2N —n)lnl (2N —n)ln! {(k+ N)!}2

N +k)! — (N)2? KRN+ k)
Using Stirling’s formula, it is straightforward to verify that there exist 0 < a(N) < b(N) < oo
which depend only on N and n such that

a(N) < bgn < b(N) (3.4)
for every k > 0. Since we can write the identity operator on H? as
- Koo
=YY Beee
k=0 |a|=k
the lemma follows from (3.3) and (3.4). O

ben = (CFHYV)2E!

4. THREE LEMMAS
It is well known that the formula
d(z,y) = 11— (z,y)|"? =zy€es,
defines a metric on the unit sphere S [14]. Throughout the paper, we write
Blo,r) = {y €S |1 — (m, )" < 7}
for x € S and r > 0. By Proposition 5.1.4 in [14], there is a constant Ay € (27", 00) such that
272 < g (B(x,7)) < Agr™ (4.1)

for all z € S and 0 < r < /2. Note that the upper bound actually holds for all r > 0.

Before getting to the main estimates of the section, let us recall:

Lemma 4.1 (Lemma 4.1 in [15]). Let X be a set and let E be a subset of X x X. Suppose that
m 1s a natural number such that

card{y € X : (z,y) e E} <m and card{ye X :(y,z) € E} <m
for every x € X. Then there exist pairwise disjoint subsets Ey, Fs, ..., Fa, of E such that
E=FE UFE,U..UE,,

and such that for each 1 < j < 2m, the conditions (x,y), (z',y') € E; and (z,y) # (z/,y') imply
both © # x' and y #v/'.

For each z € B, define the functions
0@ =m0 = (F7EEYT g =m0 = ()T G
’ ’ 1-4¢,2) ’ ’ 1—{¢,2) ' '

The proofs of our next three lemmas have much in common. More specifically, they all use a
counting argument based on Lemma 4.1. However, because the estimates involved vary in details,
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it is difficult to reduce them to one. Therefore we present all three proofs.

It should be pretty clear from Lemma 2.1 that ||M,, || = 1 for each z € B. Therefore || M,,.| =
1+ |z|. This fact will be used several times in this section.

Lemma 4.2. Let 2n < p < oo. Then there is a Cyo(p) which depends only on p and n such
that the following estimate holds: Suppose that 0 < t < 1 and that {&; : j € J} is a subset of S
satisfying the condition

B(&,t)NB(&;,t) =0 forall i # j. (4.3)
Define z; = (1 — t2)1/2£j, je€J. Let {f;:j € J} be a set of vectors in H2 with norm at most 1,
and let {e; : j € J} be an orthonormal set. For each v € {1,...,n}, define the operator

E, =) (M{_ ), 0505 ®¢;,
jeJ

where (z;), denotes the v-th component of z;. Then ||E, ||, < Cya(p)t'=3"/p).

Proof. Let v € {1,...,n} be given. By Lemma 2.1, M., has a normal extension. More precisely,
there is a Hilbert space L, containing H? and a normal operator M, on L, such that
M,h = M, h, for each h € H?>. (4.4)
Let P, : L, — H? be the orthogonal projection. Define the operator
E, _Z{ My, — Uz;f1}®ej
jeJ

Since M{ = P,M}|H?, we have
E,=PFE,.
Thus it suffices to estimate || E,||,.

For the convenience of the reader, we will denote the inner product and the norm on L, by
(-,-)z, and || - ||, respectively, whereas those on the subspace H? will still be denoted by (-, -) and

| - ||. We have
EyE, = Y (M = (2)0)vs, fi, (M = (20))0s, fi) e @ ej = B+ Y Y, (4.5)
i,j€J k=0
where
B = Z” (M, — UZJfJHL €j Q€
jeJ
and _
Yy, = > (M = (2))vzy [y, (Mg = (2i)u)vz, fi)n,ei @ €,

2kt<d(&;,85) <2kt 1L

k € Z . Next we estimate || B|,/2 and || Y]],z

For || B||,/2, note that by the normality of M, and (4.4), we have

(M = (25)v)vs, fillo, = (Mo = (25)0) vz, fill e, = (1 Me,— 2,02, il
= [| M, —(e5), Min., sy fill < 27| Migy— (o) ym, -
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Applying Lemma 2.5, the above yields

