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1. BAsicS OF FUNCTIONS AND THEIR GRAPHS

(1) What is a set? Give three examples of finite sets, and give three examples of infinite sets.

(2) What is a relation?

(3) Construct three examples of relations using the finite sets you presented in question (1).

(4) Construct three examples of relations using the infinite sets you presented in question (1).

(5) What is the domain of a relation? What is the domain of each of the six examples of relations
you constructed in questions (3) and (4)?

6) What is the range of a relation? What is the range of each of the six examples of relations
g
you constructed in questions (3) and (4)?

(7) What is a function?
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(8) Construct three examples of functions using the finite sets you presented in question (1).

(9) Construct three examples of functions using the infinite sets you presented in question (1).

(10) What is the domain of a function? What is the domain of each of the six examples of

functions you constructed in questions (8) and (9)7

(11) What is the range of a function? What is the range of each of the six examples of functions

you constructed in questions (8) and (9)?

(12) Is every function a relation?

(13) Is every relation a function? Was every relation you constructed in questions (3) and (4)

also a function?

(14) The set of natural numbers is denoted by N. Given values that a function f : N — N takes

on certain numbers, write an equation that describes f.

f*N —- N f*N —- N f*N —- N f*N —- N
1 — 1 1 — 4 1 — 3 1 — 3
2 — 4 2 — 7 2 — 6 2 — 12
3 — 9 3 — 12 3 — 9 3 — 27
4 — 16 4 — 19 4 — 12 4 — 48
flx) = flx) = fla) = flx) =
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(15) The set of integers is denoted by Z. Given values that a function f : Z — Z takes on certain

numbers, write an equation that describes f.

f:Z — Z f:zZ — Z f:Z — Z f:Z — Z
0 — 0 0 — 0 1 ) 0 = =7
1 — —1 1 — 1 2 — —10 1 — —6
—2 — —4 -2 — =2 3 — —15 -2 — =9
3 — —9 3 — 3 4 = —20 3 — —4
fla) = flx) = flx) = fl) =

(16) The set of real numbers is denoted by R. Given values that a function f : Z — Z takes on
certain numbers, write an equation that describes f.

f:R\{0} — R f:R\{0} — R
f:R — R . o f:R — R | N
0 — 0 0 — 0 1
1 =1 2= 2t e -2 ~ ]
-2 = 2 3 > 3 -8 = =2 3 — 9
3 =3 1 27 =3 1
@) e 2 o
T) = r) =

f(z) = f(z) =

When f(z) =y, we say “f takes value y at z.” The variable x is the independent variable,
while the variable y is the dependent variable.
(23 +5)

(17) The equation y = 5

represents a function from R to R because

(18) Give five examples of equations in z and y which do not represent functions. In each case
explain why the equation does not represent a function.
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(19) Give five examples of equations in x and y which represent functions.

(20) Given function h : R — R defined by h(z) = 5z — 4 find

e h(3)

e h(0)

o h(—4)

e h(—1)

e h(a)

e 1 (3a)

o h(z+2)

o h(—x)

(21) Given function f : R — R defined by f(x) = 3z? — 5z + 4 find
e f(3)

* f(0)
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e f(2a)

o f(r+a)

o f(-)

(22) Graph the following functions (plot at least five points). In each case state the domain and
range. What are the x and y intercepts in each case, if any.

Y
(a) f(z) =2
;X
Y
(al) g(z) =2 =3
;X
Y
(a2) h(z) =z +5
;X
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How are the graphs (al) and (a2) related to (a)? Use words such as “shifting” up, down,

right, or left by specific number of units.

Y
(b) f(x) =27
; X
Y
(b1) g(z) = (z - 3)
; X
Y
(b2) h(z) = (z + 5)?
; X

How are the graphs (bl) and (b2) related to (b)? Use words such as “shifting” up, down,
right, or left by specific number of units.
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(b3) k(x) =2* -3

(b4) m(x) =x*>+5

How are the graphs (b3) and (b4) related to (b)? Use words such as “shifting” up, down,

right, or left by specific number of units.
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(cl) h(z) = 2® — 2

(c2) k(z) = 2% + 4

How are the graphs (cl) and (c2) related to (c¢)? Use words such as “shifting” up, down,

right, or left by specific number of units.
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(c4) m(x) = (x +4)°

How are the graphs (c3) and (c4) related to (c)?

