HANKEL OPERATORS ON WEIGHTED BERGMAN SPACES
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Abstract. Consider Hankel operators H; on the weighted Bergman space L2(B, dv,). In

this paper we characterize the membership of (HJ’U‘If)S/2 = |H¢|® in the norm ideal Co,

where 0 < s < 1 and the symmetric gauge function ® is allowed to be arbitrary.
1. Introduction

Let B denote the open unit ball {z € C" : |z| < 1} in C". Write dv for the volume
measure on B with the normalization v(B) = 1. For each —1 < a < oo, we define the

weighted measure
dvg (2) = ca(1 — |2|*)%dv(2)

on B, where the coefficient ¢, is chosen so that v,(B) = 1. Recall that the weighted
Bergman space L2 (B, dv,) is defined to be the subspace

{h € L*(B,dv,) : h is analytic on B}
of L?(B, dv,). The orthogonal projection from L?*(B,dv,) onto L2(B,dv,) is given by

(Pf)(z) = / (1= (z]jguu;))”JrHa dve(w), [ € L*(B,dv,).

Note that this integral formula defines Pf as a function even for f € L'(B, dv,). Although
P is obviously a dependent, for the sake of simplicity we intentionally omit the weight of
the space in the notation for this projection.

Given an appropriate symbol function f, the Hankel operator Hy : LZ(B,dv,) —
L?(B,dv,) © L2(B, dv,,) is defined by the formula

Hyh = fh— P(fh),

h € L?(B,dv,). A subject of intense research interest, the theory of Hankel operators can
be conveniently divided into two natural components. Because of the relation

[My, Pl = Hy — H,

the simultaneous study of the pair of Hankel operators Hy and Hy is equivalent to the
study of the commutator [My, P]. Results that simultaneous concern the pair Hy, H are
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often called the “two-sided” theory of Hankel operators, of which we cite [1,8,11,17,20] as
typical examples.

By contrast, the study of H; alone is often called the “one-sided” theory of Hankel
operators, which presents its unique challenges. As examples of “one-sided” theory in the
Bergman space case, let us cite [13-16]. Recall that in these papers, Li and Luecking char-
acterized the boundedness, compactness and Schatten-class membership of Hy. Building
on these results, in this paper we will take the logical next step. Namely, we will deter-
mine exactly when the operator |H¢|® = (H;Hf)S/2 belongs to the norm ideal Cg, where
0 < s <1 and the symmetric gauge function ® is allowed to be arbitrary.

Before going any further, a brief review of “symmetric gauge functions” and the as-
sociated “norm ideals” will be beneficial. Throughout the paper, [10] will be our standard
reference in this connection. Following [10], let ¢ denote the linear space of sequences
{a;}jen, where a; € R and for every sequence the set {j € N : a; # 0} is finite. A
symmetric gauge function (also called symmetric norming function) is a map

d:¢—[0,00)

that has the following properties:
(a) ® is a norm on ¢.
(b) ®({1,0,...,0,...})=1.
(c) ®({a;}jen) = ®({|ar(;)|}jen) for every bijection 7 : N — N.
See [10,page 71]. Each symmetric gauge function ® gives rise to the symmetric norm

(1.1) |A|le = ilifl)q)({sl(/l), ...,8(A),0,...,0,...})

for bounded operators. On any separable Hilbert space H, the set of operators
(1.2) Co ={A€B(H):|Ale < oo}

is a norm ideal [10,page 68]. This term refers to the following properties of Cg:
e For any B, C' € B(H) and A € Cy, BAC € Cg and | BAC||s < ||BJ|||Alla|C]|-
o If A€ Cy, then A* € Cp and [|A*|o = ||A]a-
e For any A € Cs, ||A|| < ||A4||e, and the equality holds when rank(A4) = 1.
e Cg is complete with respect to ||.||s.

There are many familiar examples of symmetric gauge functions. For each 1 < p < oo,
the formula ®,({a;}jen) = (Z;’;l la;|P)}/P defines a symmetric gauge function on ¢, and
the corresponding ideal Ce, defined by (1.2) is just the Schatten class C,. As another family
of examples, let us mention the symmetric gauge function ®; defined by the formula

- = |a7r j | A
o, ({a;j}jen) = Z j(p%’ {aj}jen € ¢,
j=1
where 7 : N — N is any bijection such that |a,x)| > [ax2)| > -+ > |azy| > ---, which

exists because each {a;};en € ¢ only has a finite number of nonzero terms. In this case,
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the ideal Cq,; defined by (1.2) is called a Lorentz ideal and often simply denoted by the
symbol C,;. When p =1, C; is just the trace class C;. But when 1 <p < oo, C, is strictly
smaller than the Schatten class C,. Moreover, when 1 < p < oo, the dual C;'/(p_l) of C, is
a norm ideal with interesting properties of its own [10].

Given a symmetric gauge ®, it is a common practice to extend its domain of definition

beyond the space ¢. Suppose that {b;},en is an arbitrary sequence of real numbers, i.e.,
the set {j € N : b; # 0} is not necessarily finite. Then we define

(1.3) @({bs}jen) = Sup ({b,- by, 0,0, ).

Thus if A is a bounded operator, then ||Alle = ®({s;(A)}jen). For each 0 < p < oo, the
singular numbers of |A|P = (A*A)P/2 are {(s1(A))?,...,(s;(A))P,...}, and therefore

(1.4) I[A[Plle = @({(s5(A))"}jen)-

For an unbounded operator X, it is consistent with [10,Theorem I1.7.1] to interpret all its
singular numbers as infinity. Therefore it is consistent with (1.4) to adopt the convention
that ||| X|P|le = oo for all 0 < p < oo whenever the operator X is unbounded.

For our purpose we also need to deal with sequences indexed by sets other than IN. If
W is a countable, infinite set, then we define

O({bataew) = @({bx(j) }jen);

where 7 : N — W is any bijection. The definition of symmetric gauge functions guarantees
that the value of ®({bn}aew) is independent of the choice of the bijection 7. For a finite
index set F' = {z1,...,x¢}, we simply define ®({b, },cr) = ®({bsy,--,bz,,0,...,0,...}).

Recall that the membership of the commutator [My, P| = Hy — H% in Co was char-

acterized in [20] for arbitrary symmetric gauge functions ®, although in [20] the weight of
the Bergman space was set at &« = 0. This paper deals with the corresponding “one-sided”
problem for arbitrary weight —1 < a < oo, and we will go a little farther by introducing
the power 0 < s < 1 mentioned earlier.

The statement of our result involves modified kernel functions and the Bergman met-
ric, which we will now review. First of all, the formula

(1 _ |Z|2)(n—|—1—|—a)/2
(1= (¢, 2))nttte

(1.5) k= (¢) = %, ¢ €B,

gives us the normalized reproducing kernel for L2(B,dv,). For each integer i > 0, we
define the modified kernel function
(1 _ ‘2’2){(n+1+a)/2}+i

(1.6) ¢z,z(€) = (1 _ <<, Z>)n+1+a+i )

z,¢ € B.
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If we introduce the multiplier

(1.7) O =1

for each z € B, then we have the relation ¢, ; = mi k.. Similar to the analogous situations
in the Hardy space and the Drury-Arveson space [5-7], this modification gives 1, ; a faster
“decaying rate” than k., which will allow us to establish certain crucial bounds.

Let 8 denote the Bergman metric on B. That is,

1+ |p.(w)]

, zZ,w € B,
1 — oz (w)]

Blesw) = 5 log

where ¢, is the M6bius transform of B [18,Section 2.2]. For each z € B and each a > 0,
we define the corresponding S-ball D(z,a) = {w € B : 5(z,w) < a}.

Definition 1.1. [20,Definition 1.1] (i) Let a be a positive number. A subset I' of B is said
to be a-separated if D(z,a) N D(w,a) = () for all distinct elements z, w in T.

(ii) Let 0 < a < b < co. A subset I' of B is said to be an a, b-lattice if it is a-separated
and has the property U.erD(z,b) = B.

Given an operator A, for example a Toeplitz operator or a Hankel operator, one is
always interested in formulas for its set of singular numbers. But as a practical matter,
a formula that is both explicit and exact, is usually not available. Thus one is frequently
forced to search for alternatives: are there quantities given by simple formulas that are
equivalent to {s1(A),s2(A),...,s;(A),...} in some clearly-defined sense?

In this general context, our investigation stems from the following intuition: if ¢ is
suitably large, i.e., if ¥, ; “decays fast enough”, then for an a, b-lattice I' in B, the set of
scalar quantities

{H}¥f¢%JH}zEF

should be equivalent to the set of singular numbers {si(H¢), so(Hy),...,s;(H¢),...} of
the Hankel operator Hy. The main result of this paper confirms our intuition in a very
specific way: if one allows a constant multiple, then the s-powers of these two sets of
numbers are not distinguishable by the application of symmetric functions.

Theorem 1.2. Let0 < s < 1 be given, and leti € Z satisfy the condition s(n+14+a+2i) >
2n. Let 0 < a < b < 0o be positive numbers such that b > 2a. Then there exist constants
0 < ¢ < C < oo which depend only on the given s, i, a, b, the complex dimension n and
the weight a such that the inequality

cO({[[Hftzill*}zer) < [I[Hy[ "l < CO({[|H p)z i

S}ZGF)

holds for every f € L*(B,dv,), every symmetric gauge function ® and every a,b-lattice T
m B.



The reader may wonder, why does Theorem 1.2 only cover the powers 0 < s < 17 The
simple answer is, we could consider all 0 < s < oo, but that would not add anything. The
point is this: if ® is a symmetric gauge function, then for each 1 < p < oo the formula

{aj}jen = (@({]a;[P}jen))"?

defines just another symmetric gauge function on ¢, which Theorem 1.2 already covers.
That is why we only need to consider 0 < s < 1.

The proof of Theorem 1.2 involves a somewhat complicated scheme. To conclude the
Introduction, let us outline the main steps in the proof.

For both directions in Theorem 1.2, it is necessary to control the projection 1 — P by
certain differential operators. This will be achieved in terms of the inequality

(1.8) If = PfI < CUIpDSI + 10120 A dpl)

for f € C*°(B) N L?(B, dv,), which will be the main content of Section 2.

As one would expect, the proof of Theorem 1.2 uses properties of symmetric gauge
functions and symmetric norms extensively. For that reason we begin Section 3 with a
review of these properties. Another key ingredient in the proof is a workable decomposition
system for the unit ball. For this we adopt the decomposition system from [20], which
gives us the sets T} ; and Qi ;, (k,j) € I. Accordingly, we define the quantities A(f; Qx ;),
(k,j) € I, for f € L*(B,dv,). With this decomposition system we have

(1.9) O({[[fYzill*}eer) < COHA(f; Qrg)} k. jyer)

if I is a-separated for some a > 0. In (1.9), the integer i € Z must satisfy the condition

s(n+ 1+ a+ 2i) > 2n, and that is why there is such a requirement in Theorem 1.2.
Section 4 is one of the two major steps, which shows that

S

S CO{A°(f; Qr,j) }k,jrer)s
®

(110) H Mf Z¢z,i’ @ e

zel

where i’ is appropriately large and {e, : z € I'} is an orthonormal set. Then, by using the
atomic decomposition for L2(B, dv, ), in Section 5 we show that (1.10) implies

(1.11) [[MfP*lle < CO{A(f; Qk.5)} (kg)er)-

In Section 6, we adopt ideas from [15,16] and introduce the local projections P j,
which have certain amazing properties. With the local projections P ; we can define
“analytic oscillations” M(f;k,j) for a given symbol function f. Then, using Luecking’s
ideas in [16], we show that f admits a decomposition f = f(!) + () such that

(1.12) A(FD;Qry)s AP Qryg), Alp'?10f® A Dpl; Qk.5)
' can be controlled by {M(f;k,j): (k,j) € I} '
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It is then easy to deduce from (1.8), (1.11) and (1.12) that

IHf*lle < COEM(f; K, 5)} (k.g)er)-

This essentially proves the upper bound in Theorem 1.2, for it is routine to show that

SUM(fik9) Y kgyer) < CO{IH vz} zer)

if I" has the property that U,erD(z,b) = B for some 0 < b < c0.

For the proof of the lower bound in Theorem 1.2, the most crucial step is Proposition
6.8, which establishes the inequality

(1.13) UM (f: K, )y kgyer) < CllIH " |lo-

Then, using (1.12), (1.9) and (1.8), we can show that

(1.14) O({|H ¢zl }zer) < COEM(f3 K, 5)} kjyer)-

Obviously, the lower bound in Theorem 1.2 follows from (1.13) and (1.14).

