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Definitions and Statements of Theorems to be memorized:

(1) Existence and Uniqueness theorem for a first order linear ordinary differential equation (Theorem 2.4.1).
(2) Existence and Uniqueness theorem for a first order general (noninear) differential equation (Theorem 2.4.2).
(3) Existence and Uniqueness theorem for a second order linear ordinary differential equation (Theorem 3.2.1).
(4) Abel’s Theorem (Theorem 3.2.7)

(5) Existence and Uniqueness theorem for an n-th order linear differential equation (Theorem 4.1.1).

(6)

(7)

(8)

()

Definition of a fundamental set of solutions (page 223 of our textbook).
Definition of a linearly dependent functions (page 223 of our textbook).
Theorem on the consequence of non-zero Wronskian (Theorem 4.1.2).

o

Theorem on the equivalence of a fundamental set of solutions of a linear ODE and its linear independence
(Theorem 4.1.3).

Theorem on the existence of the Laplace transform of a function (Theorem 6.1.2).

Definition of the standard inner product of two real-valued functions u, v on the interval a < x < 3.

Definition of the orthogonality of two real valued functions u,v on the interval a < z < .

(10)
(11)
(12)
(13) Definition of the Euler-Fourier formulas for the coefficients in a Fourier series.
(14) Definition of a piecewise continuous function.

(15) The Fourier Convergence Theorem (Theorem 10.3.1).

(16) Formula for the Fourier cosine series of an even function.

(17)

Formula for the Fourier sine series of an odd function.

Be able to calculate and answer:

(1) Draw a direction field for the given differential equation, and based on the direction field, determine the

behavior of y as t — oc:

v =-y(5-y)
(2) Solve the following IVP and draw a few solution curves based on the initial conditions:
dy
— =2y —10 0) =
o = 2v—10, y(0) = yo

(3) Determine the order of the given differential equation, and state whether the equation is linear or nonlinear:

dy
(@) 42 =0.

dt
dy 2 _ 43
(b) dt3 +tdt + (cos*(t))y = t°.
(€) Ugy + Yyy + vty +uuy +u = 0.
(4) Use integrating factors to find the solution of the given IVP:
(a) ¥ +2y =te™™, y(1) = 0.
(b) ¥ + (2/t)y = (cost)/t?, y(m) =0,¢t > 0.
(c) ty + (t+ 1)y =t, y(In2) =1,¢> 0.
(5) Find the solution of the given IVP in explicit form:
(a) y' = (1—-2x)/y, y(1) = -2
(b) dr/do =12/0, r(1) =2.
(c) ¥ =(e™ —e”)/(3+4y), y(0) = 1.
(d) y' = 2z/(y + 2%y), y(0) = 2.
(6) (Homogeneous equation: Use v = y/x) Solve
dy 22 + 3y?
(a) — = ————.
dx 2xy
dy 4z + 3y
by - .
(b) dx 2v+y



2

(7) A tank with a capacity of 500 gal originally contains 200 gal of water with 100 lb of salt in solution. Water
containing 1 1b of salt per gallon is entering at a rate of 3 gal/min, and the mixture is allowed to flow out of
the tank at a rate of 2 gal/min. Find the amount of salt in the tank at any time prior to the instant when
the solution begins to overflow. Find the concentration (in pounds per gallon) of salt in the tank when it
is on the point of overflowing. Compare this concentration with the theoretical limiting concentration if the
tank had infinite capacity.

(8) A young person with no initial capital invests k dollars per year at an annual rate of return r. Assume that
investments are made continuously and that the return is compounded continuously.

(a) Determine the sum S(t) accumulated at any time ¢.
(b) If r = 7.5%, determine k so that $ 1 million will be available for retirement in 40 years.

(c) If K = $2000 per year, determine the return rate r that must be obtained to have$ 1 million available

in 40 years.
(9) Without solving the problem, determine an interval in which the solution of the IVP is certain to exist:
(a) (4—t2)y + 2ty = 3t2, y(=3) = 1.
(b) (Int)y’ +y = cott, y(2) = 3.
(c) ¥ + (cost)y’ +3(Int))y = 0, y(2) =3,4/(2) = 1.