(d1) g(a) = |a - 3]

11
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(d2) k(z) = |z + 4]

How are the graphs (d1) and (d2) related to (d)?

(d3) U(z) = [z =3

(d4) m(z) = |z| +4

How are the graphs (d1) and (d2) related to (d)?

12
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(el) g(z) = vz =3

How are the graphs (el) and (e2) related to (e)?

13
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(€3) k(z) = v =3

(e4) l(z) = Vx +4

How are the graphs (e3) and (e4) related to (e)?

14
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(p1) g(z) =z -3

(b2) hx) = ¥z +4

How are the graphs (pl) and (p2) related to (p)?

(p3) k(z) = vz —3

15
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How are the graphs (p3) and (p4) related to (p)?

—
Qo
—_
P
Q
—
8
~—
I
|
|
w

16
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How are the graphs (ql) and (q2) related to (q)?

How are the graphs (ql) and (q2) related to (q)?

17
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1
ThegraphSOfy:1719:«737(9:9527(9:953,3/2|37\,y=ﬁ,yz%,andy:Eare
important.

(23) What is the vertical line test for a graph? Explain in your words why the vertical line test

works.

(24) Draw four example}s/ of graphs which fail the vertical test.




(25) Draw a graph of the function f with the given properties.

(a)

MTH 30

The domain of f is [-3, 5]

The range of f is [—2, 4]

19

The z-intercepts are at —2 and 1
The y-intercept is at —2
The domain of f is [-5, 5]

The range of f is [—4, 4]

1(-2)=3
f(-1)=3
f(5)=3

The z-intercepts are at 2 and 4

The y-intercept is at —2
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2. MORE ON FUNCTIONS AND THEIR GRAPHS

(1) When is a function said to be increasing on an open interval /7 Draw the graph of a

function which is increasing on the open interval (—2,5)

Y

(2) When is a function said to be decreasing on an open interval /7 Draw the graph of a

function which is decreasing on the open interval (—2,5) v

(3) When is a function said to be constant on an open interval /7 Draw the graph of a function

which on the open interval (—2,5) v
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(4) When is a function value f(a) said to be a relative maximum? Draw the graph of a

function with a relative maximum function value of 1 at x = —2.

Y

(5) When is a function value f(a) said to be a relative minimum? Draw the graph of a

function with a relative minimum function value of 1 at x = —2. v
(6) Draw the graph of a function f with the following properties:

The domain of f is (—o0, ). Y
The range of f is (—4, 00). |
f is decreasing on the intervals (—oo, —3) and (—2,1).
f is increasing on the intervals (—3, —2) and (2, 00).
f is constant on the interval (1, 2).
f has a relative minimum value of —2 at x = —3.
f has a relative maximum value of 2 at x = —2. I I X
f has z-intercepts at —2.5,0, and 4.
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(7) When is a function said to be even? Give five examples of even functions and explain why

they are even.

(8) When is a function said to be odd? Give five examples of even functions and explain why

they are even.

(9) Recall the list of important graphs we saw in lesson (1).

1
y=lLy=zy=2y=2y=z|,y=Va,y= \3/5,y=;

Classify these functions as even, odd, and neither even nor odd?
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(10) What kind of symmetry does the graph of an even function have? Draw aglf example.

(11) What kind of symmetry does the graph of an odd function have? Draw anyexample.

(12) Draw graphs of following piecewise defined functions:
x—3 if x<2
flz)=44 if 2<x<3
x—4 if x>3
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x? if < -1
glx) =<z if —1l<ax<2
x+2 if x>2

(13) Find and simplify the difference quotient
flx+h) = f(z),

- . R0
(a) flz) ==
(b) f(x) = 2?
(c) f(z) =2°

24
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(e) f(z)=3z*+4z+5

(f) f(z)=—-32*> —4z+5

(h) f(z)=+vx+5

(i) f(x) =2

14) Write a piecewise defined function that models the cellular phone billing plan, where you
g Y
pay $ 32 per month for 300 minutes and $ 0.20 for every additional minute. Graph this

piecewise defined function. v
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3. TRANSFORMATIONS OF FUNCTIONS

(1) Graph the following (plot three points at the same corresponding location on the graph):

f(x) = a? 1 filz) =2 +3 P

X t t t X
folw) = —3 1Y falx) = (x +3)? 1

X t t t X
fa(x) = (z — 3)? v fs(w) = —a* v




MTH 30

fo(x) = (—2)? 1Y
fs(z) = (-2 —3) Y
fof) = 3a° y
fra(z) = ( x>2 Y

27
falw) = (=2 +3)° P

o ii B
folx) = 327 Y

o ii B
fulz) = (32)? :Y

R
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(2) Graph the following (plot three points at the same corresponding location on the graph):
f@) =7 1Y fil@) = ¥z +2 1
% st
falw) = ¥z 2 ¥ folx) = Vo + 2 Y
— s
fule) = Yz =2 Y f(z) = —/x Y
% st
folz) = =z Y frlw) = V=z +2 1
— s




MTH 30 29
fslw) = /= =2 fola) =29 1Y
X X
1, 3 Y
fio(x) = 5\/5 fu(z) = v2x 1
X X
1
fra() = 57
X
Summarize your conclusions: For ¢ > 0
To graph Draw the graph of f and To graph Draw the graph of f and
y=[f(z)+c y=fz)—c
y=[f(z+o) y=[flz—0)
y=—f(z) y=f(-2)

y=cf(x),c>1

y=cf(x),c<1

y = f(ex),c>1

y= f(cx),c<1

Compare your table with the Table 1.4 on page 213 of your textbook.
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(1) The graph of g is given. Graph the given transformed functions (plot the five highlighted

points at the same corresponding location on the graphs):

A

y=g(r) -2 y=g(r+2)

y=g(r—2)
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y=g(—x)

X
y=g(-r—2)

X
yzéﬁ@

X

31

y=g(—z+2)
y = 2g(x)
y = g(2z)
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(2) Using transformations draw the graphs (plot at least three points):
flz) = =2z +3

32

f(x) = (= +3)*+1

fla)=(-z-3)* -1

f@)=]—-z+4[=3
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f(2) = Var -1
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4. COMBINATIONS OF FUNCTIONS; COMPOSITE FUNCTIONS

(1) What is the domain of a function?

(2) Find the domain of the following functions:
o f(z) =3z +5z% -3

o f(x)="Tx'% -5z

e f(z)=20
* f(x):xi2

o flr) =212
. ) o AT

34



o f(x)

o f(x)

B 2¢+5
S22+ 11z +5

B 3r—1
622 +5x—6

MTH 30
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A 6x22—x;c?:20
o f(2) =i

o f(z) =V +5

o fla) = V7

o f(z)=Vr+5

o fl)=Va+5+Vr+2

o fz) =V +5+Vr—2

e f(x) =V -5+ Vr+2

MTH 30

36
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« [(x) =VT—B+yi=32

o f(x)=vVr+5+V2—x

« f(@)=vT—5+2—7

o f(2)=Vb—ax++Vr+2

(3) Find f+g, f —g, fg, and i, and find their respective domains.
g
o f(x) =4z —1, g(z) = 2* — 13z — 30

37



o f(x)=4r—1, g(z) = 2*

o f(x)=2,¢g(x)="Tx

o f(r) =4z, g(x) =3z

MTH 30

38
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(4) FlIldfOf, fogagofagogv fog(g)’ andfog(_?))

o f(x) =3z, g(z) =2 +8.

o f(x)=4r—1, g(z) = 2*

o f(z) =4z, g(x) =3z

39
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o f(z)=3x—1, g(x) =52*+ 6z —8

o f(z)=3—1x, g(x)=52>+ 6z —8

o f(x)=2-9, g(x) =52%+ 6z — 8

40
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(5) Use the graphs of f and g and answer the follo}x}ving:

y = f(x)

e Find (f +¢)(2)
e Find (f —g)(3)
e Find (g — f)(=1)
e Find (¢f)(-1)

e Find (¢f)(3)

NN
Find Z(-1)

nd ¢
Find (3

e Find (¢ — f)(—3)

41
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Find (go f)(—3)
Find (f o g)(—3)
Find the domain of (g + f)

Find the domain of %

Graph f + g and f — g on the same coordinate plane.
Y

42



MTH 30 43
5. INVERSE FUNCTIONS

(1) When is a functions g said to be the inverse function of f?

1
The inverse function of f is denoted by f~!. This is not to be confused with —.

(2) Let f(z) =z + 3. What is f~(z), and what is %(w)'?

(3) For the functions given below, build the inverse relation. Then check whether the inverse
relation is a function. In each of the cases f is a function from the set {a,b, ¢, d} to itself.

/ f / f f f
arb arb ara
b—c b—c b—b
c—d c—d c—c
dw— a d—b d—d

(4) Explain in your own words when does a function have an inverse function?

(5) What is a one-to-one function?
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(6) Recall the functions f(z) = 1, f(z) = z, f(z) = 2%, f(z) = 2*, f(z) = Va, f(z) = Vx,
f(z) = |z|, and f(z) = e Which of these functions are one-to-one, and which are not?

Explain.
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(7) Recall the graphs of the functions f(z) = 1, f(x) =z, f(z) = 22, f(z) = 23, f(x) = Vx,
£() = Y7, F(a) = Jal, and f(x) = 3

. What property do the one-to-one functions share?
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(8) State the Vertical line test for a graph.

(9) What does the Horizontal line test for a graph determine?

46

(10) Draw graphs of four functions which are not one-to-one, and hence do not have inverse

functions.

Y

Y
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(11) Draw graphs of four functions which are one-to-one. Draw the graphs of the inverse functions

on the same respective coordirilfate planes.

Y

(12) State the symmetry that you observe between the graph of a function and that of its inverse

function.

(13) Determine whether functions f and g are inverses of each other.

o fl2) =5, gla) = T



o f(z) =5z, g(z) =

R

o flz)=2+4+2,9(x)=2—2

r—>5

o f(2) =52 +4, g(x) =

o fx)=50+4, glx) =

o flx)=12"+2 glx) == —2

w

MTH 30

48
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o f(z)=23+2,g(x) = Jr —2

o f(z)=2+2,g(x) = —2

(14) Find the inverses of the following functions. Verify that the functions you obtained are

indeed the inverses.

o f(z)=2+10
e f(x)=2-5
o f(x)=3zx
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o f(z)=3x+5
o fz) =4z -5
o fla)=%+3
of(x):%—?)

e f(z) = 2? (There should be two distinct inverses.)

e f(x) = (z — 3)? (There should be two distinct inverses.)

50
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e f(x) = 2? — 3 (There should be two distinct inverses.)

e f(x) = 2? + 3 (There should be two distinct inverses.)

° f(x)::c3+2

Of(x):%for:p%().

51
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of(x):%+5forx7é0.

e f(x)=+/x for z > 0.

o f(zr)=+/x+5forx>0.

o f(z)=+ax—5foraxz>7.

52



o f(x)=z-2

MTH 30
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6. QUADRATIC FUNCTIONS

(1) Draw the graph of the quadratic function f(x) = 2(z — 1)? + 3. What is its vertex, axis of
symmetry, domain, range? Does the parabola open up or down? Do you get a maximum

value or a minimum value? What is the extremal value, and where is it achieved?

(2) Draw the graph of the quadratic function f(z) = —2(z + 1) + 3. What is its vertex, axis
of symmetry, domain, range? Does the parabola open up or down? Do you get a maximum
value or a minimum value? What is the extremal value, and where is it achieved?

(3) Write down the standard form of a quadratic function. What is its vertex and its axis of
symmetry? When does the parabola open up or down? When do you get a maximum value

or a minimum value? What is the extremal value, and where is it achieved? What is its

domain and range?
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(4) Find the coordinates of the vertex, the z-intercepts (if any), the y-intercept, and determine
whether the parabola opens up or down. Use this information, and at least two symmetric
points on the parabola to sketch the graph. What is the axis of symmetry, domain, and
range of the function. Find the minimum or maximum value and determine where it occurs.

o f(x)=3(x—2)?*+4

Y
X

o f(x)=—-3(z—2)> -4 Y
X

'f(x):%<x—§)2+§ Y




o f(x) =222+ 12z + 19

o f(z)=2%+6x—10

o f(z)=—2%+ 6z + 10

MTH 30
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o f(x)=—32%+30x — 77

o fla)=3—(z—2)

MTH 30
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oy —2=(r+1)>

oy+1:(x—2)2

o f(z)=5— 4z +22°

MTH 30
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o f(x) =—122 — 11 — 322

(5) Write an equation in standard form of each quadratic function whose parabola has the shape
of 22% or —32? with the property
e Vertex is (1,2), and the parabola opens up.

12
e Vertex is (—g, g), and the parabola opens down.

e Maximum value is 3 which occurs at z = 1.

e Minimum value is 4 which occurs at x = —2.
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7. POLYNOMIAL FUNCTIONS AND THEIR GRAPHS

(1) What is a polynomial function? What is its degree, and its leading coefficient?

(2) Polynomial functions of degree 2 or higher have graphs that are smooth and continuous.

Draw two smooth and continuous graphs which could represent polyr;/omial functions.

X X
Draw a graph which is not smooth, and draw a graph which is not C(g;ltinuous.
X X

(3) Recall the important functions: f(z) = 1, f(x) = =z, f(z) = 22, f(z) = 2°, f(x) = /x,
1

f(z) = Jx, f(x) = |z|, and f(x) = —. Which of these are polynomial functions? Are their
x

graphs smooth and continuous?
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Which of these have discontinuous graphs?

Which of these have non-smooth graphs?

Which of these are not polynomial and yet have continuous and smooth graphs?

(4) Draw the grag)/hs of fi(x) = 22, fo(x) = —2?, f3(x) = 23, and fy(x) :Y_x3'
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(5) State in your own words, the Leading Coefficient Test for the graph of a polynomial function.

(6) How do you find the y-intercept of the graph of a function? Explain with an example.

(7) When is a real number 7 said to be a zero of a polynomial function?

(8) What do the zeroes of a function tell us about the graph of the function? Illustrate your

answer (use an example).

Y

(9) What is the multiplicity of a zero of a polynomial function?
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(10) Suppose a real number r is a zero of a polynomial function with odd multiplicy. What can

you say about the graph of the function at z = r? Illustrate your answer (use an example).

(11) Suppose a real number r is a zero of a polynomial function with even multiplicy. What can
you say about the graph of the function at x = 7 Illustrate your ans}x;ver (use an example).

(12) State the Intermediate Value Theorem for polynomial functions.

(13) Let f(z) = 2® — 22® — 5x + 6. Show that f(0) > 0 and f(2) < 0. What can you conclude

using intermediate value theorem?
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(14) Write a paragraph on the turning points of polynomial functions.

(15) Using the information above, give a guideline of how you might draw the graph of a polyno-
mial function. Illustrate your guideline using f@ = —22°—2224+102—6 = —2(x—1)*(x+3).

Compare your guideline with that of the textbook (page 310).
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(16) Determine which functions are polynomial functions. For those that are, identify the degree:
o f(x)=a%—4x+5

o f(z) =% —4
)
° f(l‘)zl'g—éll'—'—g
o f(z)=2%—dx+5yx
e f(x)=5

(17) Use the Leading Coefficient Test to determine the end behaviour of the graph of the poly-
nomial function.
o f(z) = —4z" + 82? — 32

o f(x)=—42% +82% — 32
o f(z)=4z" 4 82% — 32
o f(z) =42+ 8% — 32

(18) Use the Intermediate Value Theorem to show that each polynomial has a real zero between
the given integers.
o f(z) = 22?4+ 5z — 3; between 0 and 1

o f(x) =223+ 2? — 6x; between 1 and 2
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o f(x)=2a— 32* — 14z + 15; between —2 and —3

(19) Graph the following polynomial functions:
o () = Bu(z — 27z +3)

66

o f(z)=—22%x +2)*(z — 3)*

o f(z)=—22%x +2)*(x — 3)?




o f(z)=3x(xr—2)3(x+3)3

o f(x)=a*— 2522

o f()=a+2%>—92—9

MTH 30
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o f(z)=a—2*+4x -4

o f(x)=—2%+Ts*— 122

o f(z)=6x%—12>—2z

MTH 30

68




MTH 30 69
8. DIVIDING POLYNOMIALS; REMAINDER AND FACTOR THEOREMS

(1) Find the quotient and remainder when
e 182 is divided by 4

e 321 is divided by —4

e —223 is divided by 4

e —227 is divided by —4

e In all these cases how does the remainder compare with the divisor? How are the
dividend, the remainder and the divisor related?
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(2) State the Division Algorithm for polynomials.

(3) What can you say about the remainder when the divisor is x — ¢? Give five examples.

(4) What is the Factor Theorem? Give five examples.

(5) Find the quotient and the remainder, and verify the Division algorithm when
o 12 — 4z + 12 is divided by = + 4

70
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o 12 — 4z + 12 is divided by x — 8

o 244 2% + 22 4 62 + 16 is divided by 2% — 22 + 3

o 87— 6 — 102* + 172% + 62° — 2122 is divided by 3 + 222

71
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o —212% — 102* + 8x + 62° + 1723 — 6 is divided by 42 — 3 + 323 — 522

(6) Use long division as well as synthetic division to find the quotient and remainder, when f(z)
is divided by d(x). Use this information and the Remainder theorem to find the value of f
at the given number.

o f(z) =32+ —92% + 1122 — 132z + 15, d(x) = x — 1. Find f(1).
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o f(z) =4x —23 —8z% +4a* + 2%, d(z) = x + 2. Find f(-2).

o f(x) =—18z% + 12x + 8x* + 22 — 20, d(z) = x + 3. Find f(-3.

73



MTH 30 74
9. ZEROES OF POLYNOMIAL FUNCTIONS

(1) What is the Rational Zero Theorem? Explain using five examples.

(2) Complete the following sentence: If we count the multiple roots of a polynomial equation of

degree n, n > 1, separately, then the equation has roots.

Explain using these examples:
o 2?2+ 122 +36=0

e 22+ 120 4+20=0

o 2% +102% + 2122 — 402 — 100 = (7 + 2)(x — 2)(x + 5)2 =0

(3) Complete the following sentence: If a + bi (for b # 0) is a root of a polynomial equation

with real coefficients then is also a root.

Explain using these examples:
o 724+ 25=0

o 2 +4x+13=0

o 7% — 922 + 31z — 39 = (z — 3)(2* — 62+ 13) =0
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(4) What is Descarte’s rule of signs? Explain using five examples.

(5) List all possible rational zeroes. Use synthetic division to test the possible rational zeroes
to find one zero. Find all the remaining zeroes.
o f(z)=12%—32? — 10z + 24

o f(z)=a*—52?+4

o f(z)=a*— 22— 212% + 222 + 40
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o f(x) =223+ 92+ Tx — 6

(6) List all possible rational roots. Use synthetic division to test the possible rational roots to
find one root. Find all the remaining roots.
o 34322 — 102 —24 =10

o ot —27% — 1322+ 140 +24 =0

e 203 + 922 — 20 —24=0
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10. RATIONAL FUNCTIONS AND THEIR GRAPHS

1
(1) Recall the graph of f(z) = —
T

Y
X
1
(2) Graph g(x) = , and h( ):x—?)'
Y
X X
1 1
(3) Graph k(x) = —+ 3, and I(z) = — — 3.
Ty v Y
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1 1
4 h = — = .
(4) Graph m(z) x+2+3,andn(x) x—2+3
Y
X
(5) Graph p(e) = —— =3, and g(s) = —— =3
ra = — — n = — — .
pir p{x PR , and glT T —9
Y
X

(6) Graph f(r) =
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(7) Graph g(x) = - i};)?’ nd h(a) = E 7
X
(8) Graph k(z) = % +3, and I(z) = % 3,
Y
X
(9) Graph m(a) = = = +3,d n(r) = - E TR

79
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(11) What is a rational function? Give five examples.

(12) Using five examples, explain how you would find the domain of a rational function.
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(13) What is the domain of
T —2

.7
22 +52+6

T+ 2
.7
224+ 5x+6

(14) How do you determine whether the graph of function f has symmetry about the y-axis?

Give an example.

(15) How do you determine whether the graph of function f has symmetry around the origin?

Give an example.

(16) Can the graph of function f have symmetry about the x-axis? Explain your answer.
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(17) Using five examples, explain how you would find the z-intercepts of the graph of a rational

function.

(18) Using five examples, explain how you would find the y-intercept of the graph of a rational

function.

(19) Can a graph of a rational function have more than one z-intercepts? If yes, then give an
example. If no, then explain why not.
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(20) Can the graph of a rational function have more than one y-intercept? If yes, then give an

example. If no, then explain why not.

(21) What is the equation of a vertical line passing through (—2,3)7

(22) What is the equation of a horizontal line passing through (-2, 3)?

(23) Using five examples, explain what a vertical asymptote for the graph of a rational function

is.
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(24) Using five examples, explain what a horizontal asymptote for the graph of a rational function

1s.

(25) Give five examples of rational functions whose graphs have horizontal asymptote y = 1.

(26) Give five examples of rational functions whose graphs have horizontal asymptote y = 0.

(27) Give five examples of rational functions whose graphs have horizontal asymptote y = —2.
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(28) Give five examples of rational functions whose graphs have horizontal asymptote y =

(29) Give five examples of rational functions whose graphs have no horizontal asymptotes.

(30) Give a guideline to draw the graph of a rational function.

Compare your guideline with the one given in the textbook (page 347).

85
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(31) Graph the folaljo_\'z_vglg rational functions:

fx) = 2 +4x + 3
2 2
@) = 5

86




—z+2
22 —3x — 18
2
2 —1

MTH 30

87
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11. POLYNOMIAL AND RATIONAL INEQUALITIES

Solve each inequality and graph the solution set on the real number line. Expres the solution

using interval notation.

(1) 24520

(2) r—3<2

3) (z—2)(x+5) >0

(4) (x+5)(x—3) <0

(5) 2? +8x+T7>0



(6) 22 — 62 — 40 < 0

(7) 22> <z +6

(8) 322 > bz

9) (x+1)(z—=3)(z+2)>0

MTH 30

89



(10) 2* +2* — 42 —4 < 0

(11) 622 — 5 > 13z

<0

(12) po—

(13) >0

r+3

MTH 30

90



(14)

(16)

(17)

—x + 2 <
r+5

T

> 2
r—3

z+1 <
3r+1—

MTH 30

91



(18) z+3>ax+1

(19) z+3<a+1

MTH 30

92
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12. EXPONENTIAL FUNCTIONS

The Exponential function:

f(z) =0b" for b>0 and b # 1.

Here, b is the base of the exponential function.
What happens when b = 17 What is its graph?

What happens when b < 07

What happens when b = 07

93

In what follows, whenever a problem asks you to graph any functions, provide at least 5 points.

State its X or Y intercepts if any. Give its domain and range. Sketch the asymptotes as dotted

lines, and give equations of the asymptotes.

(1) Graph f(z) =2

Y
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(2) Graph f(z) = 3"

Y
x y=3"
—2

X —1
0
1
2
(3) Graph f(z) = 5"

Y

x Yy =

(4) Discuss the graphs of f(z) = b" and g(z) = ¢® when b > ¢ > 1. Your discussion should
include concepts of steepness, and horizonal asymptotes. Draw two graphs on the same
coordinate plane illuis/trating your discussion.
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How does this graph compare with the graph of y = 27 Explain. What do you think is the
graph of the function g(x) = 2777

How does this graph compare with the graph of y = 37 Explain. What do you think is the
graph of the function g(x) = 3777
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How does this graph compare with the graph of y = 5*7 Explain. What do you think is the
graph of the function g(x) = 5777

(8) Discuss the graphs of f(z) = b" and g(z) = b~" when b > 1. Your discussion should include
concepts of increasing/decreasing, horizontal asymptotes, and symmetry of the two graphs.
Draw two graphs on};he same coordinate plane illustrating your discussion.

(9) Discuss the graphs of f(z) = b and g(z) = ¢ when 0 < b < ¢ < 1. Your discussion
should include concepts of steepness, and horizonal asymptotes. Draw two graphs on the

same coordinate %lane illustrating your discussion.
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(10) Graph f(z) =2"+1
Y

How does this graph compare with the graph of y = 2*?7 Explain. Your discussion should

include the effect on the horizontal asymptote.

(11) Graph f(z) =3 —2
Y

How does this graph compare with the graph of y = 37 Explain. Your discussion should

include the effect on the horizontal asymptote.
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1 x
How does this graph compare with the graph of y = <§) ? Explain. Your discussion

should include the effect on the horizontal asymptote.

1 x
How does this graph compare with the graph of y = <5> ? Explain. Your discussion

should include the effect on the horizontal asymptote.
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(14) Graph f(z) =2+
Y

How does this graph compare with the graph of y = 2*?7 Explain. Your discussion should

include the effect on the horizontal asymptote.

(15) Graph f(z) = 32
Y

How does this graph compare with the graph of y = 37 Explain. Your discussion should

include the effect on the horizontal asymptote.
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(16) Graph f(z) = (—)

1 x
How does this graph compare with the graph of y = <§) ? Explain. Your discussion

should include the effect on the horizontal asymptote.

(17) Graph f(x) = (é)g

Y

1 x
How does this graph compare with the graph of y = <5> 7 Explain. Your discussion

should include the effect on the horizontal asymptote.
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(18) Let ¢ > 0. Explain how the graph y = b® — ¢ is related to the graph y = b*. Draw two

graphs on the sarpe coordinate plane to illustrate your answer.

(19) Let ¢ > 0. Explain how the graph y = b* + ¢ is related to the graph y = b*. Draw two

graphs on the sarpe coordinate plane to illustrate your answer.

(20) Let ¢ > 0. Explain how the graph y = b**¢ is related to the graph y = b”. Draw two graphs
on the same coorgl}'nate plane to illustrate your answer.

(21) Let ¢ > 0. Explain how the graph y = b ¢ is related to the graph y = b*. Draw two graphs
on the same coorgl}'nate plane to illustrate your answer.
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1 n
The Euler number ¢ is defined as the limit of (1 + —) as n approaches co. We will see
n

the significance of e in a course on Calculus. An approximate value of e is 2.718281827.

(22) Graph f(x) =e€"

Y
X
(23) Graph f(x) = —€”
Y
X
(24) Graph f(z) =e€7"
Y
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(25) Graph f(z) =e" +2

Y

X
(26) Graph f(x) =e* —2
Y
X
(27) Graph f(z) =3
Y

103
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Solve for z

(1) 2* = 256

(2) 3 =81

(3) 471 = 64
1

4 x+1 _
1

(5) 6:)373 _
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13. LOGARITHMIC FUNCTIONS

The Logarithmic function is the inverse function of the exponential function.

For b > 0,b# 1,

log, x =y if and only if b¥ = x.

What values of z is log, x undefined? When is log, z = 07

(1) Convert each statement to a radical equation.
(a) 2* = 16.

(b) 3% = 243.

o (3)-2

(2) Convert each statement to a logarithmic equation.

radical form?.
(a) 2* = 16.

(b) 35 = 243.

o)
(@) (2) -

(3) Convert each statement to exponential form:
