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CHAPTER 1

Linear systems

We say that two equations are equivalent if they have the same solution set, and we use the
symbol < to denote equivalency of equations. For example

3r=9 <= z =3,

since both equations have the same solution set, namely {3}. We use the symbol = to
indicate that every solution of the equation on the left side is also a solution of the equation
at the right side. For example

r=3 = z2=0.
Notice that it is not true that

22=9 = z =3,
because -3 is a solution of the left equation but not of the right.

For an equation with more than one variables a solution is an assignment of a value to
each of the variables that make the equation true. For example assigning z =3 and y =4isa
solution of the equation

10z + 3y = 42.
Usually there is an implicit order among the variables and we use ordered tuples to denote

solutions. If our variables are z, y, and z then we write (1,-2,4) to denote the assignment
r=1,y=-2and z = 4.

REMARK 1. Notice that whether two equations are equivalent depends on the domain of
definition, in other words where the variables are supposed to vary. For example if z is a real
variable (i.e. z € R) then

=1 < z=1.
But if x is a complex variable (i.e. z € C) then these equations are not equivalent because there
are three cubic roots of unity.

1.1. Linear systems

DEFINITION 1. A linear equation with n variables z,,x,,...,z, is an equation that is an
equation of the form
a1r1 +a2xg + ... +aApTy =C,
where ay, ... ,a, and ¢ are real numbers'.
The numbers a4, -, a,, are called the coefficients and c is called the constant.
If the constant is 0 we say that the equation is homogeneous.

In this part of the class we’ll study systems of linear equations, namely we’ll address the
questions:

e How can we solve a linear system?
e What sets appear as solution sets of linear systems?

Let’s wet our appetite by looking at a single linear equation.
1n this equation the symbols ay, ..., a, and c are parameters while x1, ...z, are variables. Unlike variables,
parameters are considered to have constant (but unspecified) values.

1



2 1. LINEAR SYSTEMS

1.1.1. One variable. A linear equation of one variable has the form
(1.1) ax =c.

We have two cases:

(@) Non-zero coefficient. If a # 0 then we can divide both sides by a (or equivalently
multiply by a7!):

ar=Cc <— I =

a
So in this case we have a unique solution.
(b) Zero coefficient. If « = 0 we have two subcases:
(a) Non-zero constant. If ¢ + 0 then there are no solutions, in other words the solu-
tion set is the empty set @.
(b) Zero constant. If ¢ = 0 then all numbers are solutions, in other words the solution
set is the set of real numbers R.

In summary we have:

The solution setof ax = ¢

The solution set of a linear equation with one variables is
e a point, or
e the empty set &, or
e the whole line R.

The case of non-zero coefficient is the generic case, most linear equations have a unique
solution. “Wait a minute”, I here you say, “what do you mean most?”. Here is what I mean:
we can represent the linear equation ax = ¢ by the point (a,c) € R?, and conversely we can
think of any point of R as representing a linear equation. So the point (3,4) represents the
equation 3z = 4 and the point (0, 3) represents the equation 0z = 3.

So we identified the set of linear equations with the Cartesian planeR?, the coefficient a
in horizontal axis and the constant c in the vertical. The equations with zero coefficient are
then represented by the vertical axis, a one-dimensional® subspace of the two-dimensional
space. The equation Oz = 0 is represented by a single point (0,0) a zero-dimensional sub-
space. “Most” points are outside the vertical axis, so most equations have a unique solution.
Furthermore, the generic equation that doesn’t have a unique solution has no solutions at all.

1.1.2. Two variables. A linear equation with two variables, say z,y has the form

(1.2) ax+by=c,
with a,b,c € R.

Let’s first look at a particular equation, for example
(1.3) 2x-3y=0.

If we divide by the coefficient of y and move the z-term to the right side we get the equivalent
equation

y=c-x.

2Later in the class we will define what this means.
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FIGURE 1. The space of linear equations with one variable.

The solution set of this equation, obviously, consists of all pairs where the second coordinate
is two-thirds of the first coordinate. So the solution set is

5[ 2e): e},

We can write the solution set in parametric form as follows

B =t
(1.4) 2 teR.
y =3t

This form makes it clear that the solution set is one-dimensional, in the sense that a solution
is completely determined once we choose a value for ¢.
Using vector notation we can express the solution set as

(- ()

We will explain this in more detail later, but for the moment here is a quick explanation.

We write coordinates vertically as columns: instead of (x,y) we write (z) and instead of

(1,2/3) we write ( Later in the class we will say that these are column vectors. In the

1
2/3)
right hand side of (1.5) we have scalar multiplication: we multiply a number and a vector by
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multiplying each coordinate of the vector with the number. So,

0-6)

Finally two vectors are equal if their corresponding coordinates are equal. Equation (1.5) is
therefore just a rewriting of the system of equations (1.4).
The operation of vector addition for column vectors is also defined coordinate-wise:

o) (6)-2)

The solution set S is a special subset of R2. It has two special properties, namely, it is closed
under scalar multiplication and vector addition. This means that if we multiply a solution by
anumber the result is a solution, and if we add two solutions we get another solution. Indeed,

if s is a real number we have
2 - 12 - 21>
3t 35t 3

so a scalar times a solution is a solution. And,

tl " t2 _ tl + tg _ tl + tg
%tl %tz %tl i %tg % (tl + t2) ’

so adding two solutions gives a solution. These two properties can be summarized by saying:

S is a Vector Space.

Actually the solution set of any homogeneous linear equation is closed under scalar mul-
tiplication and vector addition.

THEOREM 1.1.1. The solution set of any homogeneous linear equation is closed under scalar
multiplication and vector addition.

PROOF. Let
(16) ala?1+...+anxn20
be a homogeneous equation and (v, ..., v,), (w1, ...,w,) be two solutions. This means that

avy + ... +a,v, =0, and a;wy + ...+ a,w, = 0.
Adding these two equations we get
avy +...+ayv, +agwy + ...+ a,w, = 0.
Now taking common factors gives
a; (v +wy) + ...+ a, (v, +wy,) =0.

Therefore (vy +wy,...,v, +w,) is a solution of (1.6).
Now let ¢ be any number, then

artvy + ...+ aptv, =t (avy + ... +ayvy,) =0,

therefore s (vy,...,v,) is a solution of (1.6). O
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Consider now the equation
(1.7) 2x-3y=6.

Notice that this equation has the same coefficients as Equation (1.3). Entirely similarly as
before we have that the solution set is

S':{(x,ga?)+6:xe]l§}.

In parametric form the solution is

B =20
1.8 t e R,
(18) Y =§t+2

and in vector notation:

() ()-6)

Equations (1.5) and (1.9) are very similar, they differ by the vector ((2)) Where did that

come from?
The answer will be revealed if we graph the equations, see Figure 2.

Y

FIGURE 2. The solution sets of Equations (1.3) and (1.7).

We see then that (0, 2) is the y—intercept of the line with equation (1.7). That’s where ((2))

came from. Geometrically, Equation (1.9) says that the graph the green line is obtained from
the blue line by a vertical translation of two units.
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There is nothing special about the y-intercept: take any other point of the blue line, for
example the point with coordinates (3,4). If we translate the blue line using the vector with
components (3,4) we will again get the green line. This connection is explored further in
Section 1.2.3.

In general if at least one of the coefficients in non-zero the equation (1.2) has a one-
dimensional solution set. Indeed, if a # 0, we can divide by a and move the y-term to the
right side to get

b €
T=——y+—.
a” a

Similarly as above, we get that the general solution is

(00

1.1.3. The case of zero coefficients. In the trivial case a = b = 0, we have the equation
Oz+0y=c.

Clearly if ¢ # 0 there are no solutions, and if ¢ = 0 all points (z,y) € R? are solutions.

The solutionsetof axz +by =c

The solution set of a linear equation with two variables is
e a line, or
e the empty set &, or
e the whole plane R2.

Three or more variables. Let’s again look at a generic example first. Consider the equation
2x+3y—-z=1.
Solving for » we get
z=2x+3y-1.
The solution set
S={(z,y,22+3y-1): (z,y) eR?}
has now two free parameters
Using vector notation we have

x 1 0 0
(1.11) yl=s|0]+t]1]+] O
z 2 3 -1

As in the one variable and two variable cases, if all the coefficients are zero we either have
no solutions (when the constant is non-zero), or the solution set is R? (when the constant is
Z€ero).

Clearly this pattern continues in all dimensions. The solution set of a generic’ linear equa-
tion with n unknowns has n — 1 independent parameters. If all coefficients are 0 then if the
constant is non-zero the solution set is empty, and if the constant is 0 the solution set is R".

3i.e. with at least one non-zero coefficient.



1.1. LINEAR SYSTEMS 7

The solution setof a; z{ +---+a,x, =c¢

The solution set of a linear equation with n variables is
e an (n — 1)-dimensional subspace, or
e the empty set &, or
e the whole space R".

1.1.4. Systems of linear equations. An m xn linear system is a collection of m linear equa-
tions with n variables. So,
2c -3y +4z=0
xT+ y—- 2=-6

is a 2 x 3 system, while

9z + Ty = -2

is a 3 x 2 system. A solution of a system is a common solution of all the equations, and we say
that two systems are equivalent if they have the same solution sets.

Elementary row operations

e Interchange two equations.
e Multiply one equation by a non-zero scalar.
e Replace £y, by Ej, + Ej.

THEOREM 1.1.2. Application of an elementary row operation gives an equivalent system.

PROOF. The first two operations don’t change the solution set of any equation, so the
resulting system is equivalent to the original.

Let S be the original system and S’ the system that we get by replacing Ej, with Ej, + E.
It’s easy to see that S = S’. Indeed, a common solution of Ej and £ is also a solution of
Ek + Eg.

Now notice that we can go from S’ to S by multiplying F, with -1 and adding it to £}, + E.
Therefore S’ = S as well. O

REMARK 2 (An often used combination). In practice we often perform the following com-
bination of the second and third operation:
(a) multiply £}, by a non-zero scalar A,
(b) multiply E, by a non-zero scalar )\,
(c) replace Ej, with E] + Ej,
(d) change E; back to E; by multiplying it with A,
The combined effect of these row operations is to replace £y by A, Ej + Ay E;.
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EXAMPLE 1. Consider the following 2 x 2 system
2¢ +3y =5
{7x -3y=4
Multiply the first equation by -7:
14z + 21y = 35
{ Tr— 3y=4
Multiply the second equation by -2:
14x + 21y =35
{—14$ + 6y=-8
Replace the second equation by the sum of the first and the second:
14x + 21y =35
{ 27y =27
Divide the first equation by 7:

2r+ 3y=95
{ 27y =27
Now divide the second equation by 27:
2¢ +3y =5
{ y=1
Now let’s multiply the second equation by -3 and add it to the first in one step:
20 =2
{ y=1

Finally we divide the first equation by 2:

r =1
{ y=1
We arrived at a system whose solution set is obvious: S = {(1,1)}.
It turns out that every linear system can be solved by applying a finite number of elemen-

tary row operations. Example 1 contains all the ingredients for an algorithm that solves all
linear systems.

EXAMPLE 2. Let’s solve the system
20— y+3z=1
{—4x+7y+5z= 13
We first add 7 times the first equation to the second:
2r-y+ 3z=1
{10x +262=30"

Now add the second equation to -5 times the first, and then divide the second equation
by 10:

+18,=3 "

{ -y+112=25
z 10



1.1. LINEAR SYSTEMS 9

Now we multiply the first equation with -1 and (for aesthetic reasons) we interchange the

equations:
13, _

r  +152=3 .

y—112=-25
The final step is to move the z-terms to the right side:
__13

x =—107 +3 .

y=112-25

So we have a one-dimensional solution set. In vector form:

T —% 3
yl=t]| 11 | +]-25
z 1 0

Let’s also see what can happen when we have more equations than unknowns.

EXAMPLE 3. Consider the 3 x 2 system:

rT— Yy=95
—3r+2y=2
9z + Ty = -2

We use the first equation to eliminate = from the second and third. To do this we add 3
times the first equation to the second, and -9 times the first equation to the third.

r—- Yy=>
- y=17
16y = -47
Solving the second and third equations for y we get

T—-Y=95
y=-17.

_ 47
Y=16

The second and third equations are in contradiction, they cannot both be true. Therefore
the system has no solutions.

Problems in many areas of mathematics (and other sciences) reduce to solving linear sys-
tems.

EXAMPLE 4 (Finding the equation of a line). Find the line that passes through (3,7) and
(—4,2).
SOLUTION. Let
ar+by+c=0
be the equation of the line, where a, b, and c are real numbers and at least one of the a,b is
non-zero. Substituting the coordinates of the given points we get the system

~da+2b+c=0"
Multiplying the first equation by 4 and the second by 3 gives

{ 3a+Tb+c=0
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12a +28b+4c =0
-12a+ 6b+3c=0"

We then replace the second equation with the sum of the two equations, and multiply the
first by 1/4 and we get

3a+ Tb+ ¢=0
34b+T7c=0

We’ve eliminated a from the second equation, and now we’ll eliminate b from the first.
Now replace the first equation by 34 times the first equation plus -7 times the first:

34b+ Tc=0
Now divide the first equation by 102 and the second by 34 coefficients to get

{102a -15¢=0

b+7c/34=0"
This means that a one-dimensional solution set:

5 7
S = {(ﬁc,—ﬁc,c) ice R}.

When ¢ = 0 we get the solution (0,0,0) that doesn’t satisfy the requirement that at least
one of a, b is non-zero. So any equation of the form

{a ~5¢/34=0

—x——cy+c=0, c#0
is an equation of the line that passes through this two points. The simplest of all these equa-
tions is, arguably, obtained for c = 34:
5 — Ty + 34 =0.
O

EXAMPLE 5 (Determining a quadratic polynomial by three values). For the polynomial
p(x) =az?+bx +cwehave that p(1) =3, p(-1) = 1, and p(2) = 10. Find the coefficients of p.

SOLUTION. We have the system,

a+ b+c=3
a- b+c=1
da+2b+c=10

Rather than working with the system itself we will work with its augmented matrix:

1 1 1] 3
1 -1 1] 1
4 2 1]10

Think of it like this: we pretend that the variables @, b, and ¢ as well as the additions
symbols are invisible and that the equal signs “=" have been replaced by vertical bars.

We use the following strategy: First we get an upper triangular matrix: we use ay; to kill all
the other entries in the first column. Then we use ay; to kill everything bellow it, and so on
until we get all entries below the diagonal to be 0.




1.1. LINEAR SYSTEMS 11

1 1 1] 3 1 1 1 3 1 1 1 3
1 -1 11 1]1~10 -2 01[=2]~1]0 -2 0 (=2
4 2 1]10 0 -2 3| -2 0 0 =310

The next step is then to go back and kill all the entries above the diagonal until we are are
left with a diagonal matrix. We will start with the lowest diagonal entry as; and we use it to
kill a93 and ai3.

In our case, ay; is already 0, so we go to a;3: we multiply the third row by 1/3 and add it to
the first. Next we go to ay, and use it to kill a15: we multiply the second row by 1/2 and add

it to the first.
1 1 0 3 1 0 O 2
0 -2 01[-2]~10 -2 O |-2
0 0O 0 =310

0 0 -3
Now that we have a diagonal matrix we can easily solve, just divide each row by its first

non-zero entry:
1 0 0] 2
01 0f1
0 0110

So the solution of the system is a = 2, b = 1, and ¢ = 0. So our polynomial is

p(z) = 222 + .
We can verify that indeed, p(1) = 3, p(-1) = 1, and p(2) = 10. O

EXAMPLE 6. Let’s again consider a quadratic binomial p(z) = a2? + bz + ¢, and suppose
that we now are given that p(1) = 2, p(-1) = -2, and p(2) = 4. What is the polynomial now?

SOLUTION. Entirely similarly as before we get the system:

a+ b+c=2
a- b+c=-2.
da+2b+c=4

1 1 1|2
1 -1 1/f-2
4 2 1] 4

As before we want to first obtain a triangular matrix.

11 1] 2 11 111 2 1 1 0] 2 1 0 0] 3 100
0O -2 0 |-4]~10 -2 O0]|-2]~10 -2 0]-4]~10 -2 0 /{-4]~10120
0 -2 3|4 0 0 =3[0 0 0 =310 0 0 =3[0 0 01

So we get the solution a = 0, b = 2, and ¢ = 0. Even though the system has a solution the
polynomial we obtain p(z) = 2z is not really quadratic. O

with /augmented/ matrix

REMARK 3. Notice that the two systems in the previous two examples have the same
coefficients and that the procedure we used to solve them was identical: we performed the
exact same row operations. So even though the solutions are different the solution sets have
the same nature: they both consist of a single solution.

0
2
0
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EXAMPLE 7. Consider the 3 x 3 system:

x-3y+2z=4
2z +5y—- z2=-3
3r+2y+ z=1
Let’s again do our thing.
1 -3 2 4 1 -3 2 4 1 -3 2 4
2 5 -1|-3|~10 11 -5(-11|~ |0 11 -5 ]| -11
3 2 1|1 0 11 -5|-11 0 0 O 0

Now let’s divide the second row by 11.

1 -3 2 4 1 0 7/11 1
0 1 -5/11|-1]~1]0 1 =5/11 | -1
0 0 0 0 0 0 0 0

Notice that the last row is all zeros. What does this mean? If we make the variables visible
again the last equation is now the trivial equation

Oz+0y+0z=0.

This is a tautology*, and its presence does not really affect the solution set. So we might as
well delete the third row to get the system

{x +1—71z=1
y—ﬁz:—l'

ot

So we have a one-parameter family of solutions. That is, the solution set is 1-dimensional:

S={(1—lz,—1+iz,z) :zeR}.
11 11

We can write this in “vector form” as follows:

T -7/11 1
y|=t| 5/11 |+]|-1
z 1 0

EXAMPLE 8. Let’s solve to solve the system
201+ 3x9—3x3+ 514 =2
—4dxy+ Txg+ 23 =-7
329 +2x4=1
=221 + 1329 — 223 + Txs = 10

We have the augmented matrix

2 3 -3 5| 2
-4 7 1 0]-7
0 3 0 21}
-2 13 -2 7] 10

We use ay; = 2 to kill all other entries in the column and get

4This means that the equation is true for all values of the variables
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3 -3 5 2
13 -5 =10 | -11
3 0 2 1
0O 0 0 12

S O O N

Look at the last row
(0 0 00]12)

all the coefficients are 0 but the constant is non-zero. If we make the variables visible again
we see that the last equation is:

01’1 +0!)Z'2+0.I'3+0{E4 =12.

This equation has no solutions, and so the system has no solutions either. The solution set is
thus the empty set @.

The last two examples show that rows with all but, possibly, the last entries 0 are impor-
tant.

The importance of zeros

If in the process of solving a linear system we arrive at an augmented
matrix with a row of the form

(00 ...0]|c)
then

o If c # 0 the system is inconsistent.
o If c = 0 we can delete that row from the matrix.

Before continuing with the theory (and practice) of linear systems we take a detour to
properly introduce matrices. In our first encounter, matrices appeared to be just a convenient
book-keeping device, but appearances are deceptive sometimes. Matrices play a fundamental
role in linear algebra.

1.2. Matrices of linear systems

The matrix form of an m x n linear system

a11r1 + 129 + -+ A1, Ty = C1
A91L1 + Q92T + ++ + Aoy Ty, = (&)
A1, + Q2o + -+ Ay, = Cmp
is

a1 a2 -t Aip Ty C1
G21 Q22 - Agp To| | C2

. . . . - . 9
Am1 Am2  ° Amp Tn Cm

or in more compact form
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A is called the matrix of the system, x the vector of unknowns, and c the vector of constants.
The augmented matrix of the system is the matrix A with an extra column that contains the
constants.

aix aiz2 - Qip &1
ag1 Q22 -+ QA2pn C2
Am1 Am2  ° Amn Cm

The algorithm for solving a linear system consists of using elementary row operations to
transform the augmented matrix of the system into a special form, the so-called row-echelon
form. Roughly speaking, a matrix in row-echelon form exhibits a staircase pattern’.

-8 -11 32 5 ,
} 03 -7 0 1 0

, 11 3 -6 0 0 1 -9 P
10 . 00 2 -42 6 11

1, 1o =9 3], o o o 33], e
0 1 | 00 0 5 -3 —69
0 0 4 0 0 0 0 0000 G

0 0 0 0

DEFINITION 2. A zero row is a row with all entries 0. The leading entry of a non-zero row is
the first non-zero entry in that row.

(Reduced) Echelon form

We say that the matrix A = (a;;) is in echelon form if it satisfies the fol-
lowing two conditions:
(a) The zero rows are at the bottom of the matrix.
(b) All the entries below the leading entry of a non-zero row are 0.
(c) The leading entry of a non-zero row is in a column to the right of
any leading entry above it.

We say that a matrix is in reduced echelon form if it is in echelon form, and
it satisfies the following two additional properties:

(c) All leading entries are equal to 1.
(d) If a column contains a leading 1, all other entries in that column
are 0.

If the augmented matrix of a system is in echelon form then the system is easy to solve, by
using back-substitution.

EXAMPLE 9. Consider the system with augmented matrix
12310
01 1] 2].
0 0 2(-2

5The term echelon comes from the French word “échelle” that means “ladder”.

The corresponding system is
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x+2y+32=0
y+ z=2
2z =-2

The last equation is practically solved: dividing by 2 gives z = —1. We now substitute the
value of z back to the first and second equation:

x+2y -3=0
y -1=2
z =—1]

We then solve the second equation and we find y = 3. Substituting back into the first
equation gives

T +3=0
y =3
z =-1

We finally solve the first equation to get

7 =-3
y =3
z=-1

On the other hand, a system whose augmented matrix is in reduced echelon form is super-
easy to solve, in fact it’s solved already!

EXAMPLE 10. Consider the system with augmented matrix

100 316
010 -7120
001 0/]-3

The system is

T +3£L’4=6
i) —75(74:0 9
T3 =-3

and all we need to do to solve it is to move the terms containing the free variable z, to the
right hand side:

T = —3112'4 +6
i) = 7!13'4

.I'3:—3

From these two examples it is clear that if we are able to put the augmented matrix of a
system into echelon form (reduced or not) then we can solve it. We will shortly see that we can
put any matrix in (reduced) echelon form, and that the procedure for doing so is algorithmic,
we have actually being applying this procedure already. So we have two slightly different
methods for solving linear systems: either we stop once we get any echelon form, and use
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back substitution, or we go all the way to reduced echelon form. The first method is called
Gauss Elimination and the second Gauss-Jordan Elimination.

DEFINITION 3. We say that two matrices A and B are row equivalent, and write A ~ B, if B
is obtained from A after the application of finitely many elementary row operations.

THEOREM 1.2.1. Row equivalence is an equivalence relation. In other words, it enjoys the follow-
ing properties:
(a) It is reflexive. This means that every matrix is row equivalent to itself:
(b) It is symmetric. This means that if A is equivalent to b then B is also equivalent to A:

YA, B A~B => B~ A,

(c) It is transitive. This means that if A is equivalent to B and B is equivalent to C then A is
also equivalent to C':

VA, B,C A~Band B~C — A~C.

PROOF. Reflexivity holds because we can get A by applying zero elementary row opera-
tions to A.

Symmetry holds because all elementary row operations are reversible.

Transitivity holds because if we can go from A from B and from B to C' then we can clearly
go from A to C: start from A and perform the row operators needed to go to 5 but don’t stop,
perform the operations needed to go from B to C. O

We already have seen the procedure for getting the reduced echelon form of a matrix in
our example. Let’s prove that it always work.

THEOREM 1.2.2 (Kill below first, then kill above).

(a) Every matrix is row equivalent to a matrix in echelon form.
(b) Every matrix in row echelon form is row equivalent to a matrix in reduced row echelon form.
Therefore, every matrix is equivalent to a matrix in reduced echelon form.

PROOF. We will prove that every matrix has an echelon form and then we will show that
any echelon matrix is row equivalent to a reduced echelon matrix.

(a) Starting with a;; we scan the first row for non-zero entries. If there isn’t any then we
proceed to the second row, and scan it starting with its leftmost entry. We continue
until we either find a row that has a non-zero entry or we have scanned the whole
matrix without succeeding. In the later case, all the rows of our matrix are zero rows
and so the matrix is already in reduced echelon form.

If we are successful then the entry we find, say a;;, is the leading entry of its row.
We then scan all the entries below and to the left, that is all the entries a;, with k < ¢
and ¢ > j, searching for non-zero entries. If we find such a non-zero ay, we restrict
our search to the entries below and to the left of ay,. Since every time we find such
an ay, we move below end to the left, we keep decreasing the number of entries we
are searching. Since there are finitely many entries in our matrix, this cannot go on
forever, eventually we’ll find a non-zero entry only zero columns to the left of it. Call
that entry the pivot and denote it by p. Since p # 0 we can use row operations to kill all
the entries bellow it in its column. Since p is the topmost and leftmost non-zero entry
all the other entries in its column and all the entries of the column left of p are now
zero. Make the row of p the first row using row operations.

We repeat the process restricting attention to the entries below and to the right of
the first row. This process eventually will terminate because every time we find a new
pivot we decrease the size of the matrix we concentrate on.
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The matrix we get at the end of this procedure is in echelon form. Indeed, there
cannot be a zero row above a non-zero row because our procedure picks all non-zero
rows and moves them to the top just below the first non-zero row. All the entries
below a leading entry p are zero because we have either killed them when we first
found p, or they were 0 already. Finally, p is to the left of the leading entries of the
rows above it, because otherwise it would have been killed.

(b) Let A be an echelon matrix. We start by dividing each non-zero row by its leading
entry, to obtain an echelon matrix with all leading entries 1. Because all the entries to
the left of the leading 1s are zero, we can kill all entries above the rightmost leading
1 (that is the leading 1 of the last non-zero row) without changing anything in the
columns to the left of it, and in particular without changing the leading entries of the
rows above the last non-zero row.

We then restrict attention to the entries above and to the left, and keep going.
Again at every step we reduce the size of the matrix we are concentrating on, and
therefore the procedure will terminate. The final matrix is obviously in reduced ech-
elon form.

O

Gauss and Gauss-Jordan Elimination

When we solve a system, using either Gauss, or Gauss-Jordan, Elimina-
tion we modify the algorithm described above in two ways.

(a) If we scan a row and find no non-zero entries, we just discard that
rOwW.

(b) If the leading entry is in the last column we stop the procedure
and declare that the solution set is @.

REMARK 4. I've made some choices in the description of the procedure above because I
wanted to present it as an algorithm, a procedure that can be performed without any thought.
Other choices are possible.

For example, dividing each of the rows of an echelon matrix by the leading entry could be
done at any point of the procedure. If the algorithm is to be performed by an infallible entity
it seems efficient to divide at the beginning of the procedure.

However doing so may introduce unwieldy fractions, that could cause more errors when
the algorithm is executed by not-so-infallible beings. In such cases it may actually be more
efficient to not divide until the end so as to minimize the probability of error.

In general, just because a procedure can be executed without any thought, it doesn’t mean

that we have to do it without thinking. We are thinking beings after all®. When we try to solve
a problem we can use any method that seems suitable at the moment.

6Or at least we think so
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EXAMPLE 11. Consider the matrix

0o 3 -6 6 4 -5
3 -7 8 -5 8 9
6 -16 20 -14 14 24
3 -9 12 -9 6 15

A:

The pivot is a1 = 3. We use it to kill the first entries of the two rows below the row that
contains the pivot (notice that the entries above the pivot, a,;, is already 0).

0 3 -6 6 4 -5
3 -7 8 -5 8 9
AN024—4—26
6

0 2 4 -4 -2

We then interchange the first and second row:

-7 8 -5 8 9
3 -6 6 4 -5
-2 4 -4 -2 6
0 -2 4 -4 -2 6
Now we concentrate on the submatrix (a;;) with 4, j > 2. The new pivot is 3 and we use it

to kill the entries below it, that happen to be identical. This is done by adding -2/3 times the
second row, to the third and fourth rows.

S O W

A~

3 -7 8 -5 8 9
4]0 3 66 4 5
00 0 0 2/3 8/3
00 0 0 2/3 8/3
Next we get
3 -7 8 -5 8 9
0 3 -6 6 4 -5
A~1o 0 0 o0 1 4

0O 0 0 0 0 O

This an echelon matrix. To get the row equivalent reduced echelon matrix we start killing
upwards.

3 -7 8 -5 0 -23
A~ 0 3 -6 6 0 -21
0o 0o 0 0 1 4
0o 0o 0 0 0 O
and
30690 -72
4103 660 =21
00 0 01 4
00 0 0O0 O
Finally, we divide first and second row by 3 and we get the reduced echelon form:
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10 -2 30 -24
01 -2 20 -7
AN00001 4
00 0 00 O

There are two kind of columns in a reduced echelon form, those that contain a leading
entry and those that don’t. Columns of the first kind are called basic and those of the second
type are called free. When we solve systems that have coefficient matrix A, the free columns
correspond to free variables.

So any system that has coefficient matrix A will, as long as it is consistent of course, have
a solution set with three free parameters, i.e. the solution set will be 3-dimensional.

But wait a minute, what do I mean by “the solution set is three-dimensional”? Using this
particular set of row operations we got a reduced echelon matrix with three free columns and
this indeed will give a parametrization with three parameters. But maybe if we use an other
sequence of row operations we will get a parametrization with two, or four, parameters.

That’s a valid objection but it turns out that this can never happen. In fact every matrix is
row equivalent to a unique matrix in reduced row echelon form. Therefore, the “dimension”
of the solution set is well defined. We will prove that in the next section where we turn
our attention to the special case of homogeneous systems, that is systems where all constants
C1,C,...,Cp=0.

1.2.1. Homogeneous systems. Consider then the general m x n homogeneous system

A11T1 + A12To + + + A1 Tn =0
(1.12) a21.x1 + Qoo + + UopTh =0
aml'xl + Ao + + QT : 0

Notice that zy = 29 = --- = z,, = 0 is a solution of (1.12). Therefore homogeneous systems are

always consistent, the interesting question then is whether there are other solution besides
that obvious one.

DEFINITION 4 (Trivial solution of a homogeneous system.). The solution
x1=0,...,2,=0

is called the trivial solution’. A solution with at least one of the variables assigned a non-zero
value is called a non-trivial solution.

REMARK 5. For a homogeneous system the last column of the augmented matrix is re-
dundant, it will always be the zero-column. So for homogeneous systems we work with the
coefficient matrix, not the augmented matrix.

EXAMPLE 12. Consider the homogeneous system:

1+ Xy + $3—21’4=0
21’1 —21’3 =0.

To + [L’g+4£)ﬁ'4:0

To solve the system we bring its matrix to reduced echelon form. We first get an echelon
form:

"The term zero solution is also occasionally used.
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11 2 -2 1 1 2 -2 1 1 2 -2 11 1 1 2
20 -2 O0|~|0 -2 6 4|~J0 1 1 41]~J0 1 1 4|~|0 1 1 4
01 1 4 01 1 4 0 -2 -6 4 0 0 001 3

And the reduced echelon form:

11 2 -2 110 -8 1 00 -9
011 4]~1010 1]~1010 1
001 3 001 3 001 3

We have one free column, and so the corresponding variable z, is free. So we have a one
parameter solution set:

ry = Ot
To = -t R
zs =3t telR.
Ty =1t
And using “column vectors”:
T 9
i) -1
T3 = -3
Ty -1

We have two notions of equivalence for m x n systems:

e Semantic Equivalence: Two linear systems are considered equivalent if they have
the same solution sets".

e Syntactic Equivalence: Two systems are considered equivalent if their (augmented)
matrices are row equivalent’.

As is usual the case, syntactic equivalence implies semantic equivalence, and the proof is
rather easy. The converse is also true, that is, if two systems have the same solution set then
their augmented matrices are row equivalent.

We will first prove this implication for homogeneous systems.

Let’s start with the rather trivial case of a homogeneous system with one variable. The
matrix of such a system is an m x 1 matrix, i.e. a column vector. An echelon form of such a
matrix is either the zero column of has all rows after the first 0 and the first non-zero. All
matrices that have non-zero first row are row equivalent to the column vector that has first
row 1 and all other rows 0.

Now the only possible solution sets of a homogeneous system with one variable are R
and {0}. This follows because, as we observed in the first section, if x is a solution of a
homogeneous equation so is then Az for all numbers . If the solution set is {0} then at least
one coefficient is non-zero and therefore the echelon form will be a column with first row
non-zero and all such column vectors are row equivalent. If the solution set is R then all
coefficients are 0 and so the column vector is the zero column.

Now, using induction, we can prove the following theorem.

8The term semantic is used for concepts related to meaning. Two systems with the same solutions have the
same meaning in the sense that they describe the same set.

9The term syntactic is used for concepts related to syntax, that is the formal properties of a language, in con-
trast with the meaning. Row equivalence relates to the form of the system, we defined it without any reference
to the solution sets of the system.
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THEOREM 1.2.3. Two reduced echelon m x n matrices whose homogeneous systems have the same
solution set are equal.

PROOF. We have seen that this is the case for systems with one variable. Assuming that
the theorem is true for systems with n variables we will prove that it is also true for systems
with n + 1 variables.

Let then A and B be two m x (n + 1) reduced echelon matrices with the same solution set
S, and let Ay and B, be the matrices obtained from A and B, respectively, by removing the
last column. Consider the subset S, of those solutions that have the last coordinate 0, that is

So={(x1, ., Tn,Tns1) €S Tp1 =0}.

Then S is the solution set of A, and By, and by the inductive step it follows that A, = B,.
Therefore A and B can differ only on the last column.

The last columns have also to be the same though. To see this let k be the first row that
the last columns of A and B differ, and let a;, # b; be the corresponding entries. Consider
now the system A - B obtained by subtracting the corresponding equations of A and B. This
is a homogeneous system with only the last column non-zero and all elements of S are also
solutions of A — B. For any such solution the k-th equation of A - B is (ax — by)xn+1 = 0. By
our choice of k this means that z,.; = 0. Therefore S = Sj, and so the last columns of A and
B are both the zero column otherwise there would be solutions of A (respectively B) that are
not solutions of A (respectively B).

So if the last columns of A and B differ, they are both the zero-column, a contradiction.
Therefore the last columns of A and B are the same. O

Since row equivalent systems have the same solution set, we have the following immedi-
ate corollaries of Theorem 1.2.3.

COROLLARY 1. We have:

(a) Two reduced echelon matrices are row equivalent if and only if they are equal.
(b) The reduced echelon form of any matrix is unique.
(c) Two homogeneous systems with the same solution set are row equivalent.

Let’s now consider the question of uniqueness. When does a homogeneous system have a
unique solution? The unique solution will be of course the trivial one. Let’s consider systems
with 3 variables for example. What homogeneous systems with three variables, say z,v, 2,
admit only the trivial solution =y = 2 = 0?

Let A be the reduced echelon form of the matrix of the system. If A has free columns, then
the system has non-trivial solutions: for example we can just give a non-zero value to one of
the free parameters, and set the remaining free variables (if any) to zero. Therefore in order to
have only the trivial solution all the columns have of A need to be basic, i.e., all the columns
have to contain a leading 1. Since the leading 1s appear in different rows A needs to have at
least three rows, i.e. the system needs to have at least three equations. This means that the
first three rows of the system have to be'’

oo -
O o~ o
N

and the remaining rows (if any) have to be zero rows.

10This 3 x 3 matrix is very special, it will play an important role in the following lectures.
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More generally, the number of basic variables, is always equal to the number of non-zero
rows of A. In Example 12 we have three non-zero rows and the solution has three basic
variables. You should go back through all the examples we have seen so far and verify that
this is always the case.

The columns that are not basic are free and so we have the following theorem, a first
version of the Rank Theorem.

THEOREM 1.2.4 (The Rank Theorem). The number of non-zero rows plus the number of free
columns in the reduced echelon form of A equals the numbers of variables of the system.

1.2.2. Vector subspaces. What kind of subsets of R™ arise as solutions of homogeneous
linear systems? Well, vector subspaces of course! That means that the sum of two solutions
is again a solution, and a scalar multiple of a solution is again a solution. Vector subspaces of
R™ are examples of vector spaces, one of the main objects of study of Linear Algebra.

DEFINITION 5 (Column Vectors, vector addition, scalar multiplication). An n-dimensional

column vector is an n x 1 matrix. We identify the n-tuple x = (1, ...,2,) € R with the column
vector with entries 71, ..., z,, that is we set
x1
x=|"?
r,

If x, y are two column vectors and ) is a scalar (i.e. a real number) then we define the sum
x +y and the product A\ x component-wise: if

Ty Y1
X = f.z : y = ?/.2
In Yn
then
T1+ 1Y AT
X+y= :)32-.|-y2 ,and A\x = )\,IZ
xn;ryn )\.xn

We also definex -y =x+ (-1)y, so that

I —Y
X-y= $27y2
Tn = Yn

There are several equivalent ways to define what a vector subspace is. The one we chose
below is convenient for the purposes of this section. For the rest of this section, vector means
column vector.

DEFINITION 6 (Vector subspace). A subset V' ¢ R is called a vector subspace if the following
three conditions hold:
(a) V contains the zero vector, thatis 0 € V.
(b) V is closed under vector addition, that is

X,yeV =— x+yeV.
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(c) V is closed under scalar multiplication, that is
AeR,xeV = AxeV.

On route to proving that the solution set of a homogeneous is a vector subspace we prove
the following important result.

THEOREM 1.2.5 (Matrix multiplication is linear). Let A be an mxn matrix, x,y two n-vectors,
and X a real number. Then
(@) A(x+y)=Ax+Ay.
(b) A(Ax) =)\ (Ax).

PROOF. The k-th entry of A (x+y) is

ap1 (1 + Y1) + o+ Qe (T + Yn) = Qp1T1 + QR Y1 + 0 + QT + A Yn,
= (g1 @1+ + ) + (Y1 + - + QnYn) -

The sum in the first parenthesis is the k-th row of Ax and the sum in the second parenthesis
is the k-th row of Ay. Since this is true for all £ the first item has been proved.
Similarly, the k-th row of A (Ax) is

apr(Az1) + -+ apn(Azn) = A (aprxr) + -+ A (agny)
=A (aklxl qpooo P almxn) 5

Now the last expression is the k-th row of A (Ax) and so the second item has also been proven.
O

Now let x, y be two solutions a homogeneous system with matrix A. Then Ax = Ay = 0.
Then,
Ax+y)=Ax+Ay=0+0=0.
Thus, x + y is also a solution.
The proof that any scalar multiple of x is also a solution is entirely similar and we leave as
an exercise'.
We have then, as promised, the following theorem.

THEOREM 1.2.6. The solution set of a linear homogeneous system with n variables is a vector
subspace of R™.

REMARK 6. We will see later in the course that every vector subspace of R is the solution
set of some homogeneous linear system.

1.2.3. Solution sets of non-homogeneous systems. If we think of the solution set of a
homogeneous systems as a space of vectors, then we should think of the solution set of a non-
homogeneous system as a space of points. This is more than an analogy, the solution set of
a non-homogeneous system is an affine subspace of R". We are not going to define what that
means precisely, we give some examples instead. A one dimensional affine subspace is the
set of points in a line, a two dimensional affine subspace is the set of points in a plane, and so
on.

Two points P, @ in R" determine a vector v = P@), that we can think geometrically as the
directed segment from P to (). Of course the same vector is defined by many different pairs of

points, in fact given any point P’ there is a unique point )’ such that v = P’Q)’. See Figure 3
for examples,

Hpyg this.
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-5 -4 -3 -2 -1 0 1 2 3 4 5
FIGURE 3. Points and vectors in R2.

If the coordinates of P are (p;,p2) and those of () are (¢i,¢2) then the components of the
vector v are (¢ — p1,¢2 — p2), in particular if we chose the starting point of v to be the origin
0(0,0) then the coordinates of the endpoint of v are exactly the components of v.

We could write then ) - P = v and P + v = (), and say that “the difference of two points is
a vector and the sum of a point and a vector is an other point”.

Returning to the solution sets of non-homogeneous systems (refer also to Figure 2 and
recall the surrounding discussion) we have the following theorem.

THEOREM 1.2.7 (Solution sets of non-homogeneous systems). Let A be any matrix, S the
solution set of a non-homogeneous system Ax = c and V the solution set of the homogeneous system
Ax = 0. Then

o The difference of two solutions of the non-homogeneous system is a solution of the homoge-
neous system. That is

abeS = b-acV.

o The sum of a solution of the non-homogeneous system and a solution of the homogeneous
system is again a solution of the non-homogeneous system.

e For any solution ay of the non-homogeneous system we can express any other solution of the
homogeneous system as the sum of ay and a unique solution of the homogeneous system. That
is

S={ag+v:veV}.
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REMARK 7. The third item is sometimes expressed as “The general solution of a non-
homogeneous system is the sum of the general solution of the homogeneous system and a
particular solution (of the non-homogeneous system)”.

SKETCH. '* The first item follows from Theorem 1.2.5. The second is just a reformulation
of the first. To prove the third item use the first item and the equation a = a + (a—ay). O

EXAMPLE 13. Consider the system

x+ 2y— 3z+2s- 4t =2
20+ 4y- 5z+ s—- 6t =1 .
o+ 10y - 132 +4s - 16t =4

We work with the coefficient matrix. The reduced echelon form is:

1
A=l2 4 -5 1 -6]|~|00 1 -3 2|~]0 0 1 -3 2
5 10 -13 4 -16 00 2 -6 4 00 0 0 O

So we have two basic variables z,z and three free variables y, s,. This means that the
solution of the homogeneous system, in vector form is

2 -3 2 -4 12 -3 2 -4 12 -3 2 -4 (12011_10)

001 -3 2

9% 2 11 -10
Y 1 0 0
zl=al0]l+b|-3]|+c| 2
s 0 1 0
t 0 0 1

To solve the original non-homogeneous system then, we need to find only one particular
solution. This is rather easy to do just by substituting values. For example, forz =y =2z=2=0
we find ¢ = 1. So the solution of the non homogeneous system is

x 2 11 -10 0
Yy 1 0 0 0
zl=al0|+b]|-3]+c] 2 |+]0
S 0 1 0 1
t 0 0 1 0

We can interpret the solutions geometrically as follows: the solution set V' of the homo-
geneous system is a 3-dimensional vector subspace of the standard 5-dimensional real vector
space R5. A basis of V' consists of v =2e; +e3, u=11le; -3e3+ey, and w = -10e; +2e3 + es.
The solution S of the non-homogeneous system is the translation of V by the vector e;".

The following theorem summarizes our results.

THEOREM 1.2.8 (General solution of linear systems). We have:

o A linear system is consistent if and only if the echelon form of its augmented matrix contains
no rows of the form

(00 ... 0 ¢
with ¢ # 0.

12Fi]1 the details.
3By the end of the class all of the above will be making sense.
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e The solution set of a consisted system has as many parameters as the number of free columns
in its reduced echelon form. In particular a consisted system has a unique solution if and only
the reduced echelon form of its matrix'* has ones along the diagonal and zeros everywhere else.
For example a, consistent 4 x 4 system has a unique solution if and only if the reduced echelon
form of its matrix is

1 000
0100
0010
00 01

e Two consistent m x n systems are equivalent (i.e. have the same solution set) if and only if
their augmented matrices are row equivalent.

o Two consistent m x n systems are equivalent (i.e. have the same solution set) if and only if
their augmented matrices have the same reduced row echelon form.

o If the homogeneous system Ax = 0 has only the trivial solution then if the system Ax = c is
consistent it has a unique solution.

PROOF. The proof is left as an exercise. All the ingredients are already present in these
notes. Il

1.3. The 2 x 2 case

Let’s analyze the case of a 2 x 2 linear system. Consider the system

a1x + bly =C
asT + be =Cy

aq bl C1
(05} b2 Co ’

The case where all the coefficients are zero is rather trivial: in that case if both constants
are also zero the solution set is R?, if at least one constant is non-zero the solution set is @.

Let’s assume then that one of the coefficients is non-zero. Without loss of generality we
can assume that a; # 0. For, if a; = 0 and ay # 0 then we can interchange the equations and get
an equivalent system with the coefficient of z in the first equation non-zero. If both a; and a,
are zero then we can interchange the variables, get a system of two equations where at least
one of the coefficients of x is non-zero, solve that system, and then interchange the variables,
again.

Since we assumed a; # 0 we can multiply the first equation with —a,/a, and add it to the
second:

The augmented matrix is

a bl &1 ai bl C1 1 ﬁ ﬂ
aq aq

ash ascy | = a1bs —asby | a1c2 —ascy
0 —— 0 aiby —aghy | a1C2 — a2y

a1 aq a1 ai

We now look at the second row. Set D = a;bs — ash; >, and consider two cases: whether D
is zero or not.

4The matrix of coefficients not its augmented matrix.
Later in the class we will see that this is the determinant of the coefficient matrix.
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Non-zero Determinant. If D # 0 then we can divide the second row by D to get

C1 c1by — b
1 ﬁ a_l 10 1 2D 2U1
0 all a1025a201 ~ 0 1 CL1€21—)CL201

The expression of the third entry of the first column is the result of simplifying the follow-
ing

c b G — a2 G (a1by — azby) — by (ayco — aser)

ay ay D alD
If we set D, = c1by — coby and Dy, = aqc2 — azc; we have formulas that give the solution of a
linear 2 x 2 system. These formulas are a special case of Crammer’s rule, that we’ll prove later.

2 x 2 Crammer’s rule

When a;b; — asb; # 0, the system

{ amr+by =c

asT + by = co

has a unique solution given by

where D = a,1by — ashy, D, = ¢1bg — c2by and Dy, = aj¢co — age.

Zero Determinant. If D = 0 we have two cases: if D, # 0 the system is inconsistent. If
D, = 0 then the system reduces in a single equation with, as we saw at the beginning of the
previous section, a one parameter solution set.

1.3.1. Geometric interpretation. The condition D = 0 (or D # 0) has a nice geometric
interpretation in terms of the graphs of the equations that make up our system. We only
consider the nontrivial case where each equation has at least one non-zero coefficient, and
therefore its graph is a line.

THEOREM 1.3.1. The lines with equations
a1 x + bly =, asx + bgy =Cy
are parallel if and only if D = 0.

PROOEF. The condition D = 0 is equivalent to
(113) a1b2 = CLle.

e Casel: a; = 0. Then the first line is horizontal and the two lines are parallel if and only
if a; = 0. On the other hand, since b, has to be non-zero Equation (1.3.1) also holds if
and only if ay = 0.

e Case II: a; £ 0. We have two cases:

— Case Ila: b; = 0. Then the first line is vertical and the RHS of Equation (1.3.1) is
0. Since a; # 0 Equation (1.3.1) holds if and only if by, = 0, i.e. if and only if the
second line is also vertical.
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— Case IIb: b; # 0. Then if ay; = 0, since our equations are non-trivial, by # 0 and
so Equation (1.3.1) cannot hold. The lines are not parallel either since the second
line is horizontal and the first isn’t.

Finally if a; # 0 then Equation (1.3.1) is equivalent to

b

a2 a1
which holds if and only if the lines are parallel.
O

This explains our results geometrically, if D # 0 the two lines are not parallel and therefore
they intersect in a point. The coordinates of that point give us the unique solution of the
system. If on the other hand D = 0, the two lines are parallel so they don’t intersect and th
system has no solution.