(10) Discuss the existence and uniqueness theorem for the following:
(a) y = (1—t* )12

(cott)y
(b) ¥ = -
(1+y)
(11) Bernoulli Equation: Use v = y'~" Solve
(a) 2y + 2ty —y3 =0, t>0.
(b) v =ry — ky?, r>0,k>0.

(12) Sketch the graph of f(y) versus y, determine the critical (equilibrium) points, and classify each one asymp-

totically stable, unstable, or semistable. Draw the phase line, and sketch several graphs of solutions in the

ty-plane:

(a) dy/dt = —k(y —1)?, k>0,—00 < gy < 0.
(b) dy/dt =y(1 —y?), —00 < yo < 0.

(c) dy/dt = y?(4 — y?), —00 < Yo < 00.

(13) Determine whether each of the equations is exact. If it is exact, find the solution:
(a) (e®siny —2ysinz) 4 (e® cosy + 2cosz)y’ = 0.
(b) (y/x +6z) + (In(z) —2)y’ =0, x> 0.
(c) 922 +y—1)— 4y —a)y =0, y(1) = 0.
(14) Find the Wronskian of the given pair of functions:
(a) e~2t, te=2
(b) cos?6,1 + cos 20
(15) Find the Wronskian of two solutions without solving the equation:
(a) 2y —t(t+2)y + (t+2)y =0
() (1 =22y — 22y + a(a+1)y=0
(16) Solve the given TVP:

(a) ¥+ 3y =0, y(0) = —2,y'(0) = 3

(b) 4y —y =0, y(—2) =1,y'(-2) = —1

(¢) ¥y +4y +5=0, y(0)=1,4/(0) =0

(d) y"+2y +2y =0, y(m/4) = 2,y (7/4) = -2

(e) 9y + 6y’ + 82y =0, y(0) = —1,4/(0) =2

() v +4y +4y =0, y(-1)=2,y'(-1)=1

() 4y® +y +5y =0, y(0) =2,4'(0) = 1,4"(0) = -1

(17) (Euler equations (Use z = Int)):
(a) t2y" — 3ty’ + 4y = 0 for t > 0.
(b) t2y" + 3ty +y =0 for t > 0.



(23)

(24)

(26)

(27)

Use the method of undetermined coeflicients to find the solution of the given IVP:

(a) ¥' +y' —2y=2t,y(0) =0,y'(0) = 1.

(b) " =2y — 3y = 3te*, y(0) = 1,4(0) = 0.

(c) ¥ +2y + 5y = 4e tcos2t, y(0) = 1,y/(0) = 0.
Use the method of variation of parameters to find the general solution of

(a) v" =2y +y=e'/(1+1)

(b) 4y” +y = 2sec(t/2) for —m <t <7

(c) ¥y +4y +4y=t"2e"2 for t > 0
A mass of 100 g stretches a spring 5 cm. If the mass is set in motion from its equilibrium position with a
downward velocity of 10 ¢m/s and if there is no damping determine the position u of the mass at any time
t. When does the mass first return to its equilibrium position?
A series circuit has a capacitor of 0.25 x 1076 F and an inductor of 1 H. If the initial charge on the capacitor
is 1076 C and there is no initial current, find the charge @ on the capacitor at any time t.
A mass of 5 kg stretches a spring 10 cm. The mass is acted on by an external force of 10sin(¢/2) N (newtons)
and moves in a medium that imparts a viscous force of 2 N when the speed of the mass is 4 cm/s. If the
mass is set in motion from its equilibrium position with an initial velocity of 3 em/s,

(a) Formulate the initial value problem describing the motion of the mass.
(b) Find the solution of the initial value problem.
(c¢) Identify the transient and steady state parts of the solution.
(d) Plot the graph of the steady state solution.
) If the given external force is replaced by a force of 2 cos(wt) of frequency w, find the value of w for which

resonance Occurs.
Verify that the given functions are solutions of the differential equation and determine their Wronskian:

(a) y@ +¢" =0; 1,t,cost,sint.

