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MTH 32 3
1. REcaLL FrROM MTH 31

(1) State the definiton of the area A of the region under the graph of a continuous functon using

limit Riemann sums. Draw an illustration to explain this procedure.

(2) Draw an illustration of four rectangles to estimate the area under the parabola y = 2 from
z =1 tox =3 using

e left endpoints;

e right endpoints;

e midpoints;

Guess the actual area.
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(3) What is the Definite Integral of a function f from a to b7

(4) The symbol | was introduced by and is called an

. It is an elongated S and is chosen because an integral is a

(5) In the notation f;f(x)dx,
f(z) is called ,
a and b are called ,

a is the )
and b is the
(6) The symbol dz simply indicates that

(7) The sum > | f(zf)Az is called , named after

the German mathematician

(8) Theorem: If f is continuous on [a, b], or if f has only a finite number of jump discontinuites
on [a,b], then f is : that is, exists.
(9) Theorem: If f is integrable on [a,b], then [ f(z)dx =
where Ax = and z; =
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(10) Properties of Definite Integrals:
° fb x)dr =
° f flx dx =
° f cf =
. s o

o f —g(x) ]dx =
° fa cdw =

(11) Fill in the blanks with the appropriate inequality.

o If f(x) >0 for a <z <b, then f; f(z)dz
o If f(x) > g(x) for a < x < b, then f;f(x)dx

o Ifm < f(x) < M for a <z <b, then m(b—a) f;f(x)dx
(12) State the Fundamental Theorem of Calculus.

(13) Find the derivative of:

= [y VA +t2dt =

=y sm( )dt

o k(x fo cos(t? + 5)dt =
(Hlnt. Do not forget the Chain rule).
(14) Evaluate the integral:

1
° f03r4—|—7“2—|—5 dr oflg <ﬁ+3u2) du

4 2
o PIEIED, o J5 (Wt 3u) du

fab g(z)dz

M(b—a).



o [}, sec(0) tan(9) df

A f_ﬂﬂm f(t)dt where f(t) = {

cos(t)
sin(t)

MTH 32

'f18<3

for —m/2<t<m/2
form/2 <t <m.

)
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(15) Complete the table:

[ cf(@)dz

JIf (@) + g(z))dx

J1f(x) — g(x)]dx

f kdx

[ a"dx

[ sin(z)dx

J cos(x)dx

J SGC($) tan(:v)d:z:

| sec?

[ ese(x cot Ydx

[ esc?

(16) Find the general indeﬁnite integral:

o [(Va®+ VaT)da

o [sec(0)(sec(f) + 3tan(6))dd

I (@)

o [(Vad + VaT)dx

1
of(u‘*—f—?ﬂ—@) du
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(17) Evaluate the following definite integrals:

o f_32(x5 + 23)%dw 3 f_71 (\/FJF a:7> dx

. f_%% sec(6)(sec(8) + 3 tan(0))dd o [T(u®+3)%du
o [T, (2 sin(t))dt o [T, (sin(t))dt
x : s 1
o [T, |sin(0)ldr . (_ i a;) da
(18) The acceleration function in km/sec? is a(t) = 3t + 7 where time ¢ is in seconds, and

0 <t <10. Let v(t) (in km/sec) and s(t) (in km) be the velocity and position functions
respectively with the initial velocity, v(0) = 45 km/sec and the initial position s(0) = 4 km.

Find the velocity function and the position functions. Then, find the total distance covered.
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(19) State the Substitution Rule for integration.

(20) Find [ 42*v2* 4 10dx

(21) Find [ 2 cos(z* + 10)dx

(22) Find [+/3z — 5dx
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(23) Explain the Substitution Rule for Definite Integrals.

(24) Find [ V/3z + bdx

. 7
(25) Find f2 mdiﬂ

(26) Find f05 25v/1 + x2dx

10
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(27) Suppose thatf is a continuous function on [—a, al.
o If fis even on [—a,a] then [* f(x)dz =
o Find [°,(a* + 222 — 1)dx

o If fis odd on [—a,a] then [ f(x)dx =
o Find [°, (2 + 22% — 2)da

(28) Find the integral:
o [z7\/1¥+5 dx

dx o [18cos(a” +5)dx

11
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o [a?sec(z* 4 5)tan(z* +5) du o [(5t— 7)3%5dt
5 —1 /2 g .
. J dx o 7" sin(z)dt

O (14 )

° foa xva2 — 22 dx ° ffa Va2 — z22dz

(29) Complete the Math 31 Review Sheet available from the Department of Mathematics and
Computer Science, CP 315. Write your solutions in separate pages and attach them to this

page.
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2. AREA BETWEEN CURVES

(1) Theorem: The area A of the region bounded by the curves y = f(z), y = g(x), and the
lines © = a,x = b where f and ¢ are continuous and f(z) > g(x) for all z € [a, ] is

A= . Explain with an illustration.

(2) Find the area of the shaded region:

Y

y=x+1
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(3) Theorem: The area between the curves y = f(z) and y = g(x) and between x = a and
y=bis A= . Explain with an illustration.

(4) Find the area of the region bounded by the curves y = sinz, y = cosz, x = 7/2, and

x = 37/2. You will need to graph these two functions on the given domain.
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(5) Sometimes we encounter regions bounded by curves obtained when z is a function of y. In
this case, if xr denotes the right hand side curve, and x; denotes the left hand side curve,
then the area A = fcd(:vR — x1)dy where ¢, d are limits for y.

(6) Find the area of the shaded region:

Y

r=—-y*+1 r=y>—1

(7) Try as many problems (# 1-30) as time permits you from the textbook.
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3. VOLUMES

(1) What is the formula for the volume of a right cyclinder? (Note, the base may be an irregular

shape). Draw an illustration.

(2) What is the formula for the volume of a circular cylinder? Draw an illustration.

(3) What is the formula for the volume of a rectangular box (also called, a rectangular paral-

lelepiped). Draw an illustration.

(4) Let S be a solid that lies between z = a and z = b. If the cross-sectional area of S in
the plane P,, through z and perpendicular to the z-axis, is A(x), where A is a continuous
function, then the volume of S is

V= nll_{rgozl A(x}) Az =

Draw an illustration.
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(5) Find the volume of a sphere of radius r. Draw an illustration.