But what about the case D = 0 and D, = 0, where we have a one-parameter solution set?
Well, notice that, assuming a; # 0 we have

D:0<:$b2:ﬂ%1
ay

and

a2
D,=0 < cy=—=¢.
aq

So in that case we can write the second equation as

a9 a9
asx + _bly =—0C.
aq aq
which is the first equation multiplied by a/a;. So the two equations are equivalent, and the
system has as many solutions as the first equation.

Consider as an example the following three systems:

rz-y=0 = == x— y=0

z—y=-2 22— 2y = -4’ 2r+3y=5
The first system is inconsistent, while in the second system the second equation equation is
twice the first. The third system has the unique solution z = y = 1. The graphs of the equations
r-y=0,2-y=-2and 2z + 3y = 5 are shown in Figure 4. The lines of the equations in the first

system don’t intersect, both equations in the second system represent the same line, while the
graphs of the equations in the third system intersect at the point with coordinates (1,1).

1.3.2. Another Geometric interpretation. Systems of linear equations arise also when we
want to express a vector as a linear combination of a given set of basic vectors. In R? we have the
standard basis consisting of the vectors (written as columns)

Every other vector can be uniquely expressed as a sum of multiples of these two basic
vectors. Indeed the components of the vector are the coefficients of such an expression since

)=+ (0) ()

Let’s give a few definitions. In the following vector means an element of some R".
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FIGURE 4. Parallel and intersecting lines.

Linear combinations, span, basis

A linear combination of m not necessarily distinct vectors vy,...,v,, is a vector of the
form

/\l Vit t /\n Vm
where )y, ..., \,, are some scalars, called the coefficients of the combination.
The set of all linear combinations is called the linear span of v4,...,v,, and is denoted by
<Vlv oo vv‘m>/

If V= (vy,...,vy,) then we say that V is spanned by the vectors v,...,v,,. That means
that every element of V' is a linear combination of vy, ..., v,,, if that linear combination
is unique we say that vy, ..., v,, form a basis of V.

The above discussion can then summarized by saying that e;, e, form a basis of R?. The
term standard basis suggests that there are other non-standard bases as well. And indeed there
are tons of them!.

EXAMPLE 14 (An other basis of R?). The vectors v = 3e; —2e; and w = —2e; + 3 e, also
form a basis of R2.

The phrase above claims two things.



30 1. LINEAR SYSTEMS

(a) It claims that v, w span R?, i.e. that any vector c € R? is a linear combination of v, w.
Unpacking this further the claim is that given c € R? we can find z,y € R so that

(1.14) TV+YW=C.

(b) Furthermore it claims that only one such pair of real numbers exist.

In other words, to say “v, w is a basis of R?” is equivalent to saying “Equation (1.14) has a
unique solution for all ¢ € R?”.

Let’s then proceed and prove the claim. Let ¢ = ¢; | + ¢, e; be an arbitrary vector, then using
column vector notation Equation (1.14) becomes

(3)(5)-(2)

Performing the operations in LHS we get equivalently

() ()-(2) = (373)-C)

Two vectors are equal if and only if their corresponding components are equal, so the last
equation is equivalent to the system

3r-2y=¢cy
22 +3y=cy
Using Crammer’s rule, we get
301 =+ 2C2 201 + 362
T=———", y=——".
5 5

Thus, as claimed we have a unique solution, and v, w form a basis of R2.

This example demonstrates the general procedure that we’ll use to find whether a vector
is in the linear span of a given list of vectors. That question reduces to solving a linear system.

Vector equations as systems

The vector equation

T1Vi+: - +x,Vy, =C

is equivalent to the system

Ax=c
where A is the matrix with columns vq,...,v,,.

Consider now two arbitrary vectors a = a; e; + aze; and b = b; e; + by e5. The question of
whether ¢ = ¢; ; + ¢z €2 is in the linear span (a, b) reduces to whether the system

amr+by =c
AT + bgy = Co

has solutions, and we have a complete answer to that question.
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(a) If the determinant D = a;by — asb; is non-zero then a, b form a basis. Every vector can
be written as a linear combination of a, b in exactly one way.

(b) If the determinant is 0, whether c is in linear span of a, b depends on the value of the
determinants D, and D,,.

In the previous section we interpreted the condition D = 0 in terms of points. Let’s now
interpret it in terms of vectors. Lets start with the case where one of the vectors is the zero
vector 0.

One of the vectors is the zero vector. If a = 0 then D = 0 and the answer depends on
whether b is also zero or not.

Case I: Both vectors are zero. Then the system has solutions only if ¢ = 0. Any x,y are actually
solutions.

(0) =1{0}.
Case II: If b # 0 then we have solutions if and only if ¢ is a scalar multiple of b, in other words

if and only if c € (b). Since we can give arbitrary values to « the solution is not unique. So we
have

(0,b) = (b).
Even though 0, b is not a basis of the linear span, b by itself constitute a basis.

Both vectors are non-zero. In this case each vector has at least one non-zero component.
Let’s assume that a; # 0. Then

D=0 <> by=2p (bl):b—l(‘“).
aq

by ap \ a2

Therefore the condition D = 0 holds if and only if b is a multiple of a. If that is the case
then any linear combination of a and b can be written in terms of only a or only b.
To see this assume that b = A a then

)\13+)\2b=)\1&+)\2 ()\a)=(>\1+)\2)\)a.

We have assumed that both a and b are non-zero, so A # 0 and we can write a = A\~'b so
the roles of a and b can be reversed, and we can write any linear combination in terms of b
alone.

In summary, if D = 0 the two vectors are multiples of each other and we have

(a,b) = (a) = (b).
a, b does not constitute a basis of (a, b)'®. However, by a (or ) by itself forms a basis"’.
If D # 0 then the system has unique solution for all ¢ € R% In that case

(a,b) =R?
and a, b form a basis.

The geometric reason that any two vectors of the plane form a basis, as long as they are
not multiples of each other, is the same reason that our familiar Cartesian coordinates work.

1oWhy?
7Why?
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Let v € R? be an arbitrary vector. Take the starting point of v to be the origin O(0,0) and
let its endpoint be P(z,y), where we are using the familiar Cartesian coordinate system (see
the left side of Figure 5). Then if we draw a line from P, parallel to the y-axis, it will intersect
the z-axis at a point P, with coordinates (z,0). Then

Oszxel.

Similarly, a line from P parallel to the z-axis intersects the y-axis at a point with coordinates
(0,y), and

O Py =1Yyes.
Now O P, P P, is a rectangle and therefore we have

Then we have,

=xre; t+tyes.

Thus every vector is a linear combination of e; and e;. Furtermore the coefficients x and y
are unique, since P, and P, are uniquely determined by P.

pr P

€2

FIGURE 5. Why coordinates work.

The same idea works for any two vectors a, , as long as they are not multiples of each
other. Indedd let, a, b be two vectors in R2. Chose an arbitrary point O in the plane, and let ¢
be the line through O in the direction of a, and ¢, the line through O in the direction of b. If ¢,
and ¢, are not the same line, then for any point P we can find points P, in ¢; and P, € {5 such
that

OP=0PFP,+0OP,.

Indeed P, (respectively P,) is the intersection of a line that passes through P and is parallel to
5 (respectively ¢;), with ¢, (respectively ¢,), as shown in the right side of Figure 5. Now, for
some z,y € R we have

— —
OF,=za, OPF,=yb
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and since for any v € R? we can find a P such that v = O P we conclude that,

VveR? 3z,yecR, v=xa+yb.

1.4. Exercises

(a) Solve each of the following systems:

(a)
x+2y+32=0
3r+ y+22=0.
2v+3y+ z=0
(b)
r— y+ 2=0
-z+3y+ z=5.
3r+ y+72=2
(@)
T + 3!12'2 - 21’3 + 21’5 =0

201+ 629 —dx3— 214 +4r5— 316 =-1
Has + 101z, + 15z =5
221 + 629 + 8zy+4xs5+18x6=06
(b) Find the real number & so that the following system is consistent
rT-2y+3z=2
x+ y+ z=k .
20— y+4z=k?

(c) Find conditions on the real numbers a, b, ¢, if any, so that the system

T + oy =0
y + 2z =0
T -z =0

ar + by + cz =0

(a) is inconsistent.

(b) Has a unique solution.

(c) Has more than one solution.
(d) Consider the 2 x 2 matrix

a b
A=z )
where a,b,c,d € R.

(a) Prove that if ad — be # 0 then the reduced row echelon form of A is

o)

(b) Prove that if ad — bc # 0 then the system

ar+by =k
cr+dy =1

has a unique solution, for all real numbers &, [.
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(e) Prove that there is a unique line passing through any two distinct points of the plane.

Hint 1. Work as in Example 4. Show that the system we obtain has non-trivial
solutions and all the non-trivial equations differ by a multiplicative constant.

(f) Find the cubic polynomial

p(x)=az® +bx* +cx+d
given that p(1) =0, p(2) = 3, p(-1) = -6, and p(-2) = -21.

(g) Look at Examples 5 and 6, there is a geometric reason why in Example 6 the poly-
nomial we got was not quadratic. The graph of a quadratic polynomial is a parabola
so in these examples we were trying to find a parabola that passes through three dis-
tinct points. But the points in Example 6 are colinear'® and so there is no parabola that
passes through all three of them.

(a) Prove that given any three distinct real numbers x4, z9, 23 and any three real num-
bers yi,v2,y3 we can always find a polynomial p(z) = az? + bz + ¢ such that
p(x1) = y1, p(x2) = y2, and p(z3) = ys.

(b) The polynomial in part (a) is quadratic (i.e. a # 0) if and only if the points (z1,y1),
(z2,y2), and (x3,ys3) are not colinear.

The following is more of an invitation to think than an exercise. A puzzle if you
will. See whether you can figure it out, but don’t feel bad if you

(h) What's going on with “free” and “basic” variables? In a reduced echelon matrix
the free variables are determined, they are those that correspond to the free columns.
Since the reduced echelon form of a matrix is unique this means that which variables
are free and which are basic are determined in advance for any system.

But how can this be true? Can’t we just choose which variables to solve for?
Haven’t we done that already?

8This means that they lie in a line.



CHAPTER 2

Standard Real vector spaces

In this chapter we officially introduce the n-dimensional vector spaces R", for all natural
numbers n. We have already encounter them as the spaces where solutions of linear systems
live: a solution of an m x n system is an n-tuple of real numbers, i.e. an element of R". We call
R” the standard n-dimensional real vector space and its elements standard n-dimensional real vector
.

The theory we develop in this chapter will be abstracted into two directions later on.
We will consider vector spaces that are not necessarily real, for example C" is a complex n-
dimensional vector space, and we will consider vector spaces whose elements are not standard
vectors, for example we will encounter vector spaces whose elements are matrices, polyno-
mials, functions, and so on.

However, as we will see, in the finite dimension case at least, every vector space “looks
exactly like” a standard vector space. This means that the concepts we develop in this chapter
apply to all (finite dimensional) vector spaces.

2.1. The standard real vector spaces and their subspaces

The standard (real) n-dimensional vector space is the set R” endowed with the operations
of vector addition and scalar multiplication that we will formally introduce below'. We call
element of R", n-vectors or simply vectors when n is understood or irrelevant. Thus an n-
vector is an ordered tuples of real numbers a = (a;,as,...,a,). We often identify n-vectors
with n x 1 matrices and call them column vectors, and sometimes we identify vectors with 1 xn
matrices and call them row vectors. So we have three notations for the same vector:

ay
a=(ay,as,...,a,), a= a:2 , a:(a1 as ... an).
an
When n = 1 we identify R! with R and write for example 3 instead of (3). The case n = 0
is also included, R has a single element, the empty tuple () which we denote by 0, and call it
the (0-dimensional) zero vector. Thus, R = {0}.
For n > 1 we call the n-tuple with all components 0 the (n-dimensional) zero vector and
denote it also by 0. So

0=(0,0,...,0).

This abuse of notation doesn’t cause confusion because the context makes it clear what 0
stands for if we write “Consider a € R* with a # 0” then we clearly mean (0,0,0,0), while in
“Two non zero vectors of R?” we refer to (0,0).

For n > 1 we say that the n-vectors ey, ..., e,, where e; has 1 at the k-th slot and 0 every-
where else, form the standard basis of R™. For example the standard basis of R* consists of the
four vectors

'We have already see these operations, but in this section we make it official.

35
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er = (1,0,0,0)
es = (0,1,0,0)
e; = (0,0,1,0)
e = (0,0,0,1).

Again the use of the same symbol for different things doesn’t usually cause confusion.

DEFINITION 7 (Vector addition and scalar multiplication). Let a = (ay,...,a,) and b =
(b1,...,b,) be two n-vectors and A a real number. We define

Aa=(Nag,...,\ay,)
and
a+b=(a;+by,...,a,+b,).
The opposite of a, denoted by —a, is the vector
—a=(-ay,...,—a,),
and we denote a + (-b) by a-b. So,
a-b=(a;-by,...,a,-by).

EXAMPLE 15 (Two dimensional vectors). Let’s see some examples of two dimensional
vectors. If a=(2,-1) and b = (3, 2).
5a=(5-2,5(-1)) = (10,-5),
a+b=(2+3,-1+2)=(5,1),

a-b=(2-3,-1-2)=(-1,-3),

—2a+7b=(-2-2,-2(-1)) + (7-3,7-2) = (-4,2) + (21,14) = (17,16).
Now, let 2,y € R and consider the linear combination

reytyes = [L'(l,O) +y(071) = (ZE,O) + (an) = (l',y)
So any vector in R? can be written as a linear combination of the vectors of the standard
basis, and actually the components of the vector are the coefficients.

In general, if a = (ay,. .., a,) then we have,
(21) a=ae; + - +ape,.

THEOREM 2.1.1 (Vector Space Axioms). The operations of vector addition and scalar multipli-
cation enjoy the following properties:

(a) Vector addition is commutative. This means that for any two vectors a, b we have
a+b=b+a.
(b) Vector addition is associative. This means that for any three vectors a, b, and ¢ we have
(a+b)+c=a+(b+c).
(c) 0 is neutral for addition. This means that for any vector a we have

O+a=a.
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(d) For every vector a we have
a+(-a)=0.
(e) The number 1 is neutral for scalar multiplication. This means that for every vector a we have
la=a.

(f) Scalar multiplication distributes over vector addition. This means that if \ is a scalar and a,
b are vectors we have

A(a+b)=Xa+A\b.

(g) Addition of scalars distributes over scalar multiplication. This means that
(A+p)a=Xa+pa.

(h) Multiplication of scalars and scalar multiplication are compatible in the following sense: if \,
. are scalars and a is a vector, we have

A(pa) =(Ap) a

The proofs of all of these properties are straightforward, they follow from the analogous
properties of real numbers. For example for (6), we have

A(a+b)=A((a1,...,a,) + (b1,...,bp))
=A(a;+by,...,a,+by))
=(A(a1+b1),...,A(a, +b,))
=(Xap + Aby,..., Aa, + Aby)
=(Nay,... Aap) + (Aby,...,\by,)
=A(ar,...an) + A(b1,...,by)
=la+A\b.

There are many other properties that we could have listed. The importance of these par-
ticular eight is that they are sufficient to prove any algebraic property of vectors that we’ll
ever need. If we knew nothing else about vectors except that there are two operations that
satisfy these eight properties we still would be able to prove anything we need to develop our
theory.

e(\)/V}e] list now some useful properties that follow from these “axioms”.

THEOREM 2.1.2 (Some consequences of the axioms). We have:

e For all vectors a, b the equation

a+x=b
has a unique solution.
e For any vector a
-la=-a
e For any scalar \ we have
A0 =0.
e For any vector a
0a=0.

e For scalar )\ and vector a

Aa=0 < \=0o0ra=0.
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All of these properties are straightforward to prove directly from the definitions of vector
addition and scalar multiplication and we will be using them freely. We will see proofs from
the axioms when we introduce abstract vector spaces.

Recall the definitions of vector subspace (Definition 6 in Section 1.2.2), linear combination,
linear span, and basis (Section 1.3.2).

The following gives an alternative characterization of vector subspaces. It could be used
as the definition instead. For brevity from now on we will simply say subspace instead of vector
subspace.

THEOREM 2.1.3 (Alternative definition of Vector subspace). A subset V' c R" is a subspace
if and only if the following two properties hold:

o Vg
e Forall \,ye Rand a,b e R

abeV = la+ubeV.

PROOF. A subspace V satisfies (1) since 0 € V.

Also, if \,;x € R and a,b € V then by the third property listed in Definition 6 we have
AaeV and pb € V and therefore by the second property in Definition 6 we have Aa+pb e V.
Thus V satisfies (2) as well and the only if part has been proved.

Conversely, if V satisfies the two conditions listed in the theorem then it contains the zero
vector. Indeed take any a € V%, then by the second property we have

la+(-1)aeV = 0eV.

Condition (2) of Definition 6 follows from the second property if we take A = p = 1 and
Condition (3) if we take A = 1 and 2 = 0. Thus V' is a subspace and the if partis also proved. [

By induction we can generalize the second property as follows.

PROPOSITION 1. If V' is a subspace then all linear combinations of elements of V are elements of
V. That is,
Ay oo s A €ER vy, ...V, €V = Nivi+-+ A, VeV

Before proceeding let’s observe that there are are two “trivial” subspaces. The whole R™
and the set {0} that contains only the zero vector, and every subspace is between those two
subspaces, in the sense that

{0} cV cR™

Let’s also prove the following important fact.

THEOREM 2.1.4 (Intersection of subspaces is a subspace). If V and W are subspaces of R™
then their intersection V 0 W is also a subspace of R".

PROOF. We will prove that V' n W has the two properties described in Theorem 2.1.3.

For the first, notice that the zero vector is in the intersection because it is in both V and W.
The intersection therefore is not empty.

For the second, if a,b € V n W then a,b € VV and therefore A\,a + b € V. But we also have
a,b € W and therefore \,a + b € W as well. It follows that Aa+ ub e V n V. O

A linear combination of one vector a is just a multiple of that vector. By convention we set
that a linear combination of zero n-vectors to be the zero vector of R".

THEOREM 2.1.5 (Linear Spans are subspaces). For any S < R" the linear span (S) is a sub-
space of R™.

2We can do this because V' is not empty.
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PROOF. Sketch® For the trivial case S = @ we have (S) = {0} which is a subspace.
For non-empty S the three conditions of Definition 6 are satisfied because:

(@) 0=0aforanyacS.

(b) The sum of two sums of multiples of elements S is obviously also a sum of multiples

of elements of S.
(c) We have
A v+ Av0) = (AA) v+ + (AN, vy,
O

DEFINITION 8 (Basis of a subspace). We say that a set of vectors B ¢ R" is a basis of the
subspace V' if any v € V' can be expressed as a linear combination of vectors of B in a unique
way.

We should clarify what we mean by unigue in the definition above. For example we don’t
consider

2V1+3V1—V2, 5V1—V2
different ways of expressing the the same vector as a linear combination of v, and v,. We

also don’t consider
—3vi+2ve+0vy, -3vi+2vy+0vy

to be different.

Two linear combinations are considered different if after we rewrite them so that every
vector appears only once (i.e. after we combine “like terms”) then there is at least one vector
that appears with different coefficients.

EXAMPLE 16. The fundamental example of a basis is the standard basis of R". To see that

it is indeed a basis notice that if ¢ = (¢y, ..., ¢, ) then
c=cie +--+cpe,
so the components of c are the coefficients of an expression of c as a linear combination of
elements of {ey,...,e,}. This is the only way to get c as a linear combination, because
Arer+-+ e, = (A )
and therefore
c=Mer+-+ N\ e, = (c1,...,¢,)=(N,....\n).

In general to prove that a set of vectors vi,...,v,, forms a basis of a subspace V' we have

to prove that the vector equation

T1V]+ Ty Vi =C
has a unique solution for all c € V. As we have seen this vector equation is equivalent to
the system

Ax=c
where A is the matrix with columns vy,...,v,,.
In the case of the standard basis we have the n x n matrix
1 0 ... 0
01 ... 0
0 0 ... 1

SFill the details.
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and by Theorem 1.2.8 we conclude that the system has a unique solution for all c.

EXAMPLE 17. The vectors

vy =(1,0,2,3),

vy =(-1,2,3,1),
vs =(1,4,-5,0),
va=(0,1,-2,1).

form a basis of R%. Indeed the matrix with columns these vectors is

1 -1 1 O
0 2 4 1
2 3 -5 -2
3 1 0 1

We now obtain an echelon form. We first add -2 times the first row to the third, and -3
the first row to the fourth. Then we add 5 times the second row to -2 times the second, and 2
times the second row to the fourth. Then we add 3 times the fourth row to the third.

1 -1 1 0 1 -1 1 0 1 -1 1 0
0 2 4 1 0 2 4 1 0 2 4 1
0 5 -7 2o 0o 3 1|70 0 1 -2
0 4 -3 1 0 0 -11 -1 0 0 -11 -1
We finally add 11 times the third row to the fourth.
1 -1 1 0
0 2 4 1
0 0 1 -2
0 0 0 -23

Since there is no zero rows we know that the system and no free columns we conclude
that the system has a unique solution for all c. Therefore {vy, v, v3, v4} is a basis of R%.

All the bases of R” we have encountered so far have exactly n vectors. The systems we
obtain when we try to express an n-vector as a linear combination of a set with m elements
have n equations and m variables. Thus if we have a set with more than n vectors the system
will have free variables so it’s impossible to have unique solution. If on the other hand, there
are less than n vectors the echelon form of the matrix will have zero rows and therefore it
won'’t be consistent for all c.

In other words if we have more than n vectors we can’t have uniqueness of solutions, and
if we have less than n vectors we can’t always have existence of solutions.

So we proved the following theorem, that as we will see, says that the dimension of R" is
n.

THEOREM 2.1.6. All bases of R™ have exactly n elements.

Of course, not all sets with n elements are bases of R”. In Section 1.3.2 we show that if two
vectors are colinear then they don’t form a basis.

Question 1. How about subspaces though? How can we find a basis of a subspace? Does
any subspace of R™ have a basis? If so do all bases of a subspace have the same cardinality?

We’ll answer these questions in the next class. As a preparation work through the follow-
ing example.
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EXAMPLE 18. Consider the vectors v = (1,0,-1), u=(2,1,0), and w = (-1,1,3). When is a
vector ¢ = (1, c2, ¢3) in the linear span of these three vectors?
The question again reduces to solving the vector equation

TV+yu+2zw=c,

or equivalently, the system with augmented matrix

1 2 -1|a
0 1 1 Co
-1 0 3 C3

Adding the first row to the third, and then subtracting twice the second row from the third
we get the following echelon form:

12 -1 e
0 1 1 (&)
0 0 O 01—262+03

So in order for the system to have solutions it is necessary to have

(2.2) c1—-2c3+c3=0 < c3=—c; +2cy.

When that condition is satisfied we can discard the third row, and then subtract twice the
second row from the first we get:
1 0 -3
01 1

So the condition (2.2) is also sufficient.
We conclude then that

C2

—cy + 202)

(viu,w) ={(c1,69,—c1 +2¢3) 11,00 € R}

Observe now that,

(01,02,—01 + 202) = 01(1,0,—1) ol 02(0, 1,2) =C1V+cCca.

So

(v,u,w) =(v,a).
Let’s express a as a linear combination of v,u, w. The reduced echelon form tells us how
to do so.
a=32-2)v+(—z+1)u+zw
where z is any real number. Taking z = 0 we get
a=-2v+u

while taking z = 1 we get

A=V +WwW.
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2.2. Linear dependence, Dimension
Let’s take a closer look at Example 18. Let
V=(v,u,w)
be the linear span of the vectors defined there. We’ll look for a basis of V.

Before proceeding we introduce the term spanning subset.

DEFINITION 9. Let IV ¢ R™ be a vector subspace. We say that a subset S ¢ V' is a spanning
subset of V (or simply, when V' is understood, spanning) if

vV =(5),

i.e. every vector in V' is a linear combination of vectors from S.
A spanning subset B of V' is said to be a basis of V' if every vector of V' can be written as a
linear combination of vectors from B in a unique way.

So if S = {v,u,w} then S is a spanning subset of V. However S is not a basis, because as
we saw in Example 18 the vector a = (0, 1, 2) is equal to two different linear combinations of
vectors of S, namely

(2.3) a=-2v+uanda=v+w.

An other spanning set of V' is B = {v,a} so let’s check if this set is a basis. We want to
check whether the vector equation

rv+ya=c

has a unique solution for all ¢ € V. Equivalently, we want to check whether the linear system

(6

has a unique solution for all ¢ € V. By Theorem 1.2.8 this happens when the homogeneous

system
1 0 0
0 1 (x): 0],
-1 2) VY o

has a unique solution. The reduced echelon form of the matrix is

10
0 1},
00

and therefore the homogeneous system indeed has only the trivial solution. We conclude then
that the set B = {v,a} is a basis of V.

Once we find a basis we can find many more. For example, the set B’ = {v,w} is also a
basis. This follows from the fact that B is a basis and the second equation in (2.3).

CLAIM 1. B’ isa basis of V.

PROOF. The proof consists of two steps.

Step 1: B’ is a spanning subset of V. Let c € V' then since B is a basis there are z,y € R such
that

c=xv+ya.
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But since a = v + w we have
c=zv+ya
=zv+y(v+w)
=IV+YV+YW
=(x+y)v+yw.
So ¢ can be expressed as a linear combination of vectors from 5’.

Step 2: We now need to prove that any c € V' can be expressed as a linear combination of
elements of B’ in a unique way. So we have to prove that if two linear combinations of v, w
are equal then they are the same linear combination. In other words, we need to prove that if

(2.4) TIV+YIW=ToV+ YW
then
r1 = T9 and y; = y».
We will again use the fact that the uniqueness property holds for B. Now since w =a-v
we have
v+ w=xv+y (a-v)
=(x1-y1)v+y a
and similarly
ToV+Ys W = (T2 —Y2) V+ysa.
So if Equation (2.4) holds we have

(r1-y1)v+yra=(r2—1y)V+ya.

So we have two linear combinations of v,a that represent the same vector. Since B is a basis
this implies that the coefficients of these two linear combinations have to be equal. So we
have

T1-Y1 =22 —y2and y; =y» = x; = o and y; = yo.
O

Notice that the above will work for any v,a,w. If {v,a} is a basis of a subspace V' and
a=v+w then {v,w} is also a basis of V.

Exercise 1. Let v,u,w,a ¢ R" and V a vector subspace of R" such that the following hold:

(@) {v,a}isabasisof V.
(b) a=v+w.
(c) a=-2v+u.

Prove that any two of those four vectors form a basis. That is, prove that each one of

{v,w}, {v,u}, {u,w}, {aw}, {au}

is also a basis.

Consider again a general vector subspace of V' ¢ R”, and let B be a spanning set of V.
In order for B to be a basis every vector of V' has to have a unique expression as a linear
combination of elements of B. In particular, the zero vector which is an element of V, has to
have only one representation as a linear combination of elements of B. But we can easily find



44 2. STANDARD REAL VECTOR SPACES

a linear combination that represents 0, namely the one where all coefficients are 0. Therefore
if there is a non-trivial linear combination

AMVi++ A, v, =0,

with vy, ..., v, € B and coefficients \{, Ay, ..., \,, not all 0, then B is not a basis.

It turns out that that’s the only way to prevent a spanning set from being a basis. If the
zero vector can be expressed as a linear combination of vectors from B in only one way, then
every other vector of V' has also a unique expression. To see this let’s assume that for some
v € VV we have two different expressions

V=ANVi+...+ Vs
and

V=4 + ..+ Uy Uy,
where \; e R, v, e Bfori=1,...,kand p; e R, u; € B for j = 1,...,m. Then, by adding terms
of the form 0 - u; to the first expression and terms of the form 0v; to the second if necessary,
we can get two linear combinations where exactly the same vectors from B occur. Let’s then
assume that we have two linear combinations

V=MW +...+ A\ Wy,
and

V=W W1+ ...+ pUy,
where for some £, \; # ;.. But then subtracting we have

¢
0="> (Xi—pi) W,
i=1

and the k-th term A, — 111, # 0. So we got a non-trivial linear combination representing the zero
vector.
We have thus proved the following Lemma.

LEMMA 1. Let S ¢ R" be any set. If there are two linear combinations of elements from S with
different coefficients represent the same vector then the zero vector is represented by a non-trivial linear
combination of elements from S.

DEFINITION 10 (Linearly dependent and linearly independent sets). A non-trivial linear
combination that represents the zero vector, that is an equation of the form

Z )\z V; = 0
=1
with \; # 0 for some i € {1,...,m}, is called a linear dependency condition among vy, ..., Vy,.

If there is a linear dependency condition among some elements of a subset S ¢ R" we say
that S is linearly dependent.
If S is not linearly dependent we say that it is linearly independent.

With this terminology in place we can summarize the results of our discussion so far in
the following theorem.

THEOREM 2.2.1. Let V be a vector subspace of R" and B ¢ V. Then B is a basis of V' if and only
if it is spanning and linearly independent.
THEOREM 2.2.2. The following hold.

(a) If 0 € S then S is linearly dependent.
(b) If S = {v} then S is linearly independent if and only if v # 0.
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(c) If S = {v,w} then if and only if v = A\w or w = AV for some scalar \.

(d) If S is linearly independent and v, ... ,v,, are distinct elements of S then vy cannot be ex-
pressed as a linear combination of va, ..., V.

(e) If S < S"and S is linearly dependent then S’ is linearly dependent as well.

(f) If S S"and S" is linearly independent then S is linearly independent as well.

PROOF. (a) We have 42 -0 = 0 an expression of the zero vector as a non-trivial linear
combination of vectors from S.
(b) By Item 1 {0} is linearly dependent. Conversely, if v # 0 then

Av=0 < \=0.

Thus if v # 0 only the trivial linear combination is equal to the zero vector.
(c) Since v; = 1v; expresses v; as a linear combinations of elements of .S, there is no other
linear combination.
(d) A linear dependency among elements of S is also a linear dependency among ele-
ments of S” because all elements of S are also elements of S’.
(e) This is the contra-positive of the previous item.
U

THEOREM 2.2.3. If V has a basis B with cardinality d then any linearly independent subset of V
with d elements is also a basis of V.

The idea of the proof is contained in the proof of Claim 1. If B’ is linearly independent
subset of V' with d elements we will construct a sequence of sets By, By, By, ..., By, where
By = B and B; = B/, and prove that all of them are bases. B is obtained from B by replacing
one element, say v; with an element from B’. B; is obtained by B; by replacing one more
element of B by an element of B’. At every step we get a basis B, that has ¢ elements from 5’
and the remaining d - 7 from B. At the next step to get B,,; we replace one of those elements
of B; that are in B with a new element of 5’. Eventually all the elements of B have been
replaced by the elements of B’ and since at every step we still get a basis, we conclude that B’
is a basis.

We first prove the following Lemma.

LEMMA 2. If B ={vy,...,v4} is a basis of V and w, € V is such that
W= A Vi+ A Vo+--+Vy

with A\, #+ 0 then B’ = {wy,Vy ..., v} is also a basis.

PROOF. Since \; # 0 we can express v; as a linear combination of w,vs,...,v,:
1 A2 Ad
2.5 Vi=—W]——Vy——— Vg
(2.5) 1=y Wiy v X

Let be an arbitrary element of V. Then we can write c as a linear combination
C=U1Vy+ U Vot -+ g VUq.

Substituting the RHS of Equation (2.5) for v, and collecting terms gives

C= ﬂW1+(ILL2—ﬁ) V2+---+(,ud—ﬁ) Vq.-
A1 A1 A1

Therefore B’ is spanning.
To prove that B’ is also linearly independent, consider a linear dependency

U1 W1+ o Vo + -+ (g vg = 0.
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Substituting w; with its expression in terms of B we have
M1 )\1 vy + (,ul )\2 + ,ug)v2 < ©c0 o= (,ul )\d + ,ud)Vd =0.

Since B is a basis all the coefficients in this linear dependency have to be 0. Since A\, # 0 we
get from the coefficient of v, that ; = 0. Substituting in the other coefficients then gives 1; = 0
fori=2,...,das well. 0

REMARK 8. Lemma 2 says that we can replace any element v € B by w as long as v appears
with non-zero combination in the expression of w as linear combination of elements of B. For,
we can order the elements of B so that v comes first.

PROOF OF THEOREM 2.2.3. Let B’ be a linear independent subset of V with d elements.
Chose an arbitrary order of B’, say B’ = {wy,Wa,..., Wq}.

Now express w; as a linear combination of elements of B. Since B’ is linearly independent,
w; # 0, and so at least one element of B will appear with non-zero coefficient in that linear
combination, call that element v;. By Lemma 2 the set

By =(B~{vi})u{wi},

i.e. the set obtained from B by replacing v, with wy, is a basis.

Next express w,, as a linear combination of the elements of B;. In that linear combination
at least one element of B appears with non-zero coefficient, because otherwise w, would be a
multiple of w,, impossible since B’ is linearly independent. Choose one such element, say v,,
and let B, be the set obtained by B, by replacing v, with w, i.e.

By = (B~ {vo})u{wy} = (B~ {vy,va})u{wy, wa}.

Again by Lemma 2, B, is a basis.

Next, assuming d > 2, we express w3 as a linear combination of elements of B;. In that
linear combination at least one element of B appears with non-zero coefficient, otherwise w;
is a linear combination of w; and w,, impossible since B’ is linearly independent. Then, again
by Lemma 2,

By = (B2~ {vs}) u{ws}
is a basis.

We continue this procedure until all the elements of B have been replaced. At the k-
th step we choose one of the remaining elements of B, say v, that appears with non-zero
coefficient in the expression of wy, as a linear combination of elements of B;_;. Since B’ is
linearly independent, such v, must exist. We then define B, via

Bk = (Bk—l N\ {Vk}) U {Wk} 5
By Lemma 2, By, is a basis.
After d steps we will get B; = B’ and therefore B’ is a basis. O
As a corollary we have the following fundamental theorem.

THEOREM 2.2.4 (Subspaces have well-defined dimension). All bases of a vector subspace
have the same cardinality.

PROOF. Let B and B’ be two bases of V. We first remark that both B and B’ are finite sets.
Indeed a subset of R” with more than n elements is linearly dependent®.

If the cardinality of B is smaller than the cardinality of B’, say B has d elements while 5’
has d + k elements with k > 0, by Theorem 2.2.3, any subset S of B’ with d elements would be

‘Why?



2.2. LINEAR DEPENDENCE, DIMENSION 47

a basis of V, and thus each of the remaining k elements of B’ would be a linear combination
of elements of B’, contradicting Item (4) of Theorem 2.2.2.

Similarly the cardinality of B’ cannot be smaller than the cardinality of 5. Therefore B
and B’ have the same cardinality. O

One final question remains though: Does any subspace have a basis? The answer is yes.
To see why let’s prove the following theorem.

THEOREM 2.2.5 (A maximal independent subset is a basis). A linearly independent subset
B of V is a basis if and only if every subset of V' that is a proper superset of B is linearly dependent. In
other words, a linearly independent subset of V' is a basis of V' if and only if, for any S we have

(2.6) B¢ ScV = Sislinearly dependent.

PROOEF. Let B = {by,...,b,} be a basis of V, and v € V' \ B, i.e. an element of V' not in B.
Then B u {v} is linearly dependent. Indeed there are scalars \y,..., \; such that

v = )\1 bl P cco F )\dbd-

But then
-1v+X by +--+Xb;=0.
So 0 can be expressed as a non-trivial linear combination of Bu{v}, and thus Bu{v} is linearly
dependent. Now if
BgScV
then there is an element v € S \ B and for such a v
Bu{v}cS

and thus S has a linearly dependent subset. By Item (5) of Theorem 2.2.2 we conclude that S
is linearly dependent.

Conversely, assume that (2.6) holds. To prove that B is a basis we need to prove that it is
spanning. Consider then v € V, if v € B then clearly v is a linear combination of elements of
B. Assume then that v ¢ B, in which case B u {v} is linearly independent. Therefore there are
A, AL, ..., Aqg € R such that

)\V+)\1b1+-~-+)\dbd=0
with A\, Aq,..., A\gnot all 0. Then A # 0 because otherwise we would have a linear dependency
among the elements of B, and therefore

A1 Ad

v=-—Db;--—Dby,

P A
and we expressed v as a linear combination of the elements of B. Thus, all elements of V' can
be expressed as linear combinations of the elements of 5. O

We now can prove that every vector subspace has a basis.

THEOREM 2.2.6 (Every subspace has a basis). We first consider V = {0}. Then B = @, the
empty set, is a basis of V. Indeed & is linearly independent, vacuously. The only set S that satisfies the
hypothesis of (2.6) is V itself, and is linearly dependent.

If V' # {0} we can find a basis as follows. Chose any vy € V with vy # 0. Then S; := {v, } is linearly
independent. If (S1) = V then S, is a basis. If not chose a second vector vy € V not in (S) and consider
the set Sy := {vy,vs}. Then Sy is linearly independent otherwise vo would be in (Sy). If (Sa) =V then
Sy is a basis of V.

We continue this way until we get a linearly independent set Sy with (Sy) = V. This process cannot
continue for ever because we know that we can’t choose more than n linearly independent vectors, so
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we can continue for at most n steps. This means that after a finite number of steps, say d, we won't be
able to find any vectors in V' that are not in the linear span of Sy. The set Sy then will be a basis of V.

We end this section with the definition of the very important concept of dimension.

DEFINITION 11. Let V' be a subspace of R". The common cardinality of all the bases of V'
is called the dimension of V' and is denoted by dim V. If the dimension of V is d we also say
that V' is a d-dimensional subspace of of R".

A one-dimensional subspace is sometimes called a /ine and a two dimensional subspace a
plane.

2.2.1. How to find a basis. We give a few examples that illustrate the concepts we’ve
described so far, and develop a method for finding a basis of a subspace if we have a finite
spanning set.

EXAMPLE 19. Which of the following subsets of R* are vector subspaces?

(@) V={(a,0,b,0) : a,b e R}.
(b) V ={(a,1,0,0) : a,b e R}.
() V={(a-2b,3¢c,b-a,d) :a,b,c,d e R}.
(d) V={(a,b,c,d) :a,b,c,d e Rwith d>0}.
ANSWER. (a) This set is a subspace. To prove this we will prove that the two condi-
tions in Theorem 2.1.3 are satisfied.
(a) V # @ because by setting, for example a = 0,b = 0 we have that (0,0,0,0) € V.
(b) Let v,w € V and A, i € R. Then for some aq,b;, as, by € R we have
V:(a17076170)7 W:(a2707b270)'
Then
)\V+ILLW = )\(al,O,bl,O) +,u(a2,0,bg,0)
= ()\al,O, )\bl,O) + (uag,O,ubg,O)
= ()\al +/LCL2,O,)\b1 +,ub2,0) .
Therefore A\v + uw = (a,0,b,0) where a = Naj + pras, and b = by + by are real
numbers. It follows that
AV+puwelV.

(b) V is not a vector subspace since 0 ¢ V.

(c) V is avector subspace. We can proceed as in Item (1) and show that the two properties
of Theorem 2.1.3 are satisfied’. An other method is to show that V' is the linear span
of a subset of R*. Then by Theorem 2.1.5 V is a subspace®.

For all real numbers a, b, ¢, d we have

(a—2b,3¢c,b-a,d) =(a,0,-a,0) + (-2b,0,b,0) + (0,3¢,0,0) + (0,0,0,d)
=a(1,0,-1,0) +b(=2,0,1,0) +¢(0,3,0,0) +d (0,0,0,1).
Thus V consists of all linear combinations of the vectors
(1,0,-1,0),(-2,0,1,0),(0,3,0,0),(0,0,0,1)
and is therefore the linear span of these vectors.

It follows by Theorem 2.1.5 that V' is a subspace of R%.

Do this
®Use this method for Item (1). That is prove that the set in Item 1 is the linear span of a certain set of vectors.
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(d) V is not a vector subspace because it is not closed under scalar multiplication. For
example (0,0,0,1) € V but -1(0,0,0,1) = (0,0,0,-1) ¢ V.
O

EXAMPLE 20. Find a basis for each of the sets in Example 19 that is a subspace.

SOLUTION. I will do Item (3), and leave Item (1) as an exercise.

Let v; = (1,0,-1,0), vo = (-2,0,1,0), vo = (0,3,0,0), and v4 = (0,0,0,1). Since S =
{v1,v2,v3,v4} is a spanning set we check if S is linearly independent. If it is then it forms
a basis.

S is linearly independent if and only if the homogeneous system Ax = 0, where A is the
matrix with columns vy, vy, vs, and vy, has a unique solution. We therefore have to find an
echelon form of A.

1 -2 00 1 -2 00 1 -2 00 1 0 00 100 0
A= O 0 30 -1 1 00 10 -100f 0 -100 0100

-1 1 00 0 0 30 0 0 3 0 0 0 30 0 01 0}

0 0 01 0 0 01 0 0 01 0 0 01 0001

Since there are no free columns it follows that the homogeneous system has only the trivial
solution and therefore S is linearly independent. Thus S is a basis of V. O

EXAMPLE 21. Let S = {vy,vs,v3,vs} € R? where
Vi = (171717273)7
Vo = (1727_17_271)
v3 =(3,5,-1,-2,5)
vy=(1,2,1,-1,4).
Find a basis for V' = (S). What is dim V?

SOLUTION. We again consider the matrix with columns the vectors of S.

1 1 3 1 11 3 1 1131

1 2 5 2 01 2 1 01 21 1131 1010
A=|1 -1 -1 1 ]|~|0 -2 -4 0|~]O O O 2|~]0 1 2 1|~]0 1 2 0}f.

2 = =n =l 0 4 -8 -3 0001 0 001 0001

31 5 4 0 -2 4 1 000 3

Since the reduced echelon form has free columns the homogeneous system Ax = 0 has non-
trivial solutions. Each non trivial solution gives a non-trivial linear combination of S that is
equal to 0.

The solution set is {(-t,-2t,¢,0) : t e R} so by setting ¢t = -1 we get z; = 1,25 = 2,23 =
-1,24 = 0. Thus we have the following non-trivial linear dependency

vi+2vy—v3 =0,
and it follows that
V3 =V; + 2 Vo.

We can then throw away v; and still have a spanning set. That is,

V = <V1,V2,V4> .
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Now, B := {vy, vy, v, } is linearly independent. Indeed the the first,second, and fourth columns,
of the reduced echelon form of A give the matrix

1 00
01 0f.
001

This matrix is therefore the reduced echelon form of the matrix with columns the elements
of B. Since there are no free columns only the trivial linear combination of B gives the zero
vector.

Since B is a basis of V/, and B has three elements we have dim V' = 3. O

Notice that in the previous example it turned out that the vectors that correspond to the
basic columns actually form a basis of the linear span. This is always the case, and the reason
that we call non-free columns basic.

Let’s see one more example.

EXAMPLE 22. Find a basis and the dimension of the linear span of the vectors

vi = (3,0,6,3), vy = (=7,3,-16,-9),
vy = (8,-6,20,12), vy =(-5,6,-14,-9),
vs = (8,4,14,6), ve = (9,-5,24,15).

SOLUTION. The matrix with columns these vectors is:

3 -7 8 -5 8 9
o 3 -6 6 4 -5
6 -16 20 -14 14 24
3 -9 12 -9 6 15

A:

To get an echelon form of A we start by adding -2 times the first row to the third, sub-
tracting the first row from the fourth. Then we subtract the third row from the fourth and that
turns the fourth row in to a zero row and we discard it. Then we add 2 times the second row
to 3 times the third, and divide the last row by 2

oS Y ) 378 58 9) (378 589
acle 205 L F-los 6 6 4 5|03 6 6 4 5.
oot 224 426/ oo 0 014

From the echelon form we see that the basic columns are the first, second and fifth. From
the discussion above it follows that a basis of the linear span is B = {vy, vy, v5}. Since there
are three vectors in the basis we have that the dimension of the linear span is 3. O

EXAMPLE 23. We use the same notation as in Example 22.

(a) Express each of the “free” vectors v3, vy, v as a linear combination of the elements of
B

(b) Find a fourth vector w to complete B to a basis of R*. In other words, the set {w, vq, vy, v5}
should be a basis of R*.

SOLUTION. (@) We need to solve the systems

Bx=vs, Bx=vy, BxX-=vyg,
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where B is the matrix with columns the basic vectors v, va, vs, that is

3 -7 8
0 3 4

B=l¢ _16 14|
3 -9 6

Since all these systems have the same coefficients to solve the we will apply the
same row operations to A. Instead of considering three different augmented matrices,
we augment A with three columns and operate at all of them at once. So we’ll get the
reduced echelon of the following matrix:

3 -7 8|8 -5 9
0 3 4|-6 6 -5
6 -16 14 |20 -14 24|
3 -9 6|12 -9 15

Notice that this matrix has the same columns as A of Example 22, but permuted
namely the fifth column has been moved to the third place, and the third and fourth
to the fourth and fifth place, respectively. So if we apply the row operations of Exam-
ple 22 we’ll get the reduced form of A with columns permuted the same way, that is
the following matrix

3 -7 8] 8 -5 9
0 3 4]1]-6 6 -5].
O 0 110 0 4
The reduced echelon form of the last matrix is’
1 0 0]-2 3 -24
010|-2 2 -7]1.
00 1]0 0 4

Therefore,

V3 =-2V] —2Vy
vy =3Vi+2Vy
vg=—-24vi —Tvy+4vs.
(b) Any linearly independent subset of R* forms a basis. Therefore the set {w, vy, v, v5}

will be a basis if (and only if) it is linearly independent, that is if and only if w ¢
(v1,V2,V5). So we need to find a vector w so that the system

Bx=w

has no solutions. By Theorem 1.2.8 this happens if and only if the echelon form of its
augmented matrix contains a row of the form

(000 ¢
with ¢ # 0. Now recall that in the process of obtaining the echelon form of A we
discarded a zero row. This happened after applying the following row operations:
(a) Add -2 times the first row to the third.
(b) Add the first row to the fourth.

Do the calculations and verify this.
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(c) Subtract the third row from the fourth.
After those operations the matrix B becomes

3 -7 8
0 3 4
0 -2 -2
0 0 0

So we have to choose a vector w that the row operations listed above transform it
to a vector w’ with non zero fourth coordinate. The simplest choice for such a w’ is
es. Assume then that w is such that after these three row operations the augmented
matrix of the system Bx = w is

3 -7 810
0 3 41{0
0 -2 -2(0
0 0 0|1

To recover w we have to reverse the effect of the rows operations. In other words,
we need to apply to e, the following operations:
(a) Add the third row to the fourth.
(b) Add the first row the the fourth.
(c) Add 2 times the first row to the third.
None of these reverse operations change e, though. Thus w = e,. So the set

{W>V1,V27V5}
is a basis of R*.

Basis of linear span

To find a base of the linear span of k vectors vy, vs,..., v, € R"

(a) Create an n x k matrix A that has the given vectors as columns
A= (V1 Vo ---VI;)-

(b) Find an echelon form for A.
(c) A basis consists of the columns of A that correspond to the basic columns of the
echelon form.