(b) 23y + 2%y" — 22y’ + 2y = 0; x, 22 1/
Find the general solution of

(a) y®) — 3y 4 3y — 3y 12/ =0

(b) y® +8y® 4+ 16y =0
Determine the radius of convergence of

(1) iZp2a”

(b) Y02, =

Determine the Taylor series and its radius of convergence about the point zy of

(a) Inz for zp =1

(b) 2?2 for zg = —1

Seek power series solutions; find the recurrence relation; find the first four terms in each of two solutions
Y1, Y2; By evaluating the Wronskian W (y1,y2)(xo), show that y1,ys form a fundamental set of solutions; if
possible, find the general term in each solution.

(a) v’ + 2y’ +2y =0 for 2o = 0; y(0) = 4,y'(0) = -1

(b) (4 —2?)y" +2y =0 for =g = 0.

(Euler Equations:) Find the solution of the given problems:

(a) 22%y" — day’ + 6y = 0.

(b) z%y" — 3xy’ + 4y = 0 with y(—1) = 2,9/(-1) = 3.

(c) 2%y" + 3xy’ + 5y = 0 with y(1) = 1,3/(1) = —1.
Show that the given differential equation has a regular singular point at x = 0; determine the indicial equation,
the recurrence relation, and the roots of the indicial equation; find the series solution z > 0 corresponding
to the larger root.

(a) 32%y" +2zy' + 2%y =0

(b) 22%y" + 3zy’ + (222 — 1)y =0

Find the Laplace transform of



(a) (t) =t
(b) f(t) =t
(c) f(t) =coshbt
(d) f(t) =sinhbt
(31) Use Laplace transform to find the solution of
(a) y® —4y® +6y@ — 4y’ +y = 0; y(0) = 0,4/(0) = 1,y»(0) = 0,y (0) =1
(b) y® —2y' + 2y = cost; y(0) = 1,5'(0) = 0
xpress f(?) in terms of the unit step function wu.(¢):
32) E f() i f th i functi
t, 0<t<2,
2, 0<t<2 2, 2<t<5,
(@)  f(t) = () ()=
1, t>2 T—t 5<t<T,
0, t>7

(33) Find the solution of the given IVP.
(a) ¥ +3y" + 2y = us(t); y(0) = 0,4'(0) = 1

5
(b) v +y' + = g(t); y(0) = 0,%'(0) = 0; where

sint, 0<t<nm

g(t) =

0 t>m

(34) Solve the given boundary value problem or show that it has no solution:
(a) ¥y +2y ==, y(0) =0,y(7) = 0.
(b) " + 3y = cos(x), y'(0) = 0,y/(w) = 0.
(35) Find the eigenvalues and eigenfunctions of the given boundary value problem. Assume that all eigenvalues
are real.
(a) ¥" + Ay =0,y (0) =0,y'(m) = 0.
(b) ¥+ Ay =0,%'(0)=0,y'(L) =0.
(36) For each of the given periodic functions, sketch the graph of each for three periods, and then find the Fourier
series.
z+1, —-1<z<0,

(a) flz)=  fx+2) = f().

l—2, 0<5z<m;

r+2, —-2<zx<0,
(b) flz) = [z +4) = f(z).
2—-2z, 0<z <2
(37) Let f(x) =1 — 22 for —1 < z < 1, and extend it periodically outside the interval [—1,1). Find the Fourier
series for the extended function, and sketch the graph of the function to which the series converges for three
periods.

(38) Extend the function f(z) periodically beyond [—2,2):

r+2, —-2<x<0,
2—2x, 0<x<2.

fz) =

(a) Find the Fourier series for the given function.

(b) Let e,(x) = f(z) — sn(x). Find the least upper bound or the maximum value (if it exists) of |e,(z)| for
n = 10,20, and 40.

(c) If possible, find the smallest n for which |e,(x)| < 0.01 for all z.