(6) The above is an example of the volume of solids of revolution.
(7) Find the volume of the solid obtained by rotating the region bounded by y = /36 — 22,
y=0,r =2, =4, about the z-axis.
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(8) Find the volume of the solid obtained by rotating the region bounded by y = 1 + secx,
y = 3, about the line y = 1. Draw an illustration.
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(9) Set up an integration to find the volume and draw an illustration each of the solid obtained
by rotating the region bounded by y = 0,y = cos*z, —7/2 <z < 7/2

e about the z-axis;

e about the line y = 1.
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(10) Find the volume of a solid S where the base of S is the region enclosed by the parabola

=1 — 22 and the z-axis. The cross-sections perpendicular to the y-axis are squares.
) perp

(11) Try as many problems as time permits you to from the textbook on this section (# 1-34,
54-60).



MTH 32 21
4. VOLUMES BY CYLINDRICAL SHELLS

(1) Sometimes the methods of the previous section may not be feasible. So, we use the method
of cylindrical shells.

(2) What is the formula for the volume of a cylinder? Draw an illustration.

(3) What is the formula for the volume of a cylindrical shell? Draw an illustration. Write in
the form of V' = (circumference)x (height) xAr.

(4) Theorem: The volume of the solid obtained by rotating about the y-axis the region under
the curve y = f(x) from x = a toz =bis

V:

Draw an illustration.
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(5) Find the volume and draw an illusration of the solid S obtained by rotating the region
bounded by

o y=cos(z?),y=0,2=0,2= \/g about the y-axis.

o y =22 y =4z — 2* about the y-axis.
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e v =1y 41,z =2, about the line y = —2.

e 7?2 —y? =5, v = 3, about the line y = 5.

(6) Try as many problems from the textbook as time permits you to (# 1-26).

23
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5. REVIEW CHAPTER 5

(1) Find the area of the region bounded by the curves and draw an illustration

e y=2a%and y = 6z — 22

e x+y=0andx=1y>+2y.

24
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(2) Find the volume of the solid obtained by rotating the region bounded by the given curves
about the specific axis and draw an illustration

e y=22+1andy=4— 22 about the line y = —2

e 12 —y? =25, & = 8 about the y-axis.
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(3) Find the volume of the solid S whose base is a square with vertices (1,0),(0,1),(—1,0),

(0, —1) and the cross-section perpendicular to the z-axis is a semicircle.

(4) Find the volume of the solid obtained by rotating the region bounded by the curves
y = /7,y = x* about the line y = 2.

(5) Do as many problems from the textbook as time permits you to (Review section of chapter
50 # 1,2, 7-10,14,15, 22 -26).
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6. INVERSE FUNCTIONS

(1) Define a function.

(2) What is the vertical line test for a graph? Draw an illustration.
Y

(3) Define a one-to-one function.

27
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(4) What is the horizontal line test for a graph of a function? Explain with an illustration.
Y

(5) Present an example of a function which is one-to-one. Explain why it is one-to-one.

(6) Present an example of a function which is not one-to-one. Explain.

28



MTH 32 29

(7) Define the inverse of a one-to-one function. How are the domains and ranges of a one-to-one
function and those of its inverse related? What happens if a function is not one-to-one?

Why can its inverse be not defined?

Y

(8) What are the cancellation equations for a function and its inverse? Explain with an example
each.
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(9) Present steps to find the inverse of a one-to-one function.

(10) Find the inverse function of f(z) = /z — 5. Check that your candidate inverse is indeed
the inverse. Draw the graph y = f(z) and the that of the inverse on the same coordinate
plane.

Y
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(11) Find the inverse function of f(x) = x? + 3. Check that your candidate inverse is indeed the
inverse. Draw the graph y = f(z) and the that of the inverse on the same coordinate plane.

Y
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(12) Theorem: If f is a one-to-one function defined on an interval, then its inverse function f~!
is also continuous.
(13) Theorem: If f is a one-to-one differentiable function with the inverse function f~! and
f'(f~'(a)) # 0, then the inverse function is differentiable at a and
1y 1
() (a) = P a)
Copy down the proof to this theorem from the textbook.
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(14) Determine whether the following functions are one-to-one (draw graphs):
e y=1+sinz for 0 <x <.

e y=14coszx for 0 <z <.

o y=|z|for —2 <z <2

e y=|z[for 0 <ax<2

e f(t) is your height at age ¢.

33



(15) Find the inverse of
3r —95

¢ f(x):4:r+1

e f(x)=2xz*—10x for z > 5.

MTH 32
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(16) Show that f is one-to-one. Find (f~!)(a). Calculate f~!. Find the domain and range for
both f and f~!. Calculate (f~!)" and check that it agrees with your previous calculation.
Sketch the graph of f and f’ on the same coordinate plane.

o f(x) ,a=4

:x—Z
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(17) Find (f~)(a):
o f(zx) =524+ 11z +9,a=09.

o f(xr)=+32>+522+3x+5,a=4.

(18) Do as many problems from the textbook as time permits you to (section 6.1: # 1-16, 22-28,
34-44).
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7. EXPONENTIAL FUNCTIONS AND THEIR DERIVATIES

(1) Recall the definition of an exponential function. First, the basics. Let a be a positive real
number. Then

e for n a positive integer, a" = ;

e forn=0,a" = ;

e for n a negative integer, say n = —k, a” = ;

p .
e for x = = a rational number, a* = ;

e for x an irrational number, a" = . Explain in detail.

(2) Properties of exponents: For any real numbers z,y and a, b positive real numbers,

Y]

o (a) = :

o (ab)” = ;

o (0= :
(3) Let f(z) = b". Here b is called , and x is called the

e What happens when b < 07

e What happens when b = 07

e What happens with b =17
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(4) Draw the graph of the function f(z) = 2°.

(5) Draw the graph of the function f(z) = 3".




(6) Draw the graph of the function f(z) = (—)

(7) Graph the function f(x) = (

MTH 32 39

1
2
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(8) For b > 1, the function f(z) = b" is an function.
(9) For 0 < b < 1, the function f(x) =10"is a function.
(10) The horizontal asymptote for the graph of f(z) =b*, b > 0,b# 1 is

(11) The y-intercept for the graph of f(x) =b%, b > 0,b# 1 is
(12) If @ > 1, then lim, ,o, a® =
and lim,_,_ . a® =
(13) If 0 < a < 1, then lim, ,, a* =
and lim,_,_ a® =
(14) Find lim, (37 + 2).