CHAPTER 3

Matrices and their algebra

3.1. Matrices as transformations

We have already introduced the notation Ax where A is an m x n matrix andx is an n-
vector. We were writing a system of m equations with n variables as

(3.1) Ax =c,

where A is the matrix with entries the coefficients of the equations, x is the column vector of
the variables, and c is the column vector of constants.
If we expand the LHS we get an equation of two m-vectors namely,

a11x1 + Q129 + - + A1, Ty, C1

911 + Q92T + =+ + A2, T, Co

(3.2) : -1
A1 L1 + Q2o + - + Ay Ty, Cn

Before proceeding, let’s officially define the product of a matrix and a column vector.

DEFINITION 12. If A is an m x n matrix and x an n x 1 column vector the product Ax is
defined to be the LHS of Equation (3.2). The result is thus an m x 1 column vector whose k-th
row consists of the element

Ap1T1 + QpaXTo + -+ ATy = Z Qi Ty
i=1
REMARK 9. Notice: in order for the product Ax to be defined the dimensions have to
match, the number of columns of A has to be equal to the number of rows of x.
When the dimensions match, every row of A has as many entries as x and the result has
as many rows as A. Furthermore each row of Ax is the product of the corresponding row of
A with x.

We can think of Ax as a generalization of dot product of two vectors as defined in Vector
Calculus.

EXAMPLE 24. If we compute the product of a 1 x 3 matrix (a 3-dimensional row vector)
and a 3 x 1 column vector, the result will be a 1 x 1 column matrix.

-3
(2 5 -1)|5]|=(2-(-3)+5-5+(-1)-7) =(12).
7

In calculus classes the standard basic vectors of R3 are often denoted by i,j, k. Now if
v=2i+bj-kandu=-3i+5j+ 7k then

v-u=12.

So the matrix product of a row vector with a column vector of the same dimension is their
dot product considered as a 1 x 1 matrix.

53
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Ax via dot product

Ifrq,...,r,, are the rows of the matrix A then Ax has rows r; x,...,r,, x. If we write A
as a column vector of row vectors then we have

Ir rx
1) o X
I'm I';mX

EXAMPLE 25. Calculate the product Ax if defined.

1 20 3
@ A=|-2 5 1|, x=]|-1
220 ()

ANSWER. Aisa3x3 matrix and x is a 3x1 column vector so the product is defined.
We calculate the result row by row:

1-3+2-(-1)+0-2 1
Ax=|-2-3+5-(-1)+1-2|=]-9
(0-3+6-(1)+2-2) (2)

0
25 0 -7
(b)A:(s 4 -1 o)’ X(j;)

ANSWER. The product is not defined because the number of columns of A is dif-

ferent than the number of rows of x: Ais2 x4 and xis 3 x 1. O
0
-2 5 0 -7 T
(C)A=(3 4 -1 0)’ X=1_9
V3

ANSWER. The dimensions now match and we have

0

25 0 -7\l 7| (-20+57+0-(-2)-7v3\_ (57-73

3 4-10 \—} A3 0+47+(-1)-(-2)+0+3) \ 2+4m |
3

O

The product Ax can be also calculated column by column. In Section 2.1, when we wanted
to find the linear span of a set of vectors we saw that the vector equation z; a; +---+z,a, = cis
equivalent to the system A x = ¢, where the columns of the matrix A are the vectors ay, ..., a,.
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Ax as linear combination of columns

Ifay,...,a, are the columns of A, and x = (z1,...,z,) then

Ax=xia;+--+x,4a,.
Or, if we write A as a row of column vectors
T
L2 : : .
(a1 s ... a,,,,) : :(leal+Zl232+---+;,l,,La,L).

Ty

EXAMPLE 26. Here is an example of how to compute Ax column by column. To compute

13—254‘01
14 1 3 5|,
14 2 4 37
27 =36 12/,

we compute the linear combination of the columns of the matrix with coefficients the compo-
nents of the vector:

1 3 -2 5 4 -1 0 -6 -10 20 3

1 4 1 3 5) -1 0 3 -6 25 21
-1 1 +0 4 +3 9 -2 4 +5 3 1= + 0 + 6 + _g + T EEE

2 7 -3 6 12 -2 0 -9 -12 60 37

In this section, and for the remaining of the class, we view Equation (3.1) from a different
vantage point. We think of it as defining a function with domain R™ and codomain R™. To
emphasize this new point of view let us rewrite it as

(3.3) y = Ax.

and consider y the dependent and x the independent variable.
If we expand Equation (3.3) as a vector equation we get

Y1 a1 @12 Q1n
2 21 22 a2
y. =z | T l+a| T+, | "
ym Am1 Am?2 Amn

Finally, denoting the column vectors by a;, -, a, we can rewrite Equation (3.3) as
(34) Yy=ria;+---+T,a,.

If f is a function we use the notation f(z) to denote the image of = under the application
of the function f. So for example if f is the function

fiR— R, z+— 12 +3,

then f(2) = 7because f maps 2 to 7.
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We can think of the notation Ax as a shorthand of A(x), it's the image of x under the
function A, we just omit the parenthesis. This may seem strange at first, but this is what we
usually do with functions of several variables, for example we write

f(x,y,2) =2 +y* -3z

for a function from R3 to R. But elements of R? are triples (z,y, z) so if we were really using
the functional notation f(-) we would have written

f((z,y,2)) =2 +y* - 3az.
Nobody does that!

DEFINITION 13 (Matrices as linear transformations). An m x n matrix with real numbers
as entries determines a function

A:R" — R™, X — AX,
that we call the linear function associated with A, or the linear function induced by A
We use the same symbol for the matrix and the associated linear function.

The concept of a function plays a central role in mathematics and there are several names
used to signify a function, for example function, map, mapping, correspondence, transformation,
operator, .... There are different connotations for each of these terms but we will consider
them as synonyms. In these notes besides the term “linear function” we will often use the
terms “linear transformation” and “linear map”.

EXAMPLE 27 (The zero matrix). The m x n matrix with all entries 0 is called the zero m xn
matrix and is denoted by O,,,, or when no confusion is likely, O. It induces the zero linear
function, for all vectors x

Ox=0.

EXAMPLE 28. Consider the 2 x 3 matrix
1 -2 4
il = (2 0 —1)'

Let’s find formulas for the the function M: R? — R2. We have:
1 -2 4\ (") (z-2y+4z
2 0 -1)JY17\ 22-3: |
%
So we have
M(z,y,2) = (x -2y +42,2x - 32).

In Section 1.2.2 we proved (see Theorem 1.2.5) that the function associated with a matrix
has two important properties, it maps the sum of two vectors to the sum of their images and
the the product of a scalar A and a vector to the product of A and the image of the vector. We
call functions with those properties linear functions so Theorem 1.2.5 says that the functions
defined by matrices are linear.

DEFINITION 14 (Linear function). A function
T:R" — R™
is said to be linear if it enjoys the following two properties.
(a) It respects vector addition. This means that for any two vectors v, w ¢ R" we have
T(v+w)=T(v)+T(w).
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(b) It respects scalar multiplication. This means that for all A € R and v € R” we have
T(Av)=AT(v).

EXAMPLE 29 (The identity function is linear). The identity function of R" is denoted by
I,,, or when no confusion is likely, simply by /. Thus

Ix=x.
The two properties of Definition 14 are satisfied by /,,. Indeed,
(a) For v,w € R” we have
I(v+w)=v+w=Iv+Iw.
(b) For A e R and v € R" we have
I(A)=Av=AIv.

EXAMPLE 30 (Template for proving linearity or lack thereof). Let’s see a linear and a
non-linear function from RR3 to R*. You should use this example as a template for proving that
a function is linear or not linear.

(@) The function 7: R3 — R* given by the formula
T(x,y,2) = (3x -2y, x -2y + 32,y + 2,2x + 3y — 2)

is linear.

PROOF. To prove that the function is linear we have to prove that it satisfies the
two properties in Definition 14. To prove the first property we proceed as follows:
Let v = (v1,v9,v3) and w = (wy, wy, w3) be two arbitrary vectors in R3. Then

V+WwW= (U17U27U3) + (w17w27w3)
= (vy + w1, Vg + Wa, V3 + W3).
We now will compute 7'(v + w). To make the calculations easier to read we use
column vectors. We have

3 (v +wr) —2(vg + wo)
(v1 +wy) =2 (vy +ws) + 3 (v +wy)

Tlv+w)= (v2 +wa) + (v3 +w3)
2(’111 +’LU1) + 3(’112 +'LU2) - (’U3 +'LU3)
On the other hand,
vy — 20y 3wy — 2ws
T(v) = Uy —U2zf; 3vs3 7 T(w) = w1 —1021121; 3ws
2 + U3 2 3
2v1 + 3vy — U3 2wy + 3wy — w3
and so
(3’Ul - 21}2) + (31111 - 21112)
T(v) + T(w) = (v1 = 2vg + 3v3) + (w1 — 2wy + 3ws)

(U2 + ’U3) + (’LUQ + wg)
(201 + 3vg — v3) + (2wy + 3wy — w3)

Rearranging the terms in each component we get
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(3vy + 3wy) + (=20 — 2w»)
('Ul + ’LUl) + (—21}2 - 2’LU2) + (3U3 + 3'LU3)
(U2 + ’U3) + (’LUQ + wg)
(201 + 2wy) + (Bvg + 3ws) + (—v3 — w3)

T(v)+T(w) =

Finally taking common factors we have

3(’111 +'LU1) —2(’112 +'LU2)
(Ul +w1) —2(’112 +’LU2) +3(’U2 +'LU2)
('U2 +’LU2) + (Ug + wg)
2(’111 +’LU1) +3(U2 +'LU2) - (’U3 +'LU3)

T(v)+T(w)= =T(v+w).

Thus T respects vector addition.

To prove that 7" also preserves scalar multiplication we proceed similarly. Let A € R
be an arbitrary scalar, and v and arbitrary vector as above. Then Av = (Avy, Ava, Avs)
and we have:

3()\’(]1)—2()\’(]2) )\(3’01—21)2) 3’01—21)2
Qo) =2(Awve) +3(Aws) | _ | A (1 —2v2+3wv3) |\ |vi—-2v2+3us ]|
TOV=1" 0wy + () |7 At o) |7 wrw  |TATOD
2(Av1) +3(Avg) = (Av3) A(2v; +3vy —v3) 2v1 +3vy — U3
Therefore T respects scalar multiplication as well. Thus, 7' is linear. O

(b) The function 7: R? — R* given by the formula
T(z,y,2) = (zy,2% +3y - 1,y,2° + 3y - 2°)

is not linear.

PROOF. To prove that a function is not linear we need to prove that (at least) one of
the conditions is not satisfied. To prove that a condition that is defined with universal
quantifiers (i.e. it starts with for all) we only need to find one counterexample. I will
prove that this function does not have property (2). If I choose A = 2 and v = (0,0,1)
then

T(Av)=1T(0,0,2) =(0,0,0,-4)
while
AT(v)=2(0,0,0,-1) =(0,0,0,-2).
Since for this particular A € R and v € R? we have T'(Av) # AT'(v), the function is not
linear. U

In the example above we could have proved that 7" in the first item is linear by showing
that it is the linear function of a matrix. To do this we separate the terms in each row according
to their variable, putting 0 if a variable is missing;:

31)1 —21)2 ?)’Ul —2U2 0 3 -2 0

_ ’U1—2’U2+3U3 |l n —2U2 31)3 _ 1 -2 3
T(V) = Vg + Us = 0 ol vy + vs =1 0 + Vo 1 + VU3 1
2U1+3’U2—U3 2’(]1 31)2 —V3 2 3 -1

Therefore the function is given by the matrix
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3 -2 0
1 -2 3
=10 1 1
2 3 -1

It turns out that all linear functions come from matrices. If 7" is a linear function there is
a matrix A such that for all x we have 7'(x) = Ax. We will prove this fundamental fact after
proving an important feature of linear functions: they are determined by the values they take
in a basis.

As we did with the definition of vector subspace we can combine the two properties that
define a linear function into one.

THEOREM 3.1.1 (Alternative definition of linear function). A function is linear if and only
if it respects linear combinations. In other words, a function T: R" — R™ is linear if and only if for
any k scalars Ay, ..., N\, and any k vectors vy, ..., v, we have:

T()\l v+ + )\k Vk) = )\1T(V1) + o0+ )\kT(Vk)
PROOF. Exercise. See the proof of Theorem 2.1.3 and proceed similarly. O

When checking if a function is linear we only need to check that it respects linear combi-
nations of two vectors.

THEOREM 3.1.2 (Alternative statement of Alternative definition of linear function). A
function is linear if and only if it respects linear combinations of two vectors. In other words, a map
T: R" — R™ is linear if and only if for every A\, u € R and v, w € R™ we have:

TAV+pw)=AT(v)+pT(w).
PROOF. Exercise. O
COROLLARY 2 (Linear maps send zero to zero). Let T: R™ — R™ be a linear map. Then
T0=0.

Equivalently,
T0+0 = T isnot linear.

PROOF. We have
T0=T(0+0)=T0+T0.

Subtracting 70 from both sides of this equation yields the result. O
EXAMPLE 31. None of the following functions is linear:
ffR—R, z+—22-3
T:R? —R3 (z,y)— (x-y+2,22+3y,421)
S:R3— R?  (2,y,2) — (22 -3y + 2,42).

A very useful consequence of Theorem 3.1.1 is that if we know the values of a linear func-
tion at a basis then we can compute its value at any vector. We illustrate this with an example.

EXAMPLE 32. For a linear function 7: R* — R we have
T61=—5, T62=3, Tegzl,Te4:—2.
Find 7'(-2,1,3,4).



60 3. MATRICES AND THEIR ALGEBRA

SOLUTION. Letv =(-2,1,3,4) then v = -2e; + e; + 3e3 + 4e,. It follows that
T(v)=-2e +e;+3e3+4ey
=-2(-5)+3+3-1+4(-2)
=-10+3+3-8
=-12.
U
So if two linear functions agree on a basis they agree everywhere and are therefore equal.
THEOREM 3.1.3. Let T, S: R — R™ be linear functions and let {v,...,v,} be a basis of R". If
Tvi=Svy,....,.Tv,=Sv,
then we have
VveR"Tv=_Sv,
in other words
T==5.
PROOF. Let v € R" then there are unique A4, ..., \, € R so that
V=AMV 4+ AV,
Then we have
Tv=MTvi+-+N,Tv,
=N Svi+-+ N, Sv,
=Sv.
U

Now, let’s remember that the linear function defined by a matrix A with columns ay, ..., a,
is given by the formula

Ax=x1a; +-+x,a,
where x = z; €; + - + 7, €,. In particular we have that the columns of A are the images of the
standard basis, in other words
a,=Ae;, 1=1,....,n.
As a consequence we have that any linear function is equal to the linear function that has

columns the images of the standard basis under under that function. So we have the following
theorem.

THEOREM 3.1.4. Let T: R® — R™ be a linear function. Then T is equal to the linear function
associated with the matrix with columns T ey, ..., Te,.

EXAMPLE 33 (The identity matrix). For the identity function we have I e,, = e,,. Therefore

the identity function is induced by the n x n matrix with columns e, ... ,e,. That s,
10 - 00
01 - 00
Ly=1: + =~
00 - 10

e}
e}
=)
—_
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EXAMPLE 34. Consider again the linear function 7: R® — R* given by
T(x,y,z)=(3x-2y,x -2y + 32,y +2,2x + 3y — 2)
from Example 30. We have
T(1,0,0) = (3,1,0,2)
7(0,1,0) = (-2,-2,1,3)
7(0,0,1)=(0,3,1,-1)

and we again get that 7" is given by the matrix

3 -2 0
1 -2 3
=10 1 1
2 3 -1

So if we know the values of a linear transformation in the standard basis of R" it’s straight-
forward to find its matrix. What about other bases though? A linear transformation is
uniquely determined by its values in any basis, is there a method to find the matrix if the
basis is not the standard one?

Indeed there is! We illustrate with an example.

EXAMPLE 35. Consider the basis {vy, vy, v3} of R?® where
vy =(1,-1,0), wvo=(0,2,-1), wv3=(1,0,2).
For a 3 x 4 matrix A we have that
Avy=(2,3,0,1), Avy=(1,1,1,1), Avys=(0,4,2,0).
Determine the matrix A.

SOLUTION. The solution has two steps. We first express the standard basis in terms of the
new basis, and then we calculate the images of the standard basis i.e. the columns of A.

First Step: So we have to express each e; as a linear combination of v;,vs, vs. So we have to
solve three systems
Bx=e;, i=1,23

where
1 0 1
B=| -1 2 0
0 -1 2

Rather than doing essentially the same calculations with three different augmented ma-
trices we augment 5 with all three vectors at once. At the end of our calculations the first
column of the augmented part will be the coefficients to express e;, the second e, and the
third e; in terms of the basis {vy,va, v3}.

1 0 1|1 0 O 1 0 1|11 00 1 011 0O
-12 0101 0J~]j0 2 1|1 1 O]~10 2 1|1 1 O}.
0 -1 210 0 1 0 -1 210 0 1 00 5|11 2

In the first step I added the first row to the second row. In the second step I added the sec-
ond row to twice the third row. Next I'll add the third row to -5 times the second, and the first
to get a diagonal matrix. The final step is then to divide each row by the the corresponding
diagonal element.
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5 0 0]-4 1 2\ (10 0]4/5 -1/5 -2/5
0 -10 0|-4 -4 2|~|0 1 0|2/5 2/5 -1/5].
o o 5|1 1 2/ \oo 1|15 1/5 2/5

So all three systems have been solved and we have

4 2 1
81=SV1+3V2+5V3

1 2 1
822—3V1+5V2+5V3

2 1 2
83=—SV1—5V2+5V3.

Second Step: By the linearity of A we have

Ael = %Avl + %AV2+ %AVg.
Therefore,
2 1 0 2
413 1l 114 [18/5
Aer=ctol* 5151217 4/5
1 1 0/ \6/5
Entirely similar calculations' give
0 -1
_13/5 | 1/5
AEQ = 4/5 9 Ae3 = 3/5
1/5 -3/5
Therefore
2 0 =1
A= 18/5 3/5 1/5
|45 45 3/5
6/5 1/5 -3/5

O

EXAMPLE 36 (3 x 3 Permutation matrices). There are 6 ways to order a set with 3 elements.
For example for the set {1, 2,3} we have the following possibilities:

123, 132, 213, 231, 312, 321

Each of these orders is determines a permutation of {1,2,3}, i.e. a one-to-one and onto func-
tion o: {1,2,3} — {1, 2,3}, namely the function that maps  to the element that appears in the
i-th position. So the third ordering is determined the function with values o(1) = 2,0(2) = 1,
and 0(3) = 3. Conversely, a permutation o gives the ordering o (1) o(2) o(3). For example the
permutation with values o(1) = 2, 0(2) = 3, and ¢(3) = 1 determines the fourth ordering.

Werify all calculations yourself.
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Now, given any such permutation we can define a linear transformation R3 — R3, by
permuting the standard basis accordingly. What I mean is the following: take for example the
last ordering 3 2 1, that corresponds to the permutation o(1) = 3,0(2) =2, 0(3) = 1, and set

Te1=e3, T82=82, Tegzel.

There is one and only one linear transformation that satisfies these conditions, namely (see
Theorem 3.1.4), the linear transformation associated with the matrix that has columns (listed
in order) es, e;, €1.

In other words, for any ordering of {1,2,3} we order the vectors of the standard basis the
same way and then take the matrix with those columns. We obtain the following 3 x 3 matrices

100 100 010 010 010 00 1
o010, [ooz1], [t oo] |tool, [oo1], [o1 o0l
00 1 010 00 1 00 1 100 100

The first of these permutation matrices is I3 the 3 x 3 identity matrix, and is obtained by the
identity permutation. Let’s see what P;3; does to a vector (z,y, 2).

1 0 0\ [z 1-2+0-y+0-2 x
00 1|lyl=10-2+0-y+1-2z|=]|z%
01 1/\z 0O-z+1-y+0-2 Y
So Pisa(x,yz) = (z,2,y). Let's also find Ps15(z,y, 2), where Ps5 is the permutation matrix
that corresponds to the ordering 3 1 2.

0 1 0\ (=x O-z+1-y+0-2 Y
00 1llyl=10-2+0-y+1-2|=]z=
1 0 0/ \=z 1-2+0-y+0-2 7

So Ps1a(z,y,2) = (y,2,2). Notice that we looked at three permutation matrices P23, Pis2,
and Ps;2 and for all three, the image of (z,y, z) was a vector with coordinates some permuta-
tion of (z,y, 2).

We will see later in the class that the rows of a permutation matrix are also given by a
permutation of the rows of the identity matrix. Furthermore, if P is a permutation matrix
and x a column vector, then the rows of Px are given from the columns of x by the same
permutation.

We can verify that this is the case for the three permutation matrices we checked. The
rows of I3 are given by the identity permutation and the rows of I3, and the coordinates of
I3(z,y, 2) are also given by the identity permutation of the coordinates of (z,v, z).

The rows of Pj3, are obtained by interchanging the second and third row of I3, and in
P (z,y,2) = (x,2,y) the second and third coordinate of (z,y, z) are interchanged.

Finally, the first row of P53, is the second row of I3 and the first coordinate of Pi3(x,y, 2)
is y. The second row of P;3; is the third row of I3 and the second coordinate of Pi3»(x,y, 2) is
z. The third row of Pi3, is the first row of I3 and the third coordinate of Pi33(z,y, 2) is x.

Exercise 2. Compute P(z,y,2) for the remaining three permutation matrices and verify
that the coordinates are permuted the same way that the rows of P have been permuted.

3.1.1. New linear functions from old. Let A, B: R® — R™ be two functions, and A € R.
We define a new function A + B, called the sum of A and B, and a new function \ A, called the
scalar product of X\ and A, as follows

A+B:R"—R" (A+B)x=Ax+Bx,
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and

AA:R" —R™  (MA) x=\(Ax).
In other words, to find the image of x under A + B we add its images under A and 5. To

find the image of  under A A we multiply its image under A by A.
We also define the opposite of A to be the function

-AR" —R™ (A)x=-(Ax).
Clearly -A = -1 A.
THEOREM 3.1.5 (Function Spaces are Vector Spaces). Addition and scalar multiplication of

functions satisfy all the axioms listed in Theorem 2.1.1, where the role of the zero vector is played by
the zero function O. In other words we have the following properties:

(a) Function addition is commutative. This means that for any two functions A, B we have
A+B=B+A

(b) Function addition is associative. This means that for any three functions A, B, and C we
have

(A+B)+C=A+(B+C).
(c) O is neutral for addition. This means that for any function A we have

O+A=A
(d) For every function A we have
A+(-A)=0.
(e) The number 1 is neutral for scalar multiplication. This means that for every function A we
have
1A=A.

(f) Scalar multiplication distributes over function addition. This means that if \ is a scalar and
A, B are functions we have

AMA+B)=)NA+)\B.
(g) Addition of scalars distributes over scalar multiplication. This means that
A+p)A=XA+pA.

(h) Multiplication of scalars and scalar multiplication are compatible in the following sense: if \,
w are scalars and A is a function, we have

A(pA)=(Ap) A
PROOF. To prove that two functions are equal we need to prove that they give the same

result when applied to the same argument. For example to prove that addition is commutative
we need to prove that for all x ¢ R™ we have

(A+B)x=(B+A)x.
Indeed,
(A+B)x=Ax+Bx
=Bx+Ax
=(B+A)x.

Let’s also prove that addition of scalars distributes over scalar multiplication.
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Let x € R?, and A, i € R. Then
(A+p)A)x=X+p)Ax
=A(Ax) + pu(Ax)
=(ANA)x+ (pA) x
=((A+p) A) x.
The proofs of the remaining properties are similar and left as an exercise. O

We will visit these operations later in the class. At the moment we concentrate in the case
of linear functions. We have the following two theorems.

THEOREM 3.1.6 (The sum of two linear functions is a linear function). If A, B are linear
functions then A+ B is also linear. Furthermore, if the matrix of A is (a;;) and the matrix of B is (b;;)
then the matrix of A + B is (a;; + b;;). In other words

aji; Q2 - QAip bii bz - by app + by aj2 + bz - ai, + by
Qg1 Qg2 -+ Q2 + bai  bay - by ag1 + by age + by -+ agy + by,
Am1 Am2  ° Amn bml bm2 o bmn Q1 + bml Qma + bm2 QT bmn

PROOF. Let A\, ix € R and x,y € R". We have,

(A+B)(Ax+py)=A(Ax+py)+ B(Ax+py)
=AMAx+puAy+\Bx+uBy
=AMAx+ABx+uBy+uAy
=N (Ax+Bx)+pu (Ay+By)
=A((A+B)x)+pu ((A+B)y)
=(A(A+B))x+(n(A+B))y.

Therefore A+ B is linear. Now, recall that the j-th column of the matrix of A+Bis (A+B)e;,
but by the definition of A + B we have

(A+B)ej=Aej+Bej.

Therefore the j-th column of A + B is the sum of the j-th column of A and the j-th column of
B. O

THEOREM 3.1.7 (A multiple of a linear function is a linear function). If A is a linear func-
tion then X\ A is also linear for every A € R. Furthermore, if the matrix of A is (a;;) then the matrix of
ANAis (Na;;). In other words,

@11 Q2 - Aip Aapn Aaig - Aag,
A Qg1 Q22 -+ Aop | _ Aagr  Aag - Aag,
Am1 Am2 - Qmp )\ am1 )\ Ama )\ Amn

The proof is similar to the proof of Theorem 3.1.6 and is left as an exercise.
We can combine Theorems 3.1.6 and 3.1.7 into a single theorem.

THEOREM 3.1.8 (Linear combinations of linear functions are linear). If A, B are linear
function and X, ju are scalars then X A + p B is linear with matrix (X a;; + pby;).
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EXAMPLE 37. We have
of2 L 0)_ (30 1) (6 3 4
-1 31 2 -1 0) \-11 13 3 )
We next look at the operation of composition. Recall that if g: X — Y and f: Y — Z are
two functions then the composition f o g is defined as follows:

fog X —Z, (fog)(x)=1Ff(9(x)).
Let Abe an m xn and B an n x k matrix. Then
A:R*" —R™ B:RF —R"
and so the composition
Ao B:RF - R™, x — A(Bx),
is defined. We write A B instead of Ao B.

THEOREM 3.1.9 (Composition of linear maps is linear). If A, B are linear maps such that the
composition A B is defined, then A B is linear map.

PROOF. Let A\, ix € R and x,y € R". We have,

(AB) (Ax+py)=A (B (Ax+py))
=A(ABx+puBYy)
=AA(Bx)+uA (By)
=A((AB)x) +u ((AB)y).
U

We want to find a formula for the matrix of A B. Let’s first do this for matrices of relatively
low dimensions. Let’s take A to be 3 x 2 and B to be 2 x 2. Then the composition A B is given
by a 3 x 2 matrix. We want to find

a11 Q12
b;p b
- 22 12)(2)
a3; Aas2

We know that the image of x is a linear combination of the column vectors of B with
coefficients given by the coordinates of x. We have then, using the linearity of A,

b b b b
A(Bx) = A(x1 (bﬁ) b (bz;)) 5,4 (b;f) + 5 A (bz).

Using again the fact that the image of a vector under A is a linear combination of the
columns of A with coefficients the coordinates of the vector we have

b a1 a1 a by a12ba1 a1 by + ayzbay
A (621) = by | a1 | +bo1 | a1 | = | a21biy | + | ag2bor | = | a21b11 + agoboy |,
31 31 az by 32091 az1biy + aszboy
and, by entirely similar calculations
b1y a11b12 + a12b27
A (b22) = | az1b12 + azobao | .
a31b12 + aszbay

So,
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a11011 + a12b2; a11b12 + a12b2
(A B) X = 21 | @21b11 + aeboy | + 22 | a21b12 + a22bao
a31011 + agabay a31b12 + azaba

Keeping the LHS, the linear combination of columns in the RHS can be expressed as a
product of a 2 x 2 matrix and a x. Therefore we have,

(AB) x = a2bi1 + azgbs  asnbia + asnbsx

ay1bi1 + aigbar  aiibig + ajabos (a? )
azibii + asebar  asibiz + azabog

So we got that,

a1 Qaig by b a11011 + a12b21  @11b12 + aj2ba
(3.5) Q21 Q22 byt by = | a21b11 + agbar  ag1bia + asebao
a31 asz azi1biy + asebar  azibia + aseboo

The same ideas can be used to get the formula for the matrix of A B in the general case
where A has dimensions m x k for m, k > 1 and B has dimensions k x n? for n > 1.

Let a; be the i-th row and b; the j-th column of B. That is we consider A as a column of m
row vectors, each of dimension £, while B is considered as a row of n column vectors each of
dimension k. Let us also set C' = A B, an m x n matrix.

The j-th column of C'is C'e;. But,

CEj = A(Be]) = Ab]
Therefore, by the boxed formula at the bottom of Page 50 the i-th element of the j-th

column of C'is the “dot product” of the i-th row of A with the j-column of B.
We have thus proved the following theorem.

THEOREM 3.1.10. Let A be an m x k matrix and B a k x n matrix. Then the entries of C = AB
are given by

k
(3.6) cij=a; -bj =) ayay.
/=1

Or, if we expand the sum in the RHS,
Cij = Qi1 blj + o+ Qi bkj-

We can express Equation (3.6) as follows:

* * *
al al.bl 000 al bTL
a;;l a;"nbl a;;lbn

EXAMPLE 38. Let’s compute A B and B A where

-1
A:(—11 g g) B={z 0
4 3

—_

2This is the same k. In order for the matrices to be composable the number of rows of B has to equal the
number of columns of A.
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ag-[1 20 _21 (1) (-1+4+0 1+0+0) (3 1
“\-1 0 3 4 3 “\1+0+12 -1+0+9) |13 8)°

-1 1 1 2 0 -1-1 -2+0 0+3 =2 =2 3
BA=|2 0 (_1 0 3): 2+0 4+0 0+0)=12 4 O0].
4 3 4-3 8+0 0+9 1 8 9

3.1.2. Some Exercises.

We have

while

Exercise 3. Let P: R* — R* be given by
P(x,y,z,w) = (y,z,w, ).

(a) Prove that P is linear using Theorem 3.1.2.
(b) Find the matrix of P.
(c) Verify that the rows of the matrix of P, listed in order, are e,, e3, €4, ;.

Exercise 4. An 1 x 1 matrix has only one entry (a). It's natural to identify this matrix with
the real number a. We have also identified R! with R. So the linear function defined by a 1 x 1
matrix has domain and codomain R.

(a) What functions f: R — R arise as the linear functions associated with 1 x 1 matrices?

(b) When is a linear function f: R — R one-to-one?

(c) When is a linear function f: R — R onto?

(d) When is a linear function f: R — R invertible?

(e) Let f: R — R be an invertible linear function. What is f~1?

(f) Let f, g be two linear functions R — R. Prove that f o g is also linear. Give the matrix
f o g in terms of the matrices of f and g.

Your answers to Questions (2) through (5) should be in terms of the matrices that define the
linear functions.

Exercise 5. For each of the following functions 7'

(a) Prove that it is linear.
(b) Find the matrix that gives 7.

(@) The function 7: R" — R" given by
Tx=\x.

(b) The function 7: R? — R? given by

T (1’1,1’2,353) = (1’1,1’2).
(c) The function T: R? — R3 given by

T (LIZ'l,LL’Q) = (LIZ'l,LL’Q, 0)
(d) The function T: R? — R? given by

T(x,y,2)=(x+z,x-2).

1 2 3
A=|0 2 -3
1 -2 3

(a) Prove that the columns of the matrix form a basis of R3.

Exercise 6. Let
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(b) Let T be the linear map that interchanges the columns and rows of A. In other words
Ta =aj, ,Tay=a;, Tagz=aj,

where a; (respectively a}) are the columns (respectively rows) of A. Explain why 7" is
well defined. Then find the matrix of 7'.
(c) Find T'a;, fori = 1,2, 3.
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3.2. Range and rank, Kernel and nullity

Let’s introduce some terminology and recall some concepts about functions. A function
[ with domain X and codomain Y associates to every x € X unique element y € Y, denoted by
f(z). We also use the notation = ~ y to indicate that y = f(x). The notation,

f: X—Y
means that f is a function with domain X and codomain Y.

DEFINITION 15 (Range, Image, Preimage). The set of all elements of Y that are images of
elements of X is called the range of f and denoted by R(f). Thus

R(f) ={f(z) 2 e X}
={yeY:3xeX, z~—y}.

If S ¢ X then the image of S under f, denoted f(S) is the set of the images of all elements
of S. Thus

f(8)={f(s):seS}cY.

Note that f(X) = R(f).
If T c Y then the preimage of T' under f, denoted f~1(T) is the set of all elements of X that
are mapped to an element of 7. Thus

fUT) = {we X : f(z) €T},
Consider now a linear function with matrix A
A:R" — R”, xr— Ax.
What is the range of A? The definition says that
R(A)={yeR™:IxeR", Ax=y},
soy € R(A) if and only if the system
Ax =y
has solutions. Now if x = (x1,...,x,) is such a solution then
ria;+-+x,a, =y,

where a;,. .., a, are the columns of A. Thus the range of A is the linear span of its columns.
So we have the following theorem.

THEOREM 3.2.1 (Range is the span of the columns). The range of the linear map with matrix
A is the linear span of the the columns of A. In other words, if ay, ..., a, are the columns of A, then

R(A) =(ay,...,a,).

DEFINITION 16 (Rank of a matrix). The rank of a linear map is the dimension of its range.
The rank of a linear map A is denoted by rank A. Thus

rank A = dimR(A).
We can summarize the discussion in Section 2.2.1 as follows.

THEOREM 3.2.2. The basic columns of an m x n matrix form a basis of R(A). Therefore rank A is
the number of columns in the reduced echelon form of A that contain a leading 1.
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EXAMPLE 39. Find the rank of the following matrix

13 25 4
14 13 5
A=l 14 924 3
2 7 -3 6 13

SOLUTION. The reduced row echelon form of A is®

1 0 0 22 -21
010 -5 7

Ao 01 1 =2
000 O 0
There are three basic columns and therefore rank A = 3. O

If ¢ € R™ then the solution set of the linear system Ax = c is the preimage of A~! {{c}}.
In particular the preimage of the zero vector is the solution set of the homogeneous system
Ax =0.

Recall (see Theorem 1.2.6 in Section 1.2.2) that the solution sets of homogeneous systems
are subspaces of R™.

DEFINITION 17 (Kernel and nullity). The kernel (or null space) of A, denoted by ker A is the
preimage of the zero vector. Thus

ker A={xeR": Ax=0}.
The dimension of ker A is called the nullity of A and is denoted by null A. Thus
null A = dim (ker A).

Throughout Section 1.1 we were referring to the number of free parameters in the solution
of a system has as the “dimension” of the solution set. This suggests that the nullity of a
matrix is the number of free columns in its reduced echelon form. This is indeed the case.
Consider for example the homogeneous system with matrix the matrix A of Example 39. The
solution of Ax = 01is

1 -22s+ 21t -22 21
To Hbs—-Tt 5 -7
(3.7) x3|l=| -s+2t |=s|-1]|+t| 2|, s,teR.
T4 s 1 0
Ty t 0 1
Thus letting s = (-22,5,-1,1,0) and t = (21,-7,2,0,1) we have
ker A = (s, t).

Now the set {s,t} is linearly independent. This follows immediately from the fact that the if
the second vector in (3.7) is 0 then s = ¢ = 0. Therefore {s, t} is a basis of ker 4, and so ker A is
two-dimensional.

Notice that the first three coordinates of s form the opposite of fourth column of the re-
duced echelon form, and the last two extra coordinates are the coordinates of e;. Similarly
the first three coordinates t are the opposites of the fifth column and its last two coordinates
those of e,.

3Do the calculations yourself!
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A similar pattern will arise always. In order not to get tangled in over complicated nota-
tions let’s consider the case that the free variables are the third, fourth, and seventh. Then the
parametric solution will be

T =—Sb13—tb14—wb17
i) Z—Sbgg—tbg4—’LUb27
Tr3 =S
Ty =4
Ty Z—Sb5g—tb54—’LUb57
g = —Sbgz —tbey —w bgy
Ty =W

Then in vector form the solution is
x =sbi +tb) +wbr,

where

bé = (_b137 _b237 17 07 _b537 _b637 0)
b:l = (_b147 _b247 07 17 _b547 _b647 0)
b7 = (=bi7,~b27,0,0,=bs7, —ber, 1).

The set B = {b},b},b’} is linearly independent. We can see this by looking only at the
free slots, namely the third, fourth and seventh: we have the coordinates of {e;,es,e3}. Thus
a linear dependency on B would give a linear dependency on the standard basis of R3, and
that’s not possible.

So we have the following theorem, that we will see again in a more general and precisely
stated form later in the course.

THEOREM 3.2.3. Let A be an m x n matrix and with reduced row echelon form B. The nullity of
a A is the number of free columns B. Furthermore, a basis of ker A is obtained from the free columns
of B by “interpolating” the coordinates of the standard basic vectors at the “free slots”.

As a corollary of Theorems 3.2.2 and 3.2.3 we have the following theorem.
THEOREM 3.2.4 (Rank-nullity Theorem). If A in an m x n matrix then
rank A + null A = n.

Bases of Range and Kernel

The basic columns in an echelon form of the matrix of a linear map give a basis for its
range, and the free columns give a basis for its kernel.

EXAMPLE 40. Consider the linear function 7": R* — R? with matrix
1 2 3 4
T= (—1 -2 -3 4) ’

The reduced echelon form of T is
1 2 30
5= (0 0 0 1)
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The basic columns of B are the first and fourth. So the first and fourth column of 7" give a
basis for the range of 7'. So,

R(T) =((1,-1),(4,4)) .

The second and third columns of B will give a basis of ker 7. We are missing two coor-
dinates to make the (opposites of the) second and third columns of B four dimensional and
we fill those with the coordinates of (1,0) and (0, 1) interpolated at the second and third slot.
Thus the second column of B gives the vector (2,1,0,0) and the third the vector (3,0, 1,0).
Thus

R(T) = ((-2,1,0,0), (-3,0,1,0)) .

EXAMPLE 41. Consider the linear function A: R> — R* with matrix

1 2 -4 -4 5
2 4 0 0 2
A= 2 3 2 1 5}
-1 1 3 6 5
The reduced echelon form of A is
1 00 -2 0
010 1 O
A1 01 1 o

00 0 0 1

We have four basic columns and one free. Thus the range is four-dimensional and the first,
second, third and fifth columns of A form a basis of R(A).

The kernel is one dimensional so a basis will have only one vector. We obtain that vector
from the the opposite of the fourth column, by inserting 1 in the fourth slot. Thus

ker A = ((2,-1,-1,1,0)).
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3.3. Injective, Surjective, and Invertible linear maps

Recall that we say that a function is one-to-one or injective if it the images of two different
elements is different. Thus a function f: X — Y is one-to-one if for all 21, 2z, € X we have

T1# Ty = f(z1) # f(22).
The contra-positive of the above, namely

flar) = f(x2) = 21 =22
is often useful in proving (or disproving) that a function is injective. So if f is injective and
y € Y, then there can be at most one = € X with f(z) = y. We can express this in terms of
preimages by saying that f is injective if and only if f~! ({y}) contains at most one element.
f is called onto or surjective if every y € Y is the image of some element in X, i.e. if the
range of fis Y.

Solutions of y = f(x)

Consider the equation

(3.8) y = f(z).

(@) A function f: X — Y is injective if for all y € Y Equation (3.8) has at most one
solution.

(b) A function f: X — Y is surjective if for all y € Y Equation (3.8) has at least one
solution.

(c) A function is a bijection, i.e. both injective and surjective, if and only if for all
y € Y Equation (3.8) has a unique solution.

(d) If fis a bijection then f has inverse function f~': Y — X defined so that

r=f"(y) <= y=f(a).

in other words, f~!(y) is the unique solution of Equation (3.8).

Recall also that if f is invertible then f~! is also invertible and (f~1)"' = f. Finally recall
that a pair of inverse functions is characterized by the equations

FUW)=v, H(f(@)=2
or equivalently,
foft=I, flof=Ix.
Let now
A:R" — R™
be a linear map. Then the equation
y=Ax
is a system of m linear equations and n variables, and the nature of the solution set is deter-

mined by the reduced echelon form of A. The following theorem summarizes most of what
we have seen so far in this class.

THEOREM 3.3.1. Let A be an m x n and as usual denote the linear function it defines by the same
symbol
A:R" > R™, x+- Ax.
Let B be the reduced echelon form of A. The following hold.
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(a) Ais injective if and only if B has no free columns.
(b) A s injective if and only if its kernel contains only the zero vector, i.e.

ker A = {0}

(c) A is injective if and only if null A = 0.

(d) If A is injective then n < m.

(e) A is surjective if and only if its columns span R™.

(f) A is surjective if and only if rank A = m.

(g) Ais surjective if and only if B has m basic columns.

(h) If A is surjective then n > m.

(i) Ais invertible if and only if B = I,,, the n x n identity matrix.
(j) A is invertible if and only if the columns of A form a basis of R™.
(k) If A is invertible then A~ is linear.

(1) If A is invertible then n = m.

PROOF. Most of the statements are reformulations of things we have already proved. Try
to understand why this is the case for each of the statements. I provide some hints to guide

you.

(a) This just says that a consistent system has a unique solution if and only if there are no
free variables.

(b) This just says that a consistent system has unique solution if and only if the corre-
sponding homogeneous system has only the trivial solution.

(c) The nullity of A is the dimension of its kernel. A subspace has 0 dimension if and
only if it equals 0.

(d) If there are more unknowns than equations then B will contain free columns. Con-
versely if there are no free columns the solution has no free variables, thus if it exists
it is unique.

(e) The range of A is the linear span of the columns of A. A is surjective if and only if the
range of A is R™.

(f) The rank of A is the dimension of its range. If a subspace of R™ has dimension m then
it is the whole R™.

(g) The basic columns form a basis of the range of A, so if A is surjective then B has at
least m basic columns. The leading ones have to be in different columns and therefore
B cannot have more than m free columns.

(h) If there are less variables than equations there are not enough columns to form a basis
of R™.

(i) Aisinvertible if an only if the system Ax = c has a unique solution, for all ¢ € R™.
(j) If the system Ax = 0 has only the trivial solution then the columns of A are linearly
independent. If Ax =y is consistent for all y then the columns of A are spanning.

(k) We have

A ()\ Alx+puAt y) =AA (A’lx) + 1 (A’1 y)
=AX+uYy.
So
AT(A(MA X+ ,uA’ly)) =AT (A\x+py).
Therefore
M Ix+p Ay =A"1 (A\x+py).
(D) It follows from (4) and (8).
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O

As a consequence of the Rank-Nullity Theorem (see Theorem 3.2.4), we have the following
Theorem.
THEOREM 3.3.2. Let A: R" — R™ be a linear map. Then the following are equivalent.
(a) Ais injective.
(b) A s surjective.
(c) Ais invertible.
PROOF. We will prove that
(1) = (2) = B) = ().
If A is injective then null A = 0 and therefore by Theorem 3.2.4 we have rank A = n. Thus A
is surjective.
If A is surjective then rank A = n and therefore, again by Theorem 3.2.4 we have null A = 0,

thus A is also injective. A is therefore invertible.
If Aisinvertible then, by definition it is injective. O

REMARK 10. We remark that this property is not shared by general maps. If X is an infinite
set there are always functions X — X that are injective but not surjective, and functions that
are surjective but not injective. For example for the set of natural numbers N the function

f:N—)Na f(n):2n7
is injective but not surjective. On the other hand,

n/2 neven

:N— N, n) =
g 9(n) {n nodd,
is surjective but not injective.

THEOREM 3.3.3 (Solving matrix equations). If A be an invertible n x n matrix, and C an n x k
matrix for some positive integer k. Then the equation

AX=C
has a unique solution, namely the n x k matrix
X=A'C
Similarly, the equation
XA=C
has a unique solution, namely the n x k matrix
X=0cA4"

REMARK 11. Because composition of functions is generally not commutative, we need to
be careful to multiply in the right order.

PROOF. We have:
AX=0C < Al (AX)=4A"1C
— (ATA)x=A"C
— [X=A1'C
— X=A'C.
The proof for the other equation is entirely similar. Just multiply from the right with A-'%. O
~ *You should doit!
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EXAMPLE 42 (How to find the inverse of a linear function). Let A be an invertible linear
function. Then the columns of (the matrix of) A~! are the images of the vectors of the standard
basis. That is the j-th column c; of A_; is given by

Cj = A71 ej,
or equivalently,
Acj=e;.
We solve all of these systems simultaneously by finding the reduced echelon form of the
augmented matrix
(a1 ooa, | oer . en).
So to find the inverse of

we proceed as follows.

1 0 211 00 1 0 2 1 0 0 1 0 2 1 0 0
2 -1 31]010|~]0 -1 -1(-21 O0J~J0 0 -1]1-6 1 1
4 1 8]0 0 1 0 1 0 |-4 01 01 01]-401
1 0 2 1 00 1 0 0]-11 2 2
~{0 1 0((-4 0 1}J~]0 1 O} -4 0 1
00 -1]-6 11 001l 6 -1 -1
Therefore
-11 2 2
Al=l -4 0 1
6 -1 -1

How to find the inverse a matrix

If A is an invertible n x n matrix then the reduced row echelon form of the block matrix
(A | )~(1 | A1),

EXAMPLE 43 (2 x 2 revisited). Let’s consider again a 2 x 2 matrix

a b
a-(2 3
When is A invertible?
We start with the augmented matrix

a b1 0
c d|0 1)
If both a, c are 0 then the columns are not linearly independent and thus A is not invertible.
Assume then that a # 0. We add to —c times the first row to a times the second and we get

a b 1 0
0 ad-bc | —-c al’
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If the determinant D := ad—-bc = 0 then A is not invertible because a # 0 and thus the system
Ax = ey has no solutions.
If D # 0 we divide the second row by D,

a b 1 0\ (a O0|1+be/D -ab/D
0 1|-¢/D a/D 1| -¢/D a/D
_(a 0|ad/D -ab/D) 1 1 0| d -b
\0 1|-¢/D a/D ad-bc\0 1| - al’
Sowhen a # 0 and D = 0 we have
B\' 1 (d -b
a —
85) ( d) W( )

If a = 0 and ¢ # 0 we interchange the rows, and divide the first row by c and the second by
b. and then add d times the second row to —b times the first.

c d|0 1) (1 dfc| 0 1/e\ (1 0| -dfbc 1fc)_ 1 (1 0| d -b
0 b|1 O 0 1 |1/b 0 0 1| 1/b 0) —bc\O 1]|-c 0}

Thus Equation (3.9) holds in all cases.

Inverse of a 2 x 2 matrix

a11  A12

Let A= ( ), and D = ayja9 — a12a2;. A is invertible if and only if D # 0. Then

21 A2
=1l
a1 a2 1 929 —a12
(3.10) = — .
1 Q22 D \-a21 a1

Consider now a 2 x 2 system of linear equations:
11 %1 + Q122 =€
12 T1 + A20Ty = Cy.
If A is invertible then we have (see Theorem 3.3.3)

Ax=c <= A1 (Ax)=A"c
> (ATA)x=A4"c
— Ix=A"'c
— x=A"'c.

Thus, we can recover Crammer’s rule (see Section 1.3). Indeed, we have that the solution

of the system is
T1) _ l G2  —Qi2) [C1]) _ l C1Q22 — C2012
Ty) D \-a2a1 an J\c2) D \-ciaz +cean)
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3.4. The algebra of matrices

In the previous couple of lectures we studied the linear functions induced by matrices. We
now are going to study matrices as algebraic objects of their own right.

If m, n are positive integers we denote by M,,,,,the set of all m xn matrices. The set of nxn
matrices is simply denoted by M,, and its elements are called square matrices of size n. As we
have already done, if a matrix is denoted by a capital letter, say X, then the entry at the i-th
row and j-th column will be denoted by x;;, and we write X = (z;;).

REMARK 12. Be careful to distinguish the notations (a;;) and a;;. The former denotes a
matrix while the latter denotes an entry of that matrix.

The operations of addition, scalar multiplication, and composition of linear functions de-
tine analogous operations on matrices, that we call matrix addition, scalar multiplication, and
product.

DEFINITION 18 (Matrix addition and scalar multiplication). For any positive integers
m,n we have the operations of addition

MmxnxMmxn— Mmxn, (a;)+(b) = (a;+bi),
and scalar multiplication
RxMmxn— Mmxn, X (a;)=(Na;).

Of course, these are the “same” operations we’ve seen in Section 3.1.1, the only difference
is the point of view. We now view these operations as defined on the set of matrices. In
particular all the vector space axioms, i.e. the properties listed in Theorem 3.1.5 hold.

Since we have proved® we don’t really need to prove it again just because we changed
our point of view. It is instructive however to give “purely algebraic” proofs, i.e. proofs that
don’t rely on the fact that matrices induce linear functions, and these properties hold for the
corresponding operations of linear functions.

In fact, all these properties can be proved in exactly the same manner as the corresponding
properties of vector addition and scalar multiplication, see Theorem 2.1.1. All we need to do
is add an extra subscript in the calculations. Here is how to prove property (8) for example.

Let A = (a;;) be a matrix and let \, i be scalars. Then using the definition of scalar multi-
plication we get

aq1 eee A1p ,Uall ,Ualn )\ (,Uall) )\ (/./Lafln)
ApA)=Xlp| ¢ ~ =2l ¢ - i |= i 5 -
A1 ° QAmn Lam1 o [ Gmn )\ (,Uaml) )\ (/,Lafmn)

Now we use the fact that multiplication of real numbers is associative, and again the defi-
nition of scalar multiplication we have that the last matrix is

(Ap) ain - (Ap) ain aixz - Qin
= " : =(Ap)| ¢ o~ =0 A

()\,u) Ampm1 ()\,u) Amn Am1  *° Amn

Exercise 7. Prove all the Vector Space Axioms (i.e. the properties listed in Theorem 3.1.5) for
matrices in this manner.

>We did do the proofs left as an exercise. Didn’t we?
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The above discussion suggests that we can think of matrices as vectors. In fact an m x n
matrix consists of m n numbers arranged in a rectangular manner, and if we read them starting
with the leftmost element of the top row we get the coordinates of a mn-vector, i.e. and
element of R™". For example,

1 2 -1
Mma(3 5 0);(1,2,—1,3,—2,0)6R6.

If we then identify 2 x 3 matrices with 6-dimensional vectors this way, then we see that ma-
trix addition and scalar multiplication of matrices is just vector addition and scalar multipli-
cation of vectors. No surprise then that these two sets of operations have the same properties,
in some sense they are the same operations!

We will further pursue these ideas later in these class, we will say then that the identifica-
tion of My,3 with R that we just described is an isomorphism of Vector Spaces.

With the above identification the standard basis of R™" translates to matrices that have all
entries 0 except one 1.

DEFINITION 19 (Notation: The Kronecker delta). The Kronecker delta is defined via
1 iei
=1y 120
0 2%
The two variables are usually natural numbers but in principle they could be any two math-
ematical objects.
EXAMPLE 44. The dot product of two n-vectors v = (v;) and w = (v;) is given by the formula

n
V- -W = Zviéijwj.
j=1

The standard basis of R™ consists of the vectors
ei = (di5) -, -
The identity matrix is
In = (52‘]')2].:1 .

DEFINITION 20 (The standard basis of M,,,,,). Fori=1,...,m,and j = 1,...,n the basic
matrix £; ; has the 7, j-th entry equal to 1 and all other entries equal to 0. In other words, if e,
is the entry at the k-th row and /-th column then

ke = 0ir0jg.

For example here are the four basic 2 x 2 matrices:

10 0 1 0 0 00
EII:(O 0)7 E12:(0 0)7 E21:(1 0)7 E22:(0 1)

Now any 2 x 2 matrix can is a linear combination of these four basic matrices. Indeed we

have
ann aig| _ 10+ 01+ 00+ 0 0
axn ax) M 0 0)TM2 0 o) T\ o) T2 0 1)
PROPOSITION 2. An m x n matrix can be written as a linear combination of the basic matrices in

a unique way. In fact the i, j-th entry is the coefficient of E;;.

PROOF. Exercise. The general case is very similar to the 2 x 2 case proved above. O
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If Aisanmxk and B a k xn matrix then A and B define linear maps that can be composed
and the composition is a linear map. From an algebraic point of view, we call the matrix of
the composition A B the product of A and B. Let’s recall the definition.

Matrix Multiplication

If A= (ai;) €My and B = (b;;) € My, then their product C := A B € M,,,,,, is defined,
and if C' = (¢;;) then,

k
Cij = z ('I,,j;{b;fj.
(=1

Equivalently, if af, ..., a}, are the rows of 4, and b4, ..., b,, are the columns of B we have

m ) )

ay aj by - aj-b,
: (51 bn,) - : :
* 4 * *

(1,” afll . bl e (1,” . b”

The following theorem states some fundamental algebraic properties of matrix multipli-
cation, and its interactions with matrix addition and matrix multiplication. If we think as
matrices as linear maps then these properties are straightforward to verify. Furthermore they
hold for all maps, not only linear maps. For example, composition of functions is associative.
Tosee thisleth: X — Y, ¢: Y — Z,and f: Z — W be three functions. Then

(feg)oh=fo(goh).
We first note that the compositions are defined and they have the same domain, namely

X, and the same codomain, namely W. To prove that they are equal we need to prove that for
all z € X we have

((fog)oh)(z)=(fo(goh)(x)).
This is straightforward:

((fog)eh)(z)=(fog)(h(z))
= [ (g (W()))
= f((goh)(x))
=(folgoh)(2)).
However, this is an algebraic section. So we will be giving mostly algebraic proofs.

THEOREM 3.4.1 (Matrices form an algebra). The following properties hold for all matrices
A, B,C and all scalars )\, yu provided that the operations are defined®.

(a) Matrix multiplication is associative.
A(BC)=(AB)C.
(b) Matrix multiplication distributes over matrix addition on both sides.
(A+B)C=AC+AB, A(B+C)=AB+AC.

®When is that the case? For each property, find what conditions must hold for the dimensions of A, B, and
C for the operations in each side to be defined.
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(c) Scalar multiplication is compatible with matrix multiplication.
(M)B=A(\B)=X(AB).
(d) Multiplication with the identity matrix
TA=A, Al=A.

PROOF. We prove (1) leaving the remaining as an exercise. Let AB =7, and BC = S. Then

m n
tie = ) aijbje, Sij = ) bjkC;.
j=1 k=1

Then the i,p entry of A (BC')S=ASis

n m
ailtlp i aiztlp 9P ©oo p amtnp = Z Z(aijbjk)Ckp.
k=1j=1

Similarly, the ¢, p entry of (AB)C =T S'is

> D aij(bjkcry)-
k=1j=1
Multiplication of real numbers is associative and therefore for all k,p the k,p entries of
A(BC) and (A B)C are equal. Therefore the matrices are equal. O

Many other properties follow the from the properties listed in Theorem 3.4.1. A very
important is stated in the following proposition. This proposition if obvious if actually use
the definition of the matrix product, multiplying any number with zero gives zero and adding
a bunch of zeros also gives zero. However we provide a proof using only the four properties
listed in Theorem 3.4.1, the benefit of this being that the proposition will be true whenever
those properties (as well as the vector space axioms) hold.

PROPOSITION 3. If O is the m x n zero matrix then for any n x k matrix A we have
OA=0,

where O in the RHS stands for the m x k zero matrix.
Similarly, if B is an k x m matrix then

BO =0,
where O in the RHS stands for the k x n zero matrix.

PROOF. We have
OA=(0+0)A=0A+0A.
Subtracting O A from both sides yields the result.
The proof of the second statement is entirely similar and is left as an exercise. O

Notice that a property we usually expect for multiplication, namely the commutative prop-
erty is not listed. The reason is, of course, that it is not true, that is it is not true that for all
A B

(3.11) AB=BA.

First of all, if A B is defined, B A is not necessarily defined. In order for both products to
be defined we need to have that if A is an m x n matrix then B is n x m. And even in that
case, A B and B A have different dimensions in general, the first is m xm and the second n xn.
So the only case that we could have that (3.11) has a chance of holding is when m = n. But
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even then it is not generally true. As an example consider that standard basis of M3,3. We can
easily verify that

E12 E23 = Elg, while E23 E12 =0.

The last example exhibits an other surprising property of matrix multiplication. Some-
times the product of two non-zero matrices may be zero. In other words, for matrices A, B it
is not true that

AB=0 = A=0or B=0.

3.4.1. The algebra of Square Matrices. We now concentrate on the set of square matrices
M,,. If A, B are two n x n square matrices, then A B is always defined, and is actually also
an n x n matrix. The set M,, endowed with matrix addition, scalar multiplication, and matrix
multiplication is often referred to, as the algebra of square matrices.

In general, Equation (3.11) does not hold. Actually most of the times it doesn’t hold. When
it does hold, it’s special and we give it a name.

DEFINITION 21 (Commuting matrices). If Equation (3.11) holds for A, B € M,, we say that
A and B commute.

Of course, A always commutes with itself, and the identity matrix I as well as the zero
matrix O commute with all matrices.

EXAMPLE 45. The matrices

1 2 3 -6 -7 11
A=1-2 0 1|, B=|-3 -7 -4},
-1 -3 2 3 -8 -2

commute. Indeed, by direct calculations’ we see that

-3 -45 -3
AB=|15 6 -24|=BA.
21 12 -3

EXAMPLE 46 (Finding the set of matrices that commutes with a given matrix). We often
want to know the set of matrices that commute with a given matrix or even all matrices in a
given set. If S ¢ M, then the set of matrices that commute with all elements of S is called the
centralizer of S. Here is an example on how to find the centralizer of a single matrix.

11

Let A = (0 1
words we want

) . We want to find all matrices M = (j ?L{) that commute with A. In other

AM=MA.

(1 1\ [z y\ ([xz+z y+t
o) (902 )
[ oy (1 1) [z z+y
MA_(Z t) (0 1)_(2’ z+t)'

Now

while

Do them!
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r x+y| [r+z y+t
z z+t] \ =z t ]

This is equivalent to the linear system:

Therefore we need

x =
T+Yy =y+t
B=8

t +z=t

Solving this is rather straightforward. From the second equation we have = = ¢ and from the
last z = 0. So we conclude that in order to commute with A, M has to have the form

(T Y
M—(O x)’ x,y € R.

DEFINITION 22 (Algebra of Matrices). We say that a nonempty subset A ¢ M,, is a subal-
gebra, or that it is an algebra of matrices, if A is closed under the operations of matrix addition,
scalar multiplication, and matrix multiplication. This means that if A, B € A and ) € R then

(a) NAecA.
(b) A+ BeA.
(c) ABeA.

If in addition any two elements of A commute, that is, if in addition
(d) AB=DBA,
then we say that A is a commutative algebra of matrices.

THEOREM 3.4.2. If A is an algebra of matrices then:
(a) OcA.
(b)) AcA — -AcA.
(c) If A e A and A is invertible then A~ € A.
(d) If A contains invertible elements then I € A.

The first two properties follow from the fact that A is closed under scalar multiplication.
Just take X = 0 for the first and A = -1 for the second. The fourth property follows from the
third and the fact that A is closed under matrix multiplication.

The proof of the third property requires more ammunition than we have currently avail-
able. I will give a proof towards the end of this section but the proof will not be complete
because it depends on a celebrated theorem, the Cayley-Hamilton Theorem that we will see
later in the course.

EXAMPLE 47 (Trivialities). The subset {O} consisting only of the zero matrix is clearly a
subalgebra called the zero subalgebra. There are no invertible elements in this algebra.

EXAMPLE 48 (The algebra of scalar matrices). A slightly non trivial example is the algebra

of scalar matrices. Let
R,={\[,: A eR}.
The elements of R,, are called scalar matrices because they behave like scalars. For example
for x e R™ we have
(M) x=Ax.

Thus multiplying with a scalar matrix A I gives the same result as multiplying with the scalar
A. Similarly, adding two scalar matrices, results in the scalar matrix obtained by adding the
corresponding scalars:
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AM+pl=N+p)l.

So R,, is a commutative algebra of matrices. The invertible elements are the scalar matrices
A1 with )\ #0, and of course

A=A
EXAMPLE 49 (The algebra of diagonal matrices). A diagonal n x n matrix is a matrix D
with d;; = 0 for i # j, i.e. non-zero entries can occur only along the main diagonal. If A\;,... A,
are n scalars then we define diag(\y,...,\,) to be the diagonal matrix with A;,...,\, in the
main diagonal. For example

1 0 0 O

. 0 -7 0 0

diag(1,-7,0,42) = 00 0 0

0 0 0 42

The scalar matrix A [ is thus diag(A, ..., \).

Notice that the i-th row (as well as the i-th column) of diag(\y, ..., \,) is \; ;. This means
that when we multiply a diagonal matrix with another matrix only one of the products in the
sum that gives the 7, j entry of the product matrix is (possibly) non-zero.

Let A be any matrix with n rows and let, as usual, af, ..., a} (respectively ay, ..., a,,) be its
row (respectively column ) vectors. Then,

)\13{
diag(M,..., ) A= ¢ |, Adiag(h,.. ) =(Mar ... Apan).
An @

So multiplying from a left by a diagonal matrix has the effect of multiplying the rows
of A with the scalars along the diagonal, while multiplying from the right has the effect of
multiplying the columns of A.

It follows that

diag(A1, ..., A\n) diag(p, . s pin) = diag( A1 fia, - -5 Ap i )-

So the product of two diagonal matrices is also diagonal, and furthermore any two di-
agonal matrices commute. In particular, since scalar matrices are special cases of diagonal
matrices we also see that the set of diagonal matrices is also closed under scalar multiplica-
tion.

We also have that

diag(A1, ..., \p) +diag(p, - - -, pon) = diag( Ay + p1, -« oy Ap + L),

and we established that the set of diagonal matrices is a commutative algebra.

It is rather straightforward® to see that a diagonal matrix is invertible if and only if all
diagonal entries are non=zero. In that case,

diag(A1, ..., \,) 7t =diag(A7h, ..., A0,

EXAMPLE 50 (The algebra of upper triangular matrices). A square matrix 7" is called
(upper) triangularif all the entries below the main diagonal are 0, in other words T' = (¢;;) is
triangular if

’i>j — CLZ'j:O.

8ls it?
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For example here is an upper triangular 4 x 4 matrix:

1 11 0 0
0 -7 41 42
0o 0 0 7
0 0 0 42

The set of n x n triangular matrices is denoted by A,,. It is easy”’ to see that A,, is closed under
addition and scalar multiplication. To see that it is also closed under multiplication notice
that the i-th row of a triangular matrix has zero entries up to the (i — 1)-th column, while its
j-th column has all zero entries after the j-th row. So if A and B are triangular matrices and
i > j then the dot product a - b; = 0, and therefore the i, j entry of A B is 0.

So we established that A, is an algebra of matrices. For future use we observe that the
diagonal entries of the product of two triangular matrices are just the products of the corre-
sponding diagonal entries.

The invertible elements of A,, are exactly the triangular matrices with all diagonal entries
non-zero. For, if this the case then we have a matrix in echelon form with non-zero diagonals.
If on the other hand there a 0 in the diagonal then the corresponding column is a free column,
and therefore the matrix has non-zero nullity.

EXAMPLE 51 (Centralizers). Recall from Example 46 that if S ¢ M,, then the centralizer of
S is the set of all matrices that commute with all elements of S. Denoting the centralizer of S
by C we thus have
AeC < VXeS, AX=XA.

I claim that C is an algebra. The claim follows from the following three facts:
e If Aand X commute, sodo A A and X.
PROOF. Assume A and X commute. Then we have

(AA) X =X (AX) =X (X A) =X (\A).

L]
e If Aand X, and B and X commute, the A + B and X and commute.
PROOF. We have
(A+B)X=AX+BX=XA+XB=X(A+B).
O
e If Aand X, and B and = commute, the A B and X and commute.
PROOF. We have
(AB)X=A(BX)=A(XB)=(AX)B=(XA)B=X(AB).
L]

EXAMPLE 52 (A commutative algebra of matrices). Let

o s

Then A is a commutative algebra of matrices. Indeed for A € R and A € A we have

Xa Ab
)‘A:()\b )\a)'

We see then that A A € A. Thus A is closed under scalar multiplication.

Itis easy, right?
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Now let A be as above and let B = (z ‘Z) be a second element of A. Then

_fa+x b+y
A+B_(b+y a+x)'

Thus A + B € A and we established closure under matrix addition.
For multiplication we have

_[az+by ay+bx
Nay+bxr ax+by)”

Hence, A B € A and A is closed under multiplication as well.
We have established then that A is an algebra of matrices. To prove that it is commutative
we compute B A to verify that it is equal to A B.

AB:(ax+by ay+bx)

bx+ay by+ax

za+yb xb+ya\ f[ax+by ay+bw

2 :(ya+xb yb+xa)_(ay+bx ax+by):AB'

So A is a commutative algebra of matrices.
Now let’s find the invertible elements of A. From Example 43 we know that A is invertible
when its determinant is non-zero. Thus an element A € A is invertible if and only if

a’? -1 +0 < a+ +b.

In that case

1 a -b
-1 _
regt(s )
DEFINITION 23 (Powers of a matrix). If A ¢ M,, and k € N the power A* is defined recur-

sively as follows:
A0 =7
An+tl - An 4 -

So,
Al =A%A
= A’
and
A?=A'A
=AA,
and continuing,
A3=A%A
- (AA) A,

and so on. In general, A" is a product of n copies of A.
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REMARK 13. Because of the associative property of multiplication (the first property in

Theorem 3.4.1), we also have

A= A A"
This can be proven by induction. We just show it for the third power:
AA*=A(AA)
=(AA)A
=A% A
= A3

Powers of matrices enjoy some of the properties of powers that we are familiar with.

PROPOSITION 4. If Ae M,, and k,{ € N we have
(ﬂ) Ak AZ — AkM.

(b) (AF)' = AR
(c) (VA" = \F AP,
(d) I*=1.

(e) OF = 0.

However it’s not true, that
(AB)* = A* B¥,
unless A and B commute. For example, by definition

(AB)?=ABAB.
But we can’t swap the second and third factor, unless A and B commute.

In general, we need to be careful when we are doing algebraic manipulations with matri-

ces. For example if A, B are n x n square matrices, then we have

(A+B)?=A*+ AB+BA+ B2,
which, if A and B commute simplifies to the familiar

(A+B)?=A*+2AB+ B
Similarly,

(A+B)(A-B)=A*-AB+BA-B?
which, if A and B commute, simplifies to the familiar

(A+B)(A-B)=A?- B
Since I commutes with all matrices, we have that
A2-T=(A-I)(A+])
and
(A+1)2=A%2+2A+1.
The following Theorem follows from the more general Theorem 3.4.5.

THEOREM 3.4.3. If A is invertible, then A is also invertible for all natural numbers k and
(457 = (47)".
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Since later in this section we will prove a more general Theorem about the interaction of
matrix multiplication and inverses let us just see why the theorem is true with an example.
Say k = 3. Then (eschewing parenthesis as associativity allows us to)

AP=AAA, (A1)’ =Atatat

Therefore:

A (A1) = AAAAT AT A
- AATA AT
—AAAT AT
—ATA™
- AAT

Entirely similarly,

(A1) A3 =1
Thus indeed,

(4%)" = (47)".
So we can now define negative powers, at least for invertible matrices.

DEFINITION 24. If A is an invertible matrix, then for any negative integer k£ we define
AR = (A7

Let’s collect a few basic facts about powers of matrices. The proofs are either straightfor-
ward, already embedded in the discussion we’ve had so far, or are special cases of theorems
we'll prove later in this section. Make sure that you can provide the proofs, if you can’t at first
reading come back after you finish this section.

PROPOSITION 5. The following hold. The powers could be positive or negative integers; in the
later case we assume that the involved matrices are invertible.

(a) Properties (1) through (3) in Proposition 4 hold for all integers, provided A is invertible.
Property (4) also holds for all integers. Property (5) of course doesn’t make sense for negative
kY.

(b) All powers of the same matrix commute.

(c) If A is an algebra of matrices, A € A and k € Z then A* € A if defined.

(d) If A is invertible then for all matrices B we have:

(A1 BA) = A1 Bk 4,
provided that B* is defined.

EXAMPLE 53 (Powers of diagonal matrices). Refer to Example 49 for the notation used.

Let A = diag(ay, ..., a,) then for all & > 0 we have
A¥ = diag (a’f,... ak) )

r'n

If all diagonal entries are non-zero this is true for negative £ as well.

Owhy?
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Let’s prove this by induction. It clearly it is true for & = 0. Now,
Ak+1 — Ak A
= diag (a’f, . ,afl) diag (ay,...,an)

= diag (a'f ay,...,ak an)
= diag (a’l‘”l, . ,affl).

Now, if all diagonal entries are non-zero then (see Example 49) A is invertible and if & < 0
then - > 0 and

AF = (A_l)fl‘C = diag (a{l, . ,a;ll)fk = diag (a’f, . ak).

»'n

EXAMPLE 54. Consider the matrix

20
We have
w3 O (s ) )
Then
perast (5 ) (B )4 o)
Then,

At=A3A=-A, A =A"A=-A* A°=1.
From now on the powers will repeat in cycles of length 6. The next cycle is
AT=AA=TA=A4A,

and then
A8 = A?
A9 = A3
A0 _ g4
AL _ 45
A2 =T

We can express this periodic pattern using modular arithmetic. Any integer m can be
uniquely written as m = 6k + i where k € Z and ¢ € {0,1,...,5}, where k is the quotient and
i the remainder of the division m + 6. Then

Am = ABk+i _ A6k A7 (Aﬁ)k Al =Tk AT = A%
For example, since 12435 leaves remainder 3 when divided by 6 we have
A12435 — A3 =—_].

Or, since 134 leaves remainder 2 we have

1(-1 -3
134 _ 42 _ %
4 _A_z(\/ﬁ _1)'
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EXAMPLE 55. Consider the matrix

We have
2 (0 1} (0O 1} (0+0 O0+0)\
A _(O O) (0 0)_(O+O 0+0)_O'
Then,

A3=A20=0, A*=A30-=0,
Thus all power of A after the first are the zero matrix.

EXAMPLE 56. Let’s find the powers of

Of course,

1
A2=10
1

Now notice that

A= A=A

1 1 01 1+0+1 0+0+0 1+0+1 2
0110 0 0J=10+0+0 0+0+0 0+0+0}=1]0
1/\1 0 1 2

1+0+1 0+0+0 1+0+1

Now,

e e S
e e S
N O DN
N —

A2=2A.
So,

A3=A2A=(2A)A=2A%=2(2A)=4A,
and

At=AA=(4A)A=4A*=4(2A)=8A.
And this pattern will continue, to get the fifth power we multiply A* with A, and we’ll get

8 A2 = 16 A. Thus we have,
2n71 O 2n71
Ar=2"tA=1 0 0O 0 |.

on-1 () 9n-1
We can formalize the above argument to an inductive proof. So we will prove, using
induction, that for all n > 1!
Ar =271 A
For n = 1 the formula clearly holds since both sides are equal to A. Assuming it holds for
n we get

An+1 — A" A = (2n—1 A) A= 2n—1 AZ — 2n—1 2A=9" A= 2n+1—1 A.

U'Why the formula doesn’t work for n = 0?
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EXAMPLE 57. Let

1 1 1
2 2 2
1 1 1 1

2 2 2
A=l1 1 1 1
2 2 2 2
1 1 1 1
2 2 2 2

A direct calculation shows that
A?=1.

Then,

A3=A2A=TA=A, A‘=A3A=AA=1.
And therefore'?

I neven
A" =
{A n odd

Now that we have powers, scalar multiplication, and addition we can plug a matrix in any
polynomial with real coefficients.

DEFINITION 25 (Evaluating polynomials at matrices). Let

d
p(x) = Zaj i =agz® +ar b+ +agg ¥t + agx?,
Jj=0

be a polynomial of degree d, where a; € R, and let A € M,,. Then the evaluation of p(z) at A is
defined via

d
p(A) =) a; A =ag A% +a; A + - + a4 AT +aq AL
=0

If p (A) = O then we say that A is a root or zero of p(x).
REMARK 14. Since A° = | we often write

p(A)=apl+a1 A+ +a44 A g A

EXAMPLE 58. Let A = (2

3 9 ), and let p(z) =23 -222-2x+6,and g(z) =22 -4z + 13.

We calculate:

0 _ 1 0 1 _ 2 _3 2 _ _5 _].2 3 _ _46 _9
A_(O 1)’ A_S 2 ) A% = 12 -5 )’ e 9 -46)°
Then

12Give an inductive proof of this.
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p(A)=A3-242=2A4+6

46 -9 5 -12 9 _3 10
o -4 ‘2(12 —5)‘2(3 2)*6(0 1)
(46 -9, (10 24\ (-4 6\ (6 0
=\ o —46) |24 10) {6 -4)*l0 6

-34 21
-21 -34)°

And

q(A)=A2-4A+131

5 —19 9 _3 10
|12 -5)‘4(3 2)*13(0 1)
(-5 12\, (-8 12) (13 0
“l12 5 )+ o2 =) o 13

(00
“\o o)

The following theorem is immediate'.

So A is a root of g(x).

THEOREM 3.4.4. If A is an algebra of matrices, A € A and p(x) is any polynomial, then p(A) € A.

3.4.2. Invertible Matrices. We now focus on invertible matrices. We already know quite a
few characterizations of invertible matrices, and we will see a few more down the road. From
an algebraic point of view perhaps the following definition is the most convenient.

DEFINITION 26 (General Linear Group). We say that a square matrix A € M,, is invertible
if there exists a matrix B in M,, such that

(3.12) AB=I=BA.

In that case we call B the inverse of A and write A~! = B.
The set of n x n invertible matrices is called the General Linear Group and is denoted by
GL(n).

THEOREM 3.4.5 (Invertible matrices form a group). We have
(1) Ae GL(n) = A~!eGL(n), and actually

(A1) = A
(b) A,BeGL(n) = AB eGL(n), and actually"
(AB)'=B1A"l.

Bprovide the proof
14Notice the reverse of the order!
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PROOF. The first is obvious since by definition we have
AA T =T=A"1A,

and therefor A is the inverse of A-1L.
For the second we have:

(AB) (B'A)=A(BB')A'=ATA'=AA" =1
Similarly,
(B*A')(AB)=B* (A'A)B=B'IB=B"'B=1
l
It turns out that we don’t need to check that both products in Equation (3.12) give the

identity matrix. As the following Lemma shows, if one of the products is the identity the
other will be as well.

LEMMA 3. If A B = [ then we also have B A = I and therefore B = A~'. Similarly, if AB = I then
B=A"1

PROOF. If A B = I then for all x ¢ R® we have
A (Bx) =x.

So, every x € R™ is in the range of A and therefore A is surjective. By Theorem 3.3.2 it follows
that A is invertible. We have then

AB=] = AY(AB)=A"
— (A'A)B=4A"
— |B=A"
— B=A1

O

The properties listed in Theorem 3.4.5 have many important consequences, so we abstract
them by introducing the concept of a group. Groups play a fundamental role not only in
modern mathematics, but in physics and other sciences as well.

DEFINITION 27 (Group of functions). Let G be a set of functions with domain and codomain
the same set X. We say that G is a group if the following hold:

(a) The identity function of X is in G.
(b) G is closed under composition of functions.
(c) All elements of G are invertible, and their inverses are also in G. That is,

geG = g 'eG.

Thus Theorem 3.4.5 says that GL(n) is a group. Usually the operation of composition is
written as multiplication and we can define powers g" where g € G and n € Z, that satisfy the
algebraic properties (1), (2), and (4) of Proposition 4. We will not pursue this further at this
point. We'll come back to these ideas later though.

In Examples 54 and 57 we have matrices where one of their powers is the identity matrix.
Lemma 3 implies that such matrices are invertible because if A* = I then A¥1 A=1.
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1 7T -4
A== 4 8 1.
9\s -4 1
We calculate® that

-1 8 4 (418
A2==1s8 -1 4|, a-=|7 4 4| a-1I
N1 4 -7 9\ 4 8 1

We conclude that A is invertible and

_131418
A:A:§74—4.

-4 8 1

EXAMPLE 59. Let

O — =~

When A* = | the matrix A is a root of the polynomial z* - 1. More generally we have the
following proposition.

PROPOSITION 6. If X is a root of a polynomial p(x) = araz* + -+ + ayx + ao with constant term
ag + 0, then X is invertible.

PROOF. We have
ap XF+ o ta; X +agl=0 = X (aka‘1+---+a1[):—aOI.

If ay # 0 then we can divide both sides by a, to get

X (_%Xk—l_..._ﬂ[) =1.
Qo Qg
So X is invertible by Lemma 3, and furthermore
X_l = —% Xk_l — 000 = ﬂ [
Qo Qo ’
that is the inverse of X can be expressed as a polynomial in X. O

EXAMPLE 60. In Example 58 we saw that A = (g _23), isaroot ¢(zr) =x2-4x+13. So, Ais
invertible and

1 1 (-2 -3
-1 _ _ - _
A" = —13(/1 47) —13(3 _2).

-4
-16
=7
-11 3 4

Then one can Verify16 that X is a root of the following polynomial:
p(z)=2*-52°+92% -T2 +2.

It follows that X is invertible, and its inverse is

Xlz—%(X3—5X2+9X—7I).

EXAMPLE 61. Let

X:

DN O
NI
— N

—_

15D the calculations!
16D the calculations!
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Since, as you have already calculated,

18 2 5 5 50 3 15 15
56 5 16 16 _144 7 44 44
2 _ 3 _
Xo=l 99 4 g 7 adX°=] o ¢ 91 o3|
37 2 11 12 —93 3 29 30
we find that!”
3 -2 1 1
1{8 =2 0 o0
-1_ -
Xo=511 4 5 3|
7 -2 -1 1

Down the road, as a consequence of the Cayley-Hamilton Theorem we will see that the
converse of Proposition 6 is also true. We state the proposition postponing the proof.

PROPOSITION 7. If X is invertible then it is a root of a polynomial with non-zero constant term.
Combining this with 3.4.4 we get the proof of Theorem 3.4.2.

PROOF OF THEOREM 3.4.2. If A is invertible then by Propositions 7 and 6 we have that
A~1is a polynomial of A. Theorem 3.4.4 then implies that A~! € A. O

17Do the calculations!



3.5. THE TRANSPOSE OF A MATRIX AND THE ADJOINT OF A LINEAR OPERATOR 97

3.5. The transpose of a matrix and the adjoint of a linear operator

We have identified matrices with linear operations by letting matrices act from the left that
is the image of x is obtained by multiplying x from the left, in other words

X +— AX.

In order for that to make sense we represent x as a column vector.
Now, an m x n matrix can also act on m-vectors, but it has to act from the right

x+— xA.

In order for this to make sense we need x to be a row vector. We have

aix 0 Qip
(:)31 xm) S - =(x1a11+x2a21+-~-+xmam1 x1a1n+x2a2n+-~-+xmamn).
Am1  *° Amn
Thus the same matrix defines two linear functions,
R" — R™, xr—— Ax

and
R™ — R", xr—xA.
These two linear maps are called adjoint maps. If one of them is denoted by A the other is
denoted by A*.

DEFINITION 28 (Adjoint operators, Transpose matrices). Let A: R® — R™ be a linear
operator induced by multiplication from the left by a matrix A. Then the adjoint of A, is the
operator

AR —R" xr—xA

The transpose of an m x n matrix A, denoted by A* is the n x m matrix with row vectors
equal to the column vectors of A, or equivalently, column vectors equal to the row vectors of
A. In other words, if a,;; and a;; are the elements in the i-th row and j-th column of A, and A~
respectively, then

*_

azg A -
EXAMPLE 62. Consider the 4 x 3 matrix
-1 42 11
3 5 -10
A= 0 6 4
7T -2 0

The transpose of A is the 3 x 4 matrix A*, with a}, = a1, aj, = a2, aj; = as, and aj, = as,
and so on. Thus,

-1 3 0 7
A =142 5 6 -2
11 -10 4 O

Of course, if we transpose the transpose, we’ll get a matrix with rows the columns of A*,
that is the rows of A. Two matrices with the same rows are of course equal so

(A7) = A.
For our example, we see that indeed,
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-1 42 11
e |3 5 10
A =10 6 4
7 -2 0

Now because, the number of columns of A is equal to the number of rows of A* the multi-
plication A A* is defined and the product is a 3 x 3 matrix. But also the number of columns of
A* equals to the number of rows of A, the multiplication A* A is also defined with product a
4 x 4 matrix.

Notice that both of these matrices are square matrices, but of different dimension. We have

1886 97 296 -91
o |97 134 10 11

)’ A A= o96 —10 52 12|
91 11 -12 53

Notice that both of these square matrices are symmetric, their rows are identical with their
columns.

Now let’s look at A as a linear operator, A: R3 — R*. What is A* the adjoint linear opera-
tor?

59 41 41
AA"=|-41 1829 436
-41 436 237

AR — R3 x — x A.
What's the matrix of A*. It's columns are the images of the basic vectors e; for ¢ = 1,2, 3,4.
We have,

-1 42 11

3 5 -10

err— (L0000 o

T -2 0
:(—1-1+3-3+0-0+7-0 42-1+5-0+6-0-2-0 11-1—10-0+4-0+0-0)

=(-1 42 11)

Entirely similarly,

€ —> (375710)7 €3 — (07674)7 €4 — (77 _270)'
Thus the columns of the matrix of the adjoint operator, has columns equal to the rows of

A. Thus the matrix of the adjoint operator is the transpose of the matrix of A.
Let’s also look at the reduced echelon forms of A and A*.

1 42 11 100
3 5 -10 010
A=10 6 4170 o 1|
7 -2 0 00 0
and,
1 0 0 —22
1 3 0 7 32113
A*=|42 5 6 —2|~|0 1 0 5
11 -10 4 0 001@

226

We notice that A, and A* have the same rank.
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EXAMPLE 63 (Column and Row vectors as matrices). So far we have treated m x 1 and
1 x n matrices as column and row vectors, respectively. Let’s now look at them as matrices,
and what operations they induce.

Let a be an n x 1 matrix, then it induces the linear operation that sends 1-vectors to n-
vectors.

aq a1 T
aR'—R", ax=|:|(z)=]| ! |=za
s T 35
Thus, if we identify R! with R, then we see that the operation induced by a as a matrix,
sends a real number z to x times the vector a.
We can think of this as introducing coordinates in the line determined by a, where 1 cor-
responds to a.
The adjoint of a on the other hand, is induced by acting by a from the right, so

ay
amR" —R! x+——ax-= (xl xn) S = (et xna,) =X A
ay,
Thus a*, as an operator, sends a vector to its dot product with a. Now since the standard
basis is orthonormal, we have

e -a=a;

and we see that the matrix of a* is a row vector, with the same coordinates as a, and of
course, the transpose of a as a matrix.

ai
a=|:| = a*:(al an)
Qn
ai
a=(a1 an) = a"=|:
an

Adjoint Operators, Transpose matrices

The transpose of an m x n matrix, is an n x m matrix, such that for any m x 1 matrix x we
have:

(3.13) A*x=(x"A)".

Using Equation (3.13) we can prove the following property of the transpose.

THEOREM 3.5.1 (Transpose is an anti-homomorphism). The following hold.
(a) Transpose respects scalar multiplication. That is, for any scalar A

(VA)* = )\ A,
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(b) Transpose respects matrix addition. That is,
(A+B)" = A* + B*.
(c) If A B is defined then B* A* is also defined and
(3.14) (AB)" = B* A*.
PROOF. The proof of (1) and (2) are straightforward and left as an exercise.

For the third, we will use Equation (3.13). To prove that two functions are equal, we have
to prove that they take the same values on all elements of their domain. So, we have

(AB)" x=x" (AB)
=(x*A) B
= B* (x* A)"
_ B* (A"x)
_(B* A" x.
U

Equation (3.14) has the same structure as property (2) in Theorem 3.4.5. Transposing, just
like inverting, doesn’t preserve multiplication but it doesn’t totally destroy it either, it just
reverses the order of the factors.

If AeM, (ieitisan n xn square matrix) then A* € M,, as well. In that case A* is defined
for k € N and the following holds.

THEOREM 3.5.2. We have for k € N.

(a) If A e M, then
(AF)" = (4)F.
(b) If p(z) is any polynomial then
PA) = ((4))".

PROOF. The first follows from Equation (3.14), and the fact that all powers of the same
matrix commute, using induction. For £ = 0 both sides are equal to the identity matrix so the
statement is true. Now assume that we have proved it for £. Then we have

(Ak+1)* _ (Ak A)* - A* (Ak)* - A* (A*)k _ (A*)]Hl.

Evaluating a polynomial at a matrix involves scalar multiplication, matrix addition, and
powers of matrices. We have seen that transposing respects all of these operations and the
result follows. More formally, let

p(x) = agxd + -+ ay x + ag 2°.
Then
p(A*) = aq (A*) + - +ay (A*)" +aq (4%)°
r (Ad)* +otag A +agl
(adAd)* +o+ (ag A)" + (apg I)”
(adAd+~--+a1A+aOI)*
(p(A))".
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Furthermore, as the following Theorem shows, if A is invertible so is its transpose.

THEOREM 3.5.3 (Transposing and Inverting commute). If A is invertible then so is A*. Fur-
thermore

(A= (A1)
PROOF. We have:
AB=1 = (AB)" =1I"
— B"A"=1I.
And the result follows from Lemma 3. O
DEFINITION 29 (Symmetric and orthogonal matrices). A square n x n matrix A is called
symmetric if
(3.15) A=A
Equivalently, for all 4,5 € {1,...,n} we have
Aij = jj.
A linear operator A: R" — R" that satisfies Condition (3.15), is said to be self-adjoint. The

set of symmetric n x n matrices is denoted by S,,.
A square n x n matrix is said to be orthogonal if

(3.16) AA*=T.

A linear operator A: R" — R" that satisfies Condition (3.16), is said to be a (linear) iso-
mometry, or an orthogonal transformation.

The set of orthogonal n x n matrices is denoted by O(n) and called the orthogonal group of
n-dimensional space.

The reason for the terminology symmetric should be clear. The entries a;; and aj; are in
symmetric position with respect to the main diagonal, so when they are equal there is a sym-
metry in the matrix. Consider the symmetric matrix A A* of Example 62, we can see the
symmetry by coloring symmetric entries with the same color:

—41  -41
41 436 |,
—41 436

The reason for the terminology orthogonal is that the columns of an orthogonal matrix A
torm an orthonormal basis of R”. When we officially introduce the dot product we will explore
this property further. For now let’s us just state the following Proposition.

PROPOSITION 8. A is orthogonal if and only if
a; - aj = 6”

PROOF. The element in the 7, j column of A* A is the inner product of the i-th row of A*
and the j-th row of A. But the i-th row of A* is the i-th column of A. O

PROPOSITION 9. If A is an m x n matrix then A A* and A* A are symmetric matrices.

PROOF. We have
(A*A)" = A* (A*)" = A* A.
Similarly, we have
(AA")" = AA".
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We will prove that the set of symmetric matrices is closed under scalar multiplication and
matrix addition. But first we note that in general S,, is not closed under matrix multiplication.
That is, if A and B are symmetric their product is not necessarily symmetric. For example, let

1 2 3 3 -1 -5
A=|2 -1 of, B=[-1 0o 4].
30 -4 5 4 -4

-14 11 -9
AB=| 7 -2 -14

ny =1

two symmetric matrices.
Now we calculate,

and we see that A B is not symmetric.

B A is not symmetric either:
-14 7 29
BA=|11 -2 -19].

-9 -14 1
However, the sum A B + B A is symmetric:

-28 18 20
AB+BA=| 18 -4 -33].
20 =33 2

THEOREM 3.5.4. If A\ e Rand A, B € M, then:

(a) AeS, = MNAcS,.

(b) A,BeS, =— A+Be€S,.

(c) A,BeS, = (AB)"=BA.

(d) A,BeS, = AB+BAe€S,.

PROOF. If A* = A and B* = B we have:

(@) VWA =XA* =)\ A.

(b) (A+B) =A*+B*=A+B.

(c) (AB)"=B*A*=BA.

(d) (AB+BA)" =(AB) " +(BA)"=B*"A*+A*B*=BA+AB=AB+BA.
O

The set of orthogonal matrices on the other hand is closed under taking inverses and under
matrix multiplication. In, other words, O(n) is a subgroup of GL(n).
THEOREM 3.5.5. If A\ e Rand A, B € M, then:
(@) AcO(n) = A1eQ,.
(b) A,BeO(n) = ABeO(n).

PROOF. To prove that a matrix is orthogonal we have to prove that its inverse is equal to
its transpose.

(a) We have
A=A = (A1) =(4)
— (A = (a)
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Therefore A-! is orthogonal.
(b) Let A and B be two orthogonal matrices. Then we have
(AB) ' =B1tA™
_ B* A*
=(AB)".
U

3.5.1. The rank of the transpose. In Section 3.1 we saw that a matrix A € M,,,,, defines a
linear map A: R" — R™ given by

X — AX,

where x € R" is considered a column vector. We concluded (among other things) that the
range of this linear is spanned by the columns of A, namely

y=Ax < y=) z;a,.
i=1
Entirely similar arguments show that the range of the adjoint linear map A* is spanned by
the rows of A, namely

m
XzyA <— X = Zyia;.
i=1
Another way to see this is to recall that the columns of the transpose matrix A* are the
rows of A. Either way we have the following Theorem.

THEOREM 3.5.6. The range of A* is spanned by the rows of A. Therefore the rank of A* is the
dimension of the linear span of the rows of A.

Now recall that a basis for the range of A consists of the basic columns of A, that is the
columns that contain a leading 1 in the reduced echelon form of A. Now if a; is a basic
column, then the row that contains the leading one has all zero entries to the left of the leading
1. Therefore all these rows are linearly independent.

Therefore there are at least rank A linearly independent rows. Therefore we conclude that
the dimension of the linear span of the rows of A is greater of equal to the rank of A. So

rank A <rank A*.
Applying this to A*, whose transpose is A, we conclude that

rank A* <rank A,

as well.
Therefore we have proved the following theorem.

THEOREM 3.5.7 (Transpose matrices have the same rank). We have
rank A = rank A”.

When we restrict attention to square matrices we obtain the following corollary.
COROLLARY 3. Let A € M, be a square matrix. Then A is invertible if and only if A* is invertible.

We already knew that of course, see Theorem 3.5.3.
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3.6. Elementary matrices and row (or column) operations

We have seen two ways of solving systems of linear equations. In Section 1.1 we devel-
oped the method of using elementary row operation to get the (augmented) matrix of the
system to a (reduced) echelon form. On the other hand, Theorem 3.3.3 suggests another way,
assuming that the matrix of the system is invertible: just multiply the vector of constants with
the inverse of the matrix. In other words, the solution of

Ax=c

Y

is

x=A"lc,

The second method, in practice, is not really that different, since our method of finding the
inverse of a matrix involves row operations anyway (see Example 42). In this section we will
see that row operations can be thought of as multiplication with some special matrices: when
we use row operations we still multiply with the inverse of the matrix, but we do it in several
steps.

Recall that there are three types of elementary operations:

(a) Type I: Interchange two rows.
(b) Type II: Multiply a row by a non-zero scalar.
(c) Type III: Add a row to an other row.

DEFINITION 30 (Elementary Matrices). An n x n matrix resulting from the application of
a row operation to the identity matrix /,, is called an elementary matrix of the same type as the
row operation.

EXAMPLE 64. The following are 4 x 4 elementary matrices of type I, II, and III respectively:

1 001 10 0 1 1 001
0010 01 0 O 01 00
01 0 0}’ 00 -2 0} 001 0}
00 01 00 0 1 00 01

Indeed in the first we have interchanged the second and third row, in the the second we
multiplied the third row by -2, and the for the last we added the fourth row to the first.

THEOREM 3.6.1. Let E be an elementary n x n matrix and A an n x m matrix. Then E A is
obtained by performing to A the same elementary row operation that was performed to I to get E.

REMARK 15. We have already seen this for Type II elementary matrices. Indeed those
are diagonal matrices with all diagonal entries except one equal to 1 and one diagonal entry
equal to a number ), and the effect of multiplying with a diagonal matrix was discussed in
Example 49.

PROOF. Recall that the i-th row of the product A B consists of the dot products of the i-th
row of A with the columns of B. This means that the i-th row of the product A B depends
only on the i-th row of A and no other rows.

Now, let E an elementary matrix of Type I where the rows k£ and ¢ of I have been inter-
changed. Then if i # k, ¢ the i-th row of E is the same as the i-th row of I and therefore the i-th
row of the product E A is the same as the i-th row of the product I 4, that is the i-th row of A.
On the other hand the k-th row of E is the ¢-th row of I, hence the k-th row of E/ A equals the
(-th row of I A = A. Similarly, the /-th row of E' A equals the k-th row of A.
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If F is obtained by I by multiplying the row £ by A then all rows of E A except the k-th are
the same as the rows of A. On the other hand, the j-th entry of the k-th row of E A is the dot
product

()\ek) ta; = )\Cij.

If E is an elementary matrix of type III, obtained, say, by adding the k-th row to the /-th
row, then all the rows of E, except the (-th, are the same as the rows of / thus all the rows of
E A, except the (-th, are the same as the rows of A. On the other hand the ¢-th row of E is
e; + e¢ and so the j-the entry of the /-row is

(ek ot eg) o aj = Qg + Qyj .
U]

Next we prove that all elementary matrices are invertible. But before that let’s introduce
some notation.

DEFINITION 31. The elementary matrix obtained by interchanging the k-th and ¢-th rows
of I will be denoted by Py, the one obtained by multiplying the k-th row by A will be denoted
by Mj.», and the one obtained by adding the k-th row to the ¢-th row by Si,.

THEOREM 3.6.2. All elementary matrices are invertible. Namely,

(El) P k_Zl =P Ll
(b) M];l)\ = Mk;)\—l.
(c) Si} = M1 SpeMy;_1.