To summarize, Sections 2-6 contain the technical steps outlined above, and the proof
of Theorem 1.2 itself is formally completed in Section 7. Finally, the Appendix at the end
of the paper contains technical proofs that are judged to be either similar to what can be
found in the literature, or too elementary for the main text.

2. Projection and d-bar operators

We begin by recalling a particular integral estimate on B. As in [3], define
A z)=[1=(Ca)* = (1= [KP)A = ]2*), ¢ z€B.

Lemma 2.1. [3,Lemma 24] Let a,b,c,t € R. If ¢ > —2n and —2a <t + 1 < 2b+ 2, then
the operator

— 212)e(1 = |]2)® c/2 P
rhe) = [ 0

is bounded on L?*(B, dvy).
For any f € C°°(B), let df denote the (0, 1)-form Z?Zl(éjf)(g“)dfj as usual. Write

(BN = @O+ + (B QP

for ¢ € B. If ¢ is a scalar function on B, then by ||¢df|| we mean the norm of the scalar
function |0 f| in L?(B, dv, ), allowing the possibility that ||pdf|| = co. For any (p, q)-form
F on B, |F(¢)] and ||pF|| are similarly defined.
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Let us write

p(() =1-[¢]* for ¢€B,
and this notation will be fixed for the rest of the paper.

Proposition 2.2. There is a constant Cs o which depends only on n and o such that

(2.1) 1f = PFII < Coa(llpdf Il + 1020 f A Spll)

for every f € C*°(B) N L*(B, dv,).

Proof. Estimates of this type are more or less well known by now. But because of the
importance of (2.1) in this paper, we will go through its proof anyway.

The standard proof is to solve a d-problem using Charpentier’s solution formula [2].
Pick an integer k > a + 3. First we consider any f € C°(B). Recall from [2] that the
function

u(z) = / (B1)(C) A Cu(C )

solves the equation du = f on B. Thus f —u is analytic on B and || f — Pf|| = ||u— Pu|| <
||u||. Hence it suffices to estimate ||u||. For this we use the explicit decomposition of Cy((, 2)
given on pages 136-138 in [2]:

Cr(¢,2) = CV (¢, 2) + (¢, 2),

where

n

CLY (¢ 2) = Wa(C2) D (1) NG = (¢ 2)) = Zi(1 = [C2)) Ajea Sy AdCL A+ A G,

i=1
C;?)(C, z) = Ui(¢, 2) Z(—l)iﬂ@fj — (2)(0p)(C) Neszi g ACe NGy A -+ A dC.

1<J

The scalar function Wy ((, z) above has the form

(1 -G 2)mt

qlk((?’z) = Cn¢k(CaZ) An(C Z)

| 1 ¢> \*
with ’¢k(<72)|30(m> .

To estimate ||ul|, we write v = (") + u(® | where
W) = [@DE© AT ¢,
v =1,2. To estimate ||u(?|, note that

G(1=(¢2) = z(1 = [¢*) = (G — z) (1 = (¢, 2) + 2:(¢, ¢ — 2).
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It is obvious that |(¢,¢ —z)| < AY2((, 2) [3,page 508]. Since 1—(C, z) = 1—|¢|?+ (¢, (—2),
the formulas given there also show that |¢ — z||1 — ((, 2)| < C1AY2(¢, ). Hence

CICRVEA-2n D2y
)< e [ LS D 0 g laute)

eV A (201 /2 -
— o [ e O Qo ©),

Since « > —1, we have a+1 > 0. If welet a =0, b=k—1,c= —-2n+1, and t = «, then
—2a=0<t+1<2b+2and ¢ > —2n. Applying Lemma 2.1 with these parameters, we
find that

[ @) Pdaz) < Ca [ OGO dva(c) = Callod I

Thus we have [|uV|| < C3/2|p0f].
To estimate ||u(? ||, note that
(2:2) Gz — Gzl = (G — 2025 — (G = Z) 7] < 2I¢ - 2.
From the formulas on page 508 in [3] we deduce that |¢ — z| < C4AY4((, 2). Hence

CICRVEACZR 22
)< s [ S e o A a0

(1— C|? k—(l/Q)A(—2n+(1/2))/2(<—7 ) B )
=G / [ —‘(C’,)z)|“+1+/€—(1/2)+(—2n+(1 222 0 2(0)(OF A Dp)(C)|du(©)-

Now we set a = 0, b = k — (1/2), ¢ = —2n + (1/2), and ¢t = «. For these numbers we
have —2a = 0 < t+1 < 2b+ 2 and ¢ > —2n. Similar to the argument above, another
application of Lemma 2.1 gives us ||[u®|| < C’é/2||p1/25f A Opl|.

Thus we have proved (2.1) in the special case where f € C2°(B). To prove the general
case, pick a C* function n on [0,00) such that » = 0 on [0,1], n» = 1 on [2,00) and
0 <n<1on[l,2]. For each k € N, define the function

he(¢) = n(kp(C)), ¢ €B.

Let an arbitrary f € C°°(B) N L?(B, dv,) be given. Since h;(¢) = 0 when 1 — |(]? < 1/k,
we have hif € C2°(B). Thus by the special case that we have already proved,

[Pt = P(hi ) < Coallpdhi Il + 10"20(h f) A Dpl))-
We have O(hif) = hpdf + fOhy, and ||h|lo < 1. Tt is obvious that dhy A Op = 0. Hence
(2:3) [hsef = P(hief)| < Coa(llpdf |+ | £ pdhil + 1020 f A Dpl))-
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Moreover, pdhy, = kpn'(kp)Op and 0’ (kp(¢)) # 0 only if 1 < kp(¢) < 2. Therefore p|Ohy| <
2 lloox s, where Hy = {C: 1/k < 1—¢> < 2/k}. Thus || fp0hell < 2]’ llco || f X, || — 0
as k — oo. Taking the limit £ — oo in (2.3), the general case of (2.1) follows. [

Remark 2.3. Obviously, the above proof was meant for complex dimensions n > 2. When
n = 1, one simply interprets ||p*/20f A Opl|| as 0 and (2.1) still holds. In fact, the case
n = 1 is much simpler, because O-closedness is no longer an issue. To prove (2.1) in the
case n = 1, one solves the O-problem by the simple formula

o) = o [ (5B @i nac

where the integration takes place on the unit disc in C [9,page 319]. For a sufficiently large
k € N, one obtains the estimate ||u|| < C||pdf] as above.

Recall that for each pair of ¢ # j in {1,...,n}, one has the tangential derivatives
Lij=(0i —Go; and L = (i — G0
Thus [(0f A p)(¢)|? is simply the sum of all |(L; ;f)(¢)|%, i < j. We end this section with
an elementary estimate on derivatives that will be needed in Section 6.

Lemma 2.4. There is a constant Co 4 such that for every z € B, we have ||p0;¢,||co < Ca.4
for everyi € {1,...,n} and ||p"/%L; jp.|lcoc < Coa for alli # j in {1,...,n}.

Proof. Recall from [18,page 25] that

00 = T {2 e - (o B2 b,

Write D, (¢) for 1 — (¢, z) and N,(¢) for the vector {---} above. In other words, we have
¢, = D;1N,. Note that ||p/D.|lcc <2 and that ||0; V.|| < 3. Since

Z; 1

0.0 9% oo

we have [|p0;p:]|c <2+ 2-3 =28. For the tangential derivatives, we have

(achz)(C) = (81Nz)(g)a

(Ligea)©) = =L

1 (iZi — GiZj
2.4 + 1—221/2—1¥z—1—221/2Li-}.
(2.4 B L= 2 - IR (1 L
By (2.2), |(jz — (iz;| < 2|¢ — 2]. On the other hand, |¢ — 2|? = [¢|? — 2Re((, 2) + |2]? <
2(1 — Re((, 2)). Therefore |(;z; — (;Z;] < 2v/2|1 — (¢, z>\1/2 which leads to

C]ZZ glzj
D.(¢)
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Also, we have p'/2(¢)(1 — |2|?)Y2/|D.(¢)] = (1 — |¢-(¢)]?)*/? < 1 [18,Theorem 2.2.2].
Combining this with (2.4) and (2.5), we find that ||p'/2L; j¢.]lec <4+4+1=9. O

3. Other preliminaries
The proof of Theorem 1.2 requires a familiarity with symmetric norms.

Lemma 3.1. [20,Lemma 2.2] Suppose that X and Y are countable sets and that N is a
natural number. Suppose that T : X — Y 1is a map that is at most N-to-1. That is, for
everyy € Y, card{zx € X : T(x) = y} < N. Then for every set of real numbers {b,},cy
and every symmetric gauge function ®, we have ®({br(z)}eex) < NO({by}yey).

Recall from [10,page 125] that given a symmetric gauge function ®, the formula

" ({b;}jen) = sup q | > azbs| : {a;}jen € &, P({az}hjen) <1p, {bj}jen €2,
j=1

defines the symmetric gauge function that is dual to ®. Moreover, we have the relation
¢** = @ [10,page 125]. This relation implies that for every {a;};en € ¢, we have

(3.1) ®({a;}jen) = sup Za:jbj {bj}jen € &, ({bj}jen) <1

Lemma 3.2. [20,Lemma 5.1] Let {Ax} be a sequence of bounded operators on a separable
Hilbert space H. If {Ar} weakly converges to an operator A, then the inequality

14l < sup [ Axllo

holds for every symmetric gauge function ®.

Lemma 3.3. Let A and B be two bounded operators. Then the inequalities
ABPlle < IBI°[[|A]le  and [[[BA][le < [BI°[[|A]"]le

hold for every symmetric gauge function ® and every 0 < s < 1.

Proof. For the singular numbers of the operators involved, it is well known that
si(AB) < s;(A)[|B|| and s;(BA) < ||B][s;(A4)
for every j € N [10,page 61]. Therefore for any gauge function ® and any 0 < s < 1,
[AB*lle = ®({(s;(AB))"}jen) < [ B]*®({(s;(A))*}ien) = [ BI°[[| Al o-
The other inequality is similarly proved. [J
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Lemma 3.4. [20,Lemma 3.1] Suppose that Ay,..., A, are finite-rank operators on a
Hilbert space H and let A = Ay + ---+ A,,. Then for every symmetric gauge function ®
and every 0 < s < 1, we have

(3.2) 1A lle < 272 (A e + - + [[Am[*llo).

Remark 3.5. Although (3.2) was only proved for finite-rank operators Aj,...,A4,, in
[20], it actually hold for all bounded operators A;,..., A, and A= A; +---+ A,, on any
separable Hilbert space H. Indeed let Ay,..., A, € B(H) and A = A1 +---+ A, and let

E and F be finite-rank orthogonal projections on H. Then by (3.2) and Lemma 3.3,

IBIFAFlle < [IFAP]le <22 (IIF AL lle + -+ [[|1FAml*[|o)
< 277 (A o + -+ 1Am[*[le)-

Since rank(E) < oo, the supremum of ||E|FA|*|ls over all finite-rank orthogonal projec-
tions F' dominates ||E|A|*||¢. Then observe that, by (1.1), if we take the supremum of
|E|A|*||¢ over all finite-rank orthogonal projections F, we obtain |||A|*|s. Hence (3.2)
holds for all Ay,..., A, € B(H) and A=A +---+ A,,.

As one would expect, the proof of Theorem 1.2 also requires a suitable decomposition
of the ball and the sphere. We will adopt the decomposition system in [20], for that paper
showed that the system, however complicated it may appear, actually works. Next let us
review the decomposition system in [20] and estimates related to it.

Let S denote the unit sphere {£ € C™ : |¢| = 1}. Recall that the formula

d(u, &) = 1= (w, &', w, €58,
defines a metric on S [18,page 66]. Throughout the paper, we denote
B(u,r) = {6 €5 |1 — (u,§)['/* <r}
for u € S and r > 0. Let o be the positive, regular Borel measure on S which is invariant

under the orthogonal group O(2n), i.e., the group of isometries on C" = R?" which fix 0.
We take the usual normalization o(S) = 1. There is a constant Ay € (27", 00) such that

(3.3) 272" < o(B(u, 7)) < Agr*™

for all u € S and 0 < r < /2 [18,Proposition 5.1.4]. Note that the upper bound actually
holds when r > v/2.