1M = (z3)u)vs, filln, < 2"+33nm_ ont3g,

By (4.1) and (4.3), card(J) < 2"¢2?". Therefore

IBIES = DI = Clvs, fll, < (230)” - card(J) < (2732 e,
jeJ

If we set C' = (27+33n)222"/?_ then
|Bllys2 < ((27F33n)r2ner=2m)/e = 21 -Cn/p)), (4.6)
For ||Yx||,/2, note that by the normality of M, and (4.4), we have
(M = (z)0)vs, £ (M = (20)u)vz, fi .
(My, = (zi)v)vz, f5, (M = (2))0) vz fi) L,

= (
<MCu (2i) UZ]f]7M<u (Z])uvzzf74>
<M (2:) Uz]f]aMuz MCV (25) mzzfz>
= (M

* MCV (zi) /Uz]f.]7M<V Z_} mzzf2>

By the Cauchy-Schwarz inequality,

(M = (2)u)vs, fi, (M = (2i)u)vss fid | < M M-y vs, Filll M, — oy ma fill- (47)

The two norms above need to be estimated separately, which is the most subtle part of the proof.

For the first norm in (4.7), we use Corollary 2.2. Since M,., is subnormal, it is hyponormal.
Therefore

”M;leCu*(zz)uvzgf]” S HMUZZMCV Zi UZ]f]H
= | M2, Mic,— (2 ym.,m2, £

mzzmz
< A My, "2 (1M G, i)y, -

Applying Lemma 2.4 to the first factor and Lemma 2.5 to the second factor, we have

2 n+2 2 n+2
I, Moo 5 < 40087 () oot < 120067 (e )

|1—<Zi,23j |1_<§z7£J
(4.8)
For the second norm in (4.7), we use Lemma 2.5 again:
1M, epme fill < (1Mco-onme, fill + 1M -eom., fil
< 3/ T= [P + (20 = (2ol Mo,
< 3nt + 2|ZZ - Zj‘ < 3nt + 4‘1 - <£i>€j>’1/2
1 — (& €2
gt 44l <£t, S (4.9)
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Bringing (4.8) and (4.9) into (4.7), we obtain
(M = (z9)o)s, fis (M = (20)0)vsfi) 1, |

. 42 n+2 2 n+(3/2) )
< e — -

where C} = 48n?(96)"*2. For any pair of 7, j such that d(&;,&;) > 2%, the above gives us

— 2C"
(M = Gl f. (M = Gl S| € st (4.10)

For each i € J, if d(&;,&;) < 2¥¢, then B(&;,t) C B(&,2"2t). By (4.3) and the fact that
o(B(x,t)) = o(B(y,t)) for all z,y € S, for each i € J we have

o(B(6,27) _ Ay(22"

e J:d(&,&) <2M) < = (2% 411
card{j € J : d(&,&;) < t} < cBED) S o 27" (4.11)

where Ay is the constant that appears in (4.1) and Cy = 2°"A,. Set
((k) = min{f € N : £ > C,2%"*}. (4.12)

According to Lemma 4.1, we can decompose
EW = {(i,j) € J x J: 2" < d(&,€;) < 281t}
as the union of pairwise disjoint subsets

(k) (k)
eP, . ER

such that for each m € {1,...,2¢(k)}, if (z,7), (i, 7') € & and if (i,7) # (7', 7"), then we have both
i # 4" and j # j'. This decomposition of £*) allows us to write

Y. = Yk71 + ...+ Yka@(k), (413)

where

Yk,m = Z ((M* ( ) )Uzjfjv (M: W)Uzifi>lluei ® €5,
(i) €N
1 <m <20(k).

The property of A simply means that the projection onto the first component, (i,j) + i, is
injective on W, Similarly, the projection onto the second component, (i, 7) — j, is also injective

on each EW. Combining these injectivities with the fact that {e; : j € J} is an orthonormal set
and with (4.10), we obtain

Yl = D" KL = (z)0)vs, £, (M = (20)0)s, fi)r, [P

(i,5)eEW)

(Wt ) . Card(J)

p/2
201 P 2nt—2n — 03 tp—Qn
3/2))

IA

IN

92k (n+( Ipk(n+(3/2)) ’
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where C3 = (2C1)"/?2". Setting C; = C2'", the above yields

Cy 2(1—(2n/p))
Yemllorz < spramyt

for each m € {1, ...,2¢(k)}. Recalling (4.12) and (4.13), we now have

Cy 2(1—(2n Ink 204(1 —+ CQ) 21— (2n
[ Yillp/2 < Wt (1=Cn/p) . 2(1 4+ 277 < Tt (1=(2n/p))