(15) For the exponential function f(z) = a”*, a > 0,a # 1, use limits to describe

e f'(0)

o f(x)

Therefore, f'(z) = f(z) - f'(0).
Geometrically, f'(0) is

(16) Define the Euler number e.

e~ 2.718.
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(17) Let f(z) = €*. Then
e f'(0) =
o fi(x) =
e That is i(e’““) =
" dw

d

(18) Let uw = u(x). Then by the Chain Rule, d—(e“) =
T

(19) Find the derivatives of:

2
o y=¢e"

3

e y =sin(x)e

(20) Since i(ef‘) = ¢”, we have [ e®dr =

dx _
(21) Find [ cos(z)es™®dz.

®Yy—==c

CosxT

41



(22) Graph f(x) = €.

(23) Let f(z) = e*. Then,

e it is an

MTH 32

42

function.

o lim, o f(z) =

and lim,, . f(z) =

3x

. . €
(24) Find hmx_mo ]_—|——@3

- and lim,_,_

63:):

1+ e3z’
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(25) Use transformations to graph:

o fla)=e" 1

43
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o f(z) =¥

(26) Start with the graph of f(z) = 3%. Write the equation of the grap that results from

e shifting 4 units downward;
e shifting 4 units upward;
shifting 4 units left;
shifting 4 units right;

reflecting about the z-axis;

reflecting about the y-axis.
(27) Find the following limits:
e lim, ,.,(0.99)"

e lim, ,3-e3—7

1

o lim, 4+ e3— 2

MTH 32
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642 _ 674:1:

o lim, ,,,. ————
Z ooe4z+6—4x

(28) Find the derivative of:
° f($) — 6412+8w

o f(z)=1¢€"+2°

o f(x) = e*sin(w)

° f(m):\/m

(29) Find the integrals
o [z3eda

MTH 32

46
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1V1+e™®
° fo —dx

e.’L’

(30) Find the volume of the solid obtained by rotating the region bounded by the curves y =
e’ ,y=0,r =0,z =1 about

e the z-axis;

e the y-axis.

(31) Do as many problems from the textbook as time permits you to (section 6.2: # 1,2, 6-12,
22-50, 78-90).
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8. LOGARITHMIC FUNCTIONS

(1) The exponential function f(z) = a”, a > 0,a # 1 is a one-to-one function. The inverse
function of this exponential function is called, the logarithmic function, denoted log,(x).
That is,
log,(z) =y <=

(2) The domain of f~!(z) = log, () is

(3) The range of f~Y(z) = log,(x) is

(4) fofTH(z)=2—=

() f~ 1 o f(r) =r=

(6) Prove the following:

o log,(zy) = log,(z) + log,(y)

. loga(g) = log, (z) — log, (y)



o log, (") = rlog, ()
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(7) Fix a > 1. Graph f(z) = a® and f~'(z) = log,(x) on the same coordinate plane.

Y

(8) For a > 1, we have lim, , log,(z) = and lim, o+ log,(z) =

(9) Find the values:
e log,(64)

hd 10g64(4)
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e log;(405) — log4(5)

e logg(2) + logg(3)

(10) The logarithm function with base e is called the

50

and is denoted by
11) Therefore, In(x) =y <

12) We have In(e”) = for x €

14) In(e) =
15) Solve for z:
° ln( ) =4

(11)
(12)
(13) We have e(®) = for x €
(14) 1
(15)

e ln(3z+4)=7

° e4:p+5 =7

(16) Express as a single logarithm:
e In(z) + 3In(y) — 5 In(2)
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e 4(31n(a) — In(b) + 3In(x))

In(t)

f lal = —
(17) Use the formula log, (t) In(a)

to find an approximate value of log,(5).

(18) We have lim, . In(z) = and lim, o+ In(x) =
(19) Find the limits:
o lim, ,[In(5+2)—In(4 + z)]

e lim, ,oIn(sin(x) + 1).

e lim, ,5+ In(3z — 15)

(20) Solve for x:
e In(z) + In(z — 3) =1n40




MTH 32 52

e ¥ — 4" —60=0

(21) Express as a single logarithm: §In(y + 7)* — 41In(y? + 2y — 3)

(22) Expand the expression: In(a®v/b3v/c7).

(23) Do as many problems from the textbook as time permits you to (section 6.3: # 1-18, 26-36,
46-52).



MTH 32
9. DERIVATIVES OF LOGARITHMIC FUNCTIONS

d
(1) Complete and prove the formula: d—(ln x) =
x

(2) Find the following derivatives:

o % In(cos(x))

o % In(42% + 5z + 7)

o - Inlal)

53
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d
(3) Since — In(|z|) = , we have the integration,

dx

(4) Recall the integration formula for n # —1 (why?) [2"dx =
(5) Find the following integrals:

2
xr
.fa:3+1dx

e [tan(x)dx

(6) Complete and prove the following formulae:

° %logax:
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e Fora+#1, —a" =

dx

e Fora+#1, [a"dx =

. What happens when a = 17

(7) Find the derivatives of

o y=In(zxva?+ bx)

e y =In(sin(lnx))

55
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(8) State the steps in logarithmic differentiation.

(9) Use logarithmic differentiation to find %:

T
(22 +1)iV4zx +5
(3z —7)3

56



(23 + 42?) sin®(z)

T Py

oy = xsin(m)

MTH 32
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o y = (cos(x))"®

o y = (In(x))"

(10) Find the integrals of
o [233" dx

MTH 32
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T

./ cos(lnw)d

dx
3r + 8

o/

o/

d
er + 2 v

59
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sin(z)
°J 4 + cos(x) ‘

(11) Do as many problems from the textbook as time permits you to (section 6.4: # 1-30, 42-54,
70-82).
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10. INVERSE TRIGONOMETRIC FUNCTION

(1) Define the Inverse Sine function (or the arcsine function). Draw the relevant graphs and

explain the range and domain for each.