For each integer k > 0, let {ug,1,..., U m)} be a subset of S which is mazimal with
respect to the property

(3.4) Bug;, 27" )N B(ug 1,275 ) =0 forall 1<j<j <m(k).
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The maximality of {ug,1,. .., Uk mx)} implies that
(3.5) UMY B(ugz,27%) = S.
For each pair of £ > 0 and 1 < 5 < m(k), define the subsets

(36) Ty ={ru:1-272 <r <1272 € B(uy;,27%)}  and
Qrj={ru:1-2"% <p<1-2720%2 4y € B(u,;,9-275)}

of B. Let us also introduce the index set

(3.8) I={(k,j):k>01<7<mk)}

Lemma 3.6. [20,Lemma 2.4] Given any 0 < a < oo, there exists a natural number K which
depends only on a and the complex dimension n such that the following holds true: Suppose
that I' is an a-separated subset of B. Then there exist pairwise disjoint subsets I'y, ..., 'k
of I such that Uflel"u =T and such that card(I', N Ty, ;) <1 for all p € {1,..., K} and
(k,j) €l

Let E be a Borel set in B with v,(E) > 0. For any f € L*(B, dv,), we define

acrim) = (ks [rean)”

Although we use the same decomposition system as that in [20], there is a major difference
between [20] and this paper: Whereas most of the estimates in [20] were carried out in
terms of the various mean oscillations introduced there, quantities of the form A(f; E) and
| f.i]] will be much more prominent in this paper.

Proposition 3.7. Let 0 < s < 1 be given, and let i € Z, satisfy the condition s(n + 1+
a+2i) >2n. Let 0 < a < 0o also be given. Then there exists a constant 0 < C37 < 00
which depends only on n, o, s, i and a such that the inequality

P fzill*}zer) < C37P({A*(f; Qi j)} (k.j)er)

holds for every f € L?(B,dv), every symmetric gauge function ®, and every a-separated
subset I' of B.

The proof of this proposition is essentially a combination of a part of the work for the
proof of [20,Lemma 6.4] and a part of the work in [20,Section 2]. For this reason the proof
of Proposition 3.7 is relegated to the Appendix at the end of the paper.

Next we recall some elementary facts related to the Bergman metric.

Lemma 3.8. [21,Lemma 2.3] For all u,v,z,y € B we have

(L= lu(@) )21 = o@D _ ) 00,0 L= [ul*)/20 = [v]?)!72
11— {pu(@), pu(y))] - 1= (u,v)| '
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Lemma 3.9. The inequality 1 — |z|> < 4e28=) (1 — |w|?) holds for all z,w € B.

Proof. Applying [18,Theorem 2.2.2|, we have

1 Jpa(w)] < 1 — Jpu(w) = L= DAl

(1 )~ fw?) _ 1 |wf?
1~ (w, 2 =4

(1—1z))? R e

Combining this with the fact that 23(z, w) > log(1 — |, (w)|) ™, the lemma follows. (I

Lemma 3.10. [22,Lemma 1.24] Given any r > 0, there are 0 < ¢(r) < C(r) < oo such
that
c(r)(1 = [2*)" T < va(D(2,1)) < O(r)(L — [2*)"T1Fe

for every z € B.

Lemma 3.11. Given anyr > 0, there is a 6(r) > 0 such that |m,(w)| > 6(r) for all z,w €
B satisfying the condition 3(z,w) < r.

Proof. For z,w € B satisfying the condition 5(z,w) < r, Lemma 3.9 gives us

e G N (e o R R T KA

m,(w)| = ——— _ wNY?
)] = e 2 gL GO s L)

Since B(z,w) < r, we have 1 — |, (w)| > e™2". Substituting this in the above, we see that
the constant §(r) = (2¢*")~1 will do for the lemma. [J

The proof of Theorem 1.2 involves a familiar counting lemma:
Lemma 3.12. [19,Lemma 4.1] Let X be a set and let E be a subset of X x X. Suppose
that m is a natural number such that

card{y € X : (z,y) e E} <m and card{ye X : (y,z) € E} <m
for every x € X. Then there exist pairwise disjoint subsets Eqi, Fs, ..., Es,, of E such that
E=F,UFE,U..UEFE,y,

and such that for each 1 < j < 2m, the conditions (z,y), (z',y’) € E; and (z,y) # (2, y)
imply both x # x’ and y # y/'.

We end the preliminaries with an elementary operator-theoretical fact.

Lemma 3.13. Let A: H — H' and B : H — H" be bounded operators, where H, H', H"
are Hilbert spaces. Suppose that there is a positive number C' such that | Az|| < C||Bz|| for
every x € H. Then there is an operator T : H" — H' with ||T|| < C such that A = TB.

Proof. Let Ry denote the linear subspace {Bz : x € H} of H”, and let R be the closure of
Ro in H”. Since ||Az|| < C||Bz|| for every x € H, the formula

(3.9) TBx = Az, x€H,
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gives us a well-defined linear operator T' from R into H’. Moreover, we have || Ty|| < C||y||
for every y € Ry. By the density of Ry in R, T extends to a bounded operator T': R — H’
with ||T|] < C. Tt is then trivial to extend T to an operator on from H"” to H’ with the
same norm. Finally, (3.9) implies the operator identity A = T'B. [J

4. Estimates involving the modified kernel

We begin with inner products involving 1, ;. First of all, there is a 6 € Z such that

(4.1) 0<é—a<l.

Lemma 4.1. Given any i € Z., there is a constant Cy1 which depends only on n, o and
i such that if z = |2|§ and w = |w|n with &,n € S, and if 0 < |z| < |w| < 1, then

n+l1+4+a)/2 7
e el AN
T[22 wi

([ 3i4n+145, fw 3i4n+146)| < Can < 2(€,7)

for every f € L?*(B,dvy).
Proof. By (1.7), ||m|jcc <1+ |2| <2 for every z € B. Thus

|z’+6—a ‘mz |3i—|—2n—|—2+a+5

‘wz,3i+n+1+5¢w,3i+n+l+5| = Ww,z‘ |mw

n+1+a)/2
2(1_|w|2>( +1+a)/

1—|z]2
(n+14a)/2
< 90—a+2it2n+2+a+ts (1 - |w|2)

T- 2 [mwma] [Pl

for all z,w € B. Thus if we write C' = 2212742420 then

1— |w|? (nt1+a)/2 .
) N llool f bl

(4.2)  [(fz3itnt148: fwsitnt14s)] < C (W
for all z,w € B and f € L?(B, dv,). Hence the proof will be complete if we can show that

1|22

d*(&,m)

(4.3) lm.mp|eo < 16

for all z,w € B satisfying the conditions z = |z|§, w = |w|n, £&,n € S and |z| < |w|. For
this, consider any ¢ € B. Then ¢ = ||z for some z € S. We have

21— (¢, 2)| 2 |1 = (2,6)| = d*(2,€) and 2]1— (¢ w)| > [1 — (z,n)| = &*(z,n).

Hence we have either |1 — (¢, 2)| > (1/8)d?*(&,n) or |1 — (¢, w)| > (1/8)d*(&,n). Since
1—|wl? <1 — 2|2 ||Im:lee <2 and |[|[mylle <2, (4.3) follows. [
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Lemma 4.2. Suppose that {e, : x € X} is an orthonormal set in a Hilbert space H,
where X is a countable index set. Furthermore, suppose that {g, : x € X} are vectors in
‘H satisfying the following two conditions:

(1) There is an N € N such that card{y € X : (g5, gy) # 0} < N for every x € X.

(2) g =0 for all but a finite number of x € X.

Let A=Y . 9z ® ex. Then for every symmetric gauge function ® and every 0 < s < 1,
we have |||A|*|¢ < 2N@({||ga[*}rex)-

Proof. By (1) and a standard maximality argument, there is a partition X = X;U---UXy
such that for every r € {1,..., N}, the conditions z,y € X, and = # y imply (g, g,) = 0.
Thus if we define A, =) x gz ® ez, 7 € {1,..., N}, then

ArA, = Z "9:8”26&7 ® ez-
rxeX,

Thus for every 0 < s < 1 and every symmetric gauge function ®,

1A lle = (AT A)* 2 lle = 2({ll92 )" eex,) < ({192 "}oex)-

Since A = A} + --- + Ay, the conclusion of the lemma follows from this inequality and
Lemma 3.4. [J

Lemma 4.3. Let 0 < s < 1 be given, and let 1 € N satisfy the condition st > 4n. Write
i" = 3i+n+1+6, where § € Z, satisfies (4.1). Then there is a constant Cy 3 which depends
only on n, a, s and i such that the following holds for every f € L*(B,dv,) and every
symmetric gauge function ®: Let {ey ; : (k,j) € I} be an orthonormal set. Let zi, ; € T} ;
for every (k,j) € I. For each (k,j) € I, let ¢ ; be either 1 or 0, and suppose that ci ; =0
for all but a finite number of (k,j) € I. Then the operator

F = Mf Z Ckvjwzk,jzi/ ® ek:j = Z ck,.j (fwzk,J 7i/) ® ek:.]

(k,j)el (k,j)el

satisfies the estimate |||F|*||le < Ca3®({crjllf Yz il Y hg)er)-
Proof. By (3.4) and (3.3), there is an N € N such that for every (k,j) € I,

(4.4) card{j’ € {1,...,m(k)} : B(ux;,27%) N B(uy j,27%) # 0} < N.

This N will be fixed for the rest of the proof. To simplify the notation, let us write

T’(]C,j) = Ck,j”fwzk,j,in for all (k7]) el
(4.5) _
a(k7]7 tv h) - Ct,hck,j <fwzk7j,i’; f¢zt,h,i'> for all (k7j)7 (ta h) el
Then -
F'F = Z a(k, jit,h)esn ® ex,; :Bo—i—Z(BZ‘i‘BZ);
(k.3),(t,h)ET =1

15



where
By = Z a(k,j; k+ €, h)egron @ e j,
(k,j),(k+L,h)el

¢ > 0. It follows from Lemma 3.4 that

(46)  IFPlle = I(F*F)lla < 221 Bo] g + 27/ 37 |1B*] 0.
=1
To estimate each |||B¢|*/?||o, we need to group the terms in By is a specific way.

By the assumption 2 ; € T} ;, (k,j) € I, we can write each 2 ; in the form z; ; =
|2 j1&k.j, where & ; € B(uy, j,27%). By (3.5), we can rewrite each By in the form

47) Be=>»_ Y > e(k,j'sk+ L, h)a(k, ji k + €, h)epyon @ ex,j,
k=0 1§]7]/§m(k) §k+2,heB(uk,j’72ik)

where each e(k,j’; k + ¢, h) is either 1 or 0. Define the vector

(4.8) Ghtgs = > e(k.j'sk + € h)a(k, ik + £ h)erren

Exren€B(uy 1,27F)

for such ¢, k and j,j'. Note that for all j,5’,q,¢" € {1,...m(k)}, we have
(4.9) <g,il3.;k7j,7g,(fg;k7q,> =0 whenever B(ug;,27%) N Blug,y,27"%) = 0.
Also, it is obvious that
(4.10) <g,(£;k7j/,g,(f?q;k,vq,> =0 whenever k # k'
Let us introduce the index sets

E© = {((k, ), (k,5)) : d(up,j,up,j7) <27¥2}  and

B = {((k,5), (k,5')) : 27" < d(up gy up ) <2752 m > 1
Then by (4.7) and (4.8), we have

0 o0
¢
By = Z Z glE:,?j;k,j’ ® ek,j = Z Bém), where

Bém) = Z géfz;k,j/ ®ex,; foreach m >0.
((k,j),(k,j/))EE(m)

But each Bém) needs to be further decomposed. By (3.4) and (3.3), there is a natural
number C; such that for each (k,j) € I and each m > 0, we have

(4.11) card{j’ € {1,...,m(k)} : d(upj,up ;) < 27 FT™+2} < ¢ 22m,
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By (4.11) and Lemma 3.12, for each m > 0 we have a partition

(4.12) EM = B U UEL 0,

such that for each 1 < v < 20722 if ((ky1,j1), (k1,77)) and ((ka, j2), (k2,jb)) are two

distinct elements in ES™, then we have both (k1,71) # (k2,j2) and (k1,71) # (ko,jb).
Define

m,v l
(4.13) B™Y) = S gl ®en
(k) (k.5 EES™

for m > 0 and 1 < v < 2C;2?"™. The above-mentioned property of Eﬁm) implies that the
projections ((k,7), (k,j")) — (k,j) and ((k,j), (k,5")) — (k, ;") are both injective on EM™.
It follows from the injectivity of this second projection and (4.9), (4.4) and (4.10) that for
each ((k,j),(k,j")) € ES™ . we have

m 0 V4
Card{((k/7Q>7 (k/7q/)) € E,S ) : <gli,;;k,j’7glgz’?Q;k’,q’> 7& 0} < N.

Since {eg, ; : (k,j) € I} is an orthonormal set and since the projection ((k,j), (k,j")) —

)

k,j) and is injective on E,S”” , we can now apply Lemma 4.2 to obtain
J J Yy

m,V)|s £ S
(4.14) 1BE™ 12 e < 2NBNg3 o 172 (1 ey i)

Next we estimate the right-hand side of (4.14).
For each triple of £ > 0, (k,j) € I and m > 0, there is an h(¢; k,j;m) € {1,...,m(k+
0)} such that d(uk,j, Ugenek,jim)) < 27773 and
r(k+ 0, h(l;k,5;m)) > r(k+£,h) whenever d(ug;,upren) <2 FTmH3,
Claim: there is a Cy such that if ((k, j), (k,j")) € E(™ and &40 € B(ug j,27"), then
(4.15) la(k, ji k4 0, h)| < Co2~tnHlte)g=2imy 21 4 ¢ h(l:k, j;m)).

Using (4.5) and Lemma 4.1, let us verify it according to the following three cases.

(1) Suppose that £ = 0 and that m = 0. Since 2x, = |2k.1|€k.n and &g € B(ug.p, 275),
if ((k,j),(k,7")) € E© and &, € B(ukj,27%), then d(ug;,upn) < d(ug;,uk ;) +
d(ug,jryupk,p) < 27FF2 4 27kF1 < 27FF3 Tn this case, recalling (4.5), it follows from
(4.2) and the definition of h(-;-,-;-) that |a(k, j; k, h)| < 4:Cr?(k, h(0; k, j;0)).

(2) Suppose that £ = 0 and that m > 1. If ((k,j),(k,5")) € E™ and & €
B(uk’j/,Q_k), then d(ukyj,uk,h) < d(uk,j,uk’j/) + d(uk’j/,uk’h) < 27F+m+3 ip this case.

Hence, recalling (4.5), it follows from Lemma 4.1 and the definition of A(-;-,-;-) that
2—2k+1 v 5

4.16 a(k, j:k,h)| < Cun [ s ) #2(k, (0: K, j:m)).

(4.16) ol )] < Con (g5 ) PO b5k Gim)
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Since ((k,j),(k,5')) € E™ and m > 1, it follows from the definition of E("™ that
d(ukj,uk] ) > 27kFmEL > dd(uy, 4, & ;). Similarly, d(ug j,uk /) > 4d(ug o, Ekp) since
&k € B(ug jr,27%). By the triangle inequality, we have d(& ;, &k.n) > (1/2)d(ug j, uk j1) >
2-F+m_ Substituting this in (4.16), we obtain

(4.17) la(k, j; k, h)| < 20C41272 2 (k, h(0; k, j;m))

if &5 € B(ugj7,27%) and ((k,§), (k,j)) € EM™.

(3) Suppose that £ > 1. Let ((k, ), (k,7")) € E(™ and &,yon € B(ug7,27%). Then
d(up,j, Ugop) < 27FFMF2 4 2=k 4 9=k=t < 9=k+m+3 - Applying Lemma 4.1, we have

1 — |zksen)? (nt+l14a)/2 1— |22 i
la(k,jsk+£,h)] < Cyy (—) (dQ( ! )) r(k+¢,h)

1 — [2k,402 Ek.j> Ekte,n

9—2(k+0)+1 (MH1+e)/2 9—2k+1 i ,
4.18 <C _ k+24 h(lE, q; .
1Y B 4'1( 2-2(k+1) ) (d2<§k,ja€k+€,h)) rlk+ & A R, 5im)

By (4.2), we can also replace the factor (---)* above by 4°, which covers the case m = 0.
For the case m > 1, we can repeat the triangle inequality-argument between (4.16) and
(4.17) to obtain d(fk],§k+g n) > (1/2)d(ug j, uk ;) > 27FF™. Substituting this in (4.18),
we see that (4.15) also holds in the case £ > 1. This completes the verification of (4.15).

For each pair of £ > 0 and (k, ;') € I, define
N(l;k,5") = card{h : &gyon € Blugj,27 %)}

Since &pron € Blupgen, 27770), if pyon € Bluk,yr,27F), then d(up v, upren) < 275

Hence it follows from (3.4) and (3.3) that there is a Cs such that
N (b, ) < G2

for all £ > 0 and (k,j’) € I. The fact that {ey ; : (k,j) € I} is an orthonormal set now
produces a quantitative effect: by (4.8), (4.15) and this orthonormality, we have

||915373;)k,j/ || < 002—£(n+1+a)2—2im7,2(k + £, h(ﬂ; k,7j; m)) N(g’ k, ]/>
< Co2 IR 9 2imy2 (g (05 k, jim)) - Cy/ 22t
(4.19) = Cy27 @222 (] 4 0, h(0; K, j;m))

for every ((k,j), (k,7")) € E™), where Cs = 00021/2. Thus
||g](<:r;7)k7jl||5/2 < 05/22—£(l+a)(5/2)2—5imrs(k, + E, h(ﬁ, ]{?,j, m))
Since the projection ((k,j), (k,j’)) — (k,7) is injective on ES™, (4.14) now leads to

m,V) s V4 s
NBE™ 120 < 2N @9y s 17}ty i sryye i)

(4.20) < Cy27 WHFOEID27 G ({1 (k + £, h(L: K, j5m) Yk gyer )
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where Cy = 2NC3/%. T h(6; k, jsm) = h(l k, j'sm), then d(uyj,upy) < 275"+ By
(3.4) and (3.3), there is an N; € N such that for every pair of £ > 0 and m > 0, the map

(k,7) = (k+ £, h(l; K, j;m))
is at most N122"™-to-1 on I. Applying Lemma 3.1 in (4.20), we obtain

1B 52|g < NyCy2~ )6/ D= (i=20mey ({15 (k, 1)} jyer)-

By (4.12) and (4.13), Bém) = Bém’l) +- 4 Bém’zcﬂ%m). Thus Lemma 3.4 leads to

20122nm
B2 lle <2 3 1B 1720

v=1

< 401N1042_£(1+a)(s/2)2_(8i_4n)m®({7‘8(k’,j)}(k,j)el)-

Since si > 4n, another application of Lemma 3.4 gives us

11Bel*lle < 2 > 1B 12 o < Cs27 D0 ({ep | fiba |k jyer)-

m=0

Finally, substituting this in (4.6), we see that the lemma holds for the constant

04.3 — 21—(5/2)05 + 22—(8/2)05 Zz—é(l-l—a)(s/Q)’
/=1

which is finite because o > —1. This completes the proof. [

Proposition 4.4. Let 0 < s < 1 be given, and let © € N satisfy the condition si > 4n.
Seti’ =3i+n+1+0, where 0 € Z satisfies (4.1). Let a > 0 also be given. Then there
s a constant Cy 4 which depends only on n, «, s, i and a such that the following holds for
every f € L*(B,dv,) and every symmetric gauge function ®: Let T be an a-separated set
in B, and let {e, : z € I'} be an orthonormal set. Then the operator

Y = Mf sz,i’ e, = Z(fwz,l’) ® ez

zel zel

satisfies the estimate |||Y|°|le < Cy.a®({A°(f; Qr.j) }kj)er)-

Proof. Given a > 0, let K denote the natural number provided by Lemma 3.6. According
to that lemma, any a-separated set I' admits a partition I' = I'y U --- U ' such that for
each pn € {1,..., K}, we have card(I', N T} ;) < 1 for every (k,j) € I. We can write I" as
the union of an increasing sequence of finite subsets Gy C Go C --- C G, C - -.

Consider any f € L?(B,dv,) and any symmetric gauge function ®. The condition
si > 4n certainly implies s(n + 1 4+ « + 2i) > 2n. Thus by Proposition 3.7,

(4.21) D({[[f1Yzill® fzer) < C32@({A(f; Qr.j) Fk,jyer)-
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For every pair of u € {1,..., K}, and m > 1, define

Y;Em) = My Z Ve @€y = Z (fd’z,i’) X ez.

zel' NG zel' NGy

Since the finite set I';, N G, has the property card(I'y, NG\, N1}, ;) < 1 for every (k,j) € I,
it follows from Lemma 4.3 and (4.21) that

Y™ # o < Cas®({]| £zl oerung) < Ca3Car®({A(f; Qrg) k. jyer)-

Set Cy 4 =2""5KCy3C51. By the partition I' =Ty U--- UT'x and Lemma 3.4, we have

1Y 1)l < 2251 P s + -+ YR lle) < Caa®{A°(f; Qi) kiyer)s

where

Y(m) = Mf Z ¢z,i’ Ke, = Z (fwz,l/) ® ez,

m > 1. Thus for every m > 1 we have
(Y ey (=) 2| = [y ™l = [V ™ *[le < Caa®({A*(f; Qrj)}k)er)-

If @({A°(f; Qr,j)}(k,j)er) < oo, then this bound guarantees that the increasing operator
sequence {Y (MY (™)*} converges to YY* strongly. Hence the sequence {(Y (MY (m)+)s/2}
strongly converges to (YY*)*/2. Thus it follows from Lemma 3.2 that

|y )2l = sup (YY) g < Cad({A°(f Qra)kgper)

But if ®({A°(f;Qk,j)}(k,j)er) = 00, then this inequality holds trivially. Finally, since
(YY*)3/2 = |Y*|* and |||Y*|*||le = |||Y|*||s, the proposition follows. [J

Corollary 4.5. Let i € N satisfy the condition i > 4n. Seti = 3i +n + 1+ 0, where
d € Z satisfies (4.1). Let a > 0 also be given. Then there is a constant Cy 5 which depends

only on n, «, i and a such that if T' is an a-separated set in B and if {e, : z € T'} is an
orthonormal set, then
Z wz,i’ X e,

zel

< Cys.

Proof. This follows from Proposition 4.4 by applying it to the specific symmetric gauge
function

Do ({aj}jen) =supflal,... lajl,- ..}, {a;}jen €4,

with s =1 and f being the constant function 1 on B. [J
5. Discrete sums and the Bergman projection
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Next we will show that operators of the form M;P can be dominated by the kind of
discrete sums Y in Proposition 4.4. This will reduce the main estimate in the proof of
the upper bound in Theorem 1.2 to the estimate provided by Proposition 4.4. What is
involved here is the familiar atomic decomposition for the weighted Bergman space [4,22].

Lemma 5.1. [21,Lemma 2.2] Let I be an a-separated set in B for some a > 0.

(a) For each 0 < R < oo, there is a natural number N = N(I', R) such that card{v € T :
B(u,v) < R} < N for every u € T.

(b) For every pair of z € B and r > 0, there is a finite partition ' =T'1U---UT,, such that
for every v € {1,...,m}, the conditions u,v € I', and u # v imply B(pu(2), pu(2)) > 1.

Let I' be an a-separated set in B. For each pair of ¢« € Z, and z € B, denote

Er.i = Z wwu(Z)»i ® ¢<pu(2),i'

uel

Lemma 5.2. Let I be an a-separated set in B for some a > 0. Given 0 < s <1, leti € N
satisfy the condition si > 4n. Seti = 3i+mn+ 14§, where § € Z, satisfies (4.1). Then
for every z € B, there is a constant Cs.2(2) which depends only onn, a, I, s, i, and z such
that

[[MfErp .z °le < Cs.2(2)2({A°(f; Qk.j) Yk jer)
for every f € L*(B,dv,) and every symmetric gauge function ®.

Proof. For each z € B, Lemma 5.1(b) provides an m = m(I', z) € N and a partition I' =
I'yUJ---UTl,, such that for each v € {1,...,m}, the conditions u,v € '), and u # v imply
B(pu(z), pu(2)) > 2. In other words, each {p,(z) : u € I',} is a 1-separated set. Thus we
can pick an orthonormal set {e, : v € I'} and decompose Er . in the form

Er.iy=FF 4+ F,F;,, where F, =) 1t ) ® e
uel'y

1 < v < m. Since each {¢,(2) : u € T',} is 1-separated, Corollary 4.5 guarantees that F},
is bounded. For each v € {1,...,m}, we can apply Proposition 4.4 with a = 1 to obtain

(5.1) [[MfEPlle < Cra®({A(f; Qrj) ) kirer)

for every f € L?(B,dv,) and every symmetric gauge function ®. On the other hand,
applying Lemma 3.4, Remark 3.5 and Lemma 3.3, we have

1M Er o [*llo < 27 (MU Pl + -+ [[Mp Fn 1 lo)
<2 (IMp RPNl FY 17+ -+ 1My Fl [l F5 %)

Combining this with (5.1), we see that the constant Cs 2(2) = 21 5Cy 4 (| F1||*+- - -+ || Fn ||¥)
will do for the lemma. [

Let us recall the well-known atomic decomposition for L2(B, dv,,):
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Proposition 5.3. [22,pages 69-72] Let i € Z, be given. Then there exist an a-separated
set T in B for some a > 0 and a finite set {z1,...,z,} in B such that every h € L%(B, dv,)

admats the representation
h = Z Z cuvjw@u(zj)ai’

uel'1<j<q
where the coefficients cy,j satisfy the condition >, ,cr > <ic, |cui* < o0.

Lemma 5.4. Let i € N satisfy the condition i > 4n. Seti =3i+n+1+0, whered € Z
satisfies (4.1). Then there exist an a-separated set T' in B for some a > 0, a finite set
{z1,..., 24} in B, and a bounded operator T on L*(B,dv,) such that

(52) P - EI‘7Z1711T + st + EF,Zq,’i’T'

Proof. We apply Propositions 5.3 to this integer ’: there is an a-separated set I" for some
a>0and {z1,...,2,} C B such that every h € L2(B, dv,) admits the representation

(5.3) hzz Z Cu,j Vo (z;),i  With Z Z |cuj]? < o0

uel’ 1<5<q uel 1<5<q

Let {ey,; :ue€T,1 < j <q} be an orthonormal set and define the operator

A= Z Z wgpu(zj),i’ @ €Cy,j-

uel 1<5<q

By Lemma 5.1(b) and Corollary 4.5, A is a bounded operator. By (5.3), the range of A
equals L2(B,dv,). Thus a standard argument gives us a ¢ > 0 such that ||A*h| > c||h]]
for every h € L2(B,dv,). This lower bound implies that AA*, which we regard as an
operator on the whole of L?(B,dv,), is invertible on the subspace L?(B,dv,). In other
words, there is a bounded operator X on L?(B,dv,) such that AA*Xh = h for every h €
L?(B,dvy). Now define the operator T by the formula T'(h + g) = Xh for h € L?(B, dv,,)
and g € L?(B,dv,) © L%(B,dv,). Then ||T|| = || X| < oo and P = AA*T. To complete
the proof, simply observe that AA* = Er ., o + -+ Ep ., . U

Proposition 5.5. Let 0 < s < 1 be given. Then there is a constant Cs.5 which depends
only on n, a and s such that

[[MfP*lle < Cs s@({A°(f; Qk.j) ) (kirer)

for every f € L?(B,dv,) and very symmetric gauge function ®.

Proof. Given any 0 < s < 1, we pick an ¢ € N such that si > 4n. Then set i’ = 3i+n+1+94,
where 0 € Z satisfies (4.1). For this ¢/, Lemma 5.4 provides an a-separated set I" in B for
some a > 0, a finite set {21,...,2,} in B and a bounded operator 7" such that (5.2) holds.
Since si > 4n and i’ = 3i + n+ 14§, by Lemma 5.2, for every j € {1,...,q} we have

(5.4) ||[MysEr .,

llo < Cs.2(25)P({A°(f; Qr.j) } (k.j)er)
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for every f € L?(B,dv,) and every symmetric gauge function ®, where Cs 5(z;) depends
only on n, a, s, 4, I' and z;. By (5.2), we have MyP = M;Erp ., T +---+ MyEp . +T.
Applying Lemma 3.4, Remark 3.5 and Lemma 3.3 to this sum, we obtain

1My P*lle < 2([[|MsEr 2 o Tlle + - + [[[MpEr 2T 2)
<2|TI*(NMsEr 2 ir[lle + - + My Er 2y o[l 0)-

Combining this with (5.4), we have

[[MsP*le < 2||T[*(Cs.2(21) + -+ - + Cs.2(2¢) ) 2({A°(f; Qi) F e gyer)
for every f € L?(B, dv,) and every symmetric gauge function ®. [

6. Bergman balls and local projections

The cumbersome decomposition system adopted in Section 3 was designed to accom-
modate a disparity between the radial direction and the spherical direction of the ball.
The best place to see this disparity is (4.19): the factor 2~ t(1+2) ig the best decaying rate
that one can hope for in the radial direction. In contrast, the factor 272" in (4.19), which
is the decaying rate in the spherical direction, represents artificial improvement: one can
pencil in as large an i as one pleases. But once we have proved Proposition 5.5, we no
longer need to be concerned the disparity between the two directions. For the rest of the
paper, it will simplify matters considerably if we adopt a new decomposition system in
terms of balls in the Bergman metric.

For each (k,j) € I, we fix the point
wrg = (1 =272 Ny
for the rest of the paper the paper. Recalling (3.6) and (3.7), we have wy ; € Ty ; C Qk,;

for every (k,j) € I, and we think of wy ; as the “center” for T}, ;.

Lemma 6.1. (1) There is a 79 > 0 such that D(wg, j,70) N D(we p,70) = O for all (k,j) #
(t,h) in I.

(2) There is a 79 < T < 00 such that D(wy ;,7) D Q. for every (k,j) € I.

(3) There is an Ny € N such that card{(t,h) € I : D(wy ;, 7+1)ND(wyp, 7+1) # 0} < Np
for every (k,j) € I.

Since the proof of Lemma 6.1 is completely elementary, it is best suited for the Ap-
pendix, and the reader can find it there.

Definition 6.2. For each (k,j) € I, we denote
Dy ;= D(wy ;,7), G, = D(wyj,7+1), Uk;=D(wy;,3T +3)
and I, ; = {(t,h) € 1: G NGy # 0}.
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Note that
(6.1) if (t,h) € Ik;’j, then Ut,h D Gk,j D Qk,j.
Also note that

e?m — 1

627'_|_1

- 62T+2—1
D(O,T):{wEB:|w\§ } and D(O,T+1):{w€B:\w|<—}.

627'+2 + 1

We now fix a C'*° function 7 on [0, c0) with the following properties:
(i) 0 < n(z) <1 for every x € [0,00);
(ii) n(z?) = 1if 0 <z < (¥ —1)/(e®™ + 1);
(iii) n(x?) = 0if & > (e2™+2 - 1)/(e?" T2 + 1).

For each (k,j) € I, define

nkJ(C) = ,'7(|L)0wk,j (C)|2)7 ¢ €B.

Then each 7y, ; is a C°° function on B. Furthermore, because ¢, ;(Dy;) = D(0,7) and
Py, ; (Grj) = D(0,7 + 1), we have

Mej =1 on Dij; and n,; =0 on B\Gy ;.

By Lemma 6.1(3), we have Z(k’j)el Mk,; < No on B. On the other hand, since Uy, jyerTk,;
= B, we have ) ;yc;Mk,; = 1 on B. Now, for every (k, j) € I define

Mk,

Toj = =——.
’ Z(t,h)el Ttk

This gives us a family of C°°-partition of unity on B. More specifically, we have

(A) Z(k,j)e] Yk,j = 1 on B;
(B) for each (k,j) € I, vx,; = 0 on B\G} ;.

Lemma 6.3. There is a constant Cg 3 such that Hpg,/ykJHOO < Cg.3 and Hp1/2f/y,“’yk,j|]oo <
Css for all (k,j)el,ve{l,...,n} and u #v in{1,...,n}.

Proof. Write H = Z(t’ nyer Meh- Then H > 1 on B. Straightforward differentiation yields
O kg = H ' Oymiey — H i j0,H = H ' O,miy — H *miy Y O
(t,h)elk’j

= H_ln/(howk,j|2)<50’wk,j’61/90wk,j> _H_277k7j Z 77/(|50’wt,h|2)<90wt,h7aVSOwt,h>?
(trh)elk,j

where the (-, -) is the inner product in C™. Similarly, for p # v in {1,...,n} we have

7 — Nk, j
Lu,,u’)/k,j = H 177/(|Q0wk,j |2)<§0wk,jaLv,u¢wk,j> - H_2] Z 77/(|90wt,h |2)<(p’wt,h7 LV,MSO’LUt,h>‘

(t,h)€Elk,;
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Obviously, 1’ is bounded on [0, 00). Thus, combining the bounds provided by Lemma 2.4
with Lemma 6.1(3), the conclusion of the lemma follows. [J

Let E be any Borel set in B. Then by L?(E, dv,) we mean the collection of functions
g in L?(B, dv,,) satisfying the condition g = 0 on B\ E. The point is that we consider each
element in L?(E, dv,,) as a function on the whole of the unit ball B.

For each (k,j) € I, let By ; be the collection of functions h in L?(Uy ;,dv,) that are
analytic on Uy ;. That is, By ; consists of functions h in L?(B,dv,) that are analytic
on Uy ; and identically zero on B\Uy ;. Obviously, By ; is a closed linear subspace of
L?*(B,dv,). One may think of By ; as a kind of “Bergman space”, but keep in mind that
the measure in question is the restriction of the weighted volume measure dv, to Uy ;. For
each (k,j) € I, let

Py L*(B,dv,) — By j

be the orthogonal projection. We consider each Py ; as a local projection, and it performs
a little magic:

Lemma 6.4. For all f,g € L*(B,dv,) and (k,j) € I, we have
<f - Pf7 XUk ;9 — Pk,jg> = <XUk;,jf - Pk,jfa XUg,;9 — Pk,jg>‘

Proof. Note that (h, xv, ;9 — Pk jg) = 0 for every h € L*(B, dv,) that is analytic on U ;.
Therefore

<f - Pf7 XUk,jg - Pk,jg> = <f7 XUk,jg - Pk,jg> = <XUk,jfﬂ XUk,jg - ka]g>
= (xv., f — Prjfxv.,;9 — Pr,j9)
as promised. [

For all f € L?(B,dv,) and (k,j) € I, we define

1/2
M(f;k,j) = (m/lj | |f—Pk,jf|2dva> .

Proposition 6.5. There is a constant Cg.5 such that the following estimates hold: Every
f € L3(B,dv,) admits a decomposition

f= f(l) + f(Z)
with f) € C(B) such that for every (k,j) € I, we have
AQ(f(l)’Qk,j) S CG.E) Z MQ(f7tvh)7
(t,h)elL,;

A%(plofP); Q) < Cos Z M?(f;t,h) and

(t,h)€EIy ;

AQ(P1/2|5f(2) A 5P|§ Qk,j) < Ces Z MQ(f;t, h)~

(trh)elkyj
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Proof. 1f (t,h) € I ;, then Uy p, C D(wy, ;,57 +5). By Lemma 3.10, there is a C; such that
(6.2) Vo (Urn) < C1va(Qr,;) whenever (t,h) € Iy ;.

Using the partition of unit {y4; : (k,j) € I}, for a given f € L?(B, dv,) we define

FP =3 yPugf and fO=f—fO =3 (f - P

(k,g)el (k,j)eI

If (t,h) & It j, then ¢, = 0 on Gi ; O Qi ;. Therefore for every (k,j) € I we have

2

/Qk,j |f(1)|2dva :/Q Z (f = Ponf)ven| dva < No Z / If - Pt,hf|2dva,

kg (t,h)EIL 4 (t,h)EIL @k.j

where the second < follows from the Cauchy-Schwarz inequality. Recalling (6.1), we have

[ o1rOPd <N S [ 1 P Pve.
Qk,j

(th)ET,; 7 Uth

Dividing both sides by v, (Qp,;) and using (6.2), we find that

AZ(f(l)an,j) SN()Cl Z M2(f7t7h)7

(tah)eIk,j

proving the first inequality.

Since each 7y ; vanishes on B\G}% ;, by Lemma 6.1(3) we have f(2) € C°°(B). More-
over, since Py ; f is analytic on Uy, j, for each v € {1,...,n} we have

O, f® = Y Pujf -0y

(k.g)el

Thus if ¢ € G}, ;, then

@O = D PahH QO = D AP = (Pri HO)H0en) (),

(t,h)elk,; (t,h)El,;

where the second = is due to the fact that Z(t, el a,fyt,h =0,1 =0. Combining this with
Lemma 6.3, we obtain

PN NN < Cos Y 1(Penf)C) = (P H)Q] if ¢ € Gy

(t,h)€Elk,;
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Using the Cauchy-Schwarz inequality, Lemma 6.1(3) and (6.1) again, we have

L 100, f P Pdve < NoCGs Y / \Pnf — Prjf|*dv,
k,j

(t,h)Ely, ; Qi

<NoCEy > 2 (/ P f — f?dva +/
Ut,h k

(t,h)Elk Uk.i

‘f - Pk,j.ﬂzdva> .

Again, dividing both sides by v, (Qy,;) and using (6.2), we have

A2(p0, fP); Qry) < 2(No+ NG)CEsCr Y MP(fst,h).

(t,h) €Iy, ;
Since this holds for every v € {1,...,n}, we obtain the second inequality. The proof of
the third inequality is similar and will be omitted. [J

Lemma 6.6. Let 0 < s < 1, and suppose that i € N satisfies the condition si > n. Then
for any given € > 0, there is an 0 < R < oo such that

sup v2/2(Uy ;) Z sup  [Yu, ,,,i(¢)|° < e

(k,j)EI (t,h)EI CEU}q,j
B(wg, j,we n) >R

This lemma is in fact a discrete variant of the familiar Forelli-Rudin estimates [12,17,
18,21]. The interested reader can find its proof in the Appendix.

Lemma 6.7. Let 0 < p < oo. Then for every pair of finite-rank operators A and B,

> (s4(AB)) 2; (B))?.

v=1

Proof. 1t is well known that s,1,_1(AB) < s,(A)s,(B) for all p,v € N [10,page 30]. In
particular, we have s9,_1(AB) < s,(A)s,(B) and s2,(AB) < s,11(A)s,(B) < 5,(A)s,(B)
for every v € N. Hence for any 0 < p < 0o, we have

(s20-1(AB))” < (sy(A)s,(B))"  and  (s2(AB))" < (s,(A)s,(B))"

for every v € N. The lemma obviously follows from these inequalities. [

Proposition 6.8. Let 0 < s < 1 be given. Then there is a constant Cg.g which depends
only on n, a and s such that

SEM(f: k. 5) Y kgyer) < CosllHl"] @

for every f € L?(B,dvy) and every symmetric gauge function ®.
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Proof. We begin by fixing certain constants. Given 0 < s < 1, pick an i9 € N such that
sig > 4n. Then set i = 3ig +n+ 1+ 9, where 6 € Z satisfies (4.1). Let {e ; : (k,j) € I}
be an orthonormal set. By Lemma 6.1(1) and Corollary 4.5, there is a C such that

(6.3) Y u i @en|| <Gy

(k,j)ed

for every subset J of I. Also, once this 7 is so fixed, by Lemmas 3.10 and 3.11, there is a
¢ > 0 which depends only on n, a and ¢ such that

(6.4) 02 (Ug) nf [y, 0(O)] = ¢

CEUkyj

for every (k,j) € I. For R > 0, write

eR)= suwp v*Ury) Y, sup [t
B(wg,j,we,n)>R

For this ¢, Lemma 6.6 allows us to pick an R > 67 + 7 such that
(6.5) 2¢(R) < ¢*/2,
and this R is so fixed for the rest of the proof.

By Lemmas 6.1(1) and 5.1(a), there is an M € N such that

card{(t,h) € I : B(wy j,wrp) < R} < M

for every (k, j) € I. By a standard maximality argument, there is a partition I = E;U---U
E such that for every m € {1,..., M}, we have S(wy, j, w,p) > R whenever (k, j), (t,h) €
E,, and (k,7) # (t,h). We will show that Cs s = 8M (C5 /c®) suffices for the proposition.

Let a symmetric gauge function ® be given, and let ®* be its dual. Fix an m €
{1,...,M} for the moment. Given an f € L?(B, dv,), consider any

(6.6) Im CA{(k,j) € B, : M(f;k,j) # 0} with card(J,,) < oco.
For each (k,j) € J,,, define the unit vector

_ XUk,j fw’wk,j,'i - Pk,j(fw’wk,j,i>
||XUk,j fwwk,j,i - Pk,j(fwwk,j,i)n

(6.7) Gk,j

in L2(Uy,j,dvy). Let {bg; : (k,j) € Jm} be a family of non-negative numbers. We define
the finite-rank operator

A= Z bi,jer,j @ Gr,;-
(k,3)E€JTm
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Note that the choice R > 67+ 7 ensures that for (k, j) # (¢, h) in E,,, we have Uy, jNUy p, =
(. Hence (gk ;, g¢,n) = 0 for (k,j) # (¢, h) in E,,. Consequently,

(6.8) " ({(s(A4)) }ven) = @"({b; ;} k. jye g )-

Also, define the operator
Z Yy, ;i @ €k, j-

(k.)€ Tm
Then ||T'|| < C; by (6.3).
By straightforward multiplication,

AHfT - Z bkd <Hfr¢}wt,hai7 gk:]>ek7j ® et7h - Y + Z’
(k,3),(th)€Tm

where

(k,j)ETm

> > bk (Hptbu, i Gkj)ek s © €nn-

(k,3)E€Tm (t,h)#(k,5)
(t,h)EJTm

Since Y = AH{T — Z, an application of Lemma 3.4 to the symmetric gauge function for
the trace class C; yields

(6.9) Y Pl < 2[[AH T |+ 201211

By (6.7) and Lemma 6.4, we have

<wawk,j7i7gk:j> = HXUk,jfw'wk,jai - kaj(fwwk,jai)H
= ||XUk,j¢wk,j7i(f - @b;kl,j,ipk‘,j (flﬁwm,z))ﬂ

Recalling (6.4), we have

X, f = Yoy i Prd (P, D ixw,, f = Pef]
>c =

<H ww -,ivgk,'>zc = - M(fakaj)a
et 0 (Uss) v/ (Us,)

where the second > follows from the facts the that @b;;j’ipk,j(flbwk’j’i) € Bj,; and that
Py f is the element in By, ; that minimizes the norm |xu, , f — b, h € By ;. Thus

(6.10) Y 1* ] = Z {bkg (Hwy ;.05 9r.5) 1" = € Z b s M (f3 k. 5).-
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On the other hand, since 0 < s < 1, the orthonormality of {ey ; : (k,j) € I} leads to

611) I1ZFlh < Y KZewmeri)®= > D bl Hw 005

(k,3),(t,h)ETm (k.g)E€Jm (t,h)#(k.J)
(t,h)EJm

Using Lemma 6.4 and the norm-minimizing property of Py ; again, we have

|(XUs; Fowi i = Pioi (Fw, i) XUy Twi ;0 — Prg (Fbwg 5 ,0))]
XU 5 [wy 5,0 = Prej (fhwy ;.0
< Ixve; fw, ni = Proi (Fw, i) | < xvn; fwi i — Ywin,iPrj 1]
< vé”(Uk,j)Csup (G i (OIM (f3 ks 5)-

€Uk,;

|(H ptpw, i Gre,j) | =

Substituting this in (6.11), since S(wg,j, wen) > R for (k,j) # (¢, h) in E,,, we obtain

Z1F < D b MA(fik vy *(Uey) D sup  [Yu, ,,i(¢)[°
(ki) ETm (t,h) A (k,5) S Ui
(t,h)EJm

) D B MO(fikg).

(k J)EIm

Combining this with (6.9) and (6.10), we find that

SN by MO(fik,§) S 2| AHST | +2¢(R) Y by MO(f5k, §).
(lm)GJ (k) ETm

Since Jy, is a finite set, the sum }° ;7 - above is finite. By (6.5), 2¢(R) < ¢*/2.
Thus the obvious cancellation leads to

(6.12) (c/2) D b ;MO(fik,j) < 2|[[AHfT|||y.
(k,j)ETm

To estimate |||AH;T|*||1, we apply Lemma 6.7, which gives us

IJAH;T|*|ly = ) (s, (AH[T))" Z (su (HfT))" .
v=1 v=1

Applying (3.1) and (6.8) to the right-hand side, we obtain

INAH Tl < 2 ({(50(A))" boen) @({ (50 (HfT))" }ren)
= 207({b% ;Y k.yes ) IHf T |2
< 20727 ({0F j } epye s MIH s |0,
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where the second < follows from Lemma 3.3 and the fact that |7 < Cy. Substituting
this in (6.12) and simplifying, we find that

> b MO(fik,5) < 8(C5 /) ({bh s kgyesn N Hy o
(k,j)EIm

Since the non-negative numbers {7 ; : (k,j) € Jn} are arbitrary, the duality between ®
and ®* (see (3.1)) implies

OUM(fik9)}wjyesn) < 8(CT/)|[|[Hyl"||e.
Since the above holds for every J,, given by (6.6), recalling (1.3), we conclude that
QUM (fik, )}k jyer,n) < 8(CT/)|[|Hy o

Finally, since this holds for every m € {1,..., M} and since I = E; U---U E), we have

M
O{M*(fik, ) Ympper) < D QUM (fik,5)}jern) < 8M(C /)| Hy[ |-

This completes the proof. [
Lemma 6.9. There is a constant Cg 9 such that

o{ Y arntwger) < Coo®({ar;}mger)
(t,h)El,;

for every set of non-negative numbers {ax ;j } . j)er and every symmetric gauge function ®.

Proof. First of all, by Lemmas 6.1(1) and 5.1(a), there is an N7 € N such that
(6.13) card{(t,h) € I : B(wg, j, wp) <47 +4} < N,

for every (k,j) € I. Let non-negative numbers {ax ; } & jyer be given. For every (k,j) € I,
there is a w(k,j) € Iy ; such that ar ;) > asn for every (t,h) € I ;. Thus Zt,h arn <
card(ly,;)ax(k,j) < NoGr(k,j), Where the second < follows from Lemma 6.1(3). Hence

(6.14) d({ Z atntkgyer) < No®({ar(k,5) ) (k,j)er)-
(t,h)Ely,;

Obviously, B(wk,j, Wr,;)) < 27+2 for every (k, j) € I. Thus for any pair of (&, j), (', j') €
I,if w(k,j) =n(K,j"), then S(wg, j, wr j7) < 4T + 4 by the triangle inequality. By (6.13),
the map 7 : I +— I is at most N;-to-1. Applying Lemma 3.1, we obtain ®({ax(x,;) } (k,j)er) <
N1®({ak,;}(k,jyer)- Recalling (6.14), the lemma holds for the constant Cs.9 = NoNy
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Proposition 6.10. Let 0 < s <1 be given, and let i € Z satisfy the condition s(n + 1+
o+ 2i) > 2n. Let a > 0 also be given. Then there is a constant Cg 19 which depends only
onn, «, s, 1 and a such that

Q({H 1zl }zer) < Coa0@({M*(f1%,5)}k j)er)

for every f € L?*(B,dvy), every symmetric gauge function ®, and every a-separated set T’
m B.

Proof. Given any f € L*(B,dv,), let f = f) + ) be the decomposition provided by
Proposition 6.5. Applying Proposition 2.2 to f()1, ; — P(f?4, ), z € B, we have

<|[Hpw sl + [ Hpo ¥zl < 1FPvsill + |1 H .|
< F D]l + Conllpd(f P )| + Cazallp20(f Pps i) A D
= IO, || + Coallppp. i0f P + Coallp*4..:0£2 A dpl|.

For 0 < s < 1, the above implies
1H sz ll® < f P 0eill® + C3 ol ow=ad f PN + O3 5llpM *9:,i0F ) 1 p]|*.

Thus it suffices to find a C' that depends only on n, «, s, ¢ and a such that

O({)| f Ve ill* Y ser) < CRUME(f3k, )}k, jyer),
O({[|py-:0fP|*}oer) < COEM*(fik,5)}rjyer) and
({[|p"*.:0f P A dp||*}oer) < COUME(fi ks §) Y rsyer)

for every symmetric gauge function ® and every a-separated set I' in B.

Since s(n + 1+ a + 2i) > 2n and I is a-separated, by Propositions 3.7 and 6.5,

S({If M. il*}eer) < Cor®({A° (N5 Qrj) b kjyer)
< 03.705/52@({ Z M(f5t,h)} ke jyer)-

(tvh)elkyj

Applying Lemma 6.9, we obtain

({|f V. il*}zer) < C37Cs Co0® UM (f3 k. 5) Y h.gyer)-

That is, the first inequality holds for the constant C' = C3.7Cg./5206.9. By the same argu-
ment, the other two inequalities also hold for the same C. [

Lemma 6.11. Let ¢ € Z, and b > 0 be given. Then there is a constant Cg.11 which
depends only on n, «, i and b such that

M(f;k,j) < Cesa1l|Hpts i
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for every f € L?(B,dv,) and every pair of (k,j) € I and z € B satisfying the condition
/B(wka.]7z) < b'

Proof. Let b > 0 be given. By Lemma 3.10, there is a C'; such that

(6.15) Vo (D(w,2b + 37 4+ 3)) < Chv(D(w,37 + 3)) for every w € B.

Let i € Z,. By Lemmas 3.10 and 3.11, there is a ¢ > 0 such that for every z € B,
(6.16) l9..:(C)] > cov;Y3(D(2,b+ 37 +3)) whenever ¢ € D(z,b+ 37+ 3).

Let (k,j) € I and z € B be such that (wy ;,2) < b. Then D(z,b+ 37 +3) C D(wy ;,2b+
37+43). By (6.15), we have va (D(2,b+37+3)) < Crva(D(wy,j, 37 +3)), and consequently

(6.17) v Y2(D(z,b+ 37 +3)) > C; 202 (D(w , 37 + 3)) = C; V20 V2 (Us).

«

Since Uy ; = D(wg,j,37 +3), we have Uy ; C D(z,b+ 37+ 3). Writing ¢; = coCl_l/Q, from
(6.16) and (6.17) we obtain

11..:(C)] > clv;1/2(Uk7j) for every ¢ € Uy ;.