Combining this with (4.5) and (4.6), we see that

= 204(1 + C om
|EEy||pye < <C+ E %) £2(1-2n/p))
k=0

Since || B, ||, = | E;E,|I,3 and ||E,||, < ||, |, this completes the proof. O

If we replace the operator ng_(zj)y in the above lemma by M, _(.,),, with an easier proof, we
obtain the same type of estimate:

Lemma 4.3. Let 2n < p < oo. Then there is a Cy3(p) which depends only on p and n such
that the following estimate holds: Suppose that 0 < t < 1 and that {&; : j € J} is a subset of S
satisfying the condition

B(&,t)NB(&;,t) =0 forall i # j. (4.14)
Define zj = (1 —t2)Y2¢;, j € J. Let {f; : j € J} be a set of vectors in H? with norm at most 1,
and let {e; : j € J} be an orthonormal set. For each v € {1,...,n}, define

E, =) (Mg,-(s),05,f5) @ ¢,
jeJ
where (z;), denotes the v-th component of z;. Then ||E, ||, < Cy3(p)ti=@v/p).
Proof. We have

o0
E:El’ = Z <MCU_(Zj)VUijj7 MCU—(zi)uUZz‘fi>ei ®e; = B+ Z Y, (4'15)
ijed k=0
where
B =Y |[Me_(z,v: fil%e; @ ¢
jeJ
and
Yk = Z <MCV_(Z‘]‘)VUZ]' f]? MCV_(Zz)V/UszZ>6'L ® €j7

théd(fi,fj)<2k+1t

k € Z,. As in the previous lemma, we need to estimate || B||,/2 and |[Yz][,/2-

For || B|,/2, by Lemma 2.5 we have

1Me,— oy, vz, fill < 27PN Mgz, | < 279804 /1 — |22 = 2 3nt.
By (4.1) and (4.14), card(J) < 2"t~?". Therefore

IBIPE =S 1M, —op,ve, 1P < (273307 - card(J) < (27+33n)P2 =",

jed
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Consequently,
1Bl < ((2+33n)p2nr=2n)2/7 — cy2=(en/m). (4.16)
For ||Y%]p/2, note that
<M<V_(Z])szjf]7 MCV_(ZZ)VUZZfZ> = <M1jzl MCV_(ZJ)VUZ] f]’ MCV_(Zz)szzfl>
By the Cauchy-Schwarz inequality,
[(Me,~ (200 vz [ Mey—(z0), vz fi) | < 1Mo, Me,— 2,0, i | Me, 2y me fill- (4.17)

As before, we will estimate the two norms above separately.

For the first norm in (4.17), it follows from Corollary 2.2 that
1My, Me, (2, vz, fill < 1Mo, Me,—2)) Uz]-fj||
- ||M7T77:Lj:3’nz gu mz f]”

< ||Mmzimz]- ||n+3||M(Cu—(Zj)u)mz

J

Applying Lemma 2.4 to the first factor and Lemma 2.5 to the second factor, we have

12 n+3
>|) -3nt < 3n(96)" (

|1 - <Zi7zj

I, Moo, 51 < (a5
For the second norm in (4.17), we use Lemma 2.5 again:

[Me, 2y, Mz fill < (1M, —(z))me,
Bringing (4.18) and (4.19) into (4.17), we obtain

-

< 3ny/1—|z]? = 3nt.

e ¢

(4.19)

tz n+3 )
(M, (2, V25 f 55 Me,— (), 0= fi)| < Ch <m> 7

where C} = 9n?(96)"3. For any pair of 4, j such that d(&;,&;) > 2*¢, the above gives us

(Mo, (. vz Fis Mey—(a), Vi) | < Syt

Set
((k) = min{l € N : £ > Cy2%"%},
where Cy = 25" Ay. Then, by (4.11),
card{j € J : d(&,§&;) < 2"} < 0(k).
According to Lemma 4.1, we can decompose
W = {(i,j) € J x J: 2" < d(&, &) < 2"t}

as the union of pairwise disjoint subsets

(k) (k)
£, . ED,

such that for each m € {1,...,20(k)}, if (i, 7), (', j') € EW) and if (4, j) # (¢, j'), then we have both

i # 4" and j # j'. This decomposition of £*) allows us to write

Y=Y+ ..+ Yioumw),

(4.20)

(4.21)

(4.22)
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where
Yom = D> (Me—(5), 05 fis Moy—a, v fi)ei ® ¢,
(i.)eew)

1 <m <2(k).

