MTH 42, Fall 2024
Nikos Apostolakis

Second Exam
Solutions and Answers

1 The take-home part

1. Let
Ti1 Ti2 Ti13 T4
X — To1 T2 T23 T24
T31 T32 T33 T34
Tg1 Ta2 T43 Tyq

(a) Find a matrix A such that

3!13'41 —21’21 3!13'42 —21’22 31’43—21’23

x31 X32 X33
AX =

T11 X112 x13

Z21 XL22 Z23

Solution. The matrix

3 T44 — 2 T4
T34
T14
T24

31’41-21’21 31’42—2113'22 31’43-21’23 31’44—2113'24

T31 Z32 Z33
T11 T12 Z13
T21 T22 T23

is obtained from X by performing the following row operations:

1. Subtract 2 times the second row from 3 times the fourth:

T11 X112 x13
T21 22 Z23
T31 X32 x33

3xy1 —2x91 342 — 200 343 — 2103
2. Interchange the first and fourth rows:

3!13'41 —2!13'21 3!13'42 —21’22 3!13'43 —21’23

T21 22 Z23
T31 X32 x33
T11 T12 x13

3. Interchange the second and fourth rows:

3.]741 —2.]721 3.]742—22522 31’43—22523
T11 T12 T13
T31 T32 I33
T21 T2 T23

T34
T14
T24

T14
T24
T34
3 T44 — 2 T24

3 T44 — 2 T24
L24
T34
T14

3 T44 — 2 Tog
T14
T34
T4



4. Finally, interchange the second and third rows:

3!13'41 —2!13'21 3!13'42 —2!13'22

Z31 Z32
211 Z12
Z21 X292

3!13'43 —21’23 3!13'44 —21’24

X33 T34
Z13 L14
X23 L4

Performing the same operations to the identity matrix I, we get

1 0 00 1 0 00 0 -2 0
01 00 0O 1 00 0 1 0
0010 0O 0 10 0 0 1
00 01 0 -2 0 3 1 0 O
So,
0 -2
0 0
A= 1 0
0 1
(b) Find a matrix B such that

T14a — 213
XB— Tog — 2 T3
T34 — 233
Taa — 2 Ty3

Answer. The matrix
Tia — 2T13 Ti2
Tog — 2T93  Tao
T34 — 2x33 T3
Tag — 243 Ty

S OO W

O O = O

T2
L22
T32
Ty2

1
T21
T31
Ty

0 -2

o O =
_— o O
o = O O
S O O W
o~ O O
_= O O
S O = O
OO O W

O OO W

11 T14
To1 T4
T31 T34
T41 T44

T14
L24
T34
Lyq

is obtained from X by adding the fourth column to —2 times the third and then interchanging the
first and third columns. Performing the same column operations to the identity matrix /, will give

the desired B. Thus,

0 1 0

0 0 1

5= -2 0 0

1 00

2. Let

2 -1 1

A=16 -3 4

3 -2 3

(a) Verity that A is a root of the polynomial

— o O O

p(z) =2 -22*+2x— 1.
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Answer. We calculate:

1 -1 1 -1 0 0
A’=1[6 -5 6], A*=|0 -3 4].
3 -3 4 0 —2 3

And so
-1 0 0 1 -1 1 2 -1 1 100 000
p(A)=10 -3 4] —-2[6 =5 6|+2(6 -3 4]—-(0 1 0]=(00 0.
0 -2 3 3 -3 4 3 =2 3 0 0 1 000
(]
(b) Find A~L.
Solution. We have
p(A)=A3—2A2+2A -1
and since from Part (a) we have that A is a root of p(z) we get
AP —2A42A-T=0 = A —24+2A=1
— (A2-24+21) A=1I
— A2 —2A+21=A""
Thus,
1 -1 1 2 -1 1 1 00 -1 1 -1
A'=16 -5 6| —-2(6 -3 4]+2|0 1 0]=(-6 3 —2].
3 -3 4 3 =2 3 0 0 1 -3 1 0
(]
3. Let
Q(V3) = {a+b\/§:a,be(@}.
(a) Prove that Q(v/3) is a subfield of the field of real numbers R.
Solution. We first note that
0=0+0+/3,
and therefore, since 0 € Q we have 0 € Q(v/3).
Similarly,
1=1+0v3ecQV3)
since 0,1 € Q.
Let 2 = a; + b1 v/3 and y = ay + by v/3 be two elements of Q(v/3). This means that ay, as, b1, by € Q.
Then,

x+y:a1+b1\/§+a2+b2\/§: (a1+a2)+(b1—i—bg) \/g,
and since Q is closed under addition, a; + a» € Q and b; + by € Q it follows that

x4y € Q(V3)
So Q(+/3) is closed under addition.

Page 3



Similarly,

xy:(a1+bl\/§)(a2+bg\/§)
:a1a2+a1b2\/§+a2b1\/§+3b1b2
= (a1a2+3bl b2)+(a1 b2+a2b1) \/g,

And since Q, being a field, is closed under addition and multiplication we have
a1a2+3blb2€@, CL1b2+CL2b1€Q

and so zy € Q(v/3). Thus, Q(+/3) is closed under multiplication.
Also,
—x=—a; — b V3= (—ar) + (=b) V3
and since Q is closed under opposites we have —a; € Q and —b; € Q, and it follows that —z €
Q(v/3). So Q(3) is closed under opposites.
Finally' let # = a; — b, V/3. Then,

% = (a; + by V3) (a1 — b1 V3) = a? — 302 (1)

I claim that a? — 3b? # 0. Indeed

2

230 =0=>3="1 = 3=_1

But a;/b; € Q and so if a? — 3b? = 0 then /3 is a rational number, a contradiction.
Since af — 3b7 # 0, we can divide (1) by it to get

T
r——-> = 1.
a? —3b?
It follows that _
! = _r
a? —3b%’
or equivalently
:L'_l _ aq bl \/g (2)

Z_30 @3B ""
Again since Q is a field and a4, b; € Q we have that

aq bl
a? —3b% a2 - 303

cQ

and therefore, 27! € Q(v/3). Thus we established that Q(+/3) is closed under inverses.

Therefore Q is a subfield of R. O
(b) Give an explicit formula for (a + b+/3)7L.

Asnswer. Done already, see Equation (2). O

!Remember “rationalizing the denominator”?
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4. Consider the set F = {0, 1, a, b} where a # b. Define addition and multiplication via the following tables

+10 1 a b 0 1 a b
0]0 1 a b 0(0 0 0 O
111 0 b «a 110 1 a b
ala b 0 1 al0 a b 1
blb a 1 0 bl10 b 1 a

Prove that I is a field.

Solution. We have to verify that all the Field axioms listed in Definition 40 hold.

Both addition and multiplication are commutative: Indeed, the tables that define addition and
multiplication are both symmetric.

Existence of zero: From the addition table we see
0+40=0, 14+40=1, a+0=a, b+0=0b

and therefore 0 is the zero element of FF.

Existence of opposites: From the table we see that for all z € F
z+xz=0

therefore every element is its own opposite.

Existence of one: From the multiplication table we see
1-0=0, 1-1=1, l-a=a, 1-b=1

and therefore 1 is the neutral element of multiplication in F.

Existence of inverses: From the table we see that
1-1=1, ab=1

therefore every non-zero element has an inverse.

Multiplication is associative: We have to verify that for all z,y, =
(zy)z==(y2) 3)

If one of the x, y, z is 0 both sides of Equation (3) are 0 and so it holds.

If one of the z, y, z is 1 then (3) is trivially true since both sides are equal to the product of the other
two variables.

If x = y = z it reduces to
(xz)x =z (zx)

and therefore it holds due to the commutativity of multiplication.
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So we are left with verifying (3) when {xz,y, 2} = {a, b} and either case x =y # 2z, or x = z # y, or
y=2z#x.
If x = y then (3) becomes

(xz)z =z (x2).

If v = aand z = b the LHS equals bb = a and the RHS equals a (ab) = a1l = a and thus (3). If x = b
and z = a then the LHS equals aa = b and the RHS equals b (ba) = b1 = b and (3) holds.

If x = z then (3) reduces to

(zy)z =z (yz)
which is true due to commutativity.
Finally, if y = z it becomes

(zy)y=z(yy) <= z(yy) = (vy)y <= (Yy)z=y(yo)

which is equivalent, after renaming x to z and y to z, to the equation we got in the case =z = .

Addition is associative: We need to prove that for all z,y, z € F we have
(z+y)+z=z+ (y+2). (4)
If any of the z, y, z is zero then Equation (4) is trivially true. If x = 0, y = 0, or z = 0 it reduces to
y+z=y+z2 zT+z=z+z,orxt+y=y-+z

respectively.
So we need to verify Equation (4) for z,y, z € {1, a,b}. If z = y = 2 then it reduces to

(x+z)+z =0+ (x+2x)

which is true because z + z = 0.
If x = y then, because = + x = 0, it reduces to

(z4+z)+z=2+(x+2) < z=z+4+(z+ 2).
If x = 1and z = a this is equivalent to
a=1+(14a)
which holds because 1 + a =band 1 + b = a. If z = 1 and z = b then it reduces to
b=1+(1+0)

also true.

If z = a and z = 1 it reduces to
l=a+(1+a)

which is true because 1 +a =band a + b = 1.

If + = a and z = b it reduces to
a=b+(a+Db)

which is true becausea +b=1and b + 1 = a.
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Ifzr =band z = 1 we get

1=b04+(0+1)
which is true because b+ 1 =cand b + a = 1.
Finally if = b and z = a then it reduces to

a=b+ (b+a),

which is true sinceb+a =1and b + 1 = a.
The only remaining case is when {z,y, 2} = {1,a,b}. Because addition is commutative we can
write Equation (4) as

(z+y)+z2=(2+y) +=
and in this form it is clear that if it is true for (z,y, ) it will also be true for (z,y,z). So we will
verify Equation (4) in two cases, when z = 1 and when y = 1.

If x =1 (4) becomes
1+y)+z=1+(y+2)

buty + 2z =1and 1+ 1 = 0 so the RHS is 0. The LHS is also 0 since it’s either (1 +a) + b= b+ bor
(1+b)+a=a+a.
If y = 1 then it becomes, using

(z4+1l)+z=24+(1+2) < (z+1)+2z=(2+1)+=z
and thus by symmetry we only need to verify that
(a+1)+b=a+(1+b) <= b+b=a+a

which is true.

Multiplication distributes over addition :
We need to prove that for all z,y, z € F we have

r(y+z)=zy+uzz. )

Since 0t = 0 for all ¢ € I, Equation (5) is true when z = 0. For the same reason it is also true if
y=0orz=0.
Similarly, since 1¢ = 0 for all ¢ € F (5) holds if z = 1.
If y = z then (5) becomes
(y+y)=zy+ay.
But for all ¢ € F, we have ¢ + ¢ = 0 and so both sides are equal to 0.
If x = a the only cases not covered already are

a(l+a)=al+aa (6)
a(l+b)=al+ab 7)
a(a+b)=aa+ab. (8)
Equation (6) is equivalent to
ab=a-+0b
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which is true.
Equation (8) is equivalent to
aa=a+1

which is true.

Finally, Equation (8) is equivalent to
al=>b+1

which is also true.
Thus F is a field.
. Consider R? with the usual addition
(a,b) + (¢,d) = (a+c¢,b+d),

and multiplication given by
(a,b) (¢,d) = (ac,bd).

Is R? with these operations a field? Fully justify your answer.
Answer. No. The zero element for addition is (0,0) and we have

(1,0)(0,1) = (0,0)

with (1,0) # (0,0) and (0, 1) # (0,0). This contradicts Item (g) of Theorem 4.1.1.

. Consider the following matrices” with complex entries

(01 (0 —i /1 0
9%=\10/) %7 \i o) =T \o -1/

Prove that these matrices satisfy the following relations:
(@ o2=o0,=0; =1
(b) 0,0y =10, 0,0,=10, 0,0,=10,.

(€) 0,0y =—0y0,, 0,0,=—0,0,, 0y,0,=—0,0,.

Answer. All calculations are straightforward.

O

. Consider a 3 x 3 grid of squares, each either green or red. When we touch a square its color and the
color of its neighbors change, where the neighbors of a square are all squares that share an edge with it.

“These matrices are called Pauli spin matrices. They are used in Quantum Mechanics to compute the spin of an electron.
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Thus for example, if we touch the square numbered 1 the squares numbered 1, 2, and 4 change color, if
we touch square 5 then all squares except 1, 3, 7, and 9 change color, and if we touch 8 then 5, 7, 8, and
9 change colors.

We start with all squares green. Find, if possible, a sequence of squares to touch so that all squares turn
red.

Proof. As we did in Examples 80 and 81 in the notes represent each operation of changing the color of
some of the squares by a 9 x 1 matrix with entries in the field Z/2, with 0 standing for “don’t change”
and 1 for change. We want to find a solution (z;);—1,. ¢ for the vector equation

9 9
Yo =3
i=1 i=1

where, fori = 1,...,9, s; is the operation effected by touching square 7, and e, is the i-th element of the

standard basis of (Z/2)°.

This vector equation is equivalent to a linear system with augmented matrix

110100000 1 10000O0O0O0O 1
111010000 1 01 000O0O0O0O 0
011001000 1 0010O0O0O0O00QO0 1
100110100 1 0001O0O0O0O0OQO 0
010111010 11~10 000 10O0O0O0 1
001011000 1 000O0O0OT1O0O00@ 0 0
0001O0O0T1T1T1 1 000O0O0OO0OT1TTO0O@O0 1
000010111 1 000O0O0OO0OO0OT1FQ0 0
0000O0O1O0T1T1 1 000O0O0O0O0TO0T1 1

Thus there is a unique solution: we have to touch the top-left, top-right, center, bottom-left and bottom-
right squares.
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8. Consider the following vectors in C*:
vi = (1,4,0, —i) Vo = (2+414,34,i,1 —41)
vy = (5+0,2460,1+24,7—9i) vi=(0,3—1i,1+140).
Find a basis and state the dimension of the linear span C (vy, v, v3, vy4).

Answer. We have

1 240 54i 0

i 3 2460 3-i

(ive ve v =g 10 14
—i 1-4i T-9i 0

o O O =
o O = O
O = O O
— O O O

It follows that {vy, va, v3, v4} is linearly independent and since dim C* = 4 we have C (vy, vy, v3, v4) =
C*. So,

dim C (vy, vy, v3, vy) =4
and a basis is, for example, {vy, va, V3, v4}. O

9. Consider R as a vector space over Q. Prove that

is linearly independent. You may consider Item (a) of Example 93 in the notes known.

Solution. Assume, that for some a, b, c € Q we have

avV2+bV3+cvV5=0. )

Then

aVvV2+bV3+eVs=0 = cvVb=—-aVv2—-bV3
= 5 =2a>+30>+2ab"\6
— 2abV6=5c¢—2a%— 3%

If ¢ # 0 then we must have a b = 0 otherwise Equation 9 gives

V6 = 5c2—2a? -3

S
2ab 2
a contradiction.
Thus @ = 0 or b = 0. Assume a = 0 then we get
5 b 5
5 -3 =0 = - =— = /- =-
‘ 37 & 3=c¢¢
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a contradiction.

Similarly, b = 0 leads to the contradiction

d
fea

Thus ¢ = 0 and Equation 9 gives

aV2+bvV3=0
and since (Item (a) of Example 93 in the notes) {\/§ V3 } is linearly independent we have thata = b = 0
as well.
We conclude that Equation 9 holds if and only if a = b = ¢ = 0 and therefore {v/2,/3,V/5} is hnearly
independent.

10. Let S,, denote the set of n x n symmetric matrices over R (see Definition 29 in the notes).

(a)

(b)

Prove that S,, is a vector subspace of M,,.

Answer. By definition
A€S, < A"=A

The zero matrix O is in S,, and therefore S,, # (0.
If A B €S, and )\, i € R then

ANA+uB) "= XA*+uB*=\NXA+uB
and thus \A+ pu B € S,,. O

Find a basis and the dimension of S,,.

Solution. Let Sy, for 1 < k <[ < n be the matrix with all entries 0 except the (k,¢) and (¢, k) entries
that are equal to 1. In other words, if {Ej,: k,¢ € {1,...,n}} then

Ew+Eyg k#¢
Ske = .
EL k=1/¢

Then B = {Sks: k,/ € N, 1 < k <l <n}isabasis of S,. Indeed let

A= Z ake B (10)
S
1<¢<n

be a symmetric matrix. Then for all &, ¢ we have a;, = a4, and so if we split the sum in the RHS of
Equation (10) into two to parts: the diagonal terms plus the off-diagonal terms we have

A= Z age By + Z agk Epr = Z ke (Ere + Eg) + Z agy By = Z ke Ske-

1<k<n 1<k<n k=1 SieeB
1<0<n 1<0<n
£l k<t

Thus B is spanning.
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Now notice that

> aweSe= > akyEie

Ske€B 1<k<t<n
where
I ey k S {
Ay = )
ayg k>/
and so

Z Qe S = 0 — Z CLQMEM:O

Ske€B 1<k<t<n
— d,=0 Yk

= ai =0 V/{?,f

Therefore B is also linearly independent. The dimension of S, is therefore the cardinality of 5.
Now, if we set
BQZ{SMZISI{?<€§TL}, Blz{Skkilgk‘Sn}

then

B=B,UB,, ByNB =0, |BO\:(Z), | B, | = n.

Therefore

| B|=1Bo|+|B]

= (n) +n
—\2

—1
_ % .
n(n+1)
—
In conclusion
n(n+1)

dim S,, =
2

O

11. Consider the vector space R[z] of polynomials with real coefficients. Which of the following subsets is
a vector subspace of Rxz]?

(@) V = {p(z) € R[z] : p(42) = 0}.

Answer. The zero polynomial 0 € V, and thus V # (.
Now if p(z),q(x) € V and A, i € R then

Ap(42) + 1 q(42) = X0+ 0 =0

and therefore A\ p(x) + pq(z) € V.
It follows that V' is a vector subspace of R|z]. O
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12.

(b) U = {p(x) € Rlz] : p(42) > 0}.

Answer. U is not a vector subspace. For, every vector subspace is closed under taking opposites,
and U isn’t. For example the constant polynomial p(z) = 42 is in U while its opposite —p(z) = —42
isnotin U. O

() W ={p(z) € Rlz] : p(42) = p(0)}.

Answer. W is a vector subspace. Indeed for the zero polynomial we have 0(42) = 0(0) and therefore
0 € W. Thus W # 0.

Now let p(z), ¢(z) € W and A, u € R. Then
Ap(42) + 114(42) = Ap(0) + 124(0)
and therefore \p(z) + pq(z) € W. O
(d) X = {p(z) € R[z] : deg p(z) = 8}.
Answer. X is not a vector subspace because it does not contain the zero polynomial. O
Fully justify your answers.

Let P3 be the set of real polynomials of degree at most 3:

P3 = {p(z) € Rlz] : degp(z) < 3}.
Prove that

B={l,z-1,(z-1)%(z-1)°*},

is a basis of Ps.

Solution. Let p;(x), ¢ = 0,1,2,3 be the given polynomials in the given order. To prove that B =
{po(z), p1(x), p2(x), ps(x)} is a basis of P3, we need to prove that every polynomial p(z) = ¢y + ¢1 2 +
c2 2% + c3 2 can be expressed uniquely as a linear combination of elements of B. In other words we
need to prove that given p(z) there are unique \; € R, i =0, 1,2, 3 such that

3
p(x) = Aipi(x). (11)
i=0
We have
(x—12=2>-2z+1, (z—-1°=2*-322+3z-1
And therefore

Ao Po(Z) + A1 p1(x) + Ao pa(z) + Asps(z) = Aol 4+ M (2 — 1)+ A (z — 1)2 + A3 (z — 1)3
= (Ao — AL+ A2 — A3)
+ (M —=2X+3X)z
+ (A2 — 3 X3) 2
Lz,
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13.

14.

So Equation (11) is equivalent to the system

)\0—)\1—|— )\2— )\3 = C
)\1—2)\2+3)\3 =C1

)\2 -3 )\3 = C9 '
A3 =1

The matrix of the system

1 -1 1 -1

0 1 -2 3

0o 0 1 =3

0 0 0 1
is invertible. It follows that the system has a unique solution and therefore B is a basis. O

Let S ={A,B,C,D} C M, where

11 0 1 00 0 0
4=(oo) 2=(00) = 0) 2= 1),
(a) Prove that S is a basis of M.

(b) Express X = <Z1’> Z) as a linear combination of elements of S.

Answer. We have
xA+yB+zC+wD:< v :)3+y).

yt+z z+w
So,
x =a xr =a
<a b)::cA+yB+zC+wD — { TTY =b ]y =—etd
c c y+z = z =a—b+c
z+w =d w =—a+b—c+d

Thus any <Z Z) € M, can be uniquely expressed as a linear combination of S and therefore S is a
basis of M.

For the given X wehavex =1,y =1,z =2, z = 2 and so

X=A+B+2C+2D.

Find conditions on the complex number z so that the vectors
vi = (2,0,1), vi=(0,1,2°), v3=(z1,1+2)

form a basis of C3.

Page 14



15.

Answer. {vy,vy,v3} is a basis of C? if and only if the matrix with columns those vectors is invertible.
We have

o w
— o
N

(V1 Vo Vg):

—_
—_
_|_
N

2
o oW
P )
R

2

o
— o
N

00 z—2°

The last matrix is invertible if and only if z # 0 and z — z* # 0. Thus these vectors form a basis if and
only if z ¢ {0,1, —1}. O

Consider the vector space M, of real n x n matrices, and let B be a basis of M,,. Prove that
B*={X": X € B}
is also a basis of M,,, where X* stands for the transpose of a matrix X.

Solution. Let B = {X;, Xs,...,X,2} so that B* = { X}, X3,..., X}, }. We will prove that B* is linearly
independent and spanning.

Consider then a linear dependency
MXT+HX X+ A2 X =0
with \; € Rfori = 1,...,n? Then,
MXTH+ XX+ + A X)) =07

or equivalently
A (XT)TH Ag (X5)T - A (X)" = O,

which is equivalent to
MXi+AXo+ -+ A2 X2 =0.

But B, being a basis, is linearly independent and therefore we conclude that

A=A =-=X2=0.

Thus the only linear combination of B* equal to the zero matrix is the trivial linear combination, and so
B is linearly independent.

Now, let A € M,. Since B is spanning we can express A* as a linear combination of elements of B, that
is for some \q,..., \,2 € R we have

A" =N X1+ 4 A2 X2,
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But then
(A" = (M X1+ + A2 Xp2)™,

or equivalently P
=M X7+ F A2 X,

establishing that A can be expressed as a linear combination of elements of B*. Therefore 5* is spanning.
U

2 The in-class part
1. Let Abea 3 x 4 and B and 4 x 3 matrix. Prove that A B is not invertible.

Answer. The linear map A: R* — R? is not injective by the rank-nullity theorem. Indeed rank A < 3
and therefore
4=A+rankA = A>1,

and therefore ker A # {0}.

Now we have that

xEkerA = Ax=0
— B(Ax)=0
— (BA)x=0
— x€kerBA,
and therefore

ker A C ker(B A).
Therefore ker(B A) # {0} establishing that B A is not injective.

Note. AB can be invertible. For example, if

S

|
SR=
or o
=)
o oo

oyl

|
co o~
cor o
or oo

Then, A B = I3, and thus invertible.

2. Consider R as a vector space over Q. Show that
(a) {V12,V/27} is linearly dependent.
(b) {V/5,V/7} is linearly independent.

3. Let A =

O = =

2 3 1 2 3
5 0) ,and B = (0 3 12) . Find an invertible 3 x 3 matrix X such that X A = B.
6 7 0 0 17
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Solution. B is obtained from A by adding 4 times the first row from to the opposite of the second, then
adding two times the second row to the opposite of the third.

1 2 3 1 2 3 1 2 3
A=14 5 0] ~|0 3 12|~ |0 3 12| =B.
0 6 7 06 7 0 0 17
Applying the same row operations to the identity matrix we obtain
1 00 1 0 0 1 0 0
01 0]~14 -1 0]~14 -1 0
0 0 1 0 0 1 8 —2 —1
Thus
1 0 0
X=[4 -1 0
8 —2 —1

. Let P3 be the vector space of real polynomials of degree at most 3. Prove that
B={l,z,z(z+1),z(x+1)(z+2)}
is a basis of Ps.

Solution. Let p;(x), fori = 0,1, 2, 3 be the elements of B in the order listed above. We have to show that
any polynomial p(z) € P3 can be written, uniquely, as a linear combination of B. Let then

px)=co+ciz+cyr?+czzt

with ¢; € R, fori =0, 1, 2, 3. We have to show that there are unique )\; € R such that

3
p(x) = Xipi(x). (12)
i=0
Expressing the elements of B in the standard basis of P3; we have
po(z) =1
pi(z) =x
p2(z) = = + 2°
p3(z) = (z + 2) (z + )
=2z + 322+ 23

Thus,

3
Z)\ipi(ﬁ) =X+ M+ X (z+2%)+ X322 + 327 + 2°)
i=0

=X+ A1+ A +223)z + (A2 +3X3) 2% + A3 2%,
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and so Equation (11) is equivalent to the linear system:

)\0 = Cp
)\1 + )\2 + 2 )\3 = C
)\2 + 3 )\3 = Cy '
A3 =¢3
The matrix of the system is
1 000
0112
001 3]
00 01
which is in echelon form, with no free columns. Thus the system has a unique solution establishing
that B is indeed a basis. O
. Recall that a square matrix A is antisymmetric if A* = —A. Let A, be the set of antisymmetric n x n

matrices. Prove:

(@) Ajis avector subspace of M,.

Solution. The zero matrix O € A, and assuming A, B € A,,, A\, 1 € R we have
AMA+uB)" = NA"+uB* " =- XA—uB=—\A+puB),

establishing that \ A + B € A,,.
Therefore A,, is indeed a vector subspace of M,,. O

(b) Find a basis of A,,.

Solution. Let E;;, 1 < i,j < n be the standard basis of M,,, then the set

forms a basis of A,,.
Indeed, let A= Z Q55 Eij € Mn Then

A€ An — Q5 = —Qjg, for all Z,]

and in particular for the diagonal elements we have a;; = O foralli = 1...,n. Therefore if A € A,
we can write

A= Z Q5 Eij + Z Qij Eij

i\ V€ e g

= > a;E;j+ ) (—ay)Es
1<i<j<n 1<i<j<n

— > o (B — Ej).
1<i<j<n

We have hence established that B is spanning.
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B is also linearly independent since

Z Qi (Ez = Eﬂ) =0 —= Z a;j Eij

I<i<j<n 1<i<j<n

where

Q5 1< ]

az; = 4 0 i=3.

—ajz- 7> j
And since the standard basis of M, is linearly independent we conclude that all a}; = 0, hence all
aij = 0
Thus, B is spanning and linearly independent and therefore a basis. O

6. Let S = {vi, vy, vs, v} C (Z/3)", where
vi=(1,1,0,1), vs=1(2,2,2,0), v3=(0,0,2,1), vs=(1,212).
Find dim (), the dimension of the linear span of S.

Solution. We have

1 2 01 1 2 01 1 201
(Vi va V3 va) = 1202 10100 0100
el T 2 201 0221 0221
1 01 2 01 11 00 0 2
There are three basic columns and therefore dim (S) = 3. O
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