Hence

||Hf¢Z,i|| = ||f1/1z,z - P(f¢z,z)“ > ”XUk,jwz,i(f - ¢;3P(f¢z,z))||
> 10 2 (Uk ) X, = Xu, 2t P(F)ll
> crvg V2 (Usg)lIxv,, | — Pejifll = et M(f3 k, 5),

where the last > again follows from the norm-minimizing property of Py ; f. [

Proposition 6.12. Leti € Z, and b > 0 be given. Then there is a constant Cg .12 which
depends only on n, «, © and b such that

QUM (f;k, 7))}k jyer) < Co12®({ | Hsvz " Fzer)

for every f € L?(B,dv,), every 0 < s < 1, every symmetric gauge function ®, and every
countable subset T' of B with the property U,crD(z,b) = B.

Proof. Let b > 0 be given. Then by Lemmas 6.1 and 5.1, there is an N € N such that
(6.18) card{(k",j") € I : B(wg j, wir j») < 2b} < N for every (k,j) € I.

Let T" be a countable subset of B with the property U.crD(z,b) = B. Then for every
(k,j) € I, there is a 2 ; € I' such that B(wy j,2k,;) < b. Let i € Z; also be given. By
Lemma 6.11, we have

M(f, k’,j) < CG.IlHwaZk,jai
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for every f € L*(B, dv,) and every (k,j) € I, where Cg.11 depends only on n, a, i and b.
Hence for every 0 < s < 1 and every symmetric gauge function ® we have

(6.19) QM (fik, )Yk gyer) < max{Co.a1, R Hpvz, il " Hhojyer)-
If (k,j),(K',j") € I are such that zj ; = 2z j/, then

Blwg,j, wir 1) < B(Wk, 5, 2k,5) + B(2k,j, Wk ) = B(Wi 3, 2k,5) + B2k, wir j7) < 20.
Thus, by (6.18), the map (k,j) — zx ; is at most N-to-1. Applying Lemma 3.1, we have

¢<{||wazk,jvi

S}(k,j)el) < N(I)({HHfQ/}z,iHS}zEF)-
The combination of this with (6.19) proves the proposition. [J

7. Proof of Theorem 1.2
We need one more proposition for the proof of the upper bound in Theorem 1.2.

Proposition 7.1. Set C71 = 2(1++/2Cs.5), where Cy 5 is the constant in Proposition 2.2.
Then for every f € C*°(B)N L3(B, dv,), every 0 < s < 1 and every symmetric symmetric
gauge function ® we have

(7.1) IHs*le < Cra(llM,)55 P17 le + 11Mp1215p8, P1 ll2)-

Proof. Given f, s and ® as above, it suffices to consider the case where the right-hand side
of (7.1) is finite, for otherwise the inequality holds trivially. This finiteness implies that
every M5, ;P and every M, /zp, ;P is a bounded operator on L?(B,dv,). Let H be the

orthogonal sum of n + (1/2)n(n — 1) copies of L?(B, dv,). We now define an operator
X : Li(B,dv,) = H
as follows: for each h € L2(B, dv,,), the first n components of X h are (p01 f)h, ..., (p0n f)h,

while the other (1/2)n(n — 1) components of Xh are (p'/2L; ; f)h, arranged according to
a fixed enumeration of the pairs i < j in {1,...,n}. Then obviously we have

IXR|1* = (X*Xh, h) = | Myaghll* + 1|Mp 28508, 0017,

h € L2(B,dv,). For h € L?(B,dv,), its analyticity leads to d(fh) = hdf. Hence

IXAI> = [pd(fR)IZ + 1l 20 1) A DplI* = S (lpd(FR) + [|p*/28(fR) A pll)?

N | —

for every h € L2(B, dv,,). Applying Proposition 2.2, for every g € H>(B) we have

1Hygll = 11fg — P(f9)l < Ca2(lpd(f9)ll + [Ip"20(£g) A Dpl)) < V2Cs2[|Xg].-
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For h € L2(B,dv,) and 0 < r < 1, the function h, defined by the formula h,.(z) = h(rz)
belongs to H°°(B). Thus an obvious application of Fatou’s lemma in the above gives us

[Hshl| = || fh = P(fh)|| < V2C52[|Xh|  for every h € L(B,dv,).

By Lemma 3.13, there is an operator T : H — L?(B, dv,) with ||T|| < v/2Cs.5 such that
H;=TX.
Thus it follows from Lemma 3.3 that
(72)  Hsllle < ITIPNXlle < (V2C22)°[[1X FPlla < (1+ V2C2.0)[[| X[ &-
To estimate ||| X|*||e, write F' = p|0f| and G = p*/2|0f A dp|. Then note that
X*X = PMp2P + PMg2P = (MpP)*MpP + (Mg P)* MgP.

By Lemma 3.4 and Remark 3.5, we have

11X lle = (X" X)*? & < 2[[(MpP)* MeP) o + 2| (M P)* MaP) |
= 2/|MpPPlla + 20| Me P lla = 2001My157 PP lle + 11My172057055 P ll0):

Combining this with (7.2), the proposition follows. [J
At this point, we are finally ready to assemble the previous steps and present

Proof of Theorem 1.2. Let s, ¢, I', f and ® be given as in the statement of the theorem.
Applying Propositions 6.10 and 6.8, we obtain

S({[[Hptbzill"}zer) < Co10®({M*(f5k,5) Ykjyer) < Co10Ce6.sl|[Hyl || @,

which establishes the lower bound in Theorem 1.2.

To prove the upper bound, let f = f() 4+ f®) be the decomposition provided by
Proposition 6.5. Then by Lemma 3.4 and Remark 3.5, we have

(7.3) I[Hs*lle <2 ([ Hso o + [ Hye|*||a)-
Since Hqy = (1-— P)Mf<1)P, it follows from Lemma 3.3 and Proposition 5.5 that

(7.4) I[H o *lle < 1My Pl < Cs5P({A*(fN; Quy) Yjyer)-

Since 0 < s/2 < 1, it follows from Propositions 6.5 that

A (fVQuy) <G82 YT ME(fit,h)

(t,h) €Ik, ;
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for every (k,j) € I. Substituting this in (7.4) and then applying Lemma 6.9 and Proposi-
tion 6.12, we obtain

IH o *le < 1My PI*le < Cs5C5/s Co.o®({M*(f5k, )bk per)
(7.5) < Cs5.5C8 Co.9C6.10® ({| Hptoo il|*Yocr).

To bound |||H ;= |*||s, we first apply Proposition 7.1, which gives us
[[Hye Plle < Cra(llIMya5@ PlPlle + [[Mj2i55@ 78, P @)

Then, applying Propositions 5.5 and 6.5, Lemma 6.9 and Proposition 6.12 in the same
manner as above, we obtain

1M, 570 P llo < Cs.5Ce s Co.9Co.12@({|| Hytz ]|} ser)  and
1M 17215 5@ ndp Pl |6 < Cs.5C85 Co.905 12D ({|| H - il|°}er)-

That is,
I[H o °|la < 2C7.1C5.5C52 Co.9Cs 10®({|| Hyths i|*}ser)-

Finally, combining this with (7.5) and (7.3), we find that

IHf*lo < 2'7°(1 +2C71)C5.5C5s Co.9Co12®({|| Hptz i ||*}zer).-
This proves the upper bound in Theorem 1.2 and completes the proof. [J

Appendix

Several propositions in the previous sections are similar to their respective counter
parts in previous papers. For that reason their proofs were left out of the main text of the
paper. We present these proofs here in this Appendix, both for the completeness of the
paper and for those readers who are careful with details.

For each (k,j) € I, we define the subset
Fr;j={,4):£>k1<i<ml),B(uri,27%) N Buy;,3-27%) # 0}
of I. We then define
Wi = Qr,y U {U(e,z‘)eFk,jQz,i},
(k,7) € I. By (3.6) and (3.7), we have Wy ; D {ru:1—272* <r < 1,u € B(uy;,3-27%)}.
Lemma A.1. There is a constant Ca 1 which depends only on n and o such that

Caa

o7 A @k ) Yk gyer)

A W) kper) < 75

for every f € L?(B,dvy), every symmetric gauge function ®, and every 0 < s < 1.
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Proof. Tt is clear from the above that for every (k,j) € I, we have

2/ p. ‘ Va(@rj) 42, . ‘ Va(Qeyi) 2, , ‘
A (f7 Wk,]) S va(Wk,j)A (fa Qk,j) + (e’i;kd va(Wk,j)A (fa Qﬁ,z)-

Since v, (Qr ;) < C127 20N and v, (W, ;) > C27 214k Hit follows that

(A1) A([iWiy) S A2(f3Quy) + G 3 2720 HER 221 0, ),

(£,3)EFy
For each integer ¢ > 0, define the set
GO = {(k+0,R): 1< h < m(k+0), Blurpen, 250 N Blug;,3-27%) # 0}
as in [20]. By (3.4) and (3.3), there is a natural number M such that
(A.2) card(G,(ﬁ) < M2t
for all (k,j) € I and ¢ > 0. Similarly, there is an N € N such that
(A.3) card{j’ € {1,...,m(k)} : G\, NG\, #0} < N

for all (k,j) € I and £ > 0.
Setting Cy = max{1,C5}, (A.1) gives us

oo

¢
(A.4) A(f;Wiy) <Ci Y S,
=0

where ,
Sé; = g7 2(n 4ot Z A%(f; Qrte,n)-
(k+£,h) G

Given any (k,j) € I and ¢ > 0, there is a (k + ¢, h(k, j;¢)) € Gfﬁ. such that
A(f: Qraenirgin) = A(f; Quien)  for every (k+£,h) € Gy
Combining this with (A.2), we have
SIE:? < M272FEA2(f Qrtt,h(k,j;0))-
For each ¢ > 0, define the map Fy : I — I by the formula
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If k # kq, then Fy(k,j) # Fy(k1,j1) for all possible j and j;. Since (k+£, h(k,j;¢)) € G,(:g.,
(A.3) tells us that for each ¢, the map Fj is at most N-to-1. Hence, by Lemma 3.1, for
each 0 < s <1 and each symmetric gauge function ®, we have

s s a)s

U(SEN Y gogyer) < M*227 OF LA (F; Qupaniigin) ) (hj)er)
= M*?27 LD (LA (£ Qry ) Y kj)er)
< NM2~OFS(LAS(f;Q) Y hjyer)-

Since C4y > 1 and 0 < s/2 < 1, (A.4) implies
£)\s
A(fiWig) < Ca Y (S
E:
for every (k,j) € I. Therefore

A (f; W) haper) < C1 Y @U(SE)* "} egper)
(=0

< CUNM Y 27O DA (f; Qn ) bk gyer)-
£=0

Thus the constant Cpx 1 = C4yNM will do for the lemma. [J
As in [20], for each (k,j) € I we define

(A5)  Hy,j={(th)el:0<t<k1<h<m(t),Bun, 2" ") N Blug;,27%) # 0}.

Lemma A.2. Given any i € Z., there is a constant Cp o which depends only on n, «
and i such that the following estimate holds: Let (k,j) € I and z € Ty, ;. Then there exist
(¢,v(€)) € Hgj for £=0,...,k such that for every f € L*(B,dv,), we have

k
waz,zH < C’A.2 Z 2_(n+1+a+2i)(k_£)‘4<f; WZ,V(@))'
£=0

Proof. Let (k,j) € I and z € Ty ; be given. Then z = |2|¢ for some & € B(uy j,27%).
Set v(k) = j. If 0 < ¢ < k, by (3.5), there is a v(¢) € {1,...,m(f)} such that & €
B(ugu0), 27%). Let us show that the inequality

k
(A.6) .42 < Cy Z 9—2(n+1+a+2i)(k—¢)
=0

holds on B, where C; depends only on n, o and 1.
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First of all, Wy .0y = B. Suppose that w € Wy_1 ,0—1)\W¢ 1 (¢) and let us estimate the
value of |1 — (w, z)|. Since w & Wy, (s, there are two possibilities. Either |w| <1 — 272,
in which case we have |1 — (w,2)] > 1 — |w| > 272, Or w/|w| ¢ B(ug,(),3-27%), in
which case we have d(w/|wl,£) > 2-27¢ since £ € B(uy,(p),27%) by the choice of v(¢). In
the latter case, |1 — (w,2)| > (1/2)|1 — (w/|w]|,€)| > 2 - 272, Thus we have shown that if
w € Wi_1,u00-1)\We,u(e), then |1 —(w, 2)| 71 < 4-22¢=1D On the other hand, the definition
of T}, ; gives us 1 — 2| < 272F. It is elementary that va(Wy_1 ,(—1)) < C272(nF1He)E=1),
Combining these three inequalities, we see that (A.6) holds on B\W}, ,,(x) = B\W ;. But
on the set Wy ;, (A.6) follows from the simple fact that |1 — (w, z)| > 1 — |z| > 272(k+1) =
(1/4)272k since 2 € Ty j. Thus (A.6) holds on B.