By the property of " and (4.20), we have

2
YimllPs = > UMy, v, frs Moy~ (e, 05, fi) P2
(k)

(4,5)€EEM
Cl 2 P/ Cl P/ p nyg—2n C3 p—2n
< (22k(n+3)t ) -card(J) < 92k(n-+3) 2T = 2pk(n+3)t )

where C5 = /22", Setting Cy = C’;/p, the above yields

Cy 2(1—(2n
1Yemllps2 < T (1-(2n/p))

for each m € {1, ...,2¢(k)}. Recalling (4.21) and (4.22), we now have

Yellor2 < Sarrs £20-@n/p) L 9(1 4 ,227%) < thu (2n/p))

Combining this with (4.16) and (4.15), we see that

* e 204(1 + CQ) —(2n
||EVEV||p/2 < <O+ Z BT — $2(1=(2n/p))

2
k=0

Since || E, ||, = ||E§EV||;§§, this completes the proof. O

The last lemma of this section is about operator norm.

Lemma 4.4. There is a Cy4 which depends only on n such that the following estimate holds:
Suppose that 0 <t < 1 and that {&; : j € J} is a subset of S satisfying the condition

Define z; = (1 —t2)V2¢;, j € J. Let {fj : j € J} be a set of vectors in H? with norm at most 1,
and let {e; : j € J} be an orthonormal set. Then the operator
E=Y (v,f)®¢
jeJ
satisfies the estimate | E| < Cy4.

Proof. Tt suffices to estimate ||E*E||. We have

E*E = Z <Uzjfj, ’Uzifi>61' & €j =B —+ Z Yk, (423)
k=0

ijed
where

B=Y v, fill’e; @ ¢

jed
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and
Yy = Z (va; [, vz fi)es @ e,
2kE<d(&,65)<2kH 1t
k € Z,. By Lemma 2.1 and (4.2), || M,.|| < (14 |z])"** < 2"** for each z € B. Since || f;|| < 1,
we have [|v,, f;|| < 2", j € J. Since {e; : j € J} is an orthonormal set, we conclude that

1B < 4+, (4.24)
Next we estimate ||Yy||. For each k € Z, define
EW = {(i,j) € J x J: 2" < d(&,¢;) < 2841t}
Now, since || f;|| < 1 and || f;|| < 1, from Corollary 2.2 we obtain
[(vzy fi vz fid| = (MG Mo, [, fi)| < |M, M, || < [[M
For each (i,7) € £, it follows from Lemma 2.4 and the condition d(&;, ;) > 2%t that

1—|z2 " =2 \"™ . o
1My | < (48—) < (96— — < ’
| . I 11— (i, 25)] 11— (&, &) 92k (n+4)

where C; = (96)"™. Hence

Mn+4

Uzl H - H mz, mz H

C .
’<U2jfjvvz¢fi>‘ < QQTTLI—HI) for each (Zaj> S g(k) (425)

Set £(k) = min{f € N : £ > (42>"*} as before, where Cy = 25" A,. Then, by (4.11),
card{j € J : d(&,§&;) < 2"} < 0(k).
According to Lemma 4.1, we can decompose £*) as the union of pairwise disjoint subsets

(k) (k)
EP, . D,

such that for each m € {1,...,2¢(k)}, if (z,7), (i, 7') € X and if (i,7) # (7', 7"), then we have both
i # 4" and j # j'. This decomposition of £*) allows us to write

Y, = Yk,1 + ...+ kagg(k), (426)
where
Yk,m = Z <Uz]~fj>vzz‘fi>ei®€j7
(i.)eem’
1 <m < 2{(k). By the property of W and (4.25), we have

Ch
Wil < Sorgerny

for each m € {1,...,2¢(k)}. By (4.26) and the definition of ¢(k),

Ch C
92k(n-+4) 92k(n+4)

Combining this estimate with (4.23) and (4.24), we see that if we set

- 1/2
1
Cia= {4n+4 +2C1(Cy +1) Z W} ;

k=0

201(Cy + 1)

¥l < =

20(k) < 2(Cy +1)22"F =

then HEH S 04.4.
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5. SPHERICAL DECOMPOSITION
Before we get to the proof of Theorem 1.1, we want to recall an elementary fact:

Lemma 5.1. Let H be a separable Hilbert space. Suppose that {X, u} is a measure space and that
A is a weakly measurable B(H)-valued function on X. If A(x) € C, for every x, 1 < p < oo, then

/X Alx)du(a)| < /X JA@)lpdi(z).