PROOF. By Theorem 3.6.2 when multiplying Py, with P, interchanges the k-th and /-th
rows of P, and so

PI?Z = ].
Similarly,
Mgy My =1,

For (3) notice that Mj,._; Sy, Mj._1 A has the effect of subtracting the k-th row of A from its /-
th row. Indeed M},._; multiplies the k-th row by -1, then Sy, adds it to the /-th row, and finally
Mj,._; multiplies the k-th row by -1 again reverting it to the original row of A. Therefore,

My, 1 SkeMy;—1 Sge = 1.
O
So applying an elementary row operation to the augmented matrix of a system is equiv-

alent to multiplying, from the left, both sides of the corresponding vector equation by an
elementary matrix. Let’s reconsider the 3 x 3 system of Example 5

T+ y+2z=3
- y+z=1
4o +2y+2=10
The corresponding vector equation is

(3.17) Ax=c
where

181 changed the variables to z, y and z.
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1 1 1 3
A=]1 -1 1],andc=] 1
4 2 1 10

We started by subtracting the first row from the second. This is really a combination of two
elementary row operations: we first multiplied the second row with -1 and then we replaced
the second row by the sum of the first and second row. In terms of elementary matrices this
is equivalent to first multiply Equation (3.17) with M5, ; and then by S5.

Ax=c < MQ;,l (AX) = MQ;,l C — 512 MQ;,l (AX) = 512 MQ;,l C.

Then we subtracted 4 times the first equation from the third. This is equivalent to the com-
position of four elementary operations: multiply the third equation by -1, then the first by 4,
then add the first equation to the third, and finally multiply the first equation by 1/4. In terms
of elementary matrices we multiplied both sides of the vector equation with M1 /4 S13 My,4 M3,
to get

M4 S13 Mg M1 S12 M1 (Ax) = Mia S1s Miga M,y Si2 Maq .

Continuing in this fashion we see that overall we multiplied the vector equation by the

matrix

B = M,y M3, 1 Sa1 My;1y2 S31 Ms;1/3 S2,3 M3,y Mi;1y4 S13 Mya M,y S12 Mo, 1.

In other words, the whole process of Gauss-Jordan elimination can be summarized as

Ax=c < BAx=DBec.

But since the echelon form of A turned out to be the identity matrix we have that B A =1,
which means that B = A-L.

The Gauss-Jordan elimination method is an efficient way of multiplying both sides
of Equation (3.17) by A1

The above discussion also gives an algebraic interpretation of the method of finding the
inverse of a matrix exposed in Example 42. Namely, we see that the inverse of an invertible
matrix is a product of elementary matrices. Since any invertible matrix is the inverse of its
inverse we see that every invertible matrix is a product of elementary matrices.

Conversely, since elementary matrices are invertible, a matrix that is a product of elemen-
tary matrices is invertible. We thus have the following Theorem.

THEOREM 3.6.3 (Elementary matrices generate GL(n)). A square matrix is invertible if and
only it can be written as a product of elementary matrices.

EXAMPLE 65. The 3 x 3 matrix

1 1 1
A=10 1 -1
2 -1 0

is invertible. To express A as a product of elementary matrices we need to find a sequence
of row operations that reduces it to the identity matrix.
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We start by multiplying the adding -2 times the first row to the third row. This corre-
sponds to the product M;,_;/, Si3 Mi,_o. Then we add 3 times the second row to the third.
This corresponds to the product My, /3 S23 Ms.3. Then we divide the third row by 5. This is
accomplished by Mj,_y/5. This turns A into an upper triangular matrix.

1 1 1 1 1 1 11 1 11 1
A=|0 1 -1}~]J0 1 -1|~|0 1 -1}]~J0 1 -1
2 -1 0 0 -3 -2 00 -5 0 0 1

The last matrix is equal to the product

M, 175 Ma.1/3 Saz Moz My._1/2 S13 My, 2 A.

Next we add the third row to the second. This is accomplished by S3, . We then multiply
the first row by -1 (corresponding to M, ;), add the third and then the second row to the first
(S31 521), and finally we multiply the first row by -1 (M;._;).

1 1 1 -1 -1 -1 -1 -1 0 -1 0 0 1 0 0
~10 1 01~10 1 O0f~10 1 O]~10 1 O]~10 1 0]}.
0 01 0O 0 1 0O 0 1 0O 0 1 0 0 1
So we have

My, Sp1 831 My 1 S3p Ms,_1/5 Mo,173 Soz Moz My,_1y2 S13 My, o A=1.n

Therefore

=il
A= (M1;71 So1 531 My _1 Sz Mg;—1/5 M2;1/3 So3 Mo Ml;—1/2 S13 M1;72)
= My,_1/o My, Sz My,—1 M o My,1/3 Mo, Sz Mo,y Mog M. _5 Ms, 1 Sso Ms._y Mo,y So1 Mo,y My ;.

Notice that even for a relatively small matrix we get a rather complicated expression. We
could simplify the expression a bit by noticing that, for example

Ml;—l/Z Ml;fl = M1;1/2

because multiplying the same row two consecutive times can be done with one step. We get
a simpler, but still complicated expression:

A= M1;1/2 513 M1;2 M2;—1/3 523 M2;3 M3;5 S32M3;—1 M2;71 521 M2;—1 Ml,fl-

REMARK 16. As the previous example demonstrates using elementary matrices to com-
pute inverses is not really that practical. Computing with row operations, as we have been
doing so far is more efficient. This doesn’t mean that elementary matrices are useless though,
looking at the same topic from different points of view increases our understanding and leads
to new insights that could be much harder to reach otherwise.

Recall (see Definition 3) that two matrices A and B are called row equivalent if there is a
finite sequence of elementary row operations that turn A on to be. By our discussion so far
we have the following theorem.

THEOREM 3.6.4. Two m x n matrices A, B are row equivalent if and only if there an invertible
m x m matrix C such that

B=CA.
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3.6.1. Column operations. We introduced row operations in Section 1.1 as operations on
the equations of a linear system. When we later introduced the vector form of a system,
equations corresponded to rows of the matrix and so these operations ended up to act on the
rows of the matrix. We represented the system

a11r1 +A12T9 + -+ + A1, Ty, =
A91L1 + Q92T + *++ + Aoy, Ty, = C2
Amp1T1 + Qoo + -+ QynTn = Cm
as
a1; a2 -t Aip Iy C1
Q21  QAg2 -+ d2p L2 | _| €2
Aml Am2 ° Qmn L, Cm
But that was a choice. We could also have represent it as
@11 A21 0 Gml
a a eee a
(21 2 ) |72 T " l=(ar 2 o cm).
Aip  A2n  ° Gmp

In other words, we represented a vector x € R" as a column but we could have represented
it as row instead. Had we done that, the matrix of the system would have been the transpose
A~ instead of A. After all,

Ax=c < x* A" =c".

Perhaps we made that choice in a parallel universe. In that universe, the equations of the
system would correspond to the columns of its matrix and the variables would correspond
to its rows, and we would talk about elementary column operations and (reduced) column echelon
form.

Of course, such a choice doesn’t really change the system, or its solution set, a vector
doesn’t care whether we write it as a column or as a row, it’s the same vector either way. So
in that hypothetical universe'® there would be a theory of linear systems that would get the
same results by using elementary column operations. The elementary matrices that would
represent their column operations would be the same as our elementary matrices though, just
applied on the right of a matrix not on the left.

Column operations and column equivalence are completely analogous to row operations
and row equivalence. Rather than copying the definitions changing “row” to column we
develop them from an algebraic point of view starting with the analog of Theorem 3.6.4.

DEFINITION 32 (Column Equivalence). We say that A, B € M,,,,,, are column equivalent if
B=AC
for some invertible n x n matrix C.

For the remaining of this section, let’s use the notation
Az B

to mean that A is column equivalent to 5.

This is not pure science fiction. There are books where this choice is made.
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THEOREM 3.6.5. Column equivalence is an equivalence relation. In other words if XY, Z are
m x n matrices, we have:
(a) X =z X.
b) Xz2Y = Y=7.
(c) Xz2YandY 27 — X =27

PROOF. (1) holds because X = X [.

(2) follows from the implicationY = X C = X =Y C-%

To prove (3), notice thatif Y = X C and Z = Y D then Z = X (C D). Furthermore, if C, D
are invertible then so is C' D (see Theorem 3.4.5). O

THEOREM 3.6.6. Two matrices are column equivalent if and only if their transposes are row equiv-
alent. In other words,
A2 B < A*~B".
PROOF. We have (see Theorem 3.5.1)
B=AC < B*=C*A".
and C'is invertible if and only if C"* is invertible (see Theorem 3.5.3). Thus, if A = B then (by
Theorem 3.6.4) A* ~ B*.

Conversely, if A* ~ B* then, again by Theorem 3.6.4 we have that 5* = C'A* for some
invertible matrix C'. But then B = AC* and therefore A, B are row equivalent. O

As a corollary we have the following Theorem.

THEOREM 3.6.7. Let A and B be m x n matrices. Then A = B if and only if B can be obtained
from A by applying a finite sequence of elementary column operations:

e Interchanging two columns.
o Multiplying a column by a non-zero scalar.
o Adding a column to an other column.

The elementary matrices P;; and Mj;, are symmetric. This is obvious for M., since it’s a
diagonal matrix. On the other hand, the ij and ji as well as the kk entries, for &k # 4, j, of P;;
are 1 and all other entries are 0, and so F;; is symmetric.

For the third type of elementary matrices we have that the diagonal entries as well as the
(k entry of Sy, are 1 and all other entries are 0. Thus the transpose of Sy, has the diagonal
entries and the k/ entry 1, and all other entries 0. So the transpose of Sy is Se.

Thus the following theorem holds.

THEOREM 3.6.8. We have
(El) PI:Z = PM.
(b) M,;*;A = M.
(C) SI:Z = Sgk.

THEOREM 3.6.9. Let A be an m x n matrix. Then

(a) A Py has the same columns as A with the k and ¢ columns interchanged.

(b) A My, » has the same columns as A except the k-th that is equal to X times the k-th column of
A.

(c) A Sy has the same columns as A except the k-th that is the sum of the k-th and (-th columns
of A.

PROOF. We have
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Thus the columns of A P,, are the rows of P, A*, that is the rows of A* with the k-th and
(-th rows interchanged. In other words the columns of A with the k-th and /-th columns
interchanged. This proves (1).

Similarly,

(14]\416;)\)>e = Mk;)\A*.

Thus the columns of A M., are the rows of M., A%, that is the rows of A* with the k-th row
multiplied by A. In other words the columns of A with the k-th column multiplied by A. This
proves (2).

Finally,

(A SM)>e = Sgk A*.

Thus the columns of A S, are the rows of S, A* that is the rows of A* with the /-th row added
to the k-th. In other words the columns of A with the /-th column added to the k-th. O

DEFINITION 33. We say that two m x n matrices A, B are equivalent, and write A ~ B, if
there is an invertible m x m matrix C and an invertible n x n matrix D such that

B=CAD.

Equivalently if B can be obtained by applying a finite sequence of elementary row or
column operations.

Exercise 8. Prove that » is an equivalence relation.
THEOREM 3.6.10. Any matrix A is equivalent to a block matrix of the form
10 - 0[]0 - 0
01 - 01]0 - 0
00 - 1[0 - of
00 - 0]0 - 0

00 « 0]0 -« 0
The number of non-zero rows (and columns) is rank A.

PROOF. We use row operations to bring the matrix to its reduced row echelon form. Then
we use column operations to put all the free columns at the end. Finally we use the leading 1
of each row to kill all non-zero entries on that row.

The number of non-zero columns is the number of basic columns in the reduced row
echelon form of A and therefore equal to rank A. O

EXAMPLE 66. Consider the matrix

1 -2 -1 4 0 -1 -2 0
2 4 -5 11 0 -4 -16 -1
-2 4 5 -11 1 4 16 1
4 -8 -9 21 -2 -7 27 2|
-1 2 5 -8 1 3 16 1
=2 =% v =1 0 =l =l

A:
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Its reduced row echelon form is

1 -20 3 0030

0 01 -1 0020
A~ 0 00 01 00O

0 00 0 0130}

0 0 0 0 0O0O0T1

0 00 0 0O0O0DO0

We use column interchanges to move the free columns to the end:

10000 -2 3 3

01000 0 -1 2
a4x]00 100 0 00

0600010 0 0 3|

00001 0 0 O

0000O0OO0O OO

Finally, we add 2 (respectively -3, —3) times the first column to the fifth (respectively sixth,
seventh), add the second column to the sixth, add -2 times the second column to the seventh,
and finally -3 times the fourth column to the seventh to get

10

e o e
e e e o=

We conclude that rank A = 5.

Exercise. Prove Theorem 3.5.7 using Theorem 3.6.10.

0

o O O~ O

0

OO = OO

0

o= O OO

0

o OO O oo

0

o OO oo

0

e oo e e






CHAPTER 4

Abstract Vector Spaces

In this chapter we abstract the algebraic properties of the standard real vector spaces R™.
We start by abstracting the properties of addition and multiplication of the real numbers and
get the concept of a field. Roughly speaking a field is a set whose elements we can add or
multiply and all the algebraic manipulations that are valid for addition and multiplication of
real numbers are still valid. In particular almost all the theory we developed in the previous
three chapters works in all fields. There are standard n-dimensional vector spaces defined
over any field, they have vector subspaces, matrices define linear maps and so on.

Then we go to the next level of abstraction by isolating the properties of scalar multipli-
cation and vector addition of the standard vector spaces that make the theory we developed
in the first three chapters work. This leads to the definition of an abstract vector space. A
vector space is thus, roughly, a set whose elements (“vectors”) can be added and multiplied
by scalars, and these operations satisfy the vector space axioms.

These are very powerful abstractions with vast scope of applications. An abstract “vector”
can be a geometric vector, a matrix, a function, the state of a quantum system, and so on.

4.1. Fields

DEFINITION 34 (Fields). A set K endowed with two binary operations + and - called addi-

tion and multiplication respectively is a field if the following properties, called the field axioms
hold:

(a) Addition is commutative. That is, for all a,b € K
a+b=0b+a.
(b) Addition is associative. That is, for all a,b,c € K
a+(b+c)=(a+b)+ec.

(c) Addition has a neutral element. That is there exists an element 0 € K such that for all
ae K

a+0=a.

(d) Every element has an opposite (or negative) element. This means that for every a € K
there exists —a € K such that

a+(-a)=0.
(e) Multiplication is commutative. That is, for all a,b € K
ab=ba.
(f) Multiplication is associative. That is, for all a, b, c € K
a(bc) =(ab)ec.

(g) Multiplication has a neutral element. That is, there exists an element 1 € K such that
foralla e K
l-a=a.

113
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(h) Every non-zero element has an inverse (or reciprocal) element. This means that for
every a € K there exists a~! € K such that
a-at=1.
(i) Multiplication distributes over addition. That is, for all a, b, c € K we have

a(b+c)=ab+ac.

It turns out that these nine axioms imply that we can do algebra in any field, pretty much
the same way we do algebra with real numbers. For the rest of this section elaborates this
vague remark.

There is only one 0 and only one 1 in any field, i.e. the elements that satisfy Properties (3)
and (7) are unique. For, assume that for 0’ € K we have that for all a € K

a+0 =a.
Then for a = 0 we have
0+0"=0.
On the other hand, by Property (3) for a = 0’ we have
0'+0=0".
But addition is commutative, and therefore 0 + 0’ = 0’ + 0. It follows then that
0=0"

The proof of the uniqueness of 1 is entirely similar.
The opposite and inverse of an element are also unique. Let’s prove it for the inverse. Let
a # 0 be an element of K and let a~! be an element that satisfies Property (9) and let b € K be
another element that satisfies
ab=1.

We will prove, using the field axioms, that b = a~!. Indeed,

ab=1 = a'(ab)=a'-1 Multiply both sides by a™*
= a'(ab)=1-a"! Using (5)
= a ' (ab)=a’ Using (7)
— (a’l a) b=at Using (6)
— (a . a_l) b=at Using (5)
= 1.-b=qa! Using (8)
= b=q! Using (7).

The following theorem summarizes some algebraic properties that follow from the field
axioms and that we will be using freely from now on. We provide proofs of some of them and
invite the reader to provide proofs of the rest and in genera to feel the details.

THEOREM 4.1.1. Let K be a field. Then the following hold.

(a) Let a € K. If for some b € K we have a +b = b then a = 0.
(b) Let a € K. If for some b € K we have ab=band b+ 0, then a = 1.
(c) Forall a € K we have

(d) Foralla € K,
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(e) Forall a e K,
(-1) a=-a.
(f) Forall a,be K,
—(a+0b) =(-a)+ (-b).
(g) Forall a,be K,
ab=0 < a=00rb=0.
(h) Forallae K ifa # 0 then a~! # 0 and

(a_l)71 =a.
(i) Ifa,be K witha+0and b+ 0 then ab + 0 and
(ab) ' =a 'l
PROOF. (a) Starting with a + b = b we add -0 to both sides and get
(a+b)+(-b) =0.
Using associative property we get
a+(b+(-b)) =0,
and since b+ (-b) =0,
a+0=0,
and finally
a=0.

(b) Note that since b # 0 the inverse b~! exists. The proof then proceeds as in (1): we
multiply both sides by 671, and then use the properties of multiplication.

(c) We have a + (-a) = 0 and by commutativity of addition (-a) + a = 0. By the discussion
about the uniqueness of the opposite it follows that the opposite of —a is a.

(d) Since 0 + 0 = 0 we have, by the distributive property

0a=(0+0)a=0a+0a,
that is, 0a + 0 a = 0 a. The result then follows from (1).
(e) We have,
0=0a(l+(-1))a=1-a+(-1)a=a+(-1)a.
Adding —a to both sides then yields the result.
(f) By (5) this is equivalent to
(-1)(a+b)=(-1)a+(-1)b
which holds by the distributivity of multiplication.
(g) If a=0o0rb=0 then by (4) we have ab = 0.
To prove the converse, we’ll assume ab = 0 and prove that if b + 0 we must have
a = 0, thus establishing the result. Now, if b # 0 the inverse b~! exists and we can
multiply both sides of ab =0 by b7}, to get
(ab)bt=0-b"
which using distributivity of multiplication and (4) gives
a(bb™') =0.
And this using the field axioms (8) and (7) gives
a=0.
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(h) We will show that (ab) (a!b7') = 1. Here is the calculations in full detail:

ab) (a*o7') = ((ab)a™t) b7t (Using distibutivity)
8 y

=((ba)a™) b (Using commutativity)

=(b(aa™t)) bt (Using distibutivity)
8 y

=(b1) b (Using Axiom (8))

=(1b) b (Using commutativity)

=bb* (Using Axiom (7))

=1 (Using Axiom (8)).

The associative property of addition means that if a, b, c € K the triple sum
a+b+c

is well defined and we don’t need to write parentheses. More generally, we can prove that for
any ai,...,a, the sum

n

ZCLZ' =a;t+ag+--+ay

1=1
is well defined and gives the same answer no matter how we insert the parentheses. For
example:

a) + ((0,2 +CL3) + (CL4 +CL5)) = (0,1 +CL2) + (0,3 + (a4 + a5)) .

Similarly the product of a,, ..., a,
n
i=1

is well defined, no matter how we parenthesize we’ll get the same answer. From now on we
will not write parentheses for multiple sums and products.

DEFINITION 35 (Subtraction and Division in a field). If K is a field and a,b € K then the
difference of a and b is defined via

a-b=a+(-b).
If b # 0 we define the quotient of a and b via
% =ab™.

As an example of how our familiar algebraic manipulations work in any field we prove
the following proposition.

PROPOSITION 10. If K is a field and a,b,c,d € K with b+ 0 and d + 0 then

a ¢ ad+be

b d " bd
PROOF. We have

(otb‘1 +cd_1) bd=abtbd+cd'bd
=ald+cdtdb
=ad+clb

=ad+ch.
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Thus we have
(ab'+cdt)bd=ad+cb.
Multiplying both sides with (bd)~! gives
ab™ +cd' = (ad+cb) (bd)™.

The last equation is equivalent to
_ad+bc

bd

a
-+
b

QIO

Finally in any field we can define the powers a" with n € Z.

DEFINITION 36 (Integer powers in a field). Let a € K. For n > 0 we define recursively

a® =1
an+1 =a"a

()
a=1-) .
a
The familiar properties of powers hold in any field. We list some of them in the following
theorem. The proofs are straightforward and are left as an exercise.

THEOREM 4.1.2. Let K be a field, a,b € K and m,n € Z. Assuming that when the exponents are
negative the base is non-zero, the following hold:
(a) a™a™ = a™m.
) (@) = g
(c) (oglb)” =a™ b

d) L = gnm.
am

a\" (b\™"
@ (3) =(z) -
EXAMPLE 67 (The reals). The set of real numbers R endowed with the usual addition and
multiplication is a field. Indeed all the field axioms hold.

EXAMPLE 68 (The rationals). The set of rational numbers Q endowed with the usual ad-
dition and multiplication is a field. Recall that a real number ¢ is said to be rational if there
are two integers m,n such that ¢ = m/n (n is non-zero of course).

Now notice that

(a) 0eQ.

Indeed we can write

If a #+ 0 and n > 0 we also define

0="

1
and since 0, 1 € Z it follows that 0 € Q.
(b) 1€Q. Indeed, 1 =1/1.
(c) Qis closed under addition. That is,

71,2€Q = 1 +q Q.
Indeed, if ¢; = m;/n; with m;,n; € Z, and n; # 0 for ¢ = 1,2 then
mqNo + Mo Ny
g t+tqp=—"""".
1 No

Now the sums and products of integers are integers and therefore m; ny + myn, € Z
and nyny € Z. Thus ¢; + g2 € Q.
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(d) Qis closed under opposites. That is,
1€Q = —qeQ.
Indeed if ¢ = m/n with m,n € Z then
-m
_q -
n
and since —m is an integer we conclude that —¢ € Q.
(e) Qis closed under multiplication. That is,
0,02€Q = 12 €Q.

Indeed,
myms

q1 492 =
n1ng

and Z is closed under multiplication.
(f) Qis closed under inverses. That is,

1eQ, ¢#0 = q'cQ
Indeed if ¢ = m/n with m,n € Z then if ¢ # 0 we have that m # 0. Then

_ n
¢'=—€Q
m

Since Q € R and R is a field we conclude that all the field axioms hold for Q).

EXAMPLE 69 (N, Z are not fields). The set of natural numbers with the usual operations
of addition and multiplication is not a field. One can check that all field axioms except (4)
and (8) hold, i.e. opposites and inverses do not exist in N.

The set of integers Z has opposites but it fails axiom (8). For example 27! doesn’t exist in
Z.

DEFINITION 37 (Subfield). Let K be a field and F' ¢ K. We say that F is a subfield if the
following hold.

(@) OeF.
(b) 1€ F.
(c) F'is closed under addition. That is,

a,be ' = a+bekF.
(d) Fis closed under opposites. That is,
a€l = -ackF.
(e) Fis closed under multiplication. That is,
a,be F = abeF.
(f) F is closed under inverses. That is,
at0andaeF = aleF.

THEOREM 4.1.3 (Subfields are fields). If F is a subfield of a field K, then F is also a field with
addition, multiplication, 0, 1, opposites, and inverses the same as K.

PROOF. Exercise. U
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EXAMPLE 70 (The complexes). C, the set of complex numbers, is a field. There various
ways to define C. We use the one in our see Exercise E.6 of Homework 4. For a more compre-
hensive treatment of complex numbers and their properties, consult Appendix A.

Let’s then define the set of complex numbers to be the following set of matrices

C={(Z _ab):a,be]R}.

Addition and multiplication of complex numbers is the usual addition and multiplication of
matrices. Notice that for all a € R the scalar matrix a I, € C and if we identify the real numbers
with 2 x 2 scalar matrices we have

RcC.
Identifying a € R with a I, € C is justified since as we saw in Example 48, addition and multi-
plication of scalar matrices mimics addition and multiplication of real numbers. In particular
we have identified I,, the 2 x 2 identity matrix, with 1.

Let us now set
. (0 -1
7= (1 0 ) eC.

. (0 -1\ ({0 -1 (-1 o) .,
Z—(l 0 1 0 eC. = 0o -1)° 1]2— 1.
a -b a 0 0 -1 .
(b a):(O a)+b(1 0):“””’
since we have identified the scalar matrix a I; with a. Thus every element of C can be written
in the form a + b8 for a,b € R. Thus we have

We have

Now,

C={a+bi:a,beR}.
Now notice that
a+bi=c+di < a=cand b=d.

So we have that a complex number =z € C and be written uniquely as
z=a+bi, a,belR.
We call a the real part, and b the imaginary part, of z.

CLAIM 2. C endowed with matrix addition and multiplication is a field, where the unit 1 is the
identity matrix, and the zero element 0 is the zero matrix'.

PROOF. Since addition in C is just matrix addition we have that addition in C is commuta-
tive and associative. Similarly we have that multiplication is associative and distributes over
addition. Since 0 is the zero matrix we also have that for all z ¢ C

2+0=0
and thus axiom (3) holds.

Now by the properties of matrix addition we have

aly+bi+(—aly-bi)=(a-a)ls+(b-b)i=0,
that is,
a+bi+(-a-0i)=0.

INotice that these matrices are identified with the real numbers 1 and 0 via our identification of real numbers
and scalar matrices.
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So, axiom (4) also holds where

—(a +bi) = -a - bi.
Now,
(a+bi)(c+di)=ac+adi+bci+bdi’
=ac-bd+ (ad+bc)i.
And so,

(c+di)(a+bi)=ca—-db+ (da+cb)i
=ac-bd+ (ad+bc)i.

Therefore we proved that multiplication in C is commutative.
The only axiom left to prove is axiom (8) the existence of inverses for non-zero complex
numbers. Let z = a + bi € C with z # 0. Then multiplying with its conjugate zZ = a — bi we get

2Z=a?+b%

and since z # 0 we have a? + b° # 0. Thus the last equation can be written

z
g — =
a? +b?

Thus axiom (8) also holds, and

-1 _ <

a?+ b

U

EXAMPLE 71 (Z/2: The smallest possible field). The definition requires that a field has at
least two elements the zero element 0 and the unity 1. It turns out that there is a field, the
smallest possible, that has only those two elements. Let

7/2 = {0,1}

and define addition a multiplication as follows:

— o+
— ol

01 -0
01 00
10 110

The multiplication table is determined by the axioms, if Z/2 is to be a field then 0-0 = 0,
etc. The addition table is also defined by the axioms. The only non-obvious entry is probably

1+1=0.

This follows because 1 needs an opposite and this opposite can’t be 0 because 1 + 0 = 1. Thus
we must have -1 = 1, or in other words, 1 +1 = 0.

The verification of the axioms is straight forward and involves checking finitely many
identities.

We can see for example that every element has an opposite, namely itself, and that the
only non-zero element 1 has an inverse, again itself.

To verify that addition is commutative for example, we need to verify that for all a, b € Z/2
we have

a+b=b+a.

Since this is obviously true when a = b we need to verify it only fora=0,b=1anda=1,0=0,
and by symmetry we only need to check that
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0+1=1+0,

which is true since both sides of this equation equal to 1.
To verify that multiplication distributes over addition we need to verify

a(b+c)=ab+ac

for all eight choices of a, b, c. By commutativity of addition these reduce to six, we chose a and
the pair {b, c}. So we have to verify that

0(0+0)=0-0+0-00(0+1)=0-0+0-1 0(1+1)=0-1+0-1
1(0+0)=0-0+0-01(0+1)=0-0+0-1 1(1+1)=0-1+0-1.

The verification of all these is straightforward. Similarly we can check that addition and
multiplication is associative.

Doing algebra on Z/2 is easy because x +x = 0 and 22 = z for all z € Z/2. So for example the
freshman’s dream identity holds:

(x+y)2 =z 492

There are (at least) two interesting interpretations of the field Z/2. The first one is via logic.
If we consider 0 to stand for False and 1 to stand for True, then multiplication is the logical and
operation while addition is the logical exclusive or. Indeed, ab is 1 only when both a and b
are 1, just as p and ¢ is true only when both p and g are true.

Similarly a + b = 1 when exactly one of the a,b is 1, just as the exclusive disjunction of two
propositions is true when exactly one of them is true.

The other interpretation of Z/2 is as integers modulo 2. In this case 0 stands for even and 1
stands for odd. Then 1 + 1 = 0 means that if we add two odd integers the result is even, 0-1 =0
means that if we multiply an even and an odd integer the result is even, and so on.

In general Z/m is defined for all integers m > 2. We can define for example

Z/m={0,1,... m-1}

and think of its elements as the possible remainders of the division by m. It turns out that if a
and c leave the same remainder when divided by m, and so do b and d, then a + b leaves the
same remainder as c+d, and a b leaves the same remainder as cd. Then for x,y € Z,, we define
x +y to be the remainder of the sum of « and y as integers, Similarly zy is the remainder of
the product of z and y as integers.

For example in Z/8 we have 7 + 5 = 4 because when we add 7 and 5 as integers we get 12,
and 12 leaves remainder 4 when divided by 12. On the other hand 5-7 = 3 because the product
of the integers 5 and 7 is 35, and it leaves remainder 3.

Addition and multiplication of integers satisfy all the field axioms except the existence of
inverses. It follows that so do modular addition and multiplication. For example the modular
products z (y z) and (zy) z are equal because the products z (y z) and (zy) = are equal in Z,
and thus leave the same reminder.

Sometimes of course we get a filed, for example Z/2 is a field as we saw. It turns out that
for prime modulus axiom (8) is satisfied as well.

THEOREM 4.1.4. For any m > 2 modular addition and multiplication satisfy all the field axioms
with the possible exception of axiom (8), in other words inverses don’t always exist. In fact, Z[p is a
field if and only if p is a prime.

PROOF. See Theorem B.2.4 in Appendix B. O
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EXAMPLE 72 (Z/3 is a field). We have the following tables for addition and multiplication
in Z/3:

From the multiplication table we see that 1°! = 1 and 2! = 2 and thus every non-zero
element has an inverse. Thus axiom (8) is satisfied. Since the remaining axioms are satisfied
for all Z/m we conclude that indeed Z/3 is a field.

EXAMPLE 73 (Z/4 is not a field). Indeed in Z/4 we have 2-2 = 0 and 2 # 0. This contradicts
Property (7) in Theorem 4.1.1.

EXAMPLE 74 (Z/5 is a field). For Z/5 we have

+10 1 2 3 4 012 3 4
001 2 3 4 00 0 0 0 O
111 2 3 40 110 1 2 3 4
212 3401 210 2 41 3
313 401 2 310 3 1 4 2
414 01 2 3 410 4 3 2 1

We can think of the elements of Z/5 arranged in a circle at the vertices of a regular penta-
gon, see Figure 1.

1

2

0

FIGURE 1. Modular arithmetic for m = 5.

Addition and multiplication are then defined as follows:

To find a + b € Z /5, start at « and walk along the circle for b steps.

Thus to find 2 + 4 I start at 2 and walk 4 steps, thus going through 3,4, 0 and ending in 1.
Thus2+4=1.
Multiplication can be defined as repeated addition.
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To find a b € Z/5, start at 0 and and walk b steps a times.

Thus to find 4-3, we start at 0 and walk 3 steps, for 4 times, going through 3, 1,4 and ending
at2thus4-3=2.

As an example of how our familiar algebra works in any field let us prove the following
claim.

CLAIM 3. For all x € 7|5 we have:

.CL’SZ.CL’.

PROOF. Let p(z) = ° — . We will prove that for all a € Z/5 we have p(a) = 0. We factor:
2 -z=x(z*-1)
=x(2?-1)(2* +1)
=x(r-1)(z+1)(z*-4)
=z(z-1)(z+1)(z-2)(x+2)
=z(x-1)(z-4)(z-2)(x-3)
=(z-0)(z-1)(z-2)(z-3) (x-4).

In the above calculations we used that 1 = -4 and 2 = -3 in Z/5.
Thus all elements of Z/5 are roots of p(x). O

REMARK 17. There are similar interpretations for the arithmetic operations in Z/m for all
m. We also remark that an analogous result to Claim 3 holds in all fields Z/p. Indeed we have

VreZ[p, aP=x.

EXAMPLE 75. The set

@[\/5]:{@+b\/§:a,be(@}

is a subfield of R. This means that it contains 0 and 1, and it is closed under addition, multi-
plication, opposites, and inverses.

(@) 0€Q[v2]. Indeed 0=0+0+/2.
(b) 1€ Q[v/2]. Indeed 0 =1+0+/2.
(c) Q[V/2] is closed under addition. Indeed,

(a+5V2)+(c+dV2)=(a+c)+ (b+d) V2
(d) Q[v/2] is closed under multiplication. Indeed,
(a+6v2) (c+dv2) = (ac+2bd) + (ad+bc) V2
(e) Q[v2] is closed under opposites. Indeed,
~(a+bV?2) = —a+(-b) V2.

(f) Q[/2] is closed under inverses. This is a bit more challenging. We have to show that
for a,b € Q with a + b\/2 # 0 we have

1

a+b\2 EQ[\/E]
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We have
(a+b\/§) (a—b\/§) =a?-20%,

and so if a? - 262 # 0 we have

1 a b
= = 2 21.
a+by/2 a?-20? a2—2b2\/_€Q[\/_]

Thus we have to show that if a,b € Q not both zero, then a? - 2b? # 0. To see this
notice that if b = 0 then a # 0 and so a? — 2b% = a? # 0.
On the other hand, if b £ 0 then

a2—202 =0 —> f:% — V2¢Q.

Since /2 is irrational we conclude that a2 — 252 # 0.

4.1.1. Standard vector spaces over arbitrary fields. All the material we developed in the
previous three chapters can be extended over any field K. We can solve linear systems, using
Gauss, or Gauss-Jordan elimination. Any matrix is row equivalent to one in echelon form
and has a unique reduced echelon form. The solutions of an m x n systems are n-dimensional
vectors i.e. elements of K", the standard n-dimensional vector space over k. In K™ we have
vector addition, and scalar multiplication by scalars A € K. We have vector subspaces of K",
linear combinations, bases, dimension and so on.

This is so because all the operations we used make sense in K as well and have the same
algebraic properties. We give a few examples of applying the theory we developed to fields
different than R.

EXAMPLE 76 (Solving a system in Z/3). Consider the following 3 x 3 system of linear
equations over the field with three elements Z3

T+2y—2z=2
2r+ vy =1
y+z=0

The augmented matrix of the system is.

1 2 -11(2
21 0 [1].
01 110

First notice that in Z/3 we -2 = 1. We add the first row to the second, then interchange the
second and third rows.

1 2 -11]2 1 2 -11]2
00 -1]0]~]0 1 1 |[O0]}.
01 110 00 -11]0

Now we add the third row to the second, subtract it from the first and multiply it by —1.
Finally we add the second row to the first.

1 2 012 1 0 012

01 0]0J~10 1 0].

00 1160 00 1]60
Thus the system has a unique solution (z,y, 2) = (2,0,0).
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EXAMPLE 77. Find a basis for the subspace of C° spanned by the vectors

vi=(1,4,1+4,1+34,-24) vo=(1,4,1+4,1+3i,-24)
vy=(1,i,1+4,1+3i,1+4,-1-219) vy =1(0,0,0,1,-1)
V5 = (070707071)
Let A be the matrix with columns v;,i=1,...,5
1 ) 0 1 0
i -1 0 i 0
A=l 1+7i -1+7 0 1+2 0
1+37 -3+¢ 0 1+3¢ 1
-21 2 1 -1-2: -1

We’ll bring A to its reduced row echelon form. Let’s start by using the second row to get
rid of of the imaginary parts of below it. So we subtract the second row from the third, add
-3 times the second row to the fourth, and 2 times the second row to the fifth.

1 2 0 1 0
t -1 0 l 0
A~|1 ¢ 0 1 0
1 72 0 1 1
0 0 1 -1-4¢ -1

Now we add —i times the first row to the second, and subtract the first row from the third
and fourth:

1 2 0 1 O
000 0 O
A~]10 0 0 0 O
000 0 1
001 -1 -1
Next we move the zero row to the bottom and the last row to the second place
1 2 0 1 0
001 -1 -1
A~]10 0 0 0 1
000 0 O
000 0 O
Finally, we add the third row to the second
1 40 1 0
001 -10
A~]10 0 0 0 1].
000 0 O
000 0 O
Thus a basis for the span of v;, i = 1,...,5is {vy, v2, v3} and the span has dimension 3.

EXAMPLE 78. Find A~! where A is the following matrix with entries in Z/5.

1 3 2
A=|4 0 1
0 2 3
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InZ/5wehave2+3=1+4=0and2-3=4-4=1.

We have
1 3 211 0 0 1 3 2|1 00 1 3 2|1 0 0
401101 0J~y0 3 3|1 1 0]~|0 3 31 1 0},
02 3|0 0 1 02 30 0 1 00 11 1 1

where we first added the first row the second and then the second to the third.
Now we add 2 (respectively 3) times the third row to the second (respectively first), and

then subtract the second row from the first. Finally we divide the second row by 3 (i.e. we
multiply with 2)

1 3 014 3 3 1 00]1 01 1 001 01
~10 3 03 3 2]~]10 3 03 3 2|~]0 1 01 1 4].
00 1|1 11 00 1]1 11 0 0 1]1 11
Thus,
1 01
Al=11 1 4].
1 11

EXAMPLE 79. Show that the map

T:C? - C3, T(z1,22) =221 —i2,(1-34)2,(3+4) 21 —2i ).
is linear and find its matrix.

We will first find the matrix of 7" assuming it is linear and then we will show that 7" is given

by multiplying column vectors from the left with that matrix thus establishing the linearity of
T. We calculate

T(1,0)=(2,1-34,3+4), T(0,1)=(-4,0,-21%)
and so if 7' is linear its matrix will be
[ )
1-3i 0 |.
3+1 =21

2 —1 p 221—’i22
1-3i 0 (Zl) =| @(-3)zn |=T(z2,2).
3+i -2i) \7? (3+14) 2 —2i2

EXAMPLE 80 (A puzzle). We have five coins each with one side green and and the other
red. We place them in a row with the green sides up.

We are allowed to flip any coin and its immediate neighbors. Thus we are allowed to
(a) Flip the first two coins, or
(b) flip the first three coins, or
(c) flip the middle three coins, or
(d) flip the last three coins, or
(e) flip the last two coins.

Now, we have

Thus T is linear.



4.1. FIELDS 127

To solve the puzzle, we have, using only these allowed operations, to get the first, third,
and fifth coin with the red side up, and the second and fourth with the green side up.

This is a typical example of a system described by finitely many bits. Each coin can be
flipped or not. If we let 0 stand for “not flipped” and 1 for “flipped” the state of our system
can be represented by a tuple of five bits, that is by a vector in (Z/2)5 . Thus flipping the first
and the fourth coin is represented by the vector (1,0,0,1,0), and flipping only the third coin
by (0,0,1,0,0). Adding the vectors that correspond to two states corresponds to performing
the corresponding flipping operations consecutively.

Now the allowed operations correspond to the vectors

\ 2 (17 1a0a0a0)7 Vo = (17 1a 17070)> V3 = (07 ]-7 ]-7 1>O)a Vy = (ana 1a 1a 1)7 V5 = (070707 ]-7 1)7

and the final state we want to achieve corresponds to the vector

v =(1,0,1,0, 1),
Thus to solve the puzzle we have to express v as a linear combination of v;, i =1,...,5. So
we have to solve the system
5
VvV = Z Xr; V;
i=1

where z; is either O or 1.
Taking the augmented matrix we have

1 1000]1 11 000]1 11 000]1 1 1000]1
111000 0010O0f1 01 1001 01 10O0f1
0601 11O0f1}~j0 111 01}~]O0O 01T O0O0]1f~J0 O 1 0 OfT1]}.
001 11(0 001 11fO0 001 11|0 001 11(0
0 00T1T1f1 0 00T1T1f1 000T1T1f1 000O0GO0Of1

The last row implies that the system has no solutions and therefore the puzzle is impossi-
ble.

EXAMPLE 81 (An other puzzle). Assume that we have the same puzzle as in Example 81
but now when the allowed move is to flip any coin and its coin to the left (if present).
This puzzle leads to the augmented matrix

100 00]1
110000
01 1001
001 10(0
000T1T1f1

We proceed to get the row-echelon form:

1 0000O0]1 1 000O0]1 11 000]1 1'1000]1
01 0O0O0f1 01 00O0]1 01 00O0f1 01 0O0O0f1
~l101 10 0f1}|~j0 01 0 0]J0~J0 O 1 O OJ1]~]J0 O 1 O O0fO0
001 1O0(O0 00110710 0001O0(0 0001O0(O0
0001T1f1 000T1T1f1 0 001T1f1 00 0O0T1f1
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Thus
V =V] +Vgy+ Vg,

and thus the puzzle can be solved by flipping the first two coins, then the second and the
third, and then the fifth. We show the solution in Figure 2

Initial State . . ‘ . ‘
Flip first and second ‘ ‘ ‘ ‘ ‘
Flip second and third ‘ ‘ . ‘ ‘

e @) @ @ @ @

FIGURE 2. The solution of the puzzle in Example 81.

We remark that we could perform the three operations in any order since vector addition
is commutative.

4.2. Vector Spaces

DEFINITION 38 (Vector space). Let K be a field. A set V' is said to be a vector space over K
if there are is a binary operation, called (vector) addition

VxV -V, (v,w)»vVv+w
and a binary operation, called scalar multiplication
KxV -V, (Aw)eAw
that satisfy the following properties (called vector space axioms):
(a) Addition is commutative. That is for all v,w € V we have
V+W=W+V.
(b) Addition is associative. That is for all u,v,w € V. we have
ut+(v+w)=(u+v)+w.
(c) Addition has a neutral element 0. Thatis forall ve V
v+0=v.
(d) Every v € V has an opposite —v. That is, there exists —v € V such that
v+ (-v)=0.

(e) Scalar multiplication distributes over vector addition. That is for A € K and v,w e V
we have
A(V+wW)=Av+Aw.
(f) Scalar multiplication distributes over field addition. Thatis for A\, x € K and v e V we
have
(A+p)v=Av+puv.
(g) Forall \,pe KandveV,
Apv)=(Ap)v.
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(h) For all v e V we have

lv=v.

As we remarked in Section 2.1 all the usual algebraic properties of scalar multiplication
and vector addition follow from these axioms.

THEOREM 4.2.1 (Some consequences of the axioms). We have:

e The zero vector is unique. That is there is only one element 0 € V' that satisfies Axiom (3).

e For v € V the opposite —v is unique. That is there is only one element —v € V' that satisfies
Axiom (4).

e For all vectors a, b the equation

a+x=b
has a unique solution.
e For any vector a
-la=-a
e For any scalar \ we have
A0 =0.
e For any vector a
Oa=0.

e For scalar )\ and vector a
Aa=0 < \=0o0ora=0.

PROOF. Exercise. For the first two the proof mimics the proof of the analogous properties
of a field, see the proofs in Section 4.1. The proofs of the other properties are exactly the same
as the proofs for the standard vector spaces, see Section 2.1. O

EXAMPLE 82. K™ is a vector space over K. This follows from Theorem 2.1.1.

EXAMPLE 83. If V is a vector subspace of K" (see Definition 6) then V' with the scalar
multiplication and vector addition inherited from K" is a vector space. First of all we note
that these operations are well defined by definition. Also we have 0 € VV and if v € V its
opposite —v € V. Since the vector space axioms hold for K they also hold for V.

More generally we have the following definition of vector subspace.

DEFINITION 39. Let V be a vector space over a field K and W ¢ V. We say that W is a
vector subspace of V' if the following hold.

(a) W contains the zero vector of V, thatis 0 € IV.
(b) W is closed under vector addition, that is

x,yeW = x+yeW.
(c) W is closed under scalar multiplication, that is
AeK,xelW = Axell.
And of course we have the following theorem.

THEOREM 4.2.2 (Alternative definition of vector subspace). Let V' be a vector space over a
field K. A subset W < V' is a subspace if and only if the following two properties hold:

o W +a.
e Forall \,ye Kanda,beV

abeW = la+ubell.
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PROOF. Entirely analogous to the proof of Theorem 2.1.3. O
We can now generalize Example 83.

THEOREM 4.2.3. If V' is a vector space and W' is a vector subspace of V then W with the operations
inherited from V' is also a vector space.

PROOF. Exercise. Follow the proof that a vector subspace of K" is a vector space given in
Example 83. O

EXAMPLE 84. Let m,n be two positive integers. Then the set M,,,,(K) of m x n matrices
with entries in K is a vector space over K with the zero matrix playing the role of the zero
vector 0. See the discussion at the beginning of Section 3.4.

EXAMPLE 85 (Function Spaces). Let X be any set, and let V' be a vector space over a field
k. Denote by V¥the set of functions X — V/, that is

VE={flf: X >V}
For f,g € VX and )\ € K we define the functions f + g and ) f as follows:
(f+9) (@) =f(z) +g(z), (Af)(x)=Af().
Then VX endowed with these operations is a vector space over K. The role of 0 is played
by the zero function O: X — V defined via
O(z) =0,
and the opposite —f is the function

(=f)(@) = ~f(z).
To prove that VX is indeed a vector space we have to prove that all the Vector Space

Axioms listed in Definition 38 hold. To prove that two functions , say f, g, are equal we need
to prove that f(z) = g(z) for all z € X. We have,

(a) Let x € X then

(f+9)(z) = f(z) +g() (By Definition)
=g(z) + f(x) (Addition in V' is commutative)
=(g+[) (2) (By definition) .

Therefore f+g=g+ f.
(b) Let z € X then

(f+(g+h))(x)=f(z)+(g+h)(z) (By Definition)
= f(z) + (g(z) + h(z)) (By Definition)
=(f(x)+g(x))+h(x) (Addition in V is associative)
=((f+g)+h)(x) (By Definition) .

Thus f+(g+h)=(f+g)+h.
(c) For z € X we have
(f +0)(x) = f(x) + O(x)
=f(z)+0
= f(2)
Thus f+0O = f.
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(d) We have for x € X

(f + (=) (@) = f(z) + (-)(@)
= f(z) + (- f(2))
=0
= O ).
Thus f+ (-f) = O.
(e) Let x € X, then
(A (F+9) (@) = A ((f+9)(x))
= A (f(2) +9(x))
=Af(z) +Ag(x)
=(Af) (@) +(Ag) (x)
=(Af+Ag)(2).
Thus, A\(f+g)=Af+Ag.
(f) For x € X we have
(O+1) 1) (2) =+ ) f ()
=M f(2) + i f(2)
- () @)+ (1) (@)
= O+ f) (@),
Thus, (A+p) f=Af+puf.
(g) For z € X we have
((Ap) ) () = (Ap) f(2)
= A (pf(x))
= A (e f)(2))
=(A(pf)) (z)
Thus, (Ap) f = A(p f).
(h) For z € X, we have
(1) (z) =1 ()
- f().
Thus 1 f = f.

From Theorem 4.2.3 and Example 85 we have the following examples of function spaces
that are vector spaces.

EXAMPLE 86 (The vector space of continuous functions). The set C(R) of continuous func-
tions R — R is a vector space. Indeed, as we know from Calculus, the sum of two continuous
functions is continuous as is the product of a real number and a continuous function.