(2) sinly =y <= for <z < and
Sy=

(3) sin!(sin(x)) = for <z<

(4) sin(sin™!(z)) = for <z<

IN
8
IN

d
(5) State and prove the formula for %(sin_l(:c)) for
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(6) Let f(z) =sin"*(z? —9). Find

e Domain of f(x)

e The derivative f'(x)

e Domain of f'(x)

(7) Define the Inverse Cosine function (or the arccosine function). Draw the relevant graphs

and explain the range and domain for each.
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(8) cos™lx =y <— for <z< and
Sy <
(9) cos™!(cos(x)) = for <z<
(10) cos(cos™(x)) = for <z<
d
(11) State and prove the formula for d—(cos_l(x)) for <z<
T

(12) Let f(z) = cos™*(2z — 3). Find
e The domain of f(x)

e The derivative f'(z)

e The domain of f'(z)
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(13) Define the Inverse Tangent function (or the arctan function). Draw the relevant graphs

and explain the range and domain for each.

(14) tan 'z = y < for <z< and
Sy <
(15) tan!(tan(z)) = for <z<
(16) tan(tan~'(z)) = for <z<
d
(17) State and prove the formula for d—(tan_l(:c)) for <z<
T
d -1
(18) State and prove the formula for %(CSC (x)) for <z<



(19) State and prove the formula for 4

d
(20) State and prove the formula for d—(cot_l(x)) for

(21) Fill in the table:

dx

i

MTH 32

(sec™(z)) for

65

IN
8
IN

IA
8
IA

Function f(z) | Derivative f'(z) Function f(z) Integral [ f(z)dx
o
1
r
cos(z) sin(z)
sin(z)
tan(z) sec’(z)
cse(x)
sec(x)
cot(z)
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Function f(z)

Derivative f'(z)

Function f(z)

Integral [ f(x)dx

6$

In(x)

log, ()

sin™!(z)

tan~!(x)

sec™ ()

66
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(22) Find the exact values:

o tan' ()
an 7
e sec ' (v2)

cot ™1 (—+/3)

arcsin 5)

o tan(sinl(z)) (Use right triangle)

o tan_l(cos_l(i))

_ 2
. s1n(arccos(§))

e sin(tan'(4) + tan~*(5))

67



(23) Find the derivative of:
o f(z) =sin"!(tan"!(x))

o f(x) =cos™!(y/sin(x))

o f(x) =tan"!(sin"!(cos™(z)))

o f(x) = cos™!(4x3 — 7a® + 8x)

(24) Find the limits
o lim, . tan~' (423 + 52 + 2)

MTH 32
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e lim, 3+ tan~!(In(z — 3))

(25) Find the integrals:

1
d
RV

° fx2+16dx

—d
.fa: 72 -9 v

= cos()
* Jo 1 + sin®(z)

69



MTH 32 70

3z

—d
ofmx

(26) Do as many problems from the textbook as time permits you to (section 6.6: # 4-14, 22-36,
42-46, 58-70).



MTH 32 71
11. HYPERBOLIC FUNCTIONS

(1) Define the Hyperbolic functions

e sinh(z)

e cosh(z)

e tanh(x)

e csch(z)

e sech(z)

e coth(x)

(2) Graph the functions y = sinh(x), y = cosh(x), y = tanh(x) on three separate coordinate
systems.
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(3) Prove the following Hyperbolic identities:

e sinh(—xz) = — sinh(x)

e cosh(—x) = — cosh(x)

e cosh?(z) — sinh?(z) = 1

e 1 — tanh?*(z) = sech?(z)
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e sinh(x + y) = sinh(x) cosh(y) + cosh(x) sinh(y)

e cosh(z + y) = cosh(x) cosh(y) + sinh(x) sinh(y)

(4) Complete and prove the formulae:

d .
o %(smh(x))

d
o d—(cosh(:v))
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e —(tanh(x))

d
o d—(csch(a:))

(sech(x))

(coth(x))

MTH 32
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(5) Complete and prove the following formulae:

e sinh!(z) =

e cosh™!(z) =

e tanh !(z) =

xr €

T e

T €
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(6) Complete and prove the following formulae:

d ..
o%(smh (x))

o 4 (cosh™!(x))

(tanh™'(z))
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o i(csch_l(x))

d -1
o d—(sech (x))

d -1
. d—(coth (x))

MTH 32
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(7) Prove the identities:

e cosh(z) — sinh(z) = e~

1 + tanh(z)

o — 7 62x
1 — tanh(z)

xT

MTH 32
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(8) Find the limits:

e lim, ., sinh(x)

e lim, , . sinh(z)

e lim, ., cosh(x)

e lim, , ., cosh(x)

e lim, ,, tanh(x)

e lim, , . tanh(z)

e lim, ,,, csch(x)

e lim, , . csch(zx)

79



MTH 32

e lim, o+ csch(x)

e lim, ,o- csch(x)

e lim, .., sech(z)

e lim, , . sech(x)

e lim, ,,, coth(x)

e lim, , ., coth(z)

e lim, ,o+ coth(z)

e lim, ,o- coth(z)
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(9) Fill in the table:

MTH 32

Function | Derivative Function Integral
" n#1
1
x
cos(z) sin(x)
sin(z)
tan(z) sec?(x)
csc(x
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(10) Find the derivatives:
° %(cosh(lnx))

d )
o %(smh(l + 2%))

%(cosh(a:) sinh(z))

d 1
o %(cosh (3z +5))
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o i(sinh_l(élx2 —5))

. di(tanh—1<e%3>)

(11) Find the integrals:
o [cosh(3z + 4)dx

e [tanh(5z — 7)dx

MTH 32
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cosh(z)

——d
3 + sinh(z) v

o/

R

(12) Do as many problems as time permits you to from the textbook (section 6.7: # 6 -24, 30-46,
58-68).
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12. INTERMEDIATE FORMS AND L’HOSPITAL’S RULE

(1) State L’Hospital’s Rule.

(2) Use L’Hospital’s rule when appropriate. When not appropriate, say so.
22+ 2z — 15
x—3

i hm:c—)S

) 1 —cos(z
[} hmxﬁo TQ,S)

3x
d hmz%oo Y
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I °
o lim, g——F+—
*% tan—! (4z)

. _z
e lim, ,, \/ze 2

o lim, .. sin(i)

sinh(z) —

MTH 32
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1

e lim, ,o(cot(x) — =)

xT

e lim, ,o(csc(z) — cot(x))

o lim, o+ (tan(2x))”

o lim, , (" + 1)%

MTH 32
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e$
(3) Prove that lim, — = oo for any natural number n.
x

(4) Do as many problems as time permits you to from the textbook (section 6.7: # 1-66, 70-74).