(39) Find the Fourier cosine series for the given function:
fl@)=L—u=. 0 <z < L, period 2L,
(40) Find the Fourier sine series for the given function:

flx)=L —=z. 0 <z < L, period 2L,



(41) Find the solution of the heat conduction problem:

Ugy = duy, 0<z<2,t>0;
u(0,t) =0, u(2,t) =0,t > 0;
u(z,0) = 2sin(nz/2) — sin(nz) + 4sin(27x), 0<z<2

(42) Consider the conduction of heat in a rod 40 cm in length whose ends are maintained at 0° C for all ¢ > 0.
Find an expression for the temperature u(z,t) if the initial temperature distribution in the rod is given by
the function

x, 0 <z <20,

u(z,0) =
40—z, 20 <z < 40.

Short answers:

(1) y =0 and y = 5 are equilibrium solutions; y diverges from 5 if initial value is greater than 5; y — 0 if initial
value is less than 5.
(2) y =5+ (yo — 5)e?. Equilibrium solution is y = 5; solutions diverge from the equilibrium solution.

(3) (a) First order, nonlinear, ordinary differential equation.
(

b) Third order, linear, ordinary differential equation.
(c¢) Second order, nonlinear, partial differential equation.
(1) (a) y= (2~ e 22
(b) y = (sin(t))/&2
() y=(t—1+2e"")/t, t#0.
(5) (a) y=—V2x—222+4
(b) r=2/(1—21In(6))
(c) y=—2+ 1V65—8cf —8e .
(d) y = —[2In(1 4 2?) + 4]*/2.
(6) (a) 2% +y* —ca® =0.
(b) |y + 2|y + 42> = c.
(7) Q(t) =200+ t — [100(200)%/(200 + ¢)?] b, t < 300; ¢ = 121/125 Ib/gal; im;_in ey c = 1 Ib/gal.
(8) (a) k(e —1)/r
(b) k=% 3930
(¢) 9.77% .
9) (a) (o0, -2)
(b) (1,7).
(c) (0,00).
(10) (a) Discussion should cover the region t? + y? < 1.
(b) Discussion should cover the region t # nz for n € Z and y # —1.
(11) (a) y = *[5t/(2 + 5ct®)]/2.
(b) y=r/(k+cre=").
(12) (a) y =1 is semistable.
(b) y = —1 and y = 1 are asymptotically stable, y = 0 is unstable.
(¢) y =2 is asymptotically stable, y = 0 is semistable, y = —2 is unstable.
(13) (a) Exact. Solution is: e” sin(y) + 2y cos(x) + ¢ = 0.
(b) Exact. Solution is: yIn(z) 4+ 3z — 2y + ¢ = 0.
(c) Exact. Solution of IVP is: 32% + zy — 2 — 2y? —2 = 0.
(14) (a) e
(b) 0.
(15) (a) ct2et.
(b) ¢/(1—a?)
(16) (a) y=—-1—e3y— —last— oo



(b) y=—3et2/2 4 Le=(t42/2, y 5 o0 as t — oo.
(c) y = e 2 cos(t) + 2e % sin(t); decaying oscillation.
(d) y = v2e= /D cos(t) + v2e~ =7/ sin(t); decaying oscillation.
(e) y=—e""3cos(3t) + Se~"/3sin(3t), y — 0 as t — oco.
(f) y = Te 24D £ 5tet+D) 4 5 0 as t — oo.
(8) y=Ze "+ 2et/?cos(t) + Set/?sin(2).
(17) (a) y = c1t? + 02t2 In(t).
(b) y =cit™ ! + ot~ In(2).
(18) (a) y=e'— e 2 —t— 1.
(b) y:e3t—|—%6*t—% t—te
(c) y=etcos(2t) + te~'sin(2t) + te ' sin(2t).
(19) (a) y = cie’ + cate’ — Le' In(1 + t?) + te’ arctan(t).
(b) y = cy1cos(t/2) + c2 sm(t/2) + tsin(t/2) + 2[In(cos(t/2))] cos(t/2).
(c) y=cre 2 + cote 2 — =2t In(t).
(20) u = gs n(14t) cm, t in s; t = 7/14 s.
(21) Q =10"%cos(2000t) C, t in s.
(22) (a) u” +10u' + 98u = 2sin(t/2), u(0) = 0,4'(0) = 0, where u is in ft. and ¢ in s.
(b [160e~5% cos(\/73t) + =200 et sin(v/73t) — 160 cos(t/2) + 3128 sin(t/2)].