This lemma follows easily from the duality between C, and C,/(,—1). We omit the details.

Proof of Theorem 1.1. Recall that for each integer N > n/2, Theorem 3.1 provides an operator

Ry = /wz,N ® P, NdA(2)

which is both bounded and invertible on H2. We will only use the case where N = n + 4. That
is, for the rest of the section, we will denote

R - Rn+4.
Similarly, we write
wz - 7vbz,n+4-
This gives us the relation
¢z = vzkza (51)

where v, was given in (4.2). Next we express R in a slightly different form, a form which is more
convenient for subsequent estimates. Since

1 - dr
R:/O 2nr? 1/¢rg®¢r§d0(§)m7

making the substitution ¢ = (1 — 72)'/2, we have

! on 1 At
0
where .
Ty = o [ Ve ® v eyncdo(©) (53
0 <t < 1. We then decompose each T}, which involves spherical decomposition.
Let a 0 <t < 1 be given. Then there is a subset {z1,..., 2} of S which is mazimal with

respect to the property
B(x;,t/2) N B(x;,t/2) =0  whenever i # j.
The maximality implies that

)
U B(I],t) =S.

m(
=1

<
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There are Borel sets Gy, ..., G in S such that
G; C B(zj;,t) foreach je{l,...,m(t)},
G;NG; =0 whenever i# j, and
U G, = 8. (5.4)

j=1
For any ¢, 7, if B(z;,2t) N B(z;,2t) # 0, then d(z;,x;) < 4t, which implies B(x;,t/2) C B(x;, 5t).
It follows that for each i € {1,...,m(¢)},
card{j : 1 <j <mf(t), B(x;,2t) N B(x;,2t) # 0}
o(B(x;,5t)) < Ag(5t)*™
= o(Bla 1/2)) = 2 (12
Let L be the smallest integer which is greater than €. Then we have the decomposition
{1,....m@)Y =L U---UJp,

where Jq, ..., Jp are pairwise disjoint and, for each 1 < ¢ < L. J, has the property that

B(x,2t) N B(x;,2t) =0 if i,j€J, and i # j. (5.6)

The J,’s are obtained through a well-known method. One starts with a maximal subset J; of
{1,...,m(t)} which has property (5.6). If {1,...,m(t)}\J;i # 0, one similarly picks a maximal
subset Jy of {1,...,m(t)}\Ji, and so on. The maximality of each J, and (5.5) ensure that this
process stops after at most L steps.

= 2352 Ay = ). (5.5)

There exist an x € S and unitary transformations Uy, ..., Uy, ;) on C" such that x; = U;x for
j=1,...,m(t). Then we can write
. C)

- =7 h <A
7 5B where C(t) < Ag

by (4.1). Therefore by (5.3) and (5.4),

m(t)

__c@
Tt - W ]Zl /B(zj,t) XG; (é)w(lﬂg)l/zg & ¢(1—t2)1/25d0(€)
m(t)
C(t)
~ o(B(x,1) /B(xﬂf) ; X6, (Ui€)a—py2u;e @ V-/zu,edo(§)
C(t) / ~y
~ o(B(x,1)) do (&), 5.7
TTB(E 1) Sy 2 OO 5.7
where
ng(f) - Z XGj<Uj§)¢(1—t2)1/2Uj§ X Zz)(l_tz)l/zUjg.
JEJp
If £ € B(x,t), then U;§ € B(z;,t). Therefore by (5.6), for each & € B(z,t) we have
BU& ) NBUE t)=0 if i,j€J, and i#j. (5.8)

To ease the notation, let us denote

2j(€) = (1 - t*)"2U¢ (5.9)



COMMUTATORS AND LOCALIZATION
for j=1,...,m(t) and £ € B(x,t). Thus
= Xo, (Uit 6) @ Uaye)
J€Je
Now let a multiplier f of H? be given. Then by (5.1),
MpYe(€) = Y xa, Ui (froy6) @ Yuyie) = D X, (Us) (V00 foy00) ® Uy,
JEJ¢ JEJ¢
where f, (&) = fkz, ). We have [|f. )| < |[M]|. Let av € {1,...,n} be given. Then
(M8, MYi(€)] = Y xe, (Ui€) (ML, (261, V50 fs(6) ® We
J€Je

= > %6 (Ui (a0 f250) © (Me,— 50605 9);

JE€Je

where (2;(£)), denotes the v-th component of z;(£). Let 2n < p < oo also be given.

estimate the Schatten p-norm of the above two terms.