EXAMPLE 87 (The vector space of differentiable functions). The set C!(R) of differentiable
functions R - R is a vector space. Indeed, as we know from Calculus, the sum of two dif-
ferentiable functions is differentiable as is the product of a real number and a differentiable
function.
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EXAMPLE 88 (The set of functions that vanish on a given point). Let a € R be an arbitrary
(but fixed) real number. Then
V={feC(R): f(a) =0}
is a vector subspace of C(R). Indeed, the zero function 0 vanishes at @ and so 0 € V. Further-
more, if \, p e Rand f,g €V, we have

(Af+pg)(0)=Af(0)+pg(0)=0
and therefore A\ f + pge V.

EXAMPLE 89 (The vector space of everywhere convergent powerseries). A function f: R —
R that is defined via a powerseries

f(x) = ioanx"

that converges for all x € R is said to be analytic. The set C~(R) of analytic functions R - R is a
vector space.

Indeed, as we know from Calculus, the sum of two convergent series is convergent as is
the product of a real number and a convergent series.

EXAMPLE 90. R is a vector space over the field of rational numbers Q. Vector addition
is the usual addition of real numbers, and scalar multiplication is the usual multiplication of
real numbers. This makes sense because Q € R so for A € Q and = € R we have Az € R. The
zero vector is the real number 0 € R, and the opposite of a is the usual opposite —a.

The first four of the Vector Space Axioms hold because vector addition is just field ad-
dition. Axioms (5) and (6) follow from the fact that in a field, and thus R, multiplication
distributes over addition. Axiom (7) holds because multiplication is associative, and (8) is
true because 1 is neutral for multiplication.

In general we have the following theorem.
THEOREM 4.2.4. If F' is a subfield of K then K is a vector space over F'.
PROOF. Exercise. U

EXAMPLE 91 (The vector space of polynomials). See Appendix C for the basic definitions
and properties of polynomials.
Let K be a field. A polynomial of one variable z, over K, is an expression of the form

n
p(x) = Zakxk =ag+a T+ +a, ",
k=0
where a;, € K, and x an indeterminate.
The set of all polynomials of one variable x with coefficients in K is denoted by K[x].
It is sometimes convenient to write polynomials as a sum of infinite many terms, with only
finitely many of them non-zero. In other words we think of a polynomial as having infinitely
many coefficients, one for each power 2", but after a certain power of z all coefficients are 0.
Thus we write
p(x) = Zakxk Qg+ A T+ + Ay T+ e,
keN
and we assume that a,, = 0 for all but finitely many n € N.
We define addition and scalar multiplication via

(Zanx”)+(z bnx") Y (an+ba)a”, A (Zanx”) - Y (Aaw)a”,

neN neN neN neN neN
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Note that these formulas really define polynomials because only finitely many of the sums
a, + b, or the products Aa,, are non-zero.

With these definitions, K[z] is a vector space over K, with the role of the zero vector
played by the zero polynomial, that is the polynomial with all coefficients 0. The opposite of
a polynomial p(x) is the polynomial with coefficients the opposites of the coefficients of p(x),
ie.

p(x) = Z a, " = -p(z) = Z(—an)x”.
neN neN

The proof that K[z] is indeed a vector space is straightforward. The verification of all the
axioms follows from the field axioms. For example the proof that Axiom (8) holds goes as
follows:

1 (Z anx") =Y (la,)z"

neN neN

= Z a, T".
Exercise 9. Prove that K [z] is indeed a vector space over K.

4.2.1. The vector space of linear forms. Let X be a set of variables and K a field. Then
we define a linear form to be a formal sum

W= Z Az T
xreX

where ), € K, and only finitely many of A\, are non-zero. The scalars )\, are called the coeffi-
cients of w. The set of all linear forms with set of indeterminates X is denoted by K (X). Two
linear forms on the same set of indeterminates are considered equal if they have the same
coefficients, that is

Z)\mx= Z,umx < VrelX, \; = .

reX reX
If X is a finite set then we often write the sums in expanded form. For example if X =
{1, 29, 23,74} then instead of
W= Z Ay T

xreX
we write

w = )‘1‘1 T + )\x2 To + )\x3 T3 + )\:(:4 x4.
When we use this expanded form we omit terms with 0 coefficient, thus writing
w=-3 T + 4 T3
instead of
w=-371+0x +4[L’3 +0xy.

If all the coefficients are 0 we simply write 0. In other words, the zero-form

Z Ox

zeX

is written simply 0. If x € X write z instead of 1z and -z instead of -1x.
Thus instead of

1oy +2x0+0x3+ (1) 24
we write simply
T + 21’2 —X4.
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If X is finite the requirement that only finitely many of the coefficients are non-zero is
always satisfied. The condition is non-trivial only when we have infinitely many variables.
For example if X = {z1,...,x,,...} the expression

T1+Tog+-+2Ty +:- = 21$Z¢K(X>
1eN
since infinitely many coefficients are non-zero. Informally speaking, we allow the sum of
infinitely many zero-terms but we only add finitely many non-zero terms.

We add two linear forms, with the same set of variables X, by adding their coefficients,

and we multiply a form with a scalar by multiplying all the coefficients with that scalar.

DEFINITION 40. Letw; = Y cx Av v and wy = Y,y it  be two linear forms and A € K. Then
we define

witwe= Y (Ag+piz) T
zeX

and
Awp = Y (M) o

reX
EXAMPLE 92. Consider linear forms over R with variables x, y, z. We have
(r+3y-52)+(-2,x+y+82)=-x+4y+3z,

while
TQRr+y-32)=14x+7y-21z.

REMARK 18. We have used subtraction as a an abbreviation. 2x +y —3 z stands for 2z +y +
(-3) z.

THEOREM 4.2.5. Let X be a set of indeterminates and K a field. Then, K (X) endowed with
addition and scalar multiplication is a vector space over K. The zero vector is the linear form 0, that is

Z Ox.
reX
The opposite of a form has the opposite coefficients, that is

=Y =) (<A) @

reX xreX
PROOF. Exercise. U

We consider X c K (X) by identifying the variable y € X with the form

Z Oy

reX

that is the form where all variables have coefficient 0 except y that has coefficient 1. With this
convention we see that every element of K (X) can be expressed as a linear combination of the
variables in X in a unique way. In other words X is a basis of K (X).

4.3. Linear dependence, basis, dimension

The concepts studied in Section 2.2 (such as linear span, linear (in)dependence, basis, di-
mension) are defined in exactly the same way in all vector spaces and the results (and their
proofs) proved there carry over almost verbatim.

There is an important caveat however, not all vector spaces are finite-dimensional, that is
not all vector spaces have bases with finitely many elements. Some of the results of Chap-
ter 2 do not hold for infinite-dimensional vector spaces, and some results that do hold, have
different proofs.
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That said, we will mostly concentrate on finite-dimensional vector spaces, infinite-dimensional

ones will occasionally occur but mostly in examples, they are not studied per se.

NOTE (Notation). We will be using normal fonts for elements of an arbitrary vector space
V. Thus we will use v, u, w for elements of V', and 0 for the zero vector. When there is a chance

of confusion we may use special notation for elements of V, such as 0 for the zero vector. We
reserve bold font for the elements of the standard vector space K.

DEFINITION 41. Let V be a K-vector space and S ¢ V. A linear combination of elements of
S'is a sum
Z Ay U

veS

where only finitely many coefficients ), are non-zero.

By convention a linear combination of elements of the empty subset of V' is a sum with
zero terms and is equal to the zero vector of V.

The linear span of S, denoted K (S) or when K is understood simply (S), is the set of all
linear combinations of S.

A subset S of V is called spanning if (S) = V, that is if every element of V' can be written as
a linear combination of S.

A subset S of V is said to be linearly independent if every element of (S) can be written as a
linear combination of S in a unique way. That is, if the following condition holds

Z)\Uvzz,uvv <~ YveS, A\, =y
veS veS

If S is not linearly independent we say that S is linearly dependent.

The trivial linear combination (or zero linear combination) of S is the linear combination with
all coefficients zero.

A linear dependency in S is a non-trivial linear combination of S equal to the zero-vector.

If S is both spanning and linearly independent then S is said to be a basis. Thus S is a basis
if every element of ' can be written as a linear combination of S in a unique way.

REMARK 19. If S is an infinite set, then according to Definition 41 a linear combination of
S is a sum with infinitely many terms. This doesn’t cause a real problem because only finitely
many terms are non-zero, and we make the convention that a sum of infinitely many zeros
equals to zero.

Essentially, linear combinations are finite sums, potentially padded with (potentially
infinitely many) zeros.

This convention makes all linear combinations of S to have the same numbers of terms,
and this is convenient in many circumstances.

This approach introduces some annoying insolvencies as well. For, if 5" ¢ S then a linear
combination of S’ is not a linear combination of S: there are no terms corresponding to the
elements of S\ S, i.e. the elements of S that are not in S’. For example, if S’ = {v,u} and
S = {v,u,w} then a linear combination of S’ has two terms A v + yu while a linear combination
of S has three terms A\v + v + v w, and strictly speaking these are different expressions even
ifvr=0.



136 4. ABSTRACT VECTOR SPACES

Of course, we can easily fix this, we extend any linear combination of S’ to a linear combi-
nation of S by adding zero terms. So we identify the linear combinations

Z)\Uv: Zuvv

veS’ veS
where
A, wveS
4.1 v=1 .
(4.1) It {0 e S

Also, unless we want to emphasize them, we will omit the zero terms in a linear combi-
nation. Thus instead of 2v + 0u — 3w we write 2v - 3w. If needed we may consider 2v - 3w
as a linear combination of {z,v,w} as well. No harm is caused by this because the only linear
combinations that extends to a trivial linear combination is the trivial one. Indeed using the
notation of Equation (4.1), we have that if y1, =0 forallv e S, then A\, =0 forall v € S".

In what follows many of the proofs are only sketched because the are (nearly) identical to
the proofs in Chapter 2.

THEOREM 4.3.1. Let S ¢ V where V is a vector space over a field K. The following hold:
(a) S is linearly dependent if and only if there is a linear dependency in S.
(b) S is linearly independent if and only if the only linear combination of S equal to 0 is the trivial
linear combination.
(c) If S"c Sand S' is spanning then so is S.
(d) If S’ c S and S' is linearly dependent then so is S.
(e) If S’ 2 S and S’ is linearly independent then so is S.
(f) If 0 in S then S is linearly dependent.
(g) If some w € S is a linear combination of S \ {w} then S is linearly dependent.

PROOF. (a) If there is a linear dependency
2 Av=0
veS
with some )\, # 0, then 0 can be written as a linear combination of S in two different

ways:
Z Av=0= Z Ow.
veS veS
Thus S is not linearly independent.
Conversely, if S is linearly dependent then some w € V' can be expressed as a linear
combination of S in two different ways, say

w = Z)\U’U, w = Z,uvv

veS veS

with \, # i, for some v € S. Then by subtracting the two equations we get
0=> Av= tpv=> (A= i) 0.
veS veS veS

Since \, # i, we have \, — i, # 0 and thus

Z(AU — ) v =0

veS

is a non-trivial linear combination equal to zero, i.e. a linear dependency.
(b) Logically equivalent to Item (a).
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(c) Every element of V is a linear combination of S’. Since, (see Remark 19) linear com-
binations of S’ are also linear combinations of S it follows that every element of V' is
a linear combination of S. Thus S is spanning.

(d) A linear dependency on S’ is also a linear dependency on S.

(e) Logically equivalent to Item (d).

(f) {6)} is linearly dependent since 1 - 0 =0.and by Item (d) so is every superset of

{0}
(g) fw=XA v+ + A\, v, with \; e K and v; € S\ {w} we have
“lw+ Ao +-+ A0, =0,

a linear dependency in S since -1 # 0.
O
EXAMPLE 93 (Examples of linearly dependent and independent sets). Here are some
examples of linearly dependent, and linearly independent sets for several vector spaces.
(a) Consider R as a vector space over Q. Then the set

(v2.v3)

is linearly independent.
Indeed, assume to the contrary that there are two rational numbers p, ¢ € Q such
that

4.2) pV2+q¢V3=0.

Then squaring both sides we get
2p? +2pq\/6+3q2 =0.

Now if p = 0 we get 3¢? = 0 and so ¢ = 0 as well. Similarly, if ¢ = 0 we have that p =0
as well.
Assume then that p # 0 and ¢ # 0. Then we get

N 2p% +3¢> ‘
2pq
Since p,q € Q the RHS of the last equation is a rational number and thus we get
that v/6 € Q. But this is a contradiction because /6 is irrational (see Corollary 5 in
Appendix B).
(b) The set {\/%, V45 } c R is linearly dependent over Q.
Indeed 20 = 2+/5 and /45 = 3/5. Therefore,

3vV20-2v45=0.
(c) The set {v,u,w} c C3 where
v=(1+2i,1-4,4), u=(2,-3i,3-4i), w=(11,1-124,11-114),

is linearly dependent.
Considering the matrix A with columns v, u, w we have

1+2i 2 11 10 -2i+1
A=(v u w)=|1-i -3i 1-12i|~|0 1 3 |[.
0

i 3-4¢ 11-119 0 0
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And thus {v,u, w} is linearly independent. We actually have
w=(1-2i)v+3u
because A is the augmented matrix of the vector equation
HV+2HU=W

considered as a system.
(d) Let S be the subset of M3 consisting of the matrices

2 -1 0 0 2 -2 1 3 4
A:(o 1 1)’ B:(l 0 3)’ C‘(1 0 0)
is linearly independent.

Indeed the equation
tA+yB+2z =0

is equivalent to
2 -1 0\, (02 -2) (13 -4)_(00 0
o 1 1)7%1 0 3)7*\1 0 o) \o o0 o)

which in turn is equivalent to the system

2z +32=0
-r+2y+32=0
-2y-42=0
y+ z2=0

x =0
x+ 3y =0

Solving this is straightforward, the fifth equation gives x = 0, and then the sixth
gives y = 0, and then the fourth gives z = 0. Thus only the trivial linear combination
of S equals to zero, and S is linear independent.

(e) Consider the subset S of R[z] consisting of the polynomials

po(z) =1, pi(x) =2, pa(z) =z (2 -1), ps(z) =z (z-1) (2 -2).
To check whether S is linearly independent we have to solve the equation

3
(4.3) Z Aipi(z) =0,
i=0

for \; e R.
We can proceed in two ways:

First way: Find the coefficients We expand

pa(z)=2° -2

and then
p3(x) = (2?2 -2)(x-2) =2 -32% + 2.

Thus the LHS of Equation (4.3) is
)\0+)\1£L'+)\2 (1'2 —ZL’) +)\3 (1'3—31‘2 +2£L’) = )\0+ ()\1 —)\2+2)\3)£L'+ ()\2—3)\3)1‘2 +)\3£L'3.
In order for this to be the zero polynomial all coefficients have to be 0. So we get
the system
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Ao =0
A=A +2X3=0
A2—3X3=0
A3 =0
Clearly the system has only the trivial solution and therefore S is linearly inde-

pendent.

Second way: Evaluate at select points We write Equation (4.3) as p(z) = 0 where,

pl)=X+Mz+Xz(z-1)+Az(z-1)(z-2).

Since p(z) is the zero polynomial, p(a) = 0 for all real numbers a.
Evaluating at 0 we have p(0) = A\¢ and thus Ao = 0. Thus

p(x)=Mx+Xz(z-1)+ A3z (x-1)(x-2).
Evaluating at 1 we have p(1) = A\; and so \; = 0. Therefore

p(x) =Xz (x-1)+ N2 (x-1)(z-2).
Evaluating at 2 we get p(2) =2 X\, and so A, = 0. But then
p(x)=X3x(z-1)(z-2).

and evaluating at any number other than 0,1, 2 we get that A3 = 0. Thus we con-
clude again that Equation (4.3) has only the trivial solution.
(f) The set of functions

S={f1,fa f3} € RF

where,
firR>R, fi(xr)=coskzx, k=1,2,3
is linearly independent.
Indeed consider a linear dependency

acosr+bcos2x+ccosdz=0.

Evaluating at « = 7/2 gives —b = 0 and so b = 0. Evaluating then at x = 7/6 gives

acos%:O =— a=0

and finally evaluating at z = 0 gives c = 0 as well.

Therefore only the trivial linear combination of S equals the zero function estab-
lishing that S is linearly independent.

THEOREM 4.3.2 (Characterizations of basis). Let V' be a vector space and B < V. Then the
following are equivalent.
(a) B is a basis.
(b) B is spanning and linearly independent.
(c) Every v € V can be written uniquely as a linear combination of elements of B.
(d) B is a maximal linearly independent subset of V. That is, B is linearly independent, and if
B ¢ B’ then B’ is not linearly independent.

(e) B is a minimal spanning subset of V. That is B is spanning and if B’ ¢ B then B’ is not
spanning.
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PROOF. We have that (a), (b), and (c) are equivalent by definition.
(@) = (d). If Bis abasis and w ¢ B then w is a linear combination of elements of B and
therefore, by Item (g) of Theorem 4.3.1, B u {w} is linearly dependent.
(d) = (a). If B is a maximal linearly independent subset of V, then B is spanning. For, if
there was a w € V' \ (B) we would have that Bu {w} is linearly independent contradicting the
maximality of B.
(@) = (e). Let B beabasis of V and B’ a proper subset of B. Then thereis a w € B\ B’ and
such a w is not a linear combination of elements of B’, otherwise, by Item (g) of Theorem 4.3.1,
B would be linearly dependent. Since w ¢ (B’) we have that B’ is not spanning.
(d) == (a). If B is a minimal spanning subset of  then B is linearly independent. For, if
there is a linear dependency in B

A UL+ AUy +-+ A\, v, =0

with, say, \; # 0 then
_ )\2 )\n
U1 —)\—1U2+“'+)\—1
and this means that B \ {v;} is spanning. Indeed, in any linear combination of B, we can
replace v; with the RHS of the above equation to get a linear combination that does not involve
v1. But B\ {v;} is a proper subset of B and thus it is not spanning, and we’ve arrived at a

contradiction. Thus B is linearly independent and thus a basis. O

Un

It turns out that every vector space has a basis. The idea of the proof is essentially the
same as in the case of subspaces of R" (see Theorem 2.2.6) but there are some logical subtleties
arising from the fact that a basis is not necessarily a finite set. So we just state the following
theorem and provide a rough sketch of the proof in Appendix D.

THEOREM 4.3.3 (Existence of basis). Every vector space has a basis. Furthermore, if By and By
are bases of the same vector space V' then there is a bijection B; — By®,

If V has a finite basis all the proofs of Section 2.2 go through. We collect the main results
in the following theorem.

THEOREM 4.3.4. et V be a vector space over a field K and let B = {vy,...,v,} be a basis of V.
Then the following hold.

(a) Every other basis of V has d elements.

(b) If B’ c V is linearly independent and | B' | = d then B’ is a basis.
(c) If B' €V is spanning and | B’ | = d then B’ is a basis.

(d) If B <V and | B'| > d then B’ is linearly dependent.

(e) If B <V and | B'| < d then B’ is not spanning.

PROOF. Exercise. Go through Section 2.2, find the corresponding statements and verify
that the proofs go through. O

DEFINITION 42 (Dimension). The cardinality of a basis of V' is called the dimension of V'
and is denoted by dim V. If dim V' is finite we say that V' is finite dimensional. If V is not finite
dimensional we say that V' is infinite dimensional.

Occasionally we write dim V' < co (respectively dim V' = co) to mean that V' is finite dimen-
sional (respectively infinite dimensional).

REMARK 20 (Basis and dimension of the zero vector space). We make the convention that
the empty set @ is a basis of the zero vector space {0} and therefore dim {0} = 0.

2This means, by definition, that B; and B, have the same cardinality, i.e. the same number of elements.
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THEOREM 4.3.5. Let V' be a finite dimensional vector space over a field K and W ¢ V a vector
subspace. Then
dim W < dim V
with equality holding if and only if W = V.
Furthermore any basis of W can be extended to a basis of V.

EXAMPLE 94 (The standard basis of M,,,,,). The set of basic matrices B={E;;:i=1,...,m,j=1,...

where E;; has all entries 0, except the (¢, j)-th entry that is 1 (see Definition 20) form a basis of
Mpn (K).

The proof is very similar to the proof of the real case. See Proposition 2.

It follows that dim M,,,,,, = mn.

As an application we can prove the following proposition.

PROPOSITION 11. Let A € M,,(K). Then there exists a non-zero polynomial p(z) € K[x] such
that p(A) = O.

PROOF. Since dimM,, = n? theset {A*: k =0,...,n?}is linearly dependent. Therefore there
is a non-trivial linear combination

col+ciA+cg A2+ +cpp AV =0
with at least one coefficient ¢; # 0. That means that A is a root of the non-zero polynomial
p(x) =co+crx+-+cya™

O

EXAMPLE 95 (Basis for upper triangular matrices). Recall (see Example 50 in Chapter 3)
that A, stand for the set of n xn triangular matrices, and that A,, is closed under addition and
multiplication, in particular, A, is a vector subspace of M,,.

The set of basic matrices
is a basis of A,,. For example, for n = 3 we have the basis

{E117 E127 E137 E227 E237 E33} .

It follows that )

dimAn:n+(n—1)+---+2+1:%.

EXAMPLE 96 (The standard basis of K[x]). The set
B={z":neN}={l,z,2%...,2",...}

is a basis of K[z]. Indeed B is spanning because every polynomial is, by definition, a linear
combination of elements of 5. To see that B is linearly independent observe that if

Z ap, " =0

neN

then the polynomial )’ a,, ™ is the zero polynomial and therefore a,, = 0 for all n € N.
We call B the standard basis of K[x]. Since B is infinite we conclude that K[z] is infinite
dimensional.

EXAMPLE 97 (Polynomials of degree up to n). Let P, (/) be the set of polynomials with
coefficients in K and degree at most n. That is

Pn(K):{Zakxk:aieK, fori:O,...,n}.
k=0
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Clearly,
P,=K(l,z,...,2")
and therefore P,,(K') is a vector subspace of K[z]. By Example 96 we have that
B={z":n=0,...,n}

is linearly independent.
Therefore dimP,,(K) =n + 1.

EXAMPLE 98 (An other basis of R[z]). The set B consisting of polynomials

po(z) =1

pi(z) =z

po(z) =2 (x-1)

p3(z) =z (z-1)(z-2)

is a basis of R[z].
Formally, we define p, (x) recursively as follows:
pO(*T) :17 pn+1($) =pn(l’) (x—n)

We can see’ that B is linearly independent as in Item (e) of Example 93.

To prove that B is spanning we will prove that every element of the standard basis of R[]
(see Example 96) is a linear combination of elements of 5.

Thus, we will prove using mathematical induction that for all n € N, 2™ € (B).

For n = 0 we have 20 = 1 € B. Now assume that for some nq,no,...,n; € N we have

" = )\lpnl + )\2pn2 toeeet )\kpnk
Then, since
xpn(x) = pn+1($) + ’flpn(l’),
we have
mn+1 =

(Alprn + )\2pn2 +oeeet )\kpnk) xr
= At (Pry1 (@) + 10100y (2)) + -+ X (D1 (2) + 7 P, (7))
= )\1 pn1+1($) + 1y )\1 pn(m) +oeeet )\kpnk+1($) + Ny )\kpnk (I‘)

So z"*1 is also a linear combination of elements of B. Thus we established that B is spanning.

4.4. Linear maps
The definition of linear map (see Definition 14) carries over almost verbatim.
DEFINITION 43 (Linear function). Let IV and W be vector spaces over a field K. A function
ffV-Ww

is said to be linear if it enjoys the following two properties.

3Do this yourself.
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(a) It respects vector addition. This means that for any two vectors v, w € V we have
fw+w) = f(v) + f(w).
(b) It respects scalar multiplication. This means that for all A € K and v € V we have
Fw) = A f(v).
And of course Theorems 3.1.1 and 3.1.2 also hold, as does Corollary 2.
EXAMPLE 99. The function

f: Klz] - K[z],  f(p(z)) =3p(z) -2
is not linear. Indeed, f(0) = -2 # 0.

EXAMPLE 100 (The zero function and the identity function are linear). Let V, W be vector
space over a field K. Then we can define the zero map that sends all vectors to the zero vector
of W:

O:V->W, O(v)=0.
Clearly O is linear*

Also clearly’, the identity function I: V — V that sends every vector to itself (i.e. I(v) = v)

is linear.

EXAMPLE 101 (The derivative is a linear operator). Let C(R) be the vector space of con-
tinuous functions R - R, and let C!(R) be the vector space of continuously differentiable
functions R — R, that is functions that have continuous derivatives. Then the function

D:CY(R) - C(R), D(f)=f

is linear.
Indeed, let f, g be continuous differentiable functions and a, b € R. Then from Calculus we
know that

D(af+bg)=(af+bg) =af +bg =aD(f)+bD(g).

EXAMPLE 102 (The definite integral is a linear operator). Let C([/*,F]) be the vector space
of continuous functions [0, 1] - R. Then the function

s:c([0,1]) >R, S(f)= folf(g;)dx

is linear.
Indeed, let f, g be continuous real functions on the unit interval a,b € R. Then from Calcu-
lus we know that

1 1 1
S(af+bg)= f (af+bg)(x)dx= f af(x)dx+b[ g(x)dx=aS(f)+bS(g).
0 0 0
To simplify notation let’s write [, to stand for the field Z/p.

EXAMPLE 103. Let
L: Fy[z] > Fa[z],  L(p(x)) = p(z)”.
Then L is a linear map.
We first establish the following result.

CLAIM 4. Let p(x) € Fo[x]. Then
p(x) +p(z) = 0.

415 it clear? Prove it.
SDitto.
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PROOF. Let p(x) =3 a, x™, with a,, € Fy. Then

p() +p(x) =Y apa™+ > ana” =Y (ap+a,)x" =Y 02" =0

because for a € F, we have a +a = 0. O
Let then p(z),q(x) € Fy[x]. We have

L (p(z) +q(2)) = (p(2) +4(2))” = p(z)*+p(2) g()+p(2) 4(2)+9(2)* = p(2)*+9(x)* = L(p(z))+L(a(2))-
Thus Poperty (a) of Definition 43 is satisfied. Poperty (b) is also satisfied since
L(0p(z)) = (0p(x))* = 0* =0,
and
L(1p(z)) = (1p(x))* = p(2)* = 1p(z)* = 1 L(p(x)).

EXAMPLE 104 (Evaluation is linear). Let K be a field and let a € K. Let E,: K[z] > K be
the map that assigns to a polynomial its value at a. That is,

Eu.(p(x)) = p(a).

Then E, is linear.
I leave the proof as an exercise. Start by writing p(x) = . a, 2", ¢(z) = . b, 2", and compute
Ap(z) + pg(z) and substitute a for x.

EXAMPLE 105 (Taking transpose is linear). The function
T: Mpsn > My, T(A)=A"

is linear.
We already proved this, see Theorem 3.5.1.

EXAMPLE 106 (Extracting the diagonal is linear). The function that extracts the diagonal
of a square matrix is linear. That is, (refer to Example 49 for the notation), the map

D: Mn g Mn T(A) = diag(an,a22, 000 7ann)-

is linear.
Indeed

DANA+pB) =diag(Aayy + 4,011, -y A@pp + 14, b))
=diag(Aaq1, ..., Aap,) + diag(p, by, ..o, ity bun)
= X diag(ayy, ..., an,) + i diag(bir, ..., bun)
=AD(A) +pD(B).
EXAMPLE 107. Let S, be the vector spaces of symmetric matrices. The the function
ffM, =S, f(A)=A+A"

where A* is the transpose of A4, is linear.
We first note that f is well defined, that is f(A) is indeed a symmetric matrix since

(A+A) = A"+ (A) = A"+ A=A+ A*.

The linearity of f follows from the properties of the transpose. Indeed, if A,z € R and
A, B € M,, we have

FOANA+uB)=(MNA+uB) = A" +uB*=Xf(A)+uf(B).
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EXAMPLE 108. Let X € M,, be an m x m matrix. Then for any positive integer n, the
function
f: men%menu f(A):XA
is linear.
Indeed, Poperty (a) of Definition 43 holds because matrix multiplication distributes over
matrix addition (Property (b) of Theorem 3.4.1):

f(A+B)=XA+XB=f(A)+ f(B)
Poperty (b) of Definition 43 holds because of Property (c) of Theorem 3.4.1:
F(A) =X (NA)+ X (XA) =X\ f(A).
The kernel and the range of a linear map are also defined the same way as in the case of
linear maps between standard vector spaces. That is, if f: IV — IV is a linear map then
ker f={veV: f(v)=0}
is a subspace of V, and

R(f)={f(v):veV}

is a subspace of .

THEOREM 4.4.1. Let V,W be vector spaces over a field K and let let f: V — W be a linear map.

Then f is injective if and only if
ker f = {0}.
PROOF. Since f is linear we have f(0) = 0, and thus if f is injective we have
vekerf — f(v)=0 = f(v)=f(0) = v=0.
Conversely, the linearity of f gives
fw)=f(w) = f(v)-f(w)=0 = f(v-w)=0 = v-wekerf.
Thus if ker f = {0}, we have
v-—wekerf = v-w=0 = v=w,

that is, f is injective. O

As in the case of the standard vector spaces, a linear map is completely determined by the
images of a basis. We express this idea in the following two theorems, the first, Theorem 4.4.2
says that if two linear maps agree on a basis then they are equal. The second, Theorem 4.4.3
says that to define a linear function we only need to define it on a basis.

THEOREM 4.4.2. Let f,g: V — W be two linear maps and let B be a basis of V. If for allv € B we
have
f(w) =g(v)
then f = g.

PROOF. We need to prove that for all v € V we have f(v) = g(v). So, letv e V. Since Bisa
basis of B we have
W = Z Au Uy

ueB
for some (unique) A\, € K. But then using the linearity of f and g we have

f(v) =f(z Auu) =Y M) = Y Aug(w) =g(z Auu) _ 5

ueB ueB ueB ueB
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THEOREM 4.4.3. Let V,W be vector spaces over a field K, and let B be a basis of V. Then any
function

f:B->W
can be uniquely extended to a linear function

L:V - W.
That is there one, and only one, linear function

L:V W
such that for all v € B we have

L(v) = f(v).

Furthermore, the range of L is the linear span
R(L)=K(f(u):ueB).

PROOF. By Theorem 4.4.2, there can be only one such linear function. Now for v € V, there
are unique coefficients A\, such that
v = Z Ay U

ueB
. We can then define,

L(v) = Z}BAU f(w).

We remark, that the uniqueness of the coefficients A\, guarantees that this indeed defines a
unique vector L(v).

Let now, A\, u € K and v, w € V. We need to prove that

LAv+pw)=AL(v)+pL(w).
Let us express v and w as linear combinations of B:

U=Z)\uu, wzz,uuu

ueB ueB
and observe that the expression of Av + prw is

Av+pw =Y (AN + o) u.
ueB
It follows that

LOw+pw) =Y (A + p ) fu)

ueB

=AY A f(w) +p Y f(u)

ueB ueB
=AL(v) + pu L(w).

Now, by definition, L(v) is a linear combination of { f(u) : u € B}, and any linear combina-
tion is the image of a vector v € V. Indeed

Z)\uf(u)zL(Z)\uu).

ueB ueB

Thus,
R(L) =K (f(u):ueB).
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In practice when we use Theorem 4.4.3 we use the same symbol for f and L, and say
something “like let L: V' — W be the linear function defined on B via” and give the values
L(u) for u € B. Here are a few examples.

EXAMPLE 109. Find a formula for the linear function L: M,,(K) - K defined on the stan-
dard basis of M,,(K') by
L(Ew) = 52]
In other words if ¢ = j then L(E;;) = 1 otherwise L(E;;) = 0.
Let X = (z;;) be an n x n matrix with entries in K. Then

ij=1
and therefore
L(X) = Z Lij 5ij = ZCL’”
i=1

ij=1
Thus L(X) is the sum of the diagonal entries of X.

The linear function of Example 109 is an important one, it will appear later in this course.

DEFINITION 44 (The trace of a square matrix). The function defined in Example 109 is
called the trace, and is denoted by trace. Thus for X = (z;;) € M, (/) we have

trace X = ix”
i=1
EXAMPLE 110. Let C(z1, 29,23) be the vector space of linear forms with indeterminates
21, 2o, 23 (see Section 4.2.1), and let
f: C (Zl, 22, Zg) - Cg
be defined on the basis {z1, 29, 23} via
f(zl):(i7070)v f(ZZ):(lal_i>O)v f(z?:):('iv_ivgi)'

Find a formula for f, and determine its kernel and its range.
We have for a;,as,a3 € C

flarz1 +az e +azgzz) = ay f(21) +as f(22) + as f(23)
=ay (4,0,0) + az (1,1 -14,0) + ag (¢, -4, 31)
= (as + (a1 +ag)i,as — (ag +az)i,3azi).
The kernel of f consists of all linear forms a; z1 + as 25 + a3 23 such that
flayz1 +aszo+azz3) = 0.
This means
(az + (a1 +az)i,as — (az +az)i,3azi) =0,
which is equivalent to the system

(4.4)

CLQ—(CL2+CL3)i =0 .
3a3i

{ CL2+(CL1+CL3)i =0

It’s easy to see that The only solution is the trivial one and it follows that

ker f = {0}.
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The range of f is the linear span C(f(21), f(22), f(23)). But since the system (4.4) has only
the trivial solution the set { f(21), f(22), f(23)} is linearly independent, and since dim C3 = 3 it
follows that it is a basis of C3. Thus

R =C3.

EXAMPLE 111. Consider the linear map L: M3(R) — R[z] defined on the standard basis as
follows:

L(E;;) =z,
Then we have®
L(A) = a1; 22 + (a12 + ag1 ) 23 + (ay3 + ax +as; ) * + (ags + azy ) z° + asz z°.
The range of L is then
R(L) = <x2,x3,x4,x5,x6)

a 5-dimensional subspace of R[z].
By solving the equation

L(A)=0

0 a b
ker L = -a ¢ dl:a,bc,deRy,
-c-d -b 0

a 4-dimensional subspace of M3.
Notice that

we find that

dim M3 = dimker L + dim R(L).

This indicates that a version of the rank-nullity theorem, holds in general. We will indeed see
that this is the case.

DEFINITION 45. The set of linear functions V' — W is denoted by L(V,W). If V = W we
simply write L(V).

THEOREM 4.4.4 (A linear combination of linear maps is linear). Let V, W be vector spaces
over a field K. Then L(V, W) is a vector subspace of WV (see Example 85 for the definition of WV).

PROOF. Exercise. See the proofs of Theorems 3.1.6 and 3.1.7. O

THEOREM 4.4.5 (Composition of linear maps is linear). Let V,U, W be vector spaces over a
field K and let g: V' — U and f: U — W be two linear maps. Then the composition

foqg VW
is linear.
PROOF. Identical to the proof of Theorem 3.1.9. O

THEOREM 4.4.6 (Inverse of a linear map is linear). Let f: V — W be an invertible map. If f
is linear then so is f~1.

PROOF. Recal that a function is invertible if and only if it is a bijection, and in particular
an invertible function is surjective. Let then \;, \; € K and w;,w; in W and ler f: V - W be

6Verify this.
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an invertible linear map. Since f is surjective, for i = 1,2 we have w; = f(v;) (or equivalently
v; = f~H(w;)) for some (unique) v; € V. Then,

FH v wy + Adaws) = f7H (A f(v1) + Ae f(02))
= [N (f(A v+ A v2))

= )\1 v + )\2 V2
= )\1 f71 (wl) + )\2 fﬁl(wg).

Therefore f~! is also linear. ([

4.5. Isomorphisms

The concept of isomorphism is fundamental in modern mathematics. Roughly speaking,
two mathematical objects are isomorphic with respect to some “structure” if they are copies
of each other, as far as that structure is concerned. Even when we don’t explicitly mention
it we use isomorphisms, particular identifications that preserve the structure of interest, all
the time. For example we say that R c C, but strictly speaking that’s false. For example,
if we take C to be a 2-dimensional real vector space, with a certain multiplication defined
as we do in Appendix A, R and C have no elements in common. The real numbers that sit
inside C are an isomorphic copy of R. But we don’t really care, because that copy has, exactly
the same properties as R as far we are concerned. We don’t really care about ontological
questions, what we care about is that R is a field that has certain properties, any field with
those properties will do. The same goes for C, we could consider C to be a set of matrices as
we did in Example 70, and nothing of importance would change, we would have exactly the
same theorems, because we don’t really use the nature of the elements of C, once we establish
the basic properties that we want, we forget all about the fact that complex numbers were
defined as matrices, or as vectors, or whatever definition we used.

When we study a vector space, the important properties from our point of view, are those
properties that are defined in terms of scalar multiplication and vector addition. Things like
bases, dimension, etc. If two vector spaces have all those properties the same, we might as
well consider them identical. An isomorphism of vector spaces is then a way to identify two
vector spaces, i.e. a bijection, that respects scalar multiplication and vector addition. This
means that if we have identified v € V with w € W then Av should be identified with Aw for
all scalars A. Similarly, if v1,v, € V' are identified with wy,w, € W, respectively, then v; + v,
should be identified with w; + ws. In other words, the bijection we use to identify V and W
should be a linear map.

DEFINITION 46. If V, W are vector spaces over K, and f: V' — W is a linear bijection, we
say that f is an isomorphism of vector spaces, or simply an isomorphism.
If there is an isomorphism f: V — W we say that V is isomorphic’ to W and we write V = W.

THEOREM 4.5.1. Let V,U, W be vector spaces over a field K, and let g:'V — U and f: U - W be
isomorphisms. Then the following hold:
(a) The identity map
Ly V-V, Iy(v)=v
is an isomorphism.
"The term “isomorphic” comes from the greek words “ILOY” (isos) meaning equal or the same and

“MOP®H” (morphe) meaning form or shape. Thus two isomorphic vector spaces have the same form, they
look the same as vector spaces.
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(b) The inverse
f71: W - U
is an isomorphism.
(c) The composition

fog VW, (fog)(v)=f(g9(v))
is an isomorphism. Furthermore, its inverse
(fog) =WV
is
(fog) ' =gtof™
PROOF. The first item is obvious and the second was proven in Theorem 4.4.6.
For the third item we have to prove three things:

(a) fogislinear.
Let A1, Ay € K and vy, v, € V. Then

(fog) (Mvr+A2v2) = f(g(A v+ Agv2))
= f (A1 g(v1) + A2 g(v2))
=M f(g(v1)) + A2 f (g(v2))
=M1 (fog)) (v1) + X2 (fog))(va),

establishing that f o g is linear.
(b) f o g isinjective.
Since f o g is linear it suffices to prove that
ker f o g = {0},
or equivalently, that for v e V
(fog)(v)=0 = v=0.

Indeed,
(fog)(v)=0 = f(g(v))=0 by definition
—> g(v) =0 [ is injective
= v=0 g is injective .

Thus f o g is injective.
(c) fogis surjective.
Let w € W then since f is surjective, there is a (unique) v € U such that f(u) = w.
Now, since g is surjective, there is a (unique) v € V with g(v) = u. So

w = f(u)=f(g9(v))=(fog)(v).
Thus f o g is surjective.

Thus f o g is an isomorphism.
The identity

(fog)" =gof
holds for any composable bijections. We have already seen of it, but let’s prove it again
anyway.
For w ¢ W we have

Fla(g (f () = (' (w)) =w,
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and similarly for v e V

g (S (f(g)) =g (g(v)) =v.

We have then the following corollary.

COROLLARY 4. The relation of isomorphism is an equivalence relation. That is
(a) 1t is reflexive. That is for any vector space V we have

VeV
(b) It is symmetric. That is for any vector spaces V,U we have
Vel = U=zV.
(c) It is transitive. That is for any vector spaces V,U, W we have
VaeUandU=W = VzW.
PROOF. Exercise. Use Theorem 4.5.1 to find the required isomorphisms. O

We already have seen many examples of isomorphisms R™ — R”. Indeed the linear maps
defined by invertible matrices are isomorphisms.

EXAMPLE 112. Consider the subspace®
V={(z,y,0)} cR*.

Then
LV ->R?  L(x,y,0)=(z,y)

is an isomorphism.
Clearly L is linear. It is also, but perhaps not quite so clearly, a bijection. To see that let

M:R*-V, M(z,y) = (z,y,0).
Then

L(M(z,y)) = L(x,y,0) = (z,y), M (L(z,y,0)) = M(z,y) = (z,y,0).
Thus M = L' and so L is a bijection.

EXAMPLE 113. The subspace
V={Q2r-32,y+2,x+22,2):1,y,2e R} cR*
is isomorphic to the subspace
W={(z,z+y,z+2z,x+y+2,2—-2):2,9,2 € R} cR%
Indeed,
L:V->W, LR2x-3zy+z,x+2z,2)=(z,2+Yy,x+2,T+Yy+2,T—2)

is an isomorphism.
Let’s prove first that L is linear. Fori=1,2,let \; e Rand v; = (22, -3 2, y; + 2, v, + 2 2, ;) €
V.

8Can you see that this is really a subspace? Prove it.
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Using column vectors for readability we have

21’1—321 233'2—322
Y1+ 21 Y2 + 22
AL VE+ A2 vy = A 2
l’1+22’1 l’2+222
xq o)

2)\11’1—3)\121+2)\2I2—3)\222
MY+ A2+ A ya + Ao 2
)\11’14-2)\1214-)\21’24-2)\222
)\11’14-)\23(32

2 ()\1 1 +)\2£L'2) -3 ()\1 Z1 +)\2 22)
(A g1+ A2y2) + (A121 + A2 22)
()\1 T + )\21’2) + 2 ()\1 zZ1+ )\2 2’2)
)\133‘14-)\2(132

Therefore,

)\1 T+ )\233‘2
(A1x1+A9x2) + (A1 g1 + Aay2)
(A1@1+ A9 x2) + (A1 g1 + Aay2)
()\1 T + )\2 .CL’Q) + ()\1 Z1 + )\2 ZQ)
(M1 + A2 w2) + (A g1+ Aaya) + (A1 g1 + A2 )
()\1 T + )\2 ZL’Q) - ()\1 z21 + )\2 2’2)

L()\l vy + )\2 V2) =

Similar calculations show that

)\1 T+ )\21‘2
(Arz1+Aa@2) + (A1 g1 + A2 y2)
(Arz1+Aa@2) + (A y1 + A2 ya)
()\11‘1+)\2{L‘2)+()\121+)\QZ’2) ’
()\1 T+ )\233‘2) + ()\1 Y1+ )\gyg) + ()\1 Y1+ )\gyg)
()\1 T + )\233‘2) — ()\1 Z1 + )\2 ZQ)

)\1 L(Vl) + )\2 L(Vg) =

establishing the linearity of L.
Now, L is invertible and its inverse is

LYWV, Lzz+yz+z,c+y+z,2-2)=2z-32,y+2,2+22,1),
as can be easily seen by computing Lo L~ and Lo L.

EXAMPLE 114. Let A, be the vector space of upper triangular 4 x 3 matrices and S, the
vector space of symmetric 4 x 4 matrices. Let L: A, - S, be given by

a T Yy =z a T Yy 2z
0 b p gq . K b p q .
0 0 ¢ s Yy p c S
0 0 0 d z q s d

Then L is an isomorphism.
It is clear that L is a bijection. One way to see this is to prove that it has an iverse, that is
there is a function L=1: S; - A, such that for X ¢ A, and Y € S, we have

(4.5) L' (L(X))=Xand L(L7'(Y)) =Y.
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Indeed if we define L~!: S, -~ A, by L~1: S, - Ay by

T

n oOo"”¥ e
SUVIIYSIIEN
oo o
OO SR
oo
QU » QW

a
x b
Yy p
Z g
then clearly Conditions (4.5) hold.

Linearity can be proved by straightforward calculations. A slicker way to prove it is to
note that

L=I+T-D

where [ is the identity map, 7" is the map defined in Example 105, and D is the map defined
in Example 106. Therefore, by Theorem 4.4.4 L is linear.

EXAMPLE 115. Let a,b € K and consider the following subspaces of K[z]
V={p(z):p(a) =0}, W={p(x):p(b)=0}.
To see that I and I are really subspaces notice that
V=kerE,, W =kerkFE,

where E, (respectively F;) is the “evaluate at a” (respectively at b) as in Example 104.
I claim that V' = WW. Indeed, by Theorem C.1.5, we have for every p(z) € V we have the
quotient
p(z) € K[z].
g =@
We define then,

L:V W, p(x)»ﬁi(_xi(x—b).

We have

A +
LOp(@)+pa(e) = 22O 80E) gy 320 gy I oy A L))+ Lia(@)),
zT-a zT-a )
and so L is linear.

L is also a bijection with inverse

LWV, p(e)— 28 (o)

as we easily verify.

4.5.1. Go forth, do your business, come back. In the first three chapters we developed a
powerfull method, namely getting matrices to reduced row echelon form, that can answer all
kinds of questions in R™. We can solve linear systems, find inverses of linear transformations,
finding bases of subspaces and so on. As we remarked in Section 4.1.1, and as we have seen
in examples, these methods work for the vector spaces K™, as well, where K is an arbitrary
field. Since all vector spaces of dimension n are isomorphic to K™, it turns out that we can use
these methods for any finite dimensional vector space.

The basic idea is indicated schematically in Figure 3. Let’s say we have a question in an
arbitrary n-dimensional vector space V, then we use an isomorphism L: V' — K™ to transfer
the question to K. For example if we want to express a vector v € " as a linear combination
of S ¢V, we go to K™ and express L(v) as a linear combination of L(.S). Once we get our
answer, we use the inverse isomorphism L-! to transfer it back to V.
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Go Forth

1

Come Back

FIGURE 3. Go forward, do stuff, come back

EXAMPLE 116. Consider the polynomials
B={lLaz+1,(z+1)%(z+1)% (z+ 1)} c Py,

Let’s prove that B is a basis of P, and then express the polynomial p(z) =32%-523 -2z +4 as
a linear combination of B.
Using the binomial theorem we express the elements of 5 in terms of the standard basis:

1=1
z+l=z+1
(z+1)2=22+2z+1
(z+1)3=2+322+3z+1

(z+1)* =z*+42%+622+4x+1

Using the isomorphism L: P* - R5 with
L(l) = Gilgooo ,L(ZIZ’4) = €5

we have the image L(B) consists of the collumns of the matrix

00001 100 00
00014 01000
0013 6|~]00T10 0}.
012 3 4 00010
11111 00001

Thus L(B) is linearly independent, and therefore a basis of R>. It follows that B is a basis
of P4.

Now, L(p(x)) = (3,-5,0,-1,4). Taking the reduced echelon form of the augmented matrix
we get
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00 0O0T1]|3 100009
0001 4]|-5 01 00 0f-16
001361 0~10010O0]|21].
01 2 3 4/|-1 0 001O0f-13
1111 1] 4 000O0T1f 3

Therefore
L(p(z)) =9L(1) =16 L(1+z) +21 L ((1 +2)*) - 13L((1+z)*) + 3L ((1 +z)*).
Going back to P, via L~! we have that
p(z)=9-16(1+2)+21 (1 +2)2-13 (1 + )3 +3 (1 + z)*.