)

) u ~ 153281

(¢) The first two terms are the transient.
)
)

(d) Plot.
(e) w= 4v/3 rad/s.
(23) Verifications.

(24) (a) y = c1 + coel + c3e® + ¢y cos(t) + cs5sin(t).
(b) y = et[(c1 + cat) cos(t) + (c3 + cat) sin(t)] + e t[(e5 + cot) cos(t) + (c7 + cgt) sin(t)].
@) @ p=1/2
(b) p= .
06) () o, (-
(b) 1—2(x+1)—|—(a?+ 1)2, p = oo.
(27) (a) apt2 = —an/(n—kl)éln:Og,cé,Z.... -
@) =12+ g g = 1 T g 2n—1)
o - 27 (—1)nz2nt1
y2(””)_””—?+ﬁ NP, vy o)
y(r) =4 —z — 42 + L. +§x4+--
(b) 4(n+2)ant2 S (n—2)a, =0,n=0,1,2,
yi(e) =1- %
P 27 p2n+1
R@) =T 5o T T T mEa @ 1)

(28) (a) y = c1|z[¥?cos(2v3In|z|) + co|z|?/? sin(3v/31n [z]).
(b) y =222 — yz?In |x|.

Ap—2

(29) (a) r(3r—=1)=0,a, = —

)
)

(c) y=a"tcos(2Inx).
) r=1/3,7 = 0. y(x) = 2'/3 l1—1<aj
) 2

(n+7r)[8n+r)—1] U7\ 2
(b +r—1=0,2n+2r—D(n+7r+Day,+2a,-2=0,71=1/2,r5 = —1.
22 o _1ymg2m
y(x)—x1/2 1_7+2!7-11_"'Jrm!7-<11-)~-(4m+3)Jr"')
(30) (a) F(s)=1/s%s5>0.
(b) (s)—2/s 5> 0.
(©) F(s) = 5,5 > [0l



(d) F(s) = ﬁs > .
(31) (a) y=tet —t2et + §t3et.
(b) y = é(cos(t) — 2sin(t) + 4et cos(t) — 2et sin(t)).
(32) (a) f(t) =t +uz(t)(1—1%).
(b) f(t) =t+ua(t)(2—1) +us(t)(5— 1) —ur(t)(7 - t).
(33) (a) y=et—e 2+ ug(t)[§ —e(t=2) 4 56_2(’5_2)].
(b) y = h(t) + y=(t)h(t — 7), where h(t) = —[—4cos(t) + sin(t) + 4e~¥/2 cos(t) + e~ */? sin(t)]
(34) (a) y= (1—71' sin.(v/2z) + 2 sin(v/27)) /2 sin(v/27).
(b) ¥ = 3 cos(a)
(35) (a) Ao =0,90(x) =15 X\, = n?, yo(x) = cos(nz); n=1,2,3,....
(b) Ao = O,g{o(x)4: 1 A, = (n;r/L)i, Yn(x) = cos(nmx/L); n=1,2,3,....
36) (@) o) = 5 + 25 T, U
0) 1) = g+ e, Ry 2 U 22
_1\n+1
(37) f(x) %—&— % > ( 2)2 cos(nmx).
(38) (a) f(x) = % I [6(1 —n(;c;;(mr)) o (n;m:) N QCO;(:M) sin (n;rx)]

(b) n = 10; luble| = 1.0606 as © — 2.
n = 20; luble| = 1.0304 as x — 2.
n = 40; luble| = 1.0152 as © — 2.

(¢) Not possible.
_ L AL  cos[(2n — D)mz/L]
(39) f(J?) - 2 + 7T2 Zn:l (2n _ 1)2
(10) f(a) = 2L yyp  Snlome/L),
:7r267"2t/16 sin(:x/2) — et/ sin(mz) + qe~m"t sin(27x).

)
160 (oo sin(nm/2) _ 2 o . /nTT
(42) u(z,t) = —= S ¢ £/1600 gipy (E)

2020, U1