(1) Graph

oy = _6x+3

e y=In(x+1)

MTH 32

13. REVIEwW CHAPTER 6
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(2) Find the exact value:
e log5 +log6 — log 3

e cot(sin™1(v/3/2))

(3) Solve for a:
o ln(2+e %) =4

e cos(z) = /2/2

(4) Differentiate:
e y = (arcsin(4z? + 51))?

o y = logs(1 +a")

MTH 32
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e y = (sin(x))*

(2% + 3a%)*
3x2 4 5)3(2x + 5)?

.y:(

e y = r’tanh ' (2)

(5) Find the limits:
3

e lim, ,, arctan(z® — z)
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e lim, ,o+ 2% In(x)

(6) Evaluate the integrals:
® fol ye ¥ dy

e [tan(z)In(cos(xz))dx
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o [ 20T gec?(z)dx

(7) Fill in the table:

Function | Derivative Function Integral

SHE

(8) Do as many problems as time permits you to from the textbook (Review section from
Chapter 6: # 4 -48, 62-78, 92-106).
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14. INTEGRATION BY PARTS

(1) State and prove the formula for integration by parts.

(2) Find the integrals:
o [xcos(x)dx

o [ 2?cos(z)dx
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o [in(x)dx

o [e”cos(x)dx

o [sin"!(z)dx

MTH 32
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o [p°In(p)dp

e [tsinh(5¢t)dt

e [tsinh(mt)dt

MTH 32
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° f e~ dt

(3) Prove: [a"e*dx =az"e® —n [ 2" le*dx
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(4) Prove: [(In(z))*dz = z(In(z))" —n [(In(z))" 'dx

n—2 _
(5) Prove: [sec™(z)dx = tan(z) sec"” () + 2 2 [ sec"?(z)dx for n # 1.

n—1 n—1
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(6) Prove: [tan"(x)dr = tan"" (z) _ [ tan"?(z)dx (for n #1).

n—1

(7) Do as many problems as time permits you to from the textbook (Section 7.1: # 1-54).
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15. TRIGONOMETRIC INTEGRALS

(1) Find the integrals (note, one of the exponents is odd — what is the strategy here?)
o [sin’(z)dx

o [cos®(z)sin®(x)dx
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(2) When the exponents of sin and cos are both even, use:
1
sin®(z) = 5(1 — cos(2x));
1
cos?(z) = 5(1 + cos(2x));

Sometimes we will need, sin(z) cos(z) = 3 sin(2x).

Prove these formulae.
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(3) Find:
e [sin®(z) cos®(x)dx

o [cos?(z)sin®(x)dx

e [sin®(z) cos?(x)dx
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o [cost(x)dx

o [cos®(x)dx

o [sin®(z) cos®(x)dx



(4) Recall the formulae:

(5) Find the integrals:
o [tan®(z)dx

o [sec’(z)dx

o [tan’(z)dx

MTH 32
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o [sec’(z)dx

o [sec(z)dx

o [sec®(z)dx
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e [tan(x)sec(x)dzx

e [tan?(z)sec(x)dx

e [tan(x)sec?(x)dx
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e [tan®(x)sec’(z)dz (power of tan and sec are both odd, and power of tan is greater
than 1. In this case, let u = sec(z)).

e [tan*(z)sec®(z)dx (power of sec is even, and power of tan is greater than 0. In this

case, let u = tan(z)).
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o [tan®(x)sec’(x)dx

(6) Complete and prove the formulae:
e sin(A) cos(B) =

e sin(A)sin(B) =
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e cos(A)cos(B) =

(7) Find [ sin(5z) cos(4z)dx

(8) Find [ sin(5z)sin(4z)dx

(9) Find [ cos(5z) cos(4x)dx

(10) Do as many problems as time permits you to from the textbook (Section 7.2: # 1 -32).



16. TRIGONOMETRIC SUBSTITUTIONS

MTH 32

(1) Here are some trigonometric substitutions:

Expression

Substitution

Interval

Identity

(2) Find the integrals:
2

° fx—dx
V36 — x2

o [ ——dx
f V36 + 22
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2 —4

f dx
[ ]
V2 — 10z + 26
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. fﬂ /2 cos ¥ I
0 V1+sin®z

(3) Do as many problems as time permits you to from the textbook (Section 7.3: # 1-30).
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17. INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS
(1) Evaluate the integrals:

9% 3
dt
N e

2 +x—5

—d
.fx2+2m—35 o



dx
"y

32 +x+4

x4+ 32242 v

MTH 32
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1

S

/324

MTH 32

115



MTH 32 116

cosh(t)

dt.
°J sinh?(t) + sinh*(t)

(2) Do as many problems as time permits you to from the textbook (Section 7.4: # 1-30, 39-50).
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18. STRATEGY FOR INTEGRATION

(1) Write down a complete strategy for integration.

(2) Evaluate the integral:
1 r—1
* Jo x2—4x—5dx
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o
8
no

o ffl le* — 1|dx
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vV2r —1

d
2r+ 3 v

° folx\/2 — /1 — 22dx
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o [(z+sin(x))*dx

dx
v
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dz
x2\/4x?2 — 1

(3) Do as many problems as time permits you to from the textbook (Section 7.5: # 1 - 60.)
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19. IMPROPER INTEGRALS

(1) Describe Improper Integrals of Type 1.

(2) Determine whether each integral is convergent or divergent.

0o 1
—d
'fo \4/1—1-—333;

D N——;
W Ty
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) fi)oo 2"dr

o [ cos(mt)dt
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s 1 :
o [ Edaz‘ for p an integer.

(3) Describe Improper Integrals of Type 2.
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(4) Determine whether each integral is convergent or divergent.

8 4
° f6 mdw

4
o [P~ _dx

6 V-6

e /i

3—x
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(5) Describe the Comparison Test for Improper Integrals.

(6) Determine whether each integral is convergent or divergent.