Let {e; : j € Jy} be an orthonormal set. We have
Z XGj(Ujg)(MC*,,f(Zj(g))yvzlj(ﬁ)fzj(f)) ® ¢Zj(§) - EI/A*7
JE€Je

where
E, =) (M (00,050 ) © €
J€Jp
and
A= X6, (U0 @ ¢ = Y xa,(Ui€) (Vs 0kzy0) © ¢

JjEJp j€Jy

23

(5.10)

(5.11)

We will

Conditions (5.8) and (5.9) enable us to apply the lemmas in Section 4 here. By Lemma 4.2, we
have || B, ||, < Cua(p)ti=3/P)||M;||. On the other hand, Lemma 4.4 tells us ||A|| < Cy4. Therefore

D X6, (Ui (M, 6y, V() F=5(6) © Vayie)|| < CaaCas(p)|| M|t~/

Jj€Jde

p

Similarly,

Z Xa; (Ui€) (V26 f=56) @ (Mg, — (200, ¥=;0) = BEY,

J€Je
where

F, = Z(Mcu—uj(g)»%(s)) ®e; = Z(Mcu—uj(&))uvzg-@)kzg-(&)) ® e

JjEJp JEJp

and

B = Xa,(Uif)(vsy9)f-y0) @ ;.

Jj€Jde

By Lemma 4.3, || F, ||, < Cy3(p)t'="?). By Lemma 4.4, ||B|| < Cy4||M;||. Therefore

< CyaCus(p)|| My ||t1—(2n/p)'

p

D X6, (Ui) (Va0 for0) @ (Mo~ (500, V=5 6))

Jj€Jde

(5.12)

(5.13)
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Let 02 = 04.404.2(]?) + 04'404'3(]7). Then, Combining (511), (512) and (513), we have
I[ME,, MpY(€)]ll, < ol My et~/

Thus

< Coll||My||¢=P.

L
e v
/=1 p

Recalling (5.7) and the fact that C(t) < Ay, and using Lemma 5.1, we obtain

C(1) -
I[M?, MeT ||, = ——2— / M; My Yi(€) | do(€)|| < AgCoL||My||tt=n/p),
W il [, w3 vio )] < csans
Recalling (5.2) and using Lemma 5.1 again, we find that
1
* n— * dt
04z Myl = | [ 20l = g AT Y
0 P
! 2\n—1 * dt
< i 2n(1 = )" M, My Tl
! dt
gAOCQLHMfH/O 2n(1—t2)“*1t1*<2"/p>7:C(n,p)HMfH. (5.14)

Note that the condition p > 2n ensures C(n,p) < co. The above in particular implies
I[M¢,, B]llp < C(n, p). (5.15)
Getting to the commutator that we are interested in, we have
(Mg, My) = [M{,MyRR™"] = [M{ , MyRIR™" + M;[R, M |R™".
Now it follows from (5.14) and (5.15) that
11342, Myllly < Cln, MR + M C . p) [ B = 20, )My [ B
Since Theorem 3.1 asserts that ||[R™!|| < oo, this completes the proof of Theorem 1.1. O

6. LOCALIZATION

Let us recall Arveson’s exact sequence (1.1), in particular the homomorphism 7. According to
Theorem 5.7 in [3],

(M) = ¢ (6.1)
for each j € {1,...,n}. Define the quotient C*-algebras
T, =T,)K and TM, =TM,/K.
Let 7 : 7,, — C(S) be the isomorphism induced by 7. Thus S is the maximal ideal space of 7,,.
Theorem 1.1 asserts that ’]A;L is contained in the center of 7M,,.
For each £ € S, let fg be the ideal in m generated by
{beT,:7(b)(€) =0} (6.2)
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By Douglas’ localization theorem (see Theorem 7.47 in [8]), we have

() Ze = {0}.

£es

An elementary C*-algebraic argument then yields

al] = S£1€13p||a+fg|| (6.3)

for every a € m Let m: T M, — m be the quotient map. For each £ € S, let Z¢ be the

inverse image of Z; under 7. Since TM,, D K and since Z¢ # {0}, we have Z; > K. By (6.2), Z¢
is the ideal in 7.M,, generated by

{B €T, : 7(B)() = 0}. (6.4)
It follows from (6.3) that
IAll = sup [|A + Z¢| (6.5)
¢es

for every A € T M,,.
Lemma 6.1. Let £ € S. Then the linear span of operators of the form
TM, ¢ + K,
where j € {1,...,n}, & is the j-th component of &, T € TM,, and K € I, is dense in I.

Proof. Let Z € I and € > 0 be given. By (6.4), there are By, ..., B, € 7, with 7(B1)(§) =--- =
7(Bp)(§) =0and Xy,..., X, Y1,..., Y, € TM,, such that

|Z — (XqiBYi+ -+ X B Yn)| <e
But, by Theorem 1.1, there is a K; € K such that
XiBY)+---+ X,.B,Y,, = X1Y1B + -+ X,,.Y,,, B, + K.
Therefore
|1Z — (XaYiBy + -+ X Yo By + K)|| < e (6.6)

Let B € 7, be such that 7(B)({) = 0. Then 7(B) lies in the ideal in C'(S) generated by
G =&,y —&ne Let § > 0 be given. By (6.1), there exist T3,...,7T, € 7, and a K € K such
that

1B = (TiMey—gy + -+ + TnMc,—¢, + K)|| < 0. (6.7)
The conclusion of the lemma follows from (6.6) and (6.7). O
Proposition 6.2. For every A € TM,, and every £ € S, we have
i A0, | = 14+ Z|.

'r§|| -
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Proof. Let ¢ € S be given. We first show that
i [ 1), ]| = 0 (63)
for every W € Z,. Applying Lemma 2.5, we have
i Mg M| = 10 IV gl < T MG v + 16 = &M I =0 (69
for each j € {1,...,n}, where ¢; is the j-th component of £. Let K be a compact operator. Then

Corollary 2.2 gives us [|KM,, || = [|[M] K[| < || M, K*||. Since K is also compact, it follows
from Lemma 2.6 that

i KM, < i |04, ) = 0. (610
Combining (6.9), (6.10) and Lemma 6.1, (6.8) is proved.

Let A € TM,, be given. Then by (6.8), for every W € Z, we have
= limsup [|(A + W)M,,. || < [A+ W].
rTl

lim sup ||AM8TE I
rTl

Since this holds for every W € Z¢, it follows that
im sup | AN | < 14+ Z¢]. (6.11)

Next we show that
|AM;, || > | A+ I (6.12)

for every 0 < r < 1. Note that, since [¢] = 1,
_ l—r _r€=¢¢
R R ot B pr o)

This and (6.1) together imply 1 — M, . € Z¢. Thus A — AM, , € T¢, which clearly implies (6.12).
The proposition follows from (6.11) and (6.12). O

(6.13)

Proof of Theorem 1.2. Tt follows immediately from Proposition 6.2 and (6.5). U

Proof of Theorem 1.3. Let A € T M, be given. Then we obviously have

sup lim || AM, || <lim sup [AM,,
ces 11 1 r<)zl<1

By Theorem 1.2, the proof of Theorem 1.3 is reduced to the proof of the inequality
lim sup | AM,.| < [ Allo. (6.14)

11 r<|z|<1
Let K be a compact operator. By the subnormality of M and Lemma 2.6, we have

lim || K M,_|| = lim || M K*|| < lim || My, K*|| = 0.
|2[11 |2[11 : |2[11

Therefore for each compact operator K we have

lim sup [[AM,.||=1lim sup [[(A+ K)M,| <||A+ K].

1 p<z<1 L r<zl<

This clearly implies (6.14). Hence the theorem follows. O
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Remark 1. There is a “left version” for Theorems 1.2 and 1.3. That is, if we replace AM, by
M, A in Theorem 1.2 (resp. AM,, by M, A in Theorem 1.3), then the same statement holds. The
point is that by Lemma 6.1 and Theorem 1.1, the linear span of operators of the form M, ¢ T+ K
is also dense in Z;. Using this “left version” of Lemma 6.1, the proof of the left version of Theorems
1.2 and 1.3 is the same as the right version.

Remark 2. Theorems 1.2 and 1.3 are better suited for application to the problem of determining
compactness than their left version.
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