EXAMPLE 117. Lets find the dimension of the linear span of the following 2 x 2 real matri-

T E b

Let L: M, - R* be the isomorphism that sends E}; to e, £y to ey, Ey to e3, and Ey to ey.
Then the matrices transform to the vectors

(17_57_472) (1717_175) (27_47_577) (17_77_571)'

We have
1 1 2 1 101 4/3
-5 1 -4 -7 01 1 -1/3
-4 -1 -5 -5]17loo o0 o |
2 5 7 1 000 O

Thus the dimension of the linear span is 2.
EXAMPLE 118. Consider P, and let
B=Al,z,z(x+1),z(z+1)(z+2),z(x+1)(z+2)(z+3)}.

(a) Verify that B is a basis.
(b) Let T: P, — P, be the isomorphism defined by

n—-1
T(z") = [[(z+1),n=0,1,2,3,4.
k=0

For n = 0 we have the empty product that by convention is 1. Find a formula for T'.
(c) Find a formula for 7-1.

We will use the isomorphism defined by
L(2%) = e4,1,1=0,1,2,3, 4.
We have

1=1
T=z

z(z+1)=x’+zx
x(x+1)(x+2)
r(z+1)(z+2)(z+3)=x*+62°+112> +62.

Now using L we consider the linear transformation A = LoT o L~! as shown in the diagram
below.

=3 +32%+ 2z



156 4. ABSTRACT VECTOR SPACES

Pj—R°

Pj——R®

L

We have
Ae; = L(T (L71(91))) =L(T(1))=L(1) =e;.
Similarly
Aey=9, Aes=ey+e3, Aes=2ey+3e3+e,, Aes=6ey+1les+06e, +e;5.

This means that A is given by the matrix

10000
0112 6
A=]0 0 1 3 11
0001 6
0000 1
We compute the inverse of A and we find
10 0 0 O
01 -1 1 -1
At=l0 0 1 -3 7/
00 0 1 -6
00 0 0 1

So,

T=L'oAoL T=L'oA1loL.
Whatis then T (92* - 323 + 222 - 42 +7)?

1000 0\/9 9
0112 6/|[-3] [33
A(L(p(z))) =0 0 1 3 11|] 2 |=]|67].
0001 6/|[-4] |38
0000 1/)\7 7

Therefore
T(p(x)) =9+33z+67x2+382% + Tzt

If we have a linear map
T::V->W
between two different vector spaces, say of dimentsion n and m we need two isomorphisms

Li:V —->R" Ly W - R™
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Ly

W———————>>R"

V ——>Rm™
Ly
and we’ll get a linear map A: R* — R™ defined by
A=LyoTolLj'.

EXAMPLE 119. Let’s look at the linear function L: : M3(R) - P and use the isomorphisms
defined by

Li(Eij) = e3-1)+j, L2(2") = €n.
We get the 6 x 9 matrix

0000O0OO OGO OO 1 000000O0O0O
000O0O0OOO OO OO 0101000O00O0
1000000O0OO 001010100
A=10 1 01 0 0 0 O O|~fJ0 0O 0O0O01O0T10
001010100 000O0O0OO0OO©O0T1
000O0O0OT1TO0OT1F@ 0 000O0O0OO®O0O© O
00 0O0O0OOO0T© 01 000O0O0OO®O0O© O
And we see that a basis for the range of A is given by the the columns

{ab A2, as, ag, Ay, } = {83784, €5, €6, 87} .

Thus we get the basis {22, 23,2, 25, 2°} for the range of L.
A basis for the kernel of A is given by the free columns with the standard basis of R*
interpolated. So we get the basis

{(0,-1,0,1,0,0,0,0,0),(0,0,-1,0,1,0,0,0,0), (0,0,-1,0,0,0,1,0,0), (0,0,0,-1,0,0,0,1,0) } .
We can write this basis as
{es—ez,e5-e;3,e7 - €3, €3 —eq},
and thus we get the following basis for the kernel of L:

{Eon — Erg, By — En3, E31 — B3, E5p — Eop ),

o : o)

i.e.
-1

0
0

o = O
o O O
S e 9
S = O
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APPENDIX A

Complex Numbers

A.1. C as an algebra over R

We define C as a commutative 2-dimensional algebra over the real field R, that contains
a square root of —-1. Thus we consider the real vector space with basis {1,7} and we want
to define a commutative, associative multiplication that distributes over vector addition, and
such that ? = -1.

Therefore we define the set of complex numbers to be the linear span

C={a+bi:a,beR}
where {1,:} is linearly independent. This means that
a+bi=c+di < a=cand b=d,
addition is defined by
(a+bi)+(c+di)=(a+c)+ (b+d)i,
and scalar multiplication is defined by
A(a+bi)=(Aa)+ (\b)i.

The linear span R (1) is called the real axis and we identify its elements with real numbers,
and consider R ¢ C. The linear span R (i) is called the imaginary axis and its elements are
called imaginary numbers, in particular, ¢ = 17 is called the imaginary unit.

For a complex number z = a + bi we say that a is its real part and b its imaginary part, and
write

Rz=a, Tz=b.
We identify the vector space C with the standard real vector space R? using the isomor-
phism
T:R2—>C, Telzl, Tegz’i,

and consider complex numbers as standard real 2-dimensional vectors, see Figure 1. We refer
to this interpretation as “the Cartesian representation of complex numbers”.

The multiplication in C is determined by the requirements that it forms a commutative
algebra over R and 2 = 1. Indeed, under these requirements we have

(a+bi)(c+di)=ac+adi+bic+bdi?
=ac+adi+bci-bd
=(ac-bd)+ (ad+bc)i.

You should be able to prove the following theorem, we’ve seen all the necessary ingredi-
ents already.

THEOREM A.1.1. Define multiplication of complex numbers via

(a+bi)(c+di)=(ac-bd)+ (ad+bc)i.
163
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iR )

I

FIGURE 1. The Cartesian representation of complex numbers.

Then C is a superfield of R. In particular the inverse of z = a + bi is
1 a- b1
=T
PROOF. Left as an exercise. O
If z = a+ bi then we call Z = a - bi the complex conjugate of z. Geometrically Z is given by
reflecting = across the real axis, see Figure 1.
The operation of complex conjugation has the following properties.

PROPOSITION 12 (Properties of complex conjugation). The following hold:

(f) zeiR —= Z
(g) 2Z = (Rz) + (32)°.
(h) If p(x) is a polynomial with real coefficients then for all z € C we have
p(z) =p(2).
In particular, complex roots of real polynomials come in conjugate pairs.
PROOF. Exercise. O

The absolute value (or length, or modulus, or norm) of a complex number z = a + b7 is defined

to be
|z|=VzZ.
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Since
VzZ=Va®+b?,

we see that the absolute value of ~ equals the standard Euclidean norm of z considered as a
vector in R2.

We list some properties of the absolute value.

THEOREM A.1.2 (Properties of the absolute value). The following hold.

(@) 21 = —.
z
() |z|=|z|.
(€ |Rz|<|z], |Tz|<]z].

(d) |2 >0, and | z| = 0 if and only if z = 0.
(e) |zw|=|z||w]|. In particular,
|z|=|w|=1 = |zw|=1.
(f) (Triangle inequality)
|z +w|<|z|+|w].
PROOF. (a) We have

z 1

| 2| 2z oz
(b) We have
|Z2P=22=22=22=|z|.
(c) Let z = a +bi, with a,b € R. Then a?,0? > 0 and so
a?<a®+b%, b?<a’+b?

and the result follows by taking square roots.
(d) For two real numbers a,b we have

a?+0*=0 < a=0and b=0.

(e) We have
lzw|’ = (zw)Zw
=zZWZW
=zZzZWWw
=|z[" Jw|*.
(f) We have

lz+w| = (z+w)ZFw
=(z+w) (Z+ )
=2Z+zW+WZ+WW

= |z +2R(z @) +|w|*,

IThere is no order defined for complex numbers. So when we write z > 0 we mean that z is real and non-
negative.
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where the last line follows from 2 @ = Zw. Now, using Item (c), we continue
<|zP+2|zw|+|wl
=|z[F+2 2] |@| +|w[
=z +2 2] |w|+|w[
= (2] +|w])*.
So we’ve shown,
|z +wl* < (|z]+|w])?,

and the result follows by taking square roots.
U

REMARK 21. Triangle inequality says that the sum of the lengths of two sides of a triangle
is always greater than the length of the other side, see Figure 2.

FIGURE 2. Triangle inequality.

The set of complex numbers of length 1 is called the unit circle and is denoted by S*, that
is
St={zeC:|z|=1}.
Of course, when we think of complex numbers as points in R?, the unit circle is the circle of
radius 1 centered at the origin (0,0). Indeed, if z = z + iy then
|2]=1 <= 22+y?=1
and the latter is the equation a circle of radius 1 and center (0, 0).
An important corollary of Item (e) of Theorem A.1.2 is the following theorem.

THEOREM A.1.3. The unit circle S' endowed with multiplication of complex numbers is a com-
mutative group.

A.1.1. Polar representation of complex numbers. Recall that one definition of the sine
and cosine of an angle ¢ is via the y and x coordinates, respectively of a point in the unit
circle, namely the point where the ray from the origin that forms an angle ¢ with the z-axis
intersects the unit circle. It follows then that if z € S* then

z=cosf +1isinb,

for some angle 6.
We now prove a formula that allow us to give a nice geometric interpretation of multipli-
cation of complex numbers of length 1.

THEOREM A.1.4 (de Moivre’s formula). The following hold.
(a) For o, 0 € R we have

(cosf +isinf) (cosp+ising) =cos(0+p)+isin(0+p).
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(b) For 6 € R and n € N we have
(cosf +isinf)" =cosnf +isinnb.
PROOF. (a) We have
(cosf +isinf) (cosp +isinp) = (cosf cosp —sinf sinp) +i (cosfsin g + cos p sin b)
=cos(f+¢)+isin(f+).

(b) We proceed by induction. For n = 0 the formula is true since

(cosf +1i sin@)o =1, cosO=1, sin0=0.
Assuming now that the formula is true for n we have
(cosf +i sinf)™" = (cosf +i sinh)" (cosd+i sinnh)

= (cosn @ +isinn@) (cosf +isinnf)

= (cosnf cosf —sinn@ sinf) +i (cosnf sinf —sinn b cosb)

=cos(n+1)0+i,sin(n+1)8.

Thus, multiplication in S? is just addition of angles, see Figure 3.

FIGURE 3. Multiplication in S*.

We now introduce the exponential notation for unit complex numbers. In Equations (A.1)
and (A.2), e stands for the base of natural logarithms e ~ 2.71828182845905. . ..
DEFINITION 47 (Exponential notation for polar form). For 6 € R we define
(A1) e = cosf +1i sinf.
More generally, for z = a + bi € C we define
(A.2) e® =¢e? cosb+1sinb.

With this notation de Moivre’s formulas become

de Moivre’s formulas

. . . . n .
ez(gp+9) _ 6@906297 (67,9) — ezne.
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Now let z be a non-zero complex number. Then the linear span R (z) is, geometrically, a
line passing through the origin and z. If we write

2] =
z=|z|
| 2|’
then since
2 I
lz|| |z|
we have
2 it
| 2|

for some angle 0. Of course 6 is not uniquely determined because for all k € N

62zk7r =1

and therefore

0 = i (6+2km)

Nevertheless, 6 is determined mod 27, in the sense that
ef=e¥ — f-p=2kn
for some £ € N. We call any such angle an argument of z and denote it by arg 2.
In summary, every non-zero complex number has a polar representation

z=|z| e e,

If we think of C as the Euclidean plane R?, the modulus |z| and the argument arg 2 are
the so-called polar coordinates of z. Two points that lie in the same line through the origin if
and only if they have the same argument (modulo 2 ), and two points lie on the same circle
centered at the origin if and only if they have the same modulus, see Figure 4. Note that the
argument of 0 is undefined.

1R
21

2¢0

FIGURE 4. Polar representation of complex numbers.
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A.2. Roots of complex numbers

The polar representation of complex numbers makes it easy to see that every non-zero
complex number z has n distinct n-th roots for all positive integers n. Since an n-th root of z
is a root of the polynomial 2™ - z, by Corollary 7 in Appendix C, there are at most n, n-th roots
of z. Thus it suffices to show that z has at least n, n-th roots.

We start by exhibiting n distinct n-th roots of 1. Let (2,, be the following subset of S*

Q, = {2k k=0,1,...,n-1}.
Notice that

Q, ={wf:k=01,...,n-1}

where w, = €277, Now

and so for all £ € N, we have

(w§)" = (@p)*=1.
Thus all elements of €,, are n-th roots of 1.

Geometrically, the elements of (2, are the corners of a regular n-gon centered at the origin,
see for example Figure 5 for the six sixth roots of unity.

Wo wo
3_ 0 _
wy =-1 wy =1
4 5
Wo Wo

FIGURE 5. The six sixth roots of unity.

We can now prove the general case.

THEOREM A.2.1 (n-th roots of complex numbers). Let z be a non-zero complex numbers and
n a positive integer. Then there are n distinct n-th roots of z namely

Y| z|ee*rwk, k=0,1,...,n-1
where wy = e2kmi/n,

PROOF. We have
( n |Z|6argz/nwéf)n — |Z| 8% =

In particular, every non-zero complex number has two square roots.
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THEOREM A.2.2 (Quadratic formula). Every complex quadratic polynomial

p(r)=az>+bz+c, a%0

_-b+VD

- 2a

where D = b? — 4ac is the discriminant of p(x). If the discriminant is O the two roots coincide, and
p(x) has a double root

has two roots

z

b
2a’

PROOF. Exercise, just substitute and verify. O

Z =

It turns out that every polynomial in C has solutions. This result, known as The Funda-
mental Theorem of Algebra, is one of the reasons that complex numbers are useful. We state the
theorem without proof.

THEOREM A.2.3 (C is algebraically closed). Every degree n complex polynomial has exactly n
roots, counted with multiplicity®.

2See Appendix C for what this means.



APPENDIX B

A bit of number theory

B.1. Divisibility and primes
We collect some useful facts (mostly without proofs) about the divisibility relation in Z.

DEFINITION 48 (Divisibility of integers). Let m,n € Z. We say that m divides n, or that m
is a divisor of n, or that n is a multiple of m, if

n=m-k, for some k € Z.

We write m | n to mean that m divides n.
We say that a positive integer p > 2 is prime if

m|p = m=xp, orm = =l.

NOTE. Please do not confuse | and division /, the former is a relation while the later is an
operation. For two integers m | n takes two possible values “True” or “False” while m/n is a
rational number. Of course, | and / are related, we have, for m + 0:

mln < " ez
m

The following properties of | can be easily proved (Do it!):
(@) m|m.

(b) m|nandn|m = m=+n.

() m|nandn|k = m| kn.

(d) For all n € Z we have 0 | n,

(e) on the other hand, n |0 = n =0.

(f) m|n = m|-n,and

(g) m|n = -m|n.

(h) 1|nforallneZ.

(i) n|1foralln=+1.

(G) m|nand m |k = m|nk.

(k) m|nand m |k = m|n+k.
We have the following fundamental results. The second item in the theorem below is often

referred to, as The Fundamental Theorem of Arithmetic.

THEOREM B.1.1. We have:

(a) There are infinitely many primes.
(b) Every positive integer is a prime or the product of primes, in essentially one way. That is if

P:{P1>p2>--->}

is the set of all primes written in an increasing order, then for every positive integer n, there
is a unique sequence of exponents k;, all but finitely many equal to 0, such that

&
n= szl
=il

171
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Notice that even though there are infinitely many factors in the product, all but finitely many
are equal to 1 and so the product makes sense.

PROPOSITION 13 (Euclidean division). If m,n € Z there are unique integers q, r such that
n=mqg+r, 0<r<|m|.
We call q the quotient and r the remainder of the division of n by m.

PROPOSITION 14 (GCD and LCM). Given m,n € Z

(a) There is a positive common divisor of m,n that is divided by any other common divisor. We
call that divisor the Greatest Common Divisor and we denote it by ged(m,n). So the GCD
is characterized by the following two properties

(a) gcd(m,n) | m, and ged(m,n) | n.
(b) If d| mand d | n, then d | gcd(m,n).

(b) There is a positive common multiple of m,n that divides any other common multiple. We call
that common multiple the Least Common Multiple and we denote it by lcm(m, n). So the
LCM is characterized by the following two properties

(a) m |lem(m,n), and n | lem(m,n).
(b) If m | kand n | k, then lem(m,n) | k.

(c) The greatest common divisor can be written as a linear combination of m, n with integer

coefficients. That is, there are a,b € Z such that

ged(m,n) = am + bn.

Furthermore the GCD of m,n is the only positive common divisor that can be written as a
linear combination of m, n with integer coefficients.

DEFINITION 49. Two integers m,n are called relatively prime if gcd(m,n) = 1, that is if there
is no non-trivial common divisor.

The following is used often.
PROPOSITION 15. We have:
(a) If m,n are relatively prime then
m|n-k = m|k.
In particular if p is a prime number then
plm-n = p|morp|n.

(b) If we divide two integers by their GCD we obtain two relatively prime integers. That is, if

ged [ ———— — = -1,
ged(m,n)’ ged(m,n)

(c) If two integers are relatively prime, then so are any of their powers. That is, if m,n € Z and
k,l €N then
ged(m,n) =1 = ged (mk,nf) =1.

Recall that a rational number is a number that is obtained as a quotient of two integers, that
is a number that can be written as ¢ = m/n, with m,n € Z. Of course, such representation of ¢

2m

as a fraction is by no means unique, for example we could also write ¢ = 5~.

DEFINITION 50. The fraction 2 is called reduced if m and n are relatively prime. Every
q € Q has a unique (up to signs) expression as a reduced fraction.

As an application of the above we prove the following theorem.
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THEOREM B.1.2 (Rational Root Theorem). Let p(x) = ag + a1z + -+ + a,z™ be a polynomial
with integer coefficients and r a rational root of p(x). If r = k/{ is a reduced fraction representing q,
then k divides ay and ( divides a,,. In particular, if p(z) is monic, that is a,, = 1, then a rational root of
p(z) is actually an integer that divides the constant term ay.

PROOF. We have p(r) =0, and so

n

a0+alz+---+an€—n=0 <~ —a0€"=a1k€"_1+---+ank"
Now £k divides the RHS of the above and therefore
(B.1) k| —apl".

We assumed that k/¢ is a reduced fraction, and thus & and ¢ are relatively prime, and thus &,

and (" are relatively prime as well. By (B.1) and Proposition 15(1) it follows that % | aj.
Similarly by writing —a,k = aol™ + kl~! +---+ k"~'] we conclude that [ divides -a,k and thus

Q- ]

COROLLARY 5 (Irrationality of roots). Let m € Z and n > 2 a positive integer. Then the equation
" =m

has rational solutions if and only if m = k™ for some integer k. In other words, is irrational, unless m
is the n-th power of an integer.

PROOF. By the Rational Root Theorem, a rational root of 2" — m = 0 is an integer k that
divides —m. Now by definition, {/m is a solution of that equation and thus if {/m € Q then
Ym =k € Z, or equivalently m = k". O

Thus all of the following real numbers are irrational:

V2,V/3,V/6,V/110, V/42, V/56.

In particular all roots of prime numbers are irrational.

B.2. Modular arithmetic

DEFINITION 51 (Congruence modulo m). Let m be a positive integer, and a, b € Z. We say
that a is congruent to b modulo m, and write a = b (mod m), if m | a —b.

The following characterization of congruence modulo m is often very useful.

THEOREM B.2.1. Let m be a positive integer. Then for all a,b € Z we have a = b (mod m) if and
only if a and b leave the same remainder when divided by m.

PROOF. Leta =maq, +71, and b = m ¢, + 2 be the quotients and remainders of the Euclidean
division (see Proposition 13). Then

(B.2) a=b=m(q - q)+ (1 —r2).

Now, if 7 = ry then Equation B.2 becomes a —b=m (¢ — ¢2) and so m | a - b.
Conversely, since |7, — 72| < |m|, Equation B.2 says that a — b leaves remainder |r; — 75|
when divided by m. Thus if m | a - b then |r — 72| =0, i.e. r =7s. O

Using Theorem B.2.1 we can prove the following theorem.

THEOREM B.2.2 (Congruence modulo m is an equivalence relation). The following hold for
any modulus m > 1.

1Why? Prove this.
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(a) Forall acZ,
a=a (modm).
(b) Forall a,be?Z,
a=b (modm) = b=a (mod m).
(c) Forall a,b,ceZ,
a=b (modm)andb=c (modm) = a=c (modm).
PROOEF. Exercise. O

Now, notice that each a € Z is congruent (mod m) to exactly one of the possible remain-
ders {1,...,m-1}.

DEFINITION 52 (Congruence classes modulo m). For a positive integer m, and k € {0,1,...,m -1}
we define the congruence class of k (mod m), denoted by [£],,, to be the set of integers that are
congruent to £ (mod ()m), i.e. leave reminder £ when divided by m. Thus,

[mlg={aeZ:a=z=k (modm)},
or equivalently,
[mlg={ml+k:LeZ}.
The set of all congruence classes (mod m) is denoted Z/m. Thus
Zim={[k]m:k=0,...,m—-1}.

Elements of Z/m are called integers modulo m.
More generally, if a € Z we write [a],, to stand for the set of all integers that are congruent
to a (mod m). Thus,
[a]m={b€Z:a=b (modm)}.
So,

[a]m = [b]m <= a=b (mod m).

For m = 2, there are two possible remainders, namely {0,1}, and so we have two congru-
ence classes [0], and [1], and

= [0]2 U [1]2
Notice that [0]; is the set of even integers and [1] is the set of odd integers. We have then
that, for example, [-4]; = [42], = [0]2 and [11] = [-59]5 = [1]2.

NOTE. To simplify notation, we often identify [%],, with k£ and so we write
Z/m={0,...,m}.

THEOREM B.2.3 (Addition and multiplication respect congruences). Let m > 1,and a,b, c,d
integers such that a = ¢ (mod m) and b = d (mod m). Then,
a+b=c+d (modm) and ab=cd (modm).

PROOF. We have
(a+b)—(c+d)=(a-c)+(b-d)
and som | (a+b) - (c+d).
And,

ab-—cd=ab-ad+ad-cd=a(b-d)+ (a-c)d.
Therefore m | ab - cd. O

Theorem B.2.3 makes the following definition possible.
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DEFINITION 53 (Modular addition and multiplication). In Z/m we define operations of
addition and multiplication as follows:

[a]m + [B]m = [@ +b]x
and
[@]m [b]m = [ab]m.

In words, the sum (respectively product) of the congruence classes of two integers is the
congruence class of their sum (respectively product).

Theorem B.2.3 ensures that no matter what elements of the congruence classes we chose
we will always get the same answer.

EXAMPLE 120. Consider Z/12. We have
[7]12 + [8]12 = [15]12 = [3]12
while,
[5]12 % [T]12 = [35]12 = [11]12.

Now, 7 = -5 (mod 12) and 8 = 32 (mod 12) and so [7]12 = [-5]i2 and [8]12 = [32]12. Of
course,

[-5]12 + [32]12 = [27]12 = [3]12
as we expect by Theorem B.2.3.
Similarly, [5]12 = [41]12 and [7]12 = [19]12 and

[41]12 [19]12 = [779]12 = [11]12

Before we continue we give the following definition.

DEFINITION 54. A set R with two operations + and - that satisfy all the axioms of a field
except (possibly) (5) and (8) is called a (unital) ringQ.
If axiom (5) is also satisfied then we say that R is a commutative ring.

EXAMPLE 121. The set of integers is a commutative ring Z. The set of square matrices with
real entries is a non-commutative ring.

We then have the following theorem.

THEOREM B.2.4. We have:

(a) Z]m endowed with the operations of addition and multiplication as given by Definition 53 is
a commutative ring. The zero element is the class [0],, and —[k],, = [m = k] .

(b) If pis a prime then Z[p is a field.

(c) If m is not prime then Z[m is not a field.

PROOF. (a) This follows from the fact that Z is a commutative ring. As an example I

prove the distributive property, and leave the other properties as an exercise.

2Sometimes people consider rings that don’t have 1, that is axiom (7) does not hold. When we want to
emphasize that the rings we consider have 1 we use the term unital.
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We have, omitting the subscript m,

[a] ([6] +[c]) =

= [ab] +[ac]

(b) Letke{1,...,p—1} and consider the p - 1 products
[L]p [%]ps - - - » [P = L]p [£]p-

If two of these products are equal, say

[a]p [k]p = [b]p [k]p
then

([alp = [b]p) [K]p = [0],

pl(a-b)k
and since k < p, and k # 0, we have that p does not divide k. Therefore p | a — b and it
follows that [a], = [b],-

It follows that the products [a],[k],, with a = 1,...,p - 1 are all different. Since
there are p — 1 possible values for this products, namely [1],,...,[p - 1], we conclude
that one of these products is equal to [1],. Thus for for some [a], € Z/p ~ {[0],} we
have

and so

Thus [k], has an inverse.
(c) If m is composite (i.e. not prime) then m = a b with 1 < a,b < m. But then

[a]im [b]m = [Mm]m = [0]m
while [a],, # [0],,, and [b]ym # [0],,,. But this cannot happen in a field, see Item (g) of

Theorem 4.1.1.
O



APPENDIX C

Polynomials

C.1. The algebra of polynomials

We are mostly interested in polynomials with coefficients in a field, but sometimes we
may consider more general coefficients. For example we may consider polynomials with
coefficients in Z, and (see Example 121 of Appendix B), Z is only a ring.

If R is a ring then R[x] denotes the set of all polynomials with coefficients in R and inde-
terminate x. A polynomial with coefficients in R is an algebraic expression of the form

(C.1) p(z) = ag +a;x + -+ agz?,

where z is an indeterminate, i.e. a variable, and ay, ..., as € R are the coefficients.

The set of all polynomials of one variable x with coefficients in R is denoted by R[z]. It
is sometimes convenient to write polynomials as a sum of infinitely many terms, with only
tinitely many of them non-zero. In other words we think of a polynomial as having infinitely
many coefficients, one for each power 2", but after a certain power of z all coefficients are 0.
Thus we may write any of the following expressions

p(z)=> ez =ap+ a1z +-+a, 2"+ =) apa”
keN
and we assume that a,, = 0 for all but finitely many n € N.
Two polynomials are considered equal if they have the same coefficients. That is,

Zakl’k: Zbkxk <~ V/{ZEN, ak:bk.
keN keN
We emphasize that, at the outset, the operations in Equation (C.1) are formal, a,, " is not
really' a product, it's only an symbolic expression. Similarly ¥ a, " is not really a sum. Of
course eventually, after we have introduced addition and multiplication, we will be able to
interpret the formal sums and products as actual sums and products.
The zero polynomial, denoted simply by 0, is the polynomial with all coefficients equal to
0 € R. Thatis,
0=> 0a"

neN

More generally, for a € R we define the constant polynomial with value a, to be the polyno-
mial with the 0-th coefficient equal to a and all other coefficients equal to 0. We simply write
a for the constant polynomial with value a. Thus

a= Z Oonax™.

neN

The leading term of p(x) is defined to be the largest non-zero term, provided that such a
term exists (that is provided that p(z) # 0). If a;2¢ is the leading term, then we say that a,

INot yet, at least.
177
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is the leading coefficient of p(x) and that p(x) has degree d. We denote the degree of p(z) by
degp(x). Thus, for p(z) = ¥ a, 2" we have

degp(zr) =d < a4 %0, and a; =0 for k£ > d.

Notice that since the zero polynomial has no non-zero terms its degree is not defined. By
convention we define deg(0 = —oo, so that the degree of the zero polynomial is less than the
degree of all other polynomials.

We employ the usual shorthands when writing a polynomial as the sum of finitely many
terms: we write z" instead of 12", and a,, ™ — a,, " instead of a,, z™ + (—a,,) 2", etc. Thus for
example,

322 -5 +2°

is the polynomial p(z) = ¥ a, 2™ with

3 n=2

-5 n=3
Q=

1 n=>5

0 otherwise

Of course, a polynomial’s purpose in life is to be evaluated for various values of the variable
z. In elementary algebra variables such a x stand for unknown, or indeterminate numbers”
and then a polynomial stands for the result of some algebraic operations applied to that un-
known number. Thus if z stands for a unknown number, z2 — 3z stands for the difference of
the square of that number and three times that number. Once x is known or fixed we can find
what number 22 - 3z stands for by evaluating, i.e. substituting that value for z.

DEFINITION 55 (Evaluating polynomials). Let p(z) = ¥ a, 2" € R[x] and a € R. Then the
evaluation of p(z) at a, denoted by p(a), is defined to be

p(a) = Z an an7
where, as usual we consider the sum of infinitely many zeros to be zero. The notation
P(2)]o=a

is also used occasionally for p(a).
If p(a) = 0 then we say that a is a root or zero of p(x).
Thus p(x), via evaluation, defines a function

p:R>R, awp(a).
We say that p is the polynomial function defined by p(x).

We now want to define addition and multiplication of polynomials in a way that respects
evaluation. That means we want,

(C.2) (p(z) + q(x)) |2=0 = p(a) + q(a)
(C.3) (p(x) q(2)) lo=a = p(a) q(a),
forall a € R.

2The terms “unknown” and “indeterminate” or “arbitrary” have different connotations. If z is an unknown
number then z is a certain number, we just don’t know which number it is. On the other hand if z is an indeter-
minate then z can vary, it could be any number. In practice though the distinction is not that important because
in both cases we manipulate « and expressions involving it, using only properties that hold for all numbers.
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Let then p(z) = ¥ a, 2" and ¢(z) = ¥ b, 2" be two polynomials, and let a € R be arbitrary.
Then, using the properties of addition and multiplication in the commutative ring R we have,

p(a) +q(a) =) a,a™+sumb, 2" = > (apa™ +b,a™) = > (an +b,) a™.
Thus Equation (C.2) is satisfied if we define
(C4) p(x) +q(x) = (an +by) 2"

It is straightforward to verify then that addition is commutative and associative, that the
zero polynomial is neutral for addition and that p(z) + (-p(z)) = 0 where

—p(z) = ) (-an) 2"

To define a multiplication that satisfies Equation (C.3) we start by declaring that cz™,
viewed as a polynomial, is actually the product of the constant polynomial ¢, and the polyno-

mial ™. That is
(> (bonc) 2™) (O 6mna™) = (Gmn c) 2™

Similarly, since a™ a™ = a™*" we declare that

REMARK 22 (Formal sums are actual sums). Notice that with our definitions so far mean
that a polynomial is actually the sum of its terms’, and each term a,, 2" is the actual product
of its coefficient, the constant polynomial a,, and the polynomial z".

Now given that we want multiplication to distribute over addition we define

(C.5) p(@)g(@) =31 > |=™
neN Olffél;snn

That is, the coefficient of 2™ in the product of two polynomials, is the sum of the products
of all coefficients of terms with degrees that add up to n.

THEOREM C.1.1 (Polynomials form a ring). R[z] endowed with addition as defined by (C.4),
and multiplication defined by (C.5) is a commutative ring. The role of zero is played by the zero
polynomial and the role of one is played by the constant polynomial 1.

If we identify a € R with the constant polynomial a € R[x] then R ¢ R[x] is a subring of R[z].

PROOF. Exercise. U

Recall from Definition 25 that we can evaluate a polynomial p(x) € R[x] at a square matrix
A € M,,(R) to obtain p(A) € M,,(R). Clearly this definition make sense for any field K*. More
generally, if A is an algebra over a field K, and a € A we can define p(a) € A.

Now K[z]is an algebra over K and therefore we can evaluate p(z) at any polynomial ¢(x)
to obtain a polynomial p (¢(z)) € K[z]. In particular, if we evaluate p(z) at the polynomial z
we obtain the polynomial p(z).

SWith the usual caveat regarding sums of infinitely many zero terms
40r any ring really, but our main interest is polynomials over a field.
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C.1.1. Polynomials vs Polynomial functions. Often polynomials are defined as func-
tions. For example a polynomial with real coefficients is defined as a function

P:R->R, P(z)=) apz
k=0

with a; € R. This is fine when we work in a field like Q, R, or C because in such fields® two
polynomials are equal if and only if the functions they define are equal.

THEOREM C.1.2. Let P,Q: R — R be defined via

P(z) =) apa®, Q(z)=> bya"
k=0 k=0
where ay, b, € R. Then P = Q if and only if, a, = by, forall k= 0,...n.
The proof follows from the following lemma from Calculus.
LEMMA 4. The function

P:R->R, P(z)=) apa”
k=0

has derivatives of all orders and for k=1,...,n

_ p(n)(o)

PROOF. For n = 0 the lemma says that ay = P(0) which is true. Now we have

n—1

p(z)=na,z" ! +-+3a32? +2ay 7 +a;.

Evaluating at z = 0 then gives
P'(0) = a5.
Differentiating again gives
P'(z)=n(n-1)z" 2+ +6asr +2a;.
Evaluating at = = 0 then gives

1 O
P"(0)=2ay = as= fT()
Continuing in the same manner we get

PO(z)=n(n-1)(n-2)z" 2+ +24asz +6as,

and so
P®)(0)
as = o

6
In general we can prove by induction that for 0 < £ <n we have

P®(z)=n(n-1)-(n-k+1)2"*+. +kla,

and the lemma follows by evaluating at x = 0. O

PROOF OF THEOREM C.1.2. Clearly, if for all a; = by for all k£ then P = Q). Conversely, if
P = @ then all the derivatives of P and () are equal and therefore, by Lemma 4, for all k£ we
have Qp = bk O

>These are fields of characteristic 0. Explaining what this means would take us far afield.
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By considering real and imaginary parts of a polynomial we can see that Theorem C.1.2
holds for complex polynomials as well®. But in other fields we may have different polyno-
mials (in the sense that they have different coefficients) that define the same function. For
example in Z/5 the polynomial 25 — = defines the same function as the zero polynomial, see
Claim 3. Here is another example.

EXAMPLE 122. The polynomials p(z) = 2% — z and 0 both induce the same function Z/2 —
Z/2, namely the zero function.

However, p(z) does not induce the zero function My(Z/2) - My(Z/2). Indeed for
0 1
(1)

A2=1T

we have

and therefore

MA):A?-A:G })

C.1.2. Euclidean Division, Factors, roots. In what follows, unless we explicitly say oth-
erwise, we assume that K is a field and that polynomials have coefficients in K.
In general, division of polynomials

p(x) = d(x)

is not defined, in the sense that there is no polynomial ¢(x) such that p(x) = d(x) g(z). How-
ever there is an analogue of Euclidean division (see Proposition 13) for polynomials.

EXAMPLE 123. Let’s try to divide p(z) =32% - 1423+ 922 - 112 + 70 by d(x) = - 4, i.e. to
perform the division
3zt -1423+922-112+70
r -4 '
Thus we want to find a polynomial ¢(z) such that

p(z) = d(z) q(z).

We won’t succeed because no such polynomial exists, but we’ll try our best. The leading term
of p(z) (3z*) has to be the leading term of d(z) (z) times the leading term of ¢(z). Thus the
leading term of ¢(x) has to be 3 z3. So we have

p(z) =d(z) 32" + qi(2))

where ¢; () is to be determined.
Now

p(z) =d(z) (323 + qi(z)) <= p(z) -323d(2) = d(z) q: (),
or, setting p;(z) = p(z) - 323 d(z)
pi(z) = d(z) ¢ (z).

Thus ¢, (z) is the quotient of a division with the same denominator but as we’ll see shortly
numerator of smaller degree. Indeed we calculate

®Can you prove this?
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pi(z) = p(z) - 32° d(x)
=32 - 1423 +92? - 112+ 70- 323 (x - 4)
=324 - 1423 +92%2-112+70-3z* + 1223
=-223+9z%2- 11z +70.

Thus, as before we have that -2 23, the leading term of p; (x), has to be the product of z,
the leading term of d(x), and the leading term of ¢; (). Thus the leading term of ¢, (x) is -2 22.
So at the second step we have

p(x) =d(x) (3x3-22% + ¢»(7))
where ¢, () is to be determined. As before, we have that ¢, is the quotient of the division
p2(z) = d(z) g2 (),
where
pa(x) =pi(x) +22%d(x) = 2* - 11z + 70.
So the leading term of ¢,(x) is z and we have
p(z) = d(z) (3x3-222 + x + g3(z))
with ¢3(z) is a constant to be determined. Now,
pa(z) - (x-4)z=-Tz+70
forcing ¢5(x) = -7. So ¢(z) has been determined:
q(z) = 3x3-22% + 2-T7.
But this doesn’t quite work, because
d(z)q(z) = (x-4)(32® -222 +x-7)=32* - 1423 + 922 - 11z + 28 # p(z).

Still we got the first four terms of p(x) right, and that’s the best we can do. For, as the above
calculations demonstrate, if the first four coefficients are correct then the constant term has to
be 28.

3rt-14x3+922-112+70=(z-4) (32% - 222 +z - 7) +42.

Euclidean division algorithm for polynomials

The input is two polynomials p(z),d(z) € K[z] with d(z) # 0 and degd(x) < degp(x).
Let b,,, z™ be the leading term of d(x). Set

q(x):=0.
While degd(x) < degp(z):

(a) Set a,, 2™ to be the leading term of p(z).
(b) Set c(z) := In yn-m,

(c) Setq(z) = qr(ri’yzr) +c(x).

(d) Set p(z) :=p(x) —c(z)d(z).

Return ¢(z) as the quotient and p(z) as the remainder.
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EXAMPLE 124. Let’s also divide two polynomials in Z/11. Perform the division
(z* +523 + 822 +5) + (5x2 + 10z + 2),

in Fll [IL’]
We have

st +522+82%+5=(5x2+10x+2) (92° +5x +10) + 7
—z* - 213 - 72>

322 +12%2+5

-32°-6x>-10x
6x2+x+5
—6x2-2-9

7

In the first step of the algorithm we divided the leading term of p(z) by the leading term
of d(z)
4
x 1 2 =92
SECI
because in Z/11 we have 5! = 9. Indeed in Z we have 5-9 = 45 and 45 leaves remainder 1
when divided by 11 since 45 =11-4 + 1.

Then we multiplied 9 22 with d(z) and subtracted it from p(x). So we first calculated
-(92%d(z)) = - (922 (527 + 102 +2)) = —(a* + 223 + T2?) = —2* - 227 - 72”
and so
p1(x) =p(z) -92%d(x) = 32% + 2% + 5.
Since still d(z) has lower degree than p,(z) we have ¢(z) = 922 and repeat the procedure,
with p(z) replaced by p;(x). The leading term of p;(x) is 323 and
3
% = gx =5
because in Z/11 we have 5-! =9 and 3-9 = 5. Indeed in Z we have 3-9 =27 and 27 =2-11 + 5.
Then
—(bzd(z)) =-(32*+62?+10z) = -32° - 62° - 10z
and so
p2(x) =622 +62+5
and the quotient is updated to
q(z) =92* + 5.
We still have degd(z) < degp(x) and so we continue.

622 6
P25 10.
Then
-(10d(z)) = 62> -2 -9
and so

P3 = 5-9=7
and the quotient is updated to
q(z) =92* + 5z + 10.



184 C. POLYNOMIALS

Since degps(z) < degd(z) we stop and return ¢(z) as the quotient and ps(z) = 7 as the
remainder.

We have then the following theorem.

THEOREM C.1.3 (Long division). Let p(z) € K[z] and d(z) € K[x] with d(z) # 0 and
deg d(z) < degp(x). Then there exist unique polynomials q(z),r(x) € K[z] with degr(x) < degd(z)
such that

(C.6) p(z) = d(z) ¢(z) +r(z).

PROOF. The existence of the quotient and the remainder are guarantied by the algorithm
we just described. Division is defined in any field so the steps can be performed at every
field. The algorithm eventually terminates because the degree of p(z) decreases strictly at
every step and so eventually it will become less than the degree of d(z).

To see that the quotient and remainder are uniquely defined notice that Equation (C.6)
implies that the leading term of ¢(z) is the quotient of leading term of p(z) by the leading
term of d(z). Let ¢;(«) stand for the lower degree terms of ¢(z) so that

p(a) =d(@) (=

2 "M+ gy (x)) +r(x).
Therefore, in analogy with the calculations in Example 123 we have

p(x) - d(2) 7= 2" = d(2) qa(2) + r(a),

m

Qn

and so ¢, (z) is the quotient of
A n-m
pi(2) = p(2) - d(z) 2 0
by d(x). Thus the leading term of ¢; (x) is unique. Inductively, all the terms of ¢(x) are unique.
But then

r(z) = p(x) - d(z) d(z),
and so the remainder is also uniquely determined. O
A particularly interesting case is when we divide by a linear polynomial of the form z - a,

as in Example 123. We have deg (« - a) = 1 and therefore the remainder has degree 0 or is the
zero polynomial, and so r(z) is a constant c. In other words, we have

(C.7) p(z) = (z-a)q(z) +c.
Now substituting = = a in Equation (C.7) we get
p(a)=(a-a)g(a) +c=0q(a)+c=0+c=c.
Thus the reminder is the value of p(z) at a.
We have then proved the following theorem.
THEOREM C.1.4 (The remainder theorem). Let a € K and p(x) € K[x]. Then the remainder
of the division p(x) + (z — a) is p(a).

REMARK 23. Theorem C.1.4 provides an efficient way to evaluate polynomials. Dividing
by = — a can be done much more efficiently than actually evaluating p(a) by actually plugging
it in.

An immediate corollary is the following important theorems.

THEOREM C.1.5 (Root-Factor correspondence). Let a € K and p(z) € K[x]. Then a is a root
of p(x) if and only if x — a is a factor of p(x).
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PROOF. z - ais a factor of p(x) if and only if the remainder of the division p(x) + (z - a) is
0, if and only if p(a) = 0. O

COROLLARY 6 (The number of roots does not exceed the degree). Let p(x) € K[z]. Then
p(x) has at most deg p(x) roots.

PROOF. A product of k factors of the form z — a has leading term z*. So if p(z) has k roots,
it has a factor of degree k, and therefore k < degp(z). O

DEFINITION 56 (Multiplicity of roots). Let a € K be a root of the polynomial p(z). If
(z —a)™ is a factor of p(z) but (z — a)™*! is not, we say that a is a root of multiplicity m.

For example the polynomial p(z) = 26 + 32° — 423 factors like this
w0 +32°-423 =23 (2 +3) (z - 1)

Therefore, 0 is a root of multiplicity 3, -3 a root of multiplicity 1, and 1 a root of multiplicity
2. We say then that p(z) has six roots, counting with multiplicity.

C.1.3. Roots of real and complex polynomials. We end this appendix by mentioning
some important results regarding roots of real and complex polynomials.

THEOREM C.1.6. If p(x) € R[x] has odd degree then p(x) has at least one real root.

PROOF. p(z) - +o0 as z — +oo and thus p(z) takes both negative and positive values. The
result follows from Intermediate Value Theorem. O

Of course, there are real polynomials of even degree that have no real roots. For example
p(z) =22 +1
has no real roots, because for all z € R, we have 22 > 0 and thus z2 +1 > 0.

THEOREM C.1.7 (Fundamental Theorem of Algebra). Every p(x) € C[x] has at least one
ro0t.

But, if p(a) = 0 then = — a is a factor of p(z) and the quotient ¢(x) = p(z)/(x - a) is also a
complex polynomial. Therefore, if deg¢(z) > 0 then ¢(x) has a root, and this root will also be
a root of p(x). Continuing this way we see that p(x) has d roots, where d = deg p(z).

COROLLARY 7. Let p(z) € C[x] be a degree d polynomial. Then p(x) has exactly d linear factors.
PROPOSITION 16. Let p(x) € R[z]. If z € C is a root of p then so is its complex conjugate Z.

C.2. Useful polynomial identities

o Binomial Theorem .
(a+b)*=>" (n) ak bk,
i=o \k

e Difference of powers
n-1
a"=b"=(a-b) Y a"bv"".
k=0
e Sum of odd powers If n is odd then for all real numbers a, b we have

n-1
a"+b" = (a+b) Y (-1)Fa b
k=0






APPENDIX D

On Bases

Let V' be a vector space, how can we find a basis for 1V? We can proceed as in the proof of
Theorem 2.2.6: we build the basis one vector at the time.

If V = {0} is a trivial vector space then by convention we have that the empty set is a basis
and we are done. In other words we start with

By=92

and check if (B;) = V. If this is the case we are done, and (B,) = {0} we know that in that case
V' is the zero vector space.
If not, then there is a non-zero vector v; € V, so we add it to B, and get

Bl = BO U {’Ul} = {Ul} .
Notice that B; is linearly independent so if (B;) = V we are again done, B, is a basis. If
not, then there are vectors in V' that are not multiples of v;, so we choose one of them, say v,
and we add it to B; to obtain

BQ = B1 U {’Ug} = {Ul,Ug} .
Notice that B; is linearly independent, because

(D.1) Aur+ Avp =0,
cannot hold unless \; = A; = 0. To see this note that if A, # 0 then the Equation (D.1) gives
U —ﬁ v
2 — )\2 1,

a contradiction because vy ¢ (vs).
Thus A, = 0 and then Equation (D.1) becomes
)\1 V1 = 0

and since v; # 0 we conclude that \; = 0.
We now check whether V' = (B,). If yes then B; is a basis and we are done. If not, we
choose v3 ¢ (B,) and we add it to B, to obtain

Bg = B2 U {’Ug} = {Ul,Ug,Ug} o
Again it’s easy to see that Bj is linearly independent, for, if
(D2) )\1 v + )\2 Vg + )\3 V3 = 0,
we cannot have \; # 0 otherwise
)\1’111 +)\2U2 = 0,

impossible since v3 ¢ (By). Thus A3 = 0 and Equation (D.2) together with the fact that B; is
linearly independent gives that A\; = A\, = 0.
And we continue as before: if V' = (B3) we are done, ...

187
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Thus we have a procedure that for every natural number n, either gives a basis B,, or
produces a linear independent set B,,,; 2 B,, by choosing v,,,1 ¢ (B,,) and defining

Bni1=B,u {'Un+1} = {Ula'UZa s 7'Una'Un+l} .

In the case where V' is a subspace of R", this procedure will stop at some step k < n because
we can’t chose n + 1 linearly independent vectors. However there is no guarantee that it will
for a general vector space. For example if V' = K'[z], the space of polynomials with coefficients
in K, we could at every stage choose v, = 2% and then we get an infinite sequence of linearly
independent sets

B,={z":k=0,1,...,n}
without ever stopping.
But we don’t have to stop either. We can take the union of all the B,, and call it B,
B,=J B,
neN
and notice that B, is linearly independent. To see this notice that, the sequence B, is an
increasing sequence of sets, i.e.
k<¢ = By ¢ By,

because, by the way we constructed these sets we have
(D.3) By$B1$By & ¢ Bn& Bt &
Now consider a linear dependency in B,,
AlUn; + A2 Upy + o+ Ay, Uy, =0
where ny < ny <--- <ny. Then by Equation (D.3) we have that
Unyy-- - Un, € By,

and we have a linear dependency relation in B,,, a contradiction.

So we can ask whether (B,) = V. If so, as it happens in the case of polynomials, we
conclude that B, is a basis and we are done.

If not we start again, we choose v,,.1 ¢ (B,,) and set

Bw+1 = Bw U {Uuhq} = {Ul,Ug, 000g9Wpgooo 7Uw+1} .

If B, is a basis we are done. Otherwise we have B, ...and so on and so forth. If some
B,.» is a basis we stop. Otherwise we define B,,,,, and check whether that is a basis. If not
we continue ...