Obviously, (A.6) implies that

k
| fooaill? < €0 3 2 2mbibad 200 g2y, oy,
£=0

f € L*(B,dv,). For every 0 < ¢ < k, since & € B(’U/g’u(g),Q_g) N B(u,j,27%), we have
(¢,v(¢)) € Hy, ;. Thus, taking square-roots in the above, the lemma follows. O

Lemma A.3. Let0 < s < 1 be given, and leti € Z, satisfy the condition s(n+1+a+2i) >
2n. Then there exists a constant 0 < Ca 3 < oo which depends only on n, o, s and i such
that the following estimate holds: Let z(k,j) € Ty ; for each (k,j) € I. Then for each
f € L3(B,dv,) and each symmetric gauge function ®, we have

SN fV2hg),ill* Y wper) < Cas®{{A*(f; Qr,j)}k,jyer)-
Proof. By Lemma A.1, it suffices to show that
(A7) Q{1 Yath,g)ill " rpyer) < CPHA(fs Wi i)} kjrer)s

where C depends only on n, «, s and 7. To prove this, in addition to the Hj ; given by
(A.5), we further defined the set

¢
H{) = {(6,h) : (£,h) € Hy}
for each integer 0 < ¢ < k.

Let f € L?(B,dv,) be given. For each triple of integers 0 < £ < k and 1 < j < m(k),
there is an element (¢, h(k,j;¢)) € ng). such that

A(f: Wengegie) = A(f; W) for every (¢,h) € HY).

Let 0 < s <1 be given. Let z(k,j) € Ty j, (k,j) € I. Applying Lemma A.2, we have

k
< CRo Z AS(fs W n(r,jze) 2 S0 Hat20 (=0
=0

waz(k,j),i

k
v=0
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for each (k,j) € I, where Cy = C3 ,. Define

A(f7 Wk—y,h(k,j;k—u)) it v<k
Ak, 50 =
0 if v>k

for all (k,j) € I and all v > 0. Then
||f¢z(k,j),i||8 < Z az7j;y2*s(n+1+a+2i)u.
v=0
Consequently, for each symmetric gauge function ® we have
(A~8) q’({Hf¢z(k,j),i||s}(k,j)el) <Oy Z 2’“”“*"‘*2“”<I>({ai,j;y}<k,j)ef)'
v=0
Since ay,;,, = 0 whenever k < v, for each v > 0 we have
®({ag j.twgyer) = PUA(fs Wh—vn(k,jik—0)) ko j)er) )
where 1) = {(k,j) : k> v,1 < j <m(k)}.
For each v > 0, consider the map G, : I¥) — I defined by the formula

G, (k,§) = (k — v, bk, ji k —v)), (k,5) e I".

If k£ # K, then, of course, G,(k,j) # G,(k',j') for all possible j and j'. Now suppose
that integers j and j’ are in the set {1,...,m(k)} such that G,(k,j) = G,(k,j'). Then

h(k,j;k —v)=h(k,j';k —v). A chase of definitions gives us

B(”k‘fu,h(k‘,j;kfl/% 2—(k—l/)) N B(“k,j? 2_k) % @ and
B(Wk—y h(k,j k1) 2~ * ) A Blug,r, 27F) # 0.

Since h(k,j;k —v) = h(k,j’;k —v), we have d(ug j,ug ;) < 4-27*=). Thus we conclude
from (3.4) and (3.3) that there is a Cy € N which depends only on n such that for all

v<kandall 1<j<m(k),

card{j' € {1,...,m(k)} : G,(k,j") = G, (k, )} < C2%"".

That is, the map G, : I¥) — I is at most C522"-to-1. Applying Lemma 3.1, we have

O({ag ;. Y kger) = PUA(FiWa, 06) Y hiyeron) < Co22™ @({A°(fs Wi ) Yk, jer)-

Substituting this in (A.8), we find that

({1 f 2yl Fwgyer) < CrCo Yy 27 s IFat2D=2ndv g (L A3 (£ W, )}k yer)-

v=0
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Since we assume s(n + 1+ a + 2i) > 2n, (A.7) follows. This completes the proof. [J

Proof of Proposition 3.7. Let 0 < s <1, and let i € Z satisfy the condition s(n+ 1+
a+ 2i) > 2n. Given 0 < a < oo, let K be the natural number provided by Lemma 3.6.
According to that lemma, each a-separated set I' is the union of pairwise disjoint subsets
I'y,...,I'x such that card(I', N1y ;) <1 for all p € {1,...,K} and (k,j) € I. Thus for
each p € {1,..., K}, it follows from Lemma A.3 that

O({If=ill* zer,) < Cas®{A™(f; Qr.j)} (kj)er)

for every f € L*(B, dv,) and every symmetric gauge function ®. Since 'y U--- Ul =T,
we have

O({If¢=ill* zer) < P Yzill"}eery) + - + P V2ill*}zers)-

Hence Proposition 3.7 holds for the constant C37 = KCx 3. [J

Proof of Lemma 6.1. (1) It is elementary that for z,w € B satisfying the condition |z|
< |w|, we have

1. 14]p. 1+ lw)(1 —
oLl 1, (o - )

1
L—[pz(w)] =277 (L= Jwl)(L+]z])

Thus if " > k > 0, then S(wy 7, wg, ;) > (1/2) log4. Hence it suffices to find a ¢ > 0 such
that B(wy 7, wg ;) > cfor all k € Z; and j' # j in {1,...,m(k)}. To find such a ¢, note
that for any given pair of £',¢ € S, if we write 1 — (§,§’> = a + ib with a,b € R, then
a > 0. Using this positivity, for every 0 < r < 1 we have

BN k) S et
1 —[prer (ré)|? = 1= r2(&, N2 |1—7r2+r2(a+ib)?

P4 —1 ! 1
< (14 ——=(a? 2 1 1-— 2 .
< (1 e +) = (14 gl - er)
Hence, recalling (3.4), for all k € Z; and j' # j in {1,...,m(k)} we have

6(wa Z) =

2 —2

:‘H

1 - |SD'LU]€,J‘/ (wk7])| S ]‘ - |<pwk,j’ (wka])|2 S (]' + 274 ' 272 : 272)71

which leads to B(wy j/, wk ;) > (1/2)log(l + 27%), as was to be proved.
(2) Denote r = |wy j| =1 — 27271 Consider any £ € B(uy ;,9-27%). We have

(1 —ri)? (1—rp)” 1
|(10'wk i (Tk€)| . Z ) — ] D) 3"
=& ung)l? — (L=rg 1= (§urg)))? — (1+ 1 fgif,f”')

Thus 1 — |@u, , (k)] = (1/2)(1 = [@uw,, (rk€)[?) =271 (1 +2-9%)72. Consequently,

2

|
(A.9) Blrig,wes) < 5108 T 0 ]

2

log < log 326
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for every € € B(ug, j,9-27%). On the other hand, for £ € S and 0 < r < 1, we have

(I+7)(1—rg)
(1 — 7‘)(1 —|—7‘k) '

(A.10) Bkt ré) = 5 [log

Recalling (3.7), the definition of Q4 ;, the conclusion of (2) follows from (A.9) and (A.10).

(3) This follows from (1) and Lemma 5.1(a). This completes the proof of Lemma 6.1.
O

We now turn to the proof of Lemma 6.6, the Forelli-Rudin estimate.

Lemma A.4. Leti € Z, be given. Then there is a constant Cp 4 which depends only on
n, a and ¢ such that

|mwt,h (wk73)|z

n+l4+a
(1 — Jwny[?)2(1 ~ !wt,hIZ)l/Q)

v/ 2(Ug ;) su wen,i(Q)] < C (
o ( k,])C p|¢ t,h> (C)l— A4 |1—<wk’j,wt7h>|

for every pair of (k,7),(t,h) € I.
Proof. By Lemma 3.10, we have v, (U ;) < C1(1 — |wy ;|*)" T+, (k,j) € I. Hence

n+l4+a
(1 = Juwg,3 )2 (1 = Jw,n]*)'/? i
’ M, ,, (O]

1= (¢ we,n)

If ¢ € Uk,j = D(wg,j,37 + 3), then ¢, . (¢) € D(0,37 4 3). Since ¢ = pu, ; (Pw,,(¢)) and
Wi, h = Puw, , (0), we can apply Lemma 3.8 and 3.9 to obtain

(A1) 0Y2(Us) o o(O)] < OV (

(1 . ‘wk7j|2)1/2(1 . |wt,h‘2)1/2 B (1 o |wk,j‘2)1/2 ‘ (1 . K|2)1/2(1 . |wt,h‘2)1/2
11— (¢, we,n)] (A=) 11— (¢, w,n)

(A.12) < 93743 L 93T +3 (1-— |wk’j|2>1/2(1 — ‘wt,h‘2)1/2
B 1= (w5, wie.n)l

for every ¢ € Uy ;. Combining this with (A.11), we see that the lemma holds for constant
Cpy= 011/2(4667'—1—6)71—1—14—044—2'. 0

As usual, let d\ denote the standard Mobius-invariant measure on B. That is,

dv(¢)

O TRy

Let ¢t > 0. Then on the unit disc {u € C: |u| < 1} we have the power-series expansion
00 m—1

1
= Zamum, where Un = H(t+u) for m > 1.

m=0 " v=0

(1—w)f
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By Stirling’s asymptotic formula, we have a,, ~ (1 +m)!~L.

Proof of Lemma 6.6. Let 0 < s <1 and 7 € N be such that si > n. By Lemma A.4, it
suffices to show that

(A.13) lim sup &k ;(R) =0,
R— o0 (k,j)EI
where
Sii(R) = Z (1 — | 2\ (s/2)(n+1+a) st
k,j - @wk,j(wt,hﬂ ) |mwt,h(wk,]>|
(t,h)erl

B(wk,j,we,n)>R

for (k,j) € I and R > 0. Using Lemma 3.8 and 3.9 in a manner similar to the proof of
(A.12), we see that there is a C; such that if (;, € D(wyp, 10) for every (t,h) € I, then

(s/2)(n+1+a) si
Sk, (R) < Cy > = lpuw, (Gn)P) Ime, ,, (w,j)|
(t,h)EI
B(wg,j,we,n) >R

for all (k,7) € I and R > 0. Since D(wyp,70) N D(wy pr,70) = 0 for all (¢,h) # (¢, ') in
I, the above implies

(8/2)(n+1+a)
(1= 6w, (OP) -
Ski(R)<C E / <) me(wg, ;)% dA(C

0 1 (t,h)€l D(w¢,n,70) A(D(w,n,70)) mewns) )

/B(wk,jawt,h)ZR

Gy / 2\ (s/2)(n+1+a) )
< Do N (1 — |Pwy; C) |m W, ) szd)\(C)
SO0 Sy, cponn P ) clweg)|

Note that |m, )(w)| = |m.(w)|. Thus, making the substitution ¢ = ¢y, ;(2) in the
above and using the Mobius invariance of d\, we obtain

Sk,j(R) < 02/ (1= [ EDOFHDm (wy, )| dA(2),
B(0,2)= R/

where Cy = C1/A\(D(0,79)) and R' = R — 7. That is,

(1 _ ‘2‘2)(5/2)(71—1—14—&)—1—52'—71—1

Sk,j(R) S 02/ dU(Z)

B(0,2)> R 11— (wg,j, 2)|*
For convenience, let us write k = (s/2)(n+1+a)+si—n—1,t = si/2, and 14 ; = |wg ;|-

Then k > —1,t > 0, and Kk — 2t + n > —1. By the rotation invariance of dv, we have

Ses(R) < Cs / A= "),

R'"<|z|<1 1 —rp 21
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where z; denotes the first component of z and R” = (2% —1)/(e2® +1). We have R" 1 1
as R — oo. Using the power series expansion for (1—7 j2z1)”" and the spherical symmetry
of the region R” < |z] < 1, we have

oo

Sii(R) < C3 ) (1+ m)zt_z/ (1= [2[*)" |21 [ dv (2)

0 R"<|z|<1

1

— i(l +m)* 2 / [&]* " do (€) / (1 — p2)ep2m+2n—1 g,

1’
m=0

y |18,Proposition 1.4.9], the do-integral above equals An—Liml +m)~ "7 . Hence
By [18,Proposition 1.4.9], the do-i I ab s =Dl (1 ntl |

(n—14m)! ~
> 1
Sk,j(R) < Cy Z (1+ m)Qt—”—l/ (1 — p2)sp2m+2n=1 g,

Since 2t = st > n, we have 2t —n > 0, and from the above we obtain

1 1 —r2)s .
Sk.i(R) < 05/// W?Q Ldr.

Since k — 2t + n > —1, this proves (A.13) and completes the proof of Lemma 6.6. [J
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