° floo2+6_ dx

i
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IS arctan(x)
0 2+ et

(7) Do as many problems as time permits you to from the textbook (Section 7.8: # 1,2 5-32,
49-54).
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20. REVIEW CHAPTER 7

Evaluate the integral:
(1) ff 25 In(z)dz

arctan(z)
1+ a2

@) f)
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(4) [ e” cos(x)dx

O J s
1 — tan(0)

(©) J 1 + tan(6)
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1 J 28y,

1 4

(10) Do as many problems as time permits you to from the textbook (Review section from
Chapter 7: # 1- 26, 41-50).
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21. Arc LENGTH

(1) Describe the formula for calcuating the arc length of a curve. Explain how you arrived at

the formula.

(2) Find the length of the curve:
o y=uxe* 0 <z <2 (Just set up the integral).
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e z =In(cos(y)), 0 <y <m/3
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o y =z — 12 +sin" (V)

erx=1—¢eY 0<y<2

(3) Do as many problems as time permits you to from the textbook (Section 8.1: # 1- 18).
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22. AREA OF SURFACE OF REVOLUTION

(1) Give a formula for the surface area of a right circular cylinder. Explain with an illustration.

(2) Give a formula for the surface area of a circular cone. Explain with an illustration.
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(3) Give a formula for the surface area of a band (frustum of a cone). Explain with an illustra-

tion.

(4) Give a formula for the surface area of the surface obtained by rotating the curve y = f(z),

a <z < b, about the z-axis. Explain with an illustration.
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(5) Set up an integral to calculate the area of the surface obtained by rotating the curve:
o y =22 1<z <2 about the z-axis

e y =212 1<z <2 about the y-axis
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(6) Find the area of the surface obtained by rotating the curve about the x-axis:

e y=+1+e*, 0<2x<1

| 8,
5]
N | —

® Y =
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(7) Find the area of the surface obtained by rotating the curve about the y-axis:
ey=1-2%20<z<1

(8) Do as many problems as time permits you to from the textbook (Section 8.2: # 1- 16).
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23. CURVES DEFINED BY PARAMETRIC EQUATIONS

(1) Explain the term parametric curve. Explain using the parametric equation x = %y =
t3 — 4t. Identify the initial point and the terminal point.

(2) Explain the parametric curve = = cos(t),y = sin(t).
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24. CALCULUS WITH PARAMETRIC CURVES

(1) Explain when a parametric curve has a

e horizontal tangent

e vertical tangent
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(2) Find area under the curve: z = cos(2t),y = sin(2t), 0 < t < 7 /4.

(3) Develop the formula for the length of a curve C' parametrized by = = f(t), y = g(t),
a <t < where f', ¢ are coninuous on [a, fland C' is traversed exactly once as ¢ increases

from a to f.
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(4) Find the length of the parametric curve z = e' + e y =5 — 2t for 0 < ¢ < 3.

(5) Develop the formula for the formula for the surface area of the surface obtained by rotating
about the z-axis, the parametric curve z = f(t),y = g(t), for a« <t < 3, g(t) > 0, and f', ¢’

continuous on |[a, J3].
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(6) Find the area of the surface area obtained by rotating x =3,y = t? for 0 <t < 1.



25. PoLAR COORDINATES

(1) Complete the table:

MTH 32

Rectangular Coordinates Polar coordinates
Given
x r=
Y =
Given
xr = r
Yy = 0

(2) Explain the correspondence above with illustrations (one each for » > 0 and r < 0).
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(3) Find the rectangular coordinates of
o (3,37/4)

o (—3,371/4)

e (2,77/6)

o (—2,71/6)

e (—2,87/3)

(4) Find polar coordinates with 0 < 6 < 27 and
e (a)r>0 and (b) r < 0.
i (_37 _3)

i (17 _\/g)

145
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hd (_\/37 1)

(5) Sketch the region:
e2<r<47m/3<0<57/3 oer>21<0<2r
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(6) Identify the curve by finding a Cartesian equation.
o 1 = 4sec(f)

e )=m/3

e r = tan(f) sec(d)

(7) Find a polar equation:

.y:l’
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o vy =4

(8) Sketch the curve with the given polar equation by first sketching the graph of r as a function
of # in cartesian coordinates:
o r=1+2cos(f)
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e r =3 +sin(h)

o r = 2cos(40)
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er=1In(0),0>1

(9) Do as many problems as time permits you to from the textbook (Section 10.3: # 1- 12,
15-26, 29-46).
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26. AREAS AND LENGTHS IN POLAR COORDINATES

(1) Let R be the region bounded by the polar curve r = f(f) and by the rays § = a and 6 = b
where f is a positive continuous function and where 0 < b — a < 27. Draw a possible such

region.

(2) Draw a small sector in the region above, and describe its area.

(3) Find an approximate area of the area of the region R.

(4) Using Riemann sums to present a formula for the area of the region R.
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(5) Find the area of the region bounded by the curve
o r=tan(f), 7/6 <0 <7/3

er=1—sin@)for0<O<n

o r=1—sin(d) for 0 <0 <27

e 1> = 9sin(26) for one loop.
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(6) Find the area of the region that lies inside the first curve and outside the second curve:
r =2+ sin(f),r = 3sin(h)

(7) Find the area of the region that lies inside both curves: r = 3 + 2cos(#),r = 3 + 2sin(6).
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(8) Describe the formula for the length of a curve with polar equation, r = f(6),a < 6 <b.

(9) Find the length of the polar curve r = 5% for 0 < 0 < 27.

(10) Find the length of the polar curve r = 2(1 4 cos(f)) for 0 < 0 < 2.

(11) Do as many problems as time permits you to from the textbook (Section 10.4: # 1- 32,
45-48).
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27. CONIC SECTIONS

(1) Define a parabola. Explain with an illustration. Identify the focus, directrix, axis and

vertex.

(2) Write an equation and draw illustrations of the parabola with focus (0,p) and directrix

Yy=-—-r

(3) Write an equation and draw illustrations of the parabola with focus (p,0) and directrix

T =-p
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(4) Find the focus and directrix of the parabola y* + 12z = 0 and sketch.

Ind the tocus an rectrix of the parabola z“ + 5x = 0 and sketch.
5) Find the { d di ix of the p bola x? d sketch

(6) Define an ellipse. Explain with an illustration. Identify the foci, vertices, the major axis,
and the minor axis.
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(7) Write an equation of the ellipse with @ > b > 0 and foci (+c,0) for ¢* = a* — b?. Explain

with an illustration.

(8) Write an equation of the ellipse with @ > b > 0 and foci (0, +c¢) for ¢* = a* — b*. Explain

with an illustration.
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(9) Sketch the graph of 42% + 9y* = 121. Identify the foci.

etch the graph of 92* + 4y° = 36. ldentily the focl.
10) Sketch th h of 922 + 4y* = 36. Identify the foci
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(11) Sketch the graph of 222 + 3y* = 6. Identify the foci.

(12) Find an equation of the ellipse with foci (0,+3) and vertices (0, +4)
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(13) Define a hyperbola. Explain with an illustration. Identify the foci and the asymptotes.

(14) Write an equation and draw an illustration of a hyperbola with foci (+¢, 0) where ¢? = a®+b?

and vertices (£a,0).
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(15) Sketch the graph of 42% — 9y* = 121. Identify the foci and the asymptotes.

(16) Sketch the graph of 3z — 2y* = 6. Identify the foci and the asymptotes.
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(17) Write an equation and draw an illustration of a hyperbola with foci (0, +¢) where ¢* = a®+b?
and vertices (0, +a).

(18) Find the foci and equation of the hyperbola with vertices (£1,0) and asymptotes y = +3x.

(19) Find the foci and equation of the hyperbola with vertices (0,+1) and asymptotes y = 3.
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(20) Find an equation of the ellipse with foci (2,2), (4,2) and vertices (1,2), (5, 2).

(21) Find the conic 922 — 4y* — 36z + 8y — 4 = 0. Identify all the important characteristics of

this conic.

(22) Do as many problems as time permits you to from the textbook (Section 10.5: # 1- 48).
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28. CONIC SECTIONS IN POLAR COORDINATES

(1) State and explain the Theorem 1 from your text.
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(2) Present polar equation for a conic. Explain when you obtain an ellipse, a parabola, or a
hyperbola.

6

(3) Sketch the conic r = m
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(4) If the conic in your previous question is rotated through an angle 7/3 about the origin, then
find a polar equation and graph the resulting conic.

(5) State Kepler’s laws of planetary motion.
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(6) Write the polar equation of an ellipse. Explain the parameters being used

(7) Explain the terms perihelion, aphelion, perihelion distance and aphelion distance.

(8) Do as many problems as time permits you to from the textbook (Section 10.6: # 1- 16).
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29. REVIEW CHAPTER 10

(1) Sketch the polar curve:
e r =3+ 3cos(30)

T 2- 2 cos(0)
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(2) Find the area enclosed by the inner loop of the curve r =1 — 2sin(6).

(3) Find the area of the region that lies inside the curve r = 2 + cos(260) but outside the curve
r =2+ sin(0).
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(4) Find the length of the curve:
e r =2+3t,y=cosh(3t),0<t <1

o r=sin’(0/3),0<0<~
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(5) Find an equation of the parabola with focus (2, 1) and directrix z = —4.

(6) Find an equation of the ellipse with foci (3, +2) and major axis with length 8.

(7) Do as many problems as time permits you to from the textbook (Review section of Chapter
10: # 9-16, 31-40,45-56).
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30. PRACTICE PROBLEMS

Below is a collection of problems from all chapters in no particular order.

(1) Assume that f is a continuous function and that
* 2z
tf(t)dt = ——.
| = 5
(a) Determine f(0).

(b) Find the zeros of f, if any.
(2) Apply the Mean Value Theorem to the function

0= [ f@ onfab,

to obtain the Mean Value Theorem for Integrals: If f is continuous on [a, b], then there is

at least one number ¢ in (a,b) such that

/f F(O)b—a).

(3) Let f be continuous and let the functions F' and G be defined by

_/jf(t)dt, and  G(x /f

where ¢,d € [a,b]. Show that F' and G differ by a constant.
2?4z, 0<z<1
2z, 1<z <3
(b) Find the function F(z) = [ f(t)dt, 0 < 2 < 3, and sketch its graph.

(c) What can you say about fand F at o =17
(5) A rectangle has one side on the z-axis and the upper two vertices on the graph of y =

(4) (a) Sketch the graph of the function f(z) =

1/(1+2?). Where should the vertices be placed so as to maximize the area of the rectangle?
(6) Find the vertex, focus, axis and directrix and then sketch the parabola.
(a) ¥ = 2 — 1)
(b) y—3=2(x— 1)
(c)y=a*+2-1
(7) Compare:

W | f<t>dt] o [*Lirwia

[/ s o [ il

(8) Let f = 23 — z. Evaluate f f(z)dz without computing the integral.

(9) As a partlcle moves about the plane, its z-coordinate changes at the rate of t — 2 units per
second and its y coordinate changes at a rate of v/t units per second. If the particle is at
the point (3,1) when ¢ = 4 seconds, where is the particle 5 seconds later?

(10) Let f be continuous and define F' by

_ /O {t [f(u)du} dt

Find (a) F'(z). (b) F"(1).
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(11) Let f be a continuous function. Show that
(a) [ fla = c)dw = [ f(x)dx.
(b) L (% f(2)de = [ f(a)da, if ¢ #0.
(12) Prove that the hyperbolic cosine function is even and the hyperbolic sine function is odd.
(13) Use integration to find the area of the trapezoid with vertices (-2, —2), (1, 1), (5,1), (7, —2).
(14) Sketch the region bounded by the curves and find the volume of the solid generated by
revolving the region about the z- or y- axis, as specified below.
(a) y=1—|z|, y = 0, revolved around the x-axis
(b) x = /9 — 42, = = 0, revolved around the y-axis.
(15) Sketch the region €2 bounded by the curves and use the shell method to find the volume of
the solid generated by revolving 2 about the y-axis.
(a) z=9% v =2—y.
(b) z=lyl, z=2-y>
(c) f(x) = COS%?TZL‘, y=0,z=0,z=1.
(16) Find the rectangular coordinates of the given point.
(a) [3, 3
(b) [2,0]
(©) [-1, 1
(17) A ball of radius r is cut into two pieces by a horizontal plane a units above the center of the
ball. Determine the volume of the upper piece by using the shell method.
(18) Determine the exact value of the given expressions:
(a) tan"10
(b) sin[arccos(—3)]
(c) arctan(sec0)

(19) Write the equation in rectangular coordinates and identify the curve.

(a) rsinf =4
(b) 62 — %ZQ
<C) r= 1—cos6

(20) The region bounded between the graphs y = /z and the z-axis for 0 < x < 4 is revolved
around the line y = 2. Find the volume of the solid that is generated.
(21) Show that for a # 0,

dz 1 g f(x+Db
/m—aarctan < a >+C

(22) Assume that f(z) has a continuous second derivative. Use integration by parts to derive
the identity

fb) = fla) = f'(a)(b—a) - / f"(@)(x — b)dx

(23) Find the area under the graph of y = —””;’9 from z = 3 to z = 5.
(24) Find values of a and b such that

cosax — b
im ——m = —4.

z—0 212
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(25) Find the center, the vertices, the foci, the asymptotes, and the length of the transverse axis

of the given hyperbola. Then sketch the figure.

z—1)2 —3)2
(a) ( 16) _ (y16) -1

(b) ¥*/9—2?/4=1
(c) 422 — 8z —y* + 6y — 1 =0.
(26) An object starts at the origin and moves along the x-axis with velocity

v(t) =10t — 2, 0<t<10.

(a) What is the position of the object at any time ¢, 0 <t < 107
(b) When is the object’s velocity a maximum, and what is its position at that time?
(27) (a) Calculate the area A of the region bounded by the graph of f(z) = % and the z-axis
for = € [1,0].
(b) The results in part (a) depends on b. Calculate the limit of A(b) as b — oo.
(28) Find the indicated limit

ln(sec x)

a) lim,_o

(

(b) lim,_,o+ m

(c) lim,_y xl/z:fm

(d) limy oo (Va2 + 2z — )
(e) lim, o (H25)"*

(29) Plot the given points in polar coordinates.

(a) [_270]
(b) [~1, 37
(c) [5.3,7

(30) Sketch the region bounded by the curves and find its area
(a) dx =4y — y?, dx —y = 0.
(b) y=€*, y=e, y—:z: x = 0.

c) 4y = 2% and y =

a:2 +4

)
(c)
(d) y =sin’z, y = tan’z, v € [—%,ﬂ
) +

(e) The reglon in the first quadrant bounded by the z-axis, the parabola y = %-, and the
circle 72 4+ y* = 4.
(31) The base of a solid is the region bounded by # = y? and z = 3 — 2y?. Find the volume of
the solid given that the cross sections perpendicular to the z-axis are
(a) rectangles of height h.
(b) equilateral triangles.
(32) Find an equation for the ellipse that satisfies the given conditions.
(a) foci at (3,1), (9,1); minor axis 10.
(b) center at (2, 1); vertices at (2,6), (1, 1).
(33) Find the arc length of the following graphs and compare it to the straight line distance
between endpoints of the graph.
(a) f(z) =122 — Ilnw, z € [1,5].
(b) f(x) = ln(smx), x € [n/6,7/2]
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(34) Find a formula for the distance between [ry, 6] and [ra, 85]. (Hint: Recall the Cosine Law
of triangles).

(35) Let f(z) be a continuous function on [0, 00). The Laplace transform of f is the function F

defined by
F(s) = / e f(x)dx.
0
The domain of F' is the set of all real numbers s such that the improper integral converges.
Find the Laplace transform of each of the following functions and give the domain of F'.
(a) f(z) = cos2x.
(b) f(z) = e™.
(36) At time ¢ a particle has position
z(t) =1+ arctant, y(t) =1—In(v1+¢2).

Find the total distance traveled from ¢t =0 to ¢t = 1.
(37) Write the equation in polar coordinates.

(a) y ==

(b) (a2 +y?)* = 2zy
38) Find the area of the given region.
( g g

(a) r =2tan6 and the rays = 0 and § = ¢

(b) 7 = a(4cosf — sec) and the rays § = 0 and = .
(39) Calculate the derivative:

(a) & (/5 Star)

(b) 4 ( 2 1+ tht>.

(c) H'(3) given that H(z) = < ['[2t — 3H'(t)]dt.

(40) Show that the set of all points (acost,bsint) with real ¢ lie on an ellipse.
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(41) Evaluate the integrals:

(41)1. [e ™ dx (41)19. [2vz? + 6xdx
(@02, [0 i de (41)20. [ e Pedr, p> 0
(41)3. fo T dr (41)21. [ cos/zdx
(41)4. [ =Hda (41)22. [ tan?(2z)dx
(41)5. f““‘;#dx (41)23. [ 210~ dx
(41)6. [ sinh 2z e®*h 27y (41)24. [ tanhdx
n(z+a 1 \/W
(41)7. [ mlete) gy (41)25. [} rdx
(41)8. [e"*dz (41)26. [ ‘&g
(41)9. fo 1> (1 — Z—z)_Q dy (41)27. Oln(ﬂ/4) e sec e”dx
sinh az
(1. ] . [
(41)12. [ tanz In(sec z)dx (41)30. [ Va+l dr
(41)13. [ Litaph gy (4031 f G e
z 41)32. z x
(41)15. 8  dr (41)33. [ tan?zsec? xdx
(4116, f5 Vi1 p (41)34. fow/4sin5a:cos2xdx
cos® Zasin Jadx
(41)17. fo dx (41)35. w4dx16
\fH—f) 4 e’
a (41)36. [ o
(4118, fir) = da ~ T

(42) Evaluate the derivative:

o 621_1
1‘ y e2z+1

(42)

(42)2. y = In(cos(e**))
(42)3. g(z) = y/tan"!(2x)
(42)4. f(z) = a*sec™* (2)
(42)5. 0(r) = sin ' (v/1 — r2)
(42)6. y = (tanx)%°”
(42)
(42)
(42)
42)1

7. f(x) = zsin~!(2x)

8. f(q;) — 25m31nx

9. f'(e) where f(z) = logs(log, )
(42)10. y = 2v/c2 — 22 + ?sin~ 1( ) c>0
(42)11. y = In(cosh z)
(42)12. f(x) = arctan(sinh x)
(42)13. y = sec h(32* + 1)
(42)14. y = o

(42)

42)15. f(z) = (sinhz)®