The claim is then that eventually' this process will stop and we have our basis.

For example let’s reexamine the process of finding a basis for K[z]. Aw we indicated
above if at the k step we chose v;, = 2% then we get the standard basis of K[z] as B,. But we
could have made other choices, for example we could chose v; = 22, v, = 4, and so on: at the
k step we choose vy, = 2%, then we would get

Bw:{x%:/{;eN}

and B, is not a basis.
We could then proceed and choose v,,.; = z2%*! and then we would obtain the standard
basis as B,

“But”, I hear you ask, “how do we know that this process will really stop?” “Well”, I
answer smugly, “it's because we put this as an axiom.” You see, so far we have been dealing
with sets in a naive way, as if their properties are obvious. However this is dangerous and if

IThis may really take loooooong, looooong time!
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we are not careful it leads to contradictions. Mathematicians had to deal with such issues at
the beginning of the previous century. This a rather long story, which I would love to go into
but alas, that would take us far afield. So I'm only giving you the moral: “in order to avoid
paradoxes we have to work within an axiomatic set theory”.

There is a (more or less) universally accepted set of axioms that sets are supposed to satisfy.
One of those axioms, the so called Axiom of Choice guarantees that the above procedure will
eventually terminate thus producing a basis of V%

The inductive procedure that we outlined above is an informal application of transfinite
induction, a generalization of the ordinary induction over the set of natural numbers.

One final remark, the existence of basis is usually given as an application of the so called
Zorn’s Lemma, a statement equivalent to the axiom of choice. Roughly speaking, Zorn’s
Lemma guarantees that if we have a class of sets C that is closed under unions of increas-
ing families, then there is a maximal element in that class, i.e. a set that is not a subset of
any other set in C. If we take C to be the set of all linearly independent subsets of V/, then
C is closed under unions of increasing families and so there is a maximal element in C, i.e.
there exists a maximal linearly independent subset of V. But by Item (d) of Theorem 4.3.2, a
maximal linearly independent subset is a basis.

A quick note on dimension. We note that Theorem 2.2.3 does not hold in general. If V' is
infinite dimensional with basis B, and B’ is a linearly independent subset of V with | B’| = | B/
it does not follow that B’ is a basis. For example,

B'={2** : k eN} c K[z]

is linearly independent and has the same cardinality as the standard basis of K[z] but clearly’
B’ is not a basis.

Dealing seriously with the cardinality of infinite sets is beyond the scope of these notes, as
it requires a deeper excursion into the wild world of set theory. However, Lemma 2, holds for
all vector spaces and this allow us to prove that if B and B’ are two bases of the vector space
V then

|B"|<|B].
Indeed, each v € B’ can replace some element of B and to give us a new basis B” that has the
same cardinality as as B and B’ ¢ B".
But similarly,
| Bl <|B'],
and therefore
| B'|=]B'].

We remark, that in the case of infinite sets the seemingly “obvious” statement

|B'|<|B|and |B[<|B'| = |B'|=|B',

is called the Cantor-Bernstein Theorem* and is rather subtle, not obvious by any means.

In any case, even though we haven'’t really rigorously proved Theorem 4.3.3 in the case of
infinitely dimensional spaces, I hope that the discussion in this Appendix gives you enough
confidence to believe that a proof does indeed exist.

2 Actually, given the other axioms of set theory, the axiom of choice is equivalent to the statement that every
vector space has a basis.

3s it clear to you?

4The name Cantor-Schroder—Bernstein Theorem is also often used.






APPENDIX E
Homework
In this appendix we collect the assigned homework and provide solutions and answers.

E.1. Homework Set 1

Exercise E.1 Solve each of the following systems:

(a)
x+2y+32=0
3z+ y+22=0.
2c+3y+ z=0
ANSWER. This is a homogeneous system. A row echelon form of the coefficient ma-
trix is

1 0 11
Al 0O 1 5.
0 0 18

Since there are no free columns we conclude that the system has only the trivial solution.

The solution set is therefore {(0,0,0)}. O
(b)
- y+ 2=0
-z+3y+ z=5.
3r+ y+72=2
ANSWER. The system is inconsistent. The solutions set is . O
(c)
T + 39 — 223 + 225 =0
201+ 629 —dx3— 214 +4r5— 316 =-1
Has + 101z, + 15z =5
221 + 629 + 8zy+4x5+18x6=06
ANSWER. The reduced echelon form (after discarding a zero row) of the augmented
matrix is

O O =
S O W

0420
1200
0001

So the solution is

0
0 |.
o il
1

x1:—33—4t—2w, To =S, l’3=—2t, IL’4=T,, Ty =W, .T6=§.

191
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Exercise E.2 Find conditions on the real numbers a, b, ¢, if any, so that the system

T + Yy =0
y + 2z =0
x -z =0

ar + by + cz =0

(a) is inconsistent.
(b) Has a unique solution.
(c¢) Has more than one solution.

ANSWER. We can immediately answer the first part. This is a homogeneous system and is
therefore consistent. Thus there exists no conditions on a, b, c that the system is inconsistent.
To answer parts (b) and (c) we proceed to reduce the matrix of the system to an echelon

form.
L 1a 1 1 v 1 1 0 1 1 0 1 1 0
01 1 0 1 1
10_1~0_1_1~011~001~Ob—ac.
0 b-a c 0 b-a c 0 0 1
a b ¢ 0 b-a ¢

If b # a then the system has a unique solution. If b = a then the second column is free and
thus the system has more than one solutions. O

a b
(e
where a,b,c,d € R.

(a) Prove that if ad — bc # 0 then the reduced row echelon form of A is

o)

SOLUTION. Set D = ad - bc. We are given D # 0. We distinguish two cases:
Casel: a=0. Then we interchange the rows and we get

(0 a)-(o 0)

Since, D +# 0 we have bc¢ # 0 and therefore b # 0 and ¢ # 0. So we divide the second
row by b, and the first row by c and we have

1 dfe
A~ (0 1 )
Finally we add —d/c times the second row to the first and we get

10
(o)

Casell: a # 0. We first divide the first row by a, then add —c times the first row to the
second, and get

AN(l b/a)N(l bla )_(1 b/a )_(1 b/a)
c d 0 d-(bc)la) \O (ad-bc)la) \O Df/a)"

Exercise E.3 Consider the 2 x 2 matrix
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Since D # 0 we can multiply the second row by a/D, and then add -a/b times the
second row to the first:

a-(e )6 )

O
(b) Prove thatif ad - bc # 0 then the system
ar+by =k
cx+dy =1
has a unique solution, for all real numbers £, .
SOLUTION. This follows from Part (a) and the second Item of Theorem 1.2.8. O

REMARK 24. In Section refsec:2x2 we treat 2 x 2 systems in detail.

Exercise E.4 Prove that there is a unique line passing through any two distinct points of the
plane.

SOLUTION. A line is a set of points in R? whose coordinates (z, y)satisfy a linear equation
of the form

(E.1) ar+by+c=0

where a,b,c € R and at least one of a,b is non-zero. A non-zero multiple of Equation (E.1)
defines the same line.

Let (#1,71) and (x2,y2) two points, to find all lines that pass through these two points we
solve the system

ari+by;+c =0
ares+bys+c =0
for a, b, c.

Set Az = x5 — 21, and Ay = y, — y;. Since the points are distinct at least one of Az, Ay is
non-zero. Without loss of generality we assume that Az # 0. Subtracting the two equations
we get
Ay

Az

aAr+bAy=0 = a=-—=0.
Substituting in the first equation we get

1(y2 —y1) — y1 (@ —xl)) b oo 12Ty
To — T To — T

x1 Ay
Azx
So the solution is

b+y1b+c=0 — c=(

T1Y2 —T2Y1

a T2 — X1
bl=t 1 , teR.
€ Y2~ Y1
T2 — Ty
Thus all equations of the form (E.1) that are satisfied by the coordinates of both points are
multiples of the same equation and therefore determine the same line. O

Exercise E.5 Find the cubic polynomial

p(z) =axd +bx?+cx+d
given that p(1) = 0, p(2) = 3, p(-1) = -6, and p(-2) = -21.
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ANSWER. Substituting the given values we get the system

a+ b+ c+d=0

8a+4b+2c+d=3

—a+ b— c+d=-6
-8a+4b-2c+d=-21

Passing to the augmented matrix we have

1 1 1 1] 0 10001
8 4 2 1| 3 010 0]-2
11 -1 1] -6|"1o010]2
-8 4 -2 1]-21 000 1]-1

Therefore the polynomial is
p(z) =2 -222 +22-1.
U

Exercise E.6 Look at Examples 5 and 6. There is a geometric reason why in Example 6 the
polynomial we got was not quadratic. The graph of a quadratic polynomial is a parabola so
in these examples we were trying to find a parabola that passes through three distinct points.
But the points of Example 6 are colinear and so there is no parabola that passes through all
three of them.

(a) Prove that given any three distinct real numbers z;, 25,23 and any three real numbers
Y1, Y2, y3 we can always find a polynomial p(z) = a22+bx+c such that p(x1) = y1, p(22) = ¥,
and p(z3) = ys.

SOLUTION. Let a,b,c € R be the coefficients of p. Then (a,b,c) is a solution of the
system

ctxib+aia =y

c+xob+aia =yo

ctasb+aia =y;
The augmented matrix of the system is

2

1 @z z7 | wn
2

1 @y x5 | yo
2

I z3 3 | y3

Subtracting the first row from the other two we get

2

1 1 x] Y1
2,2

0 xo-z1 25-27 | Y2—
2 .2

0 x3-71 25-27 | Y3— U1

Since x1, x5 and x5 are distinct, 5 — z; and x3 — x; are non-zero. We can also assume that
x1 # 0, for if it is zero then x; is non-zero and we just rename our numbers. So we can
divide each row by its leading entry to get'

11 T

0 1 zo+a1 | (Y2—v1)/(xa—21)|.

0 1 zz+a1 | (y3-v1)/(x3—11)
Now subtract the second row from the third to get

y1/$1

'Remember “Difference of Squares”?
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y1/11
(y2—y1)/(l'2—l‘1) 5
(Y3 —y1) /(23 —21) = (Y2 = 1)/ (22 — 1)
Since, x5 — x2 # 0 we conclude that the system has a unique solution. O
(b) The polynomial in part (a) is quadratic (i.e. a # 0) if and only if the points (x1,v1), (z2,92),
and (z3,ys3) are not colinear.
SOLUTION. From the echelon form from part one we see that a = 0 if and only if

11 T
0 1 To +Xq

00 T3 — T2

(E.2) Ys — 1 _ y2_y1.
T3 —T1 T2— T

The fraction on the LHS of Equation (E.2) is the slope of the line through the points (z1, )
and (z3,y3) and the one on the RHS is the slope of the line through (z1,y;) and (x2,y2).
Since these lines share the point (x1,;) they are the same line if and only if they have the
same slope. Now (z1,y2), (z2,¥2), and (x3,ys) are colinear if and only if these lines are
the same line, and we conclude that a = 0 if and only if the three points are colinear. [

E.2. Second Homework
Exercise E.1 Solve the system

2r— by+2z-4s+2t =4

3r—- Ty+2z-5s+4t =9

50 -10y -5z -4s+ 7t =22
by first solving the corresponding homogeneous system and then finding a particular solu-
tion. Refer to Example 13 in Section 1.2.3.

ANSWER. The corresponding homogeneous system is
2r — dy+2z-4s+2t =0
3r—- Ty+2z-5s+4t =0
o0r - 10y -5z -4s+7t =0

We find the reduced echelon for of its matrix:

100%432
2 5 2 -4 2
8 16
3—72—54~0105€
5 -10 -5 4 7
001 = 2
5 5

The general solution of the homogeneous system is therefore

98 11 42
y 8 16
z|= a -1 +é 3
s| 515 °lo
t 0 5

To find a particular solution of the original system we try to guess: we substitute values
to some of the variables and solve for the others until we find a solution that works. If we put
z=s=0andt =1 we find that z = 11 and y = 4 works for all equations. So (11,4,0,1,0) is a
particular solution and so the general solution of the original system is
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x 11 12\ (11
Y 8 16 4
eelalibls )] o
s| 215 °|o 1
¢ 0 5 0

Exercise E.2 Express the vector c = 3e; — 2e; — e3 as a linear combination of the vectors

vi=e;+2e;+3e;3
Vvo=2€e;+3ey+es
V3 = 361 + €9 +2€3.
ANSWER. The coefficients z, y, z will be solutions of the system
r+2y+32=3
20 +3y+ z=-2.
3r+ y+2z=-1

Working with the augmented matrix we get

100 ‘%
12 3|3 1
23 1|-2|~|0 10—
312l o] s
3
So,

C 4 1V +5V

=—=vV)— = — V3.

37 372737

Exercise E.3 Express the vector ¢ = 5e; — e, + 3 e3 as a linear combination of the vectors

vi=e —2e;+3e;3
V2=4el+82

vy=e; —1ley+ 15e;3,

in three different ways.
ANSWER. The augmented matrix of the system we get reduces to

10 5|1
01 -1|1)°

(z,y,2) =t(-5,1,1) + (1,1,0).

Setting arbitrarily, ¢ = 0, £1, we get three different solutions:

and the solution is
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C=V]+Vy
=—4vi+2vy+vy
=6v; — V3.
O
Exercise E.4 Find a vector c that cannot be expressed as a linear combination of the vectors
v1, vy, and v of the previous exercise.

SOLUTION. From the previous question we know that reduced echelon form of the matrix
A with columns v, v5, and v3 has a zero row. If c is such that the matrix A augmented by c
has at that point transformed to a matrix that has a non-zero entry in that row, the system is
inconsistent and therefore c cannot be expressed as a linear combination of vy, v, and vs.
Let’s apply the Gauss-Jordan procedure then until we get the zero row.

1 4 1 1 4 1 1 4 1 1 4 1
-2 1 -11|~10 9 -9|~10 1 -1]~]10 1 -1
3 0 15 0 -12 12 0 -1 1 00 O

We applied, in order, the following row operations:
(a) Added 2 times the first row to the second.
(b) Added -3 times the first row to the third.
(c) Divided the second row by 3.
(d) Divided the third row by 4.
(e) Added the second row to the third.
If we start with any vector ¢’ with non-zero third coordinate and apply the reverse of the
above operations, in reverse order, we will get a vector c that is not in the span of {vi, vy, vs}.
For example starting with ¢’ = (1,3, -2) we get

5 5 7 7
(1737_2) ~ (1737_5) ~ (1737_1) ~ (1717_1) ~ (1717 Z) ~ (17_17 Z) o

So, one such c is
c=e1—e2+1e3.
O
REMARK 25. In the above solution I chose a random vector to illustrate the idea. However
there is a much easier choice, I could have chosen ¢’ = (0,0,4). Then only the fourth of the
operations affect ¢’ and as a result I would get c = e;.

Note that since {vi,vs,Vv3} is not spanning we know that at least one vector from the
standard basis (or any basis) of R3 is not in (v1, vz, v3)*

A= aix Qaig 7 B - bii big : X = Zq _
a21 Q22 ba1 b Hp)

Let y = Bx. Find the vector z = Ay.
SOLUTION. We first find y:

y = bu b2\ (21 _ bi1 @1 + big T2
bo1  baz ) \ w2 bo1 w1 +bao o |

Exercise E.5 Let

2Why?
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7 = aip G2 bi1 1 + bia o _[%n (bn x1 + bio $2) + a2 (521 x1 + bao $2)
ag1 Q22 ba1 1 + bag T2 Q21 (bn x1 + bio $2) + Q22 (521 x1 + bao $2) ’
We now factor z; and x5 to get

_ (a11 b1 + aiz b21) T+ (a11 big + ar2 b22) T2
(CL21 b1 + ag 521) T+ (CL21 bio + ag 522) oy

O
Exercise E.6 Find a 2 x 2 matrix A that interchanges e; and e, in other words such that
Ae; =e; and Ae;=e;.
a b
SOLUTION. If A = (C d) then
A a b)(1\ (a-1+0-0) (a
€1 = dJ\0) \c-1+d-0) \c)’
and
A _fa b)Y (0) (a-0+b-1) (0O
“1 7 e d)\1) " \c-o+a-1)"\d)
So we have the following two vector equations
a 0 b 1
(2)-(3) = (3)- o)
Thus the matrix is
0 1
4- (1 0).
O

Exercise E.7 Prove that if
alb2—a1b3+agbg—agbg +a3b1 —CLle #0

then the system

JI+CL2y+bQZ =Cy

rT+a1y+ blz =C
r+azy+bsz =c3
has a unique solution for all real numbers ¢, c3, cs.

ANSWER. We proceed to get an echelon form of the augmented matrix of the system.

1 aq bl Cq 1 aq bl C1
1 Q9 b2 Cy |~ 0 a9 — a1 b2 - bl Cy—C1|.
C3 — C

1 as bg C3 0 a3 — ay bg—bl
Now notice that the condition given implies that at least one of a; — a1, a3 — a; is non-zero.
For, if both were zero then we would have a; = a;s = a3 and the LHS of the condition would
be zero. Assume then that a; — a; # 0 so we can divide the second row by it. Do that and then
add (a; - a3) times the second row to the third. The second entry of the third row will then be
0 while the third is
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by — by + (a1 = 3)(bs - bl).
a9 — Q7
Combining and expanding this will give a fraction with numerator the LHS of the given
inequality. Thus the third entry of the third row is non-zero. It follows that the system has a

unique solution. O

E.3. Homework 3

Exercise E.1 Let S; and S be two subsets of R” with S; € S,. Prove
(a) If S; is spanning then S, is also spanning.
(b) If S, is linearly dependent then S, is also linearly dependent.
(c) If S, is linearly independent then 5, is also linearly independent.

SOLUTION. Note that (b) and (c) are logically equivalent: (c) is the contrapositive of (b).
So we'll prove (a) and (b). Both follow from the fact that a linear combination of elements of
S is also a linear combination of elements of Ss.

(a) If S; is spanning then every vector v € R" can be expressed as a linear combination of
elements of S}, and hence as a linear combination of elements of S;. Therefore S, is
spanning.

(b) If S; is linearly dependent then 0 can be expressed as a non-trivial linear combination of
elements of S, and hence as a non-trivial linear combination of elements of S,. Therefore
Sy is linearly dependent.

0]

Exercise E.2 Decide whether each of the following subsets is a vector subspace of the given
standard real vector space.
(@) {(z,3z+y,0,y—2) :z,y,z €« R} cR%
(b) {(z,y,2) eR3:z,y,ze Rand 3z -4y =11z}.
(c) The set of points in R? that lie in the parabola y = 2.
(d) The set of points in R3 that lie in the plane with equation 2z — 3y + 4z = 0.
(e) The set of points in R? that lie in the plane with equation 2z - 3y + 4z = 8.
) {(z,2,3x +4y,y— 2) : z,y,2 e R} c R4
(g) {(Bw,2z-5t,x-4y+5¢t,-2c+2-3t+4w):x,y,z,w,t € R} c R4
ANSWER. (a) Yes, this is a vector subspace of R%. It is nonempty since it contains the zero
vector. Simple calculations show that

Az1,3x1 +y1,0,51 — 21) + (22,322 + Yo, 0,y2 — 22)
= (Az1 + 02,3 (A1 + pw2) + (Y1 +92),0, (Y1 +42) — (21 + 22))
So both conditions of Theorem 4.5 hold.
Alternatively we can show that this subset is the linear span of the vectors
(1,3,0,0),(0,1,0,1),(0,0,0,-1).

(b) Yes, this subset is a vector subspace of R3. Perhaps the easiest way to see this is to note
that this subset is the solution set of the homogeneous linear equation 3z -4y - 112 = 0.

(c) No this is not a vector subspace. For example it contains v = (1,1) but not 2v = (2, 2).

(d) Yes, it’s the solution set of a homogeneous linear equation.

(e) No. This subset does not contain the zero vector.

(f) No. This subset does not contain the zero vector.

(g) Yes. We can either use Theorem 4.5 or note that this subset is the linear span of the vectors

(0,0,1,-2),(0,0,-4,0),(0,2,0,1),(0,-5,5,4),(3,0,0,4).
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O

Exercise E.3 For those subsets in Question E.2 that are subspaces find a basis and the dimen-
sion.

ANSWER. For (a) we have the spanning set
S ={(1,3,0,0),(0,1,0,1), (0,0,0,-1).} .

The reduced echelon form is:

10 0 100
31 0 010
00 0| o o0 1
01 -1 00 0

There are no free columns so these vectors are linearly independent, and form a basis.
Therefore the dimension is 3.

For (b) we first find a spanning set. We have that the solution is
(5.9 = (5 (40 +119) 5) =£(5,1,0) +5 (5,0, 1)

The set {(%,1,0),(&,0,1)} is thus spanning and since it’s linear independent if forms a

basis. The dlmensmn is therefore 2.

(d) is similar to (c). There are two free variables, y, z, and we again get a 2-dimensional
subspace. A basis is
3
-,1,0),(2,0,1) .
{(5-10). 00}

(g) is similar to (a). The basic columns are the first, second, third, and fifth. So a basis is
{(0,0,1,-2),(0,0,-4,0),(0,2,0,1),(3,0,0,4)} ,
and the dimension is 4. O
Exercise E.4 Which of the following subsets of R? are a basis?

(@) {(1,2,3),(3,2,1)}.
(b) {(17 17 2)7 (17 _27 0)7 (27 07 1)}
(©) {(1,2,3),(3,1,2),(2,3,1)}.
(d) {(1,2,3),(1,1,0),(0,3,1),(1,0,0)}.
ANSWER. A basis of R? contains exactly 3 vectors, so (a) and (d) are not bases. Both (b)
and (c) are bases since the reduced echelon form of the matrices with columns those vectors
is the identity matrix. O

Exercise E.5 Let
B={(1,1,1,1,1),(0,1,1,1,1),(0,0,1,1,1),(0,0,0,1,1),(0,0,0,0,1) } .
(a) Prove that B is a basis of R5.
(b) Express the elements of the standard basis of R as linear combinations of elements of B.

ANSWER. As indicated in the hint, if we succeed in completing part (b), that is if we ex-
press every vector of the standard basis as a linear combination of elements of B then it fol-
lows that B is a basis’.

SWhy?
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Let v;, 7 = 1,...,5 be the elements of B in the order given. We augment the matrix with
columns the vectors of B with the five vectors of the standard basis and find its reduced
echelon form.

100001 0O0O0O 100001 0 0O 0 O
1'1000]0100O0 0601 00O0f-1 1 0 0 O
1 1100j]001O0¢O0~j001 000 -1 1T 0 O0].
1111000010 000100 O -1 1 O
11111100001 000010 0 0 -11

Therefore

€1 =V —Vy
€9 = Vg — V3
€3 = V3 —Vyu
€4 =Vy4 —Vpg

€5 = Vg.

Exercise E.6 Let T: R? - R be defined by
T(x,y,2) =(x+2y+z,0+y,y-32,4x -3y +22).
(a) Prove that T is linear.
(b) Find the matrix of 7.

ANSWER. (a) We need to check that for \; € R and v; = (x;,y;, 2;) € R3, where i = 1,2 we
have:

T(AMvi+Aave) == AT vi+ AT vs.
This is a straightforward calculation.
(b) We have
Te =(1,1,0,4), Tey=(2,1,-1,-3), Te3=(1,0,-3,2).
So the matrix is

1 2 1
11 0

=10 21 3|
4 -3 9

Exercise E.7 Let

1 2 3
A=10 2 1}.
1 0 3

(a) Prove that the columns of A form a basis of R3.

(b) Express each of the vectors in the standard basis of R? as linear combinations of the
columns of A.

(c) Let T be the linear function that sends the i-th column to the i-th row of A. That is if a;,
ay, and az are the columns of A then 7' is defined by

Ta; = (1,2,3), Tay = (0,2,1), Tas= (1,0,3).
Find the matrix of T'.
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ANSWER. (a) The reduced echelon form of A is the identity matrix.

(b) We have
123|100 100] 3 -3 -2
02101 0]~f010]1/2 0 -1/2].
10 310 0 1 0 01

-1 1 1
And so, letting a; be the columns of A, we have:

81=331+—32—ag
2
egz—3a1+a3

1
e3:—2a1—§a2+a3.

(c) We need to find T'e; for i = 1,2, 3. We will use the linearity of 7' and the expressions of e;
as linear combinations of a; from Part (b).

We have:
1
Tel = T(3a1 + 5&2 —a3)
1
=3T a; + §Ta2 —Tas
1
= (37679) + (07 17 5) - (17073)
13
=(2,7,—).
(27.5)
Similarly,
Tey=(-2,-6,-6), Tes= (—1,—5,—;).
Thus 7 is induced by the matrix
B =2 =l
T — 7 _6 _5
13 7
2 073
O
Exercise E.8 Find a polynomial of degree at most 4 that satisfies the following conditions
p(0)=-5, p(-1)=-10, p(1)=0, p(2)=29, p(-2)=-15.
PROOF. The polynomial is
p(z)=2*+22%-2%+32-5.
U
Exercise E.9 Let V be the subspace of R® spanned by the vectors
vi=(1,2,-1,3,4), v2=(2,4,-2,6,8),
vs =(1,3,2,2,6), vy =(1,4,5,1,8),

vs = (2,7,3,3,9), ve = (4,9,-1,11,18).
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Find a basis and the dimension of V.
ANSWER. We have:

1 2 0 -1 0 3 1 2 0 -1 0 3
001 2 01 001 2 01
000 O 1 O0O]l~l0OO0O O 10
000 0O 00O 000 O 00O
000 O 00O 000 O 00O
So {v1,Vs,Vs} is a basis, and the dimension of the subspace is 3. O
E.4. Homework 4
Exercise E.1 Let A be an m x k matrix and B a k x n matrix. Prove that
ker BCker AB.
SOLUTION. We have
xekerB =— Bx=0
— A(BX)=0
— (AB)X=0
= xcker(AB).
Therefore,
ker BCker AB.
]

Exercise E.2 Let A be a 4 x 3 matrix and B a 3 x 4 so that A B is a square 4 x 4 matrix. Prove
that A B is not invertible.

SOLUTION. We will prove that
ker (AB) # {0},

and so A B is not injective. To do that we will prove that ker B # {0} and the result follows
from Question 1.
By the Rank-Nullity Theorem (see Theorem 3.2.4 in the notes) we have

rank B + null B = 4,

which gives

(E.3) null B =4 —rank B.
But rank B < 3 and therefore Equation (E.3) gives
null B >1,
that is
dim (ker B) > 1.
It follows that

ker B + {0} .
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Exercise E.3 Find a basis and the dimension of the solution set of the following homogeneous
system:

T — 3% + a4+ x5=0
221 — 629 + 223+ 4x4 + 225 =0
-3x1 +4x, + x5=0

To+ T3+ T4 =0

ANSWER. We get the reduced echelon form of the matrix of the system:
1 3011 1000 -1/3

|2 6242 Jo1roo o
-3 4 0 01 0010 -4/3
0O 1 1 10 000 1 4/3
The solution set is therefore
I 1/3
) 0
xTs3 =t 4/3 .
T4 —4/3
Ty 1
Thus the solution set is the linear span ((1/3,0,4/3,-4/3,1)), and has, therefore, dimension 1.
L]
Exercise E.4 For each of the following two transpose matrices:
1 2 3 1 2 Lz s 1
2 1 2 3 1 2 s -l
A= , A*=|3 2 5 -1
3 & B 4 3
1 =1 =1 2 -l bsa 2
21 3 -1
(a) Find a basis for their ranges and state their rank.
ANSWER. We have
10 1/3 5/3 0
ALl t 4 -13
00 O 0 oy
00 O 0 O
Thus a basis for R(A) is {(1,2,3,1),(2,1,3,-1)} and so rank A = 2.
For A* we have
1 01 -1
011 1
A*~10 0 0 O
000 O
000 O
Thus a basis for R (A*) is {(1,2,3,1,2),(2,1,2,3,1)}, and so rank A* = 2. O

(b) Find a basis for their kernels and state their nullity.
ANSWER. From the reduced echelon forms in Part (a) we have that a basis for the
kernel of A is

{(-1/3,-4/3,1,0,0),(-5/3,1/3,0,1,0),(0,1,0,0,1)} .
Thus null A = 3.
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Similarly, a basis for the kernel of A* is
{(—1,—1, 1,0), (1,—1,0, 1)} .

Thus null A* = 2. O
Exercise E.5 Find the inverse of each of the following matrices:

1 9 -1 1 2 1 0 1 2 0 -2
01 -1 1 0 21 4
A(?§f3)73131-2’00030
1 4 -2 4 0 0 0 -8
ANSWER. We have
1 2 -1]1]1 00 1 00 9 -3/2 -5
2 2 4 01 0]~10 1 0 | -5 1 3
1 3 =310 0 1 0 0 1 -2 1/2 1
Therefore,
9 -3/2 -5
Al=]-5 1 3
-2 1/2 1
Similarly,
-10 -20 4 7 1 -1 1/3 -3/4
. 3 6 -1 -2 |0 1/2 -1/6 1/4
1 _ 1 _
57 = 5 8 =2 =3V ¢ = 0 O 1/3 0
2 3 -1 -1 0 0 0 -1/8

Exercise E.6 Let C be the following set of 2 x 2 matrices.

C:{(Z _b) :a,bER}.
a
Prove the following:

(a) Cis closed under matrix addition. That is,

A BeC = A+ BeC.
(b) C is closed under scalar multiplication. That is,

AeR, AeC = MNAecC.

In particular,
AeC = -AcC.

(c) Cis closed under matrix multiplication. That is,
A, BeC = ABeC.
(d) All non-zero elements of C are invertible, and
AeC, A+0 =— A'teC.
(e) Any two elements of C commute. That is,

ABeC — AB=BA.
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(f) Let

Verify that

J?=-I.
(g) whatis J593?
(h) Every element of C can be uniquely expressed as a linear combination of / and J. In
other words, if A € C then there exist two unique real numbers a, b such that

A=al+bJ.

(i) Let A € C with A = al + bJ with at least one of a,b non-zero. Express A~! as a linear
combination of / and J.
(j) Prove that every non-zero element of C has exactly two square roots. That is, prove that if
A # O is an element of C then there are exactly two elements B € C such that B? = A.
(k) Prove the that every quadratic equation
AX?+BX+C=0
where A, B,C € C and A # 0, has two solutions (that may coincide) in C.
ANSWER. Parts (a) through (e) are straightforward calculations, very similar to Exam-

ple 52 in the notes. Let
(a1 —bl _ [ G2 —b2
Al_(bl al)’ AQ_(bz az)’

be two elements of C and )\ € R. We have

(a)
a1+ a —bl—bg _[G1 T a2 —(b1+bg)
A1+A2_(bl+bg a1+a2)_(b1+b2 a) + Gy =G
(b)
_ )\CLl )\(—bl) _ )\a1 —()\bl)
AA&‘(A@ e )‘(Am Nay | €€
(0)

A1A2 _ (a1a2+bl b2 —(alb2 +a2b1)) cC.

alb2+a2b1 a1a2+b1b2

(d) Using the result of Example 43, we need to prove that if A; € C is non-zero then the
determinant of A is non-zero. But the determinant of A4, is

ayay — (=b1) by = a} + b3

Butif A; # O then at least one of a;, b; is non-zero and therefore the determinant a2 +b? # ()
and thus A, is invertible.
Then using Equation (3.9) we have

1 a b
1 _ 1 b
A= a? +b? (—b1 CL1)'

a; b I ! _(_bl)
(_bl al) - (_bl ai €C
and therefore by Part (b) it follows that A~! in C.

Now
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(e) This is a straightforward calculation.
(f) Again this is a straightforward calculation.
(g) Since J% = -1 we have J3 = —-J and J* = . It follows then that for £, ¢ € Z we have

J4k+é — (J4)k JZ — ]k JZ — JZ.
Now 503 = 4-125 + 3 and therefore

503 _ 713 _ _ 71 _ 0 1
J503 = J3 = J—(_l o)

(Z _ab)‘:a(é ?)+b((1) _Ol):a]+bJ.

This representation is unique because

I+ J=agl+ByJ —> (Cbli ‘bl):(a2 ‘b2),

ay by as

(h) We have

and so a; = ay and by = bs.
(i) From the calculation in Part (d) we have

4 a ~ b
(al+bJ) = a2+b2J'
(j) Following the hint assume that
B = (:): —y) eC
y T
satisfies B2 = A.
Now
2_[2*-y? 2y
Eit ( 2y x2—y2)
and so if B2 = A we have the system*
2-y? =a
(E.4) { 2y =b

Now we consider two cases:
e Case I: b # 0. Then the second equation gives that x + 0 and y # 0 and

b
BB = —.
(E.5) 57
Substituting in the first equation then gives
2
xz—b—za — 4a'-dax*-b*=0.
4 22

Using the quadratic formula we have

o 4a+V16a?>+1602 axVa®+1?

. 8 2
and since a2 + b2 > a2 we have Va? + b2 > a and therefore the
a-va?+0b? <0
> )

Notice that this is not a linear system.
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Since x is a real number, 22 > 0 and therefore only the solution

5 G+Va®+b?
= —————
2
is acceptable. Thus we have
a+va®+b?
T = :l: f.

Substituting into Equation (E.5) we get
b
Yy=t——.
Va+va?+b?

Thus the System (E.4) has two solutions and therefore A has two square roots.

REMARK 26. Alternatively, we could substitute 22 into the first equation of the Sys-
tem (E.4) to get

a+Va?+b?
2

The two square roots of A are then

—a+Va?+bh? —a+Va?+b?

2 2
= =Q =] =+
Y =Y 9 =Y 5

VA=Y
2 \/—a+\/a2+b2 \/a+\/a2+b2

NG \/0L+\/a2+b2 —\/—a+\/a2+b2)

e Case II: b = 0. Then from the second equation we get z = 0 or y = 0. Since A # O we
have a # 0 and from the first equation of System (E.4) we have that exactly one of
the z,y is 0: If a > 0 then y = 0 and « # 0 and in that case we get solutions

z=xVa, y=0.
If a <0 then z = 0 and y # 0 and in that case we get solutions
x=0, y==xV-a.

REMARK 27. When b =0, A = a I a scalar matrix. Our conclusion is that for a > 0 the scalar
matrix has two square roots ++/a I, while if a < 0 then we have the square roots +/a J.

(k) For Z € C let us denote by +\/Z the two square roots of Z whose existence was proven in
Part (j). Then I claim that the equation

AX?’+BX+C=0
has the solutions
X = % (-B+VB?-4AC) A7
Indeed, since by Part (e) any two elements of C commute we have

X2 = i (32 +2BVB2-4AC + B —4AC) A2,
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Now we calculate:

AX2+BX=A (% (B2 ¢QB\/B2—4AC+BQ—4AC) A-2)
+B (% (—B:l:\/BZ —4AC) A-l)
- %Al (32 :FB\/B2—4AC—2AC)
+ %Al (32 + BVB? —4AC)
L,
- _C.

Exercise E.7 For each of the following permutation matrices P:
100 100 010 010 010 0 0 1
010, {001}, |1 0O}, 2 OO}, OO T1f, (O 1 O].
0 01 010 0 01 001 100 100
Compute P A and A P, where
air Q12 ais
A=lan ax axs].

az1 daszz G33
ANSWER. The first matrix is the identity matrix and so PA=AP = A.

If
1 00
P=]0 0 1
010
then
@11 a2 13 11 Az Q12
PA=|as1 asx asgs|, AP=|ax a3 ax].
Q21 Qg2 (23 31 aszz 32
If
010
P=]1 0 0
\0 0 1
then
Q21 A2z (23 Q12 aAi;x 413
PA={an a2 aiz|, AP=|ax an axa].
31 dz2 G33 32 Aa3z1 G33
If

then
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a31 aszz2 G33 Q12 aiz ai
PA=|an a2 aiz|, AP=|ax a3 ax
Q21 Ag22 A3 32 a3z G31
If
010
P=10 0 1},
1 00
then
Q21 Ag2 (23 @13 aiz2 a1
PA=|as1 aszx asgs|, AP=|ax ax ax
@11 a2 13 a33 azz a31
Finally, if
0 0 1
P=10 1 0},
1 00
then
31 daz2 G33 a13 a1z aia
PA=laxn axn ax|, AP=|axs ax an
@11 a2 13 a33 azz a3

Exercise E.8 Let

1 0 0 103
x=[o -2 o], vy=]|o 1 o],
0 0 1 00 1

and let A be as in the previous question. Compute X A, AX,Y A, and AY.
ANSWER. We have

ai a12 ais a1 —2a12 a3

XA=|-2 a7 -2 a9 -2 ass |, AX = a9q -2 Q92 (923

a3 32 ass as; —2agy ass

And,
ay +3az aip+3az a3+ 3ass a1 a2 app+3ai3
YA-= Q21 Q22 23 ., AY =|aa ax as+3axn
asi 32 ass as; agy asz+3as;
. 1 1
Exercise E9 Let A = 0o 1l

(@) Compute A™ forn =0,1,2,3,4.
(b) what pattern do you observe? Conjecture a formula for A" based on that pattern.
(c) Prove your conjecture.

ANSWER. (a) We have

o (10 L (11 , (1 2 . (13 . (1 4
A‘(01’A‘01’A‘01’A‘01’A‘01'
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n_ [1 n
a5 7).

(c) We proceed by induction. For n = 0 our conjecture is true. Assume then that

n_ [1 n
(3 7).
Antl — 1 ny(1 1} (1-1+n-0 1-1+n-1} (1 n+l
~\0 1J\0 1) \0-1+1-0 O-1+1-1) \0O 1 )’

and we established that our conjecture holds for n + 1 as well. By induction then, our
conjecture is true for all n € N.

(b) We conjecture that

Then,

U]
Exercise E.10 Let
2 -2 -4 1 1 3
A=|-1 3 4|, B=|l5 2 6].
(1 -2 3) (2 -1 3)
(a) Find A*2.
ANSWER. We calculate:
2 -2 -4
A2=|-1 3 4 |=A.
1 -2 -3
It follows that A™ = A for all n > 1. Therefore
2 -2 -4
A2 =A=|-1 3 4.
1 -2 -3
U
(b) Find B0,
ANSWER. We calculate:
0O 0 O 0 0O
32:339,33:00020
-1 -1 -3 0 0O
It follows that B = O for n > 3. Therefore
B = 0.
U

Exercise E.11 Letp(z) =23 -322+ 2 -3 and let

5 0 13
A=|1 3 14].
-2 0 -5

9 2 1
p(A)=|7 -12 -2].
5 -5 -8

Evaluate p (A).
ANSWER. We have



212 E. HOMEWORK

5

Exercise E.12 Let A = (0

z2 -7z +10.

ANSWER. We have

z) . Find the real number « if A is a root of the polynomial p(z) =

25 2a+10
2 _
(5 *30)

and so

A2-TA+101

25 2a+10 5 2 1 0
1o a? )_7(0 a)+10(0 1)
(25 2a+10) (=35 -14) (10 0
"\ 0 a? 0 -Ta 0 10

(0 2a-4 )

p(A)

0 a2-T7a+10

So if A is a root of p(z) we have
0 2a-4 \ {00
0 a2-Ta+10) \0 0)°

2a-4=0, and a®-7a+10=0.
Thus a = 2. O
Exercise E.13 Let

So we must have

and let p(x) =23 - 222 -2z +6.
(a) Verify that A is a root of p(z).
(b) Express A~! as a polynomial in A.
(c) Use Part (b) to find A-1.

ANSWER. (a) We calculate

3 1 -1 2 4 -2
A2=|-1 3 -1], A%=|2 o -4].
4 2 2 14 2 0

And then with straightforward calculations we verify that
AP-2A*-2A4+61=0.
(b) We have
A -2A4-2A+61=0 = A*-24°-2A=-61
= A(A’-2A-21)=-61

A (—é(AQ—QA—QI))zl.
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Therefore,

Alz—%@P—QA—2Q.

(c) We have
A1=—ép¥—2A—2U

(3 11 1 1 0 10 0

——={l-1 3 =1]-2[2 0o -1]-2]0 1 0

6i\4 2 2 3 -1 1 00 1
1 -1 -1
M5 o1 4
610 2 -9

1 1 1
s o4
6l 2 9

O
. . . a b : 1 2
Exercise E.14 Find all 2 x 2 matrices A = (C d) that commute with B = ( 0 1) .
SOLUTION. We have
a 2a+b a+2c b+2d
AB:(C 20+d)’ BA:( c d )
So we have the system
a =a+2c
20+ =b+2d
c =c '
2c+d=d
The first equation gives c = 0 and the second a = d. Thus the centralizer of B is
a b
(3 *)-are).
U

Exercise E.15 Let A and B be two symmetric n x n matrices. Prove that A B is symmetric if
and only if A and B commute.

SOLUTION. Since A and B are symmetric we have A* = A and B* = B and so
(AB)"=B*A*=BA.
Thus
(AB)'=AB < BA=AB.
In words, A B is symmetric if and only if A and B commute. O
Exercise E.16 Let A € M,,. Prove that A + A* is symmetric, where A* is the transpose of A.
SOLUTION. We have

(A+ AN = A"+ (A") = A"+ A=A+ A
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Exercise E.17 A square matrix A is called nilpotent if A* = O for some positive integer k. Prove
that if A is nilpotent then A is not invertible.

SOLUTION. Assume,to get a contradiction, that A is invertible. Then A* is also invertible
and = (A-1)". But then

AR =0 = Ak (AF) =0 (AF)

= [ =0,

a contradiction. Therefore A is not invertible. O

Exercise E.18 A square matrix A is called idempotent if A% = A. Find all the matrices that are
both idempotent and invertible.

SOLUTION. If we multiply both sides of the equation

A?=A
with A~ we get
A=1.
Thus the only idempotent and invertible matrix is the identity matrix /. O

Exercise E.19 A square matrix is said to be antisymmetric if A* = —A, in other words if for all
1,7 we have

Qi = — Q.
Prove that if A and B are symmetric matrices then A B — B A is antisymmetric.
SOLUTION. We have
(AB-BA) " =(AB)" -(BA)"=B*A*- A* B".
Now if A and B are symmetric we have
B*A*-A*B*=BA-AB=-(AB-BA).
So if A and B are symmetric matrices then
(AB-BA)"=-(AB-BA),

and so A B - B A is antisymmetric. O
Exercise E.20 Prove that all permutation matrices in Question E.7 are orthogonal.

SOLUTION. Let P be any permutation matrix. Then the columns of P are obtained from
the standard basis of R3 by applying a permutation. Now for the standard basis of R3 we
have

ei-ejzéij, i,j:1,2,3.
Therefore, if p;, i = 1,2, 3 are the columns of P we have
P pP;j =0y, 4,j=1,2,3.

By Proposition (8) we have then that P is orthogonal. O
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E.5. Homework 5

Exercise E.1 Let
11 ZTi2 Ti13 T4
X = Ta1 T2 T23 T24
T31 T32 L33 T34
Tg1 Tg2 T43 Ty4

(a) Find a matrix A such that

31’41-21’21 3!13'42—21’22 31’43—21’23 3!13'44—2113'41

x Z32 X33 T34
A, X _ 31

T11 T12 x13 T4

Z21 X22 Z23 X24

(b) Find a matrix B such that

T14a—2T13 T2 T11 T4

_ | X4 — 213 Toa T Ty

XB-=
T34 —2T33 T3z T3l T34

Taa —2T43 Tz Ta1 Taa

2 -1 1
A=16 -3 4].
3 -2 3

(a) Verify that A is a root of the polynomial

Exercise E.2 Let

p(z) =22 -32+2.

(b) Find A~
Exercise E.3 Let

Q(v3) = {a+bV3:a,beQ}.

(a) Prove that Q(+/3) is a subfield of the field of real numbers R.

(b) Give an explicit formula for (a +b+/3)".
Exercise E.4 Consider the set F = {0,1,a,b} where a # b. Define addition and multiplication
via the following tables

+‘01ab -‘Olab
00 1 a b 0(0 0 0 O
11 2 b «a 110 1 a b
ala b 0 1 al0 a b 1
blb a 1 0 bl10 b 1 a

Prove that F is a field.
Exercise E.5 Consider R? with the usual addition

(a,0) + (¢,d) = (a+¢c,b+d),

and multiplication given by
(a,b) (¢, d) = (ac,bd).

Is R? with these operations a field? Fully justify your answer.
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Exercise E.6 Consider the following matrices’ with complex entries

(o1 (0 i (1 0
%=\1 0)0 % \i o) %7lo 1)

Prove that these matrices satisfy the following relations:
(@) o2=02=02=1.
(b) op0y=10,, 0y0,=10,, 0,0,=10.
(C) 0,0y==-0y0y, 0,0,=-0,0,, 0y0,=-0,0,.
Exercise E.7 Consider a 3 x 3 grid of squares, each either green or red. When we touch a
square its color and the color of its neighbors change, where the neighbors of a square are all
squares that share an edge with it.

Thus for example, if we touch the square numbered 1 the squares numbered 1, 2, and 4
change color, if we touch square 5 then all squares except 1, 3, 7, and 9 change color, and if we
touch 8 then 5, 7, 8, and 9 change colors.

We start with all squares green. Find, if possible, a sequence of squares to touch so that all
squares turn red.

Exercise E.8 Consider the following vectors in C*:

v1 = (1,4,0,-7) vo = (2+4,31,i,1 - 41)
vy = (5+4,2+64,1+24,7-9%) vi=(0,3-4,1+1,0).

Find a basis and state the dimension of the linear span C (v, va, V3, vy4).
Exercise E.9 Consider R as a vector space over Q. Prove that

{V2.v3,v5)

is linearly independent. You may consider Item (a) of Example 93 in the notes known.
Exercise E.10 Let S, denote the set of n x n symmetric matrices over R (see Definition 29 in
the notes).

(a) Prove that S,, is a vector subspace of M,,.

(b) Find a basis and the dimension of S,,.
Exercise E.11 Consider the vector space R[z] of polynomials with real coefficients. Which of
the following subsets is a vector subspace of R[z]?

(@) V= {p(z) € R[z] : p(42) = 0}.

(b) U ={p(z) e R[x] : p(42) > 0}.

(©) W = {p(x) € R[x] : p(42) = p(0)}.

(d) X ={p(z) € R[z]:degp(z) = 8}.
Fully justify your answers.
Exercise E.12 Let P be the set of real polynomials of degree at most 3:

P3 = {p(z) e R[z] : deg p(x) < 3}.

SThese matrices are called Pauli spin matrices. They are used in Quantum Mechanics to compute the spin of
an electron.
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Prove that

B={lz-1,(z-1)% (z-1)*},
is a basis of Ps.
Exercise E.13 Let S ={A,B,C,D} ¢ M, where

1 1 0 1 0 0 0 0
Ao 0) 20 o) e-() 2-()
(a) Prove that S is a basis of M.

(b) Express X = (1 as a linear combination of elements of .S.

2
3 4
Exercise E.14 Find conditions on the complex number z so that the vectors
vi=(2,0,1), v;=(0,1,2%), wv3=(z,1,1+2)

form a basis of C3.
Exercise E.15 Consider the vector space M, of real n x n matrices, and let B be a basis of M,,.
Prove that
B*={X": X € B}
is also a basis of M,,, where X * stands for the transpose of a matrix X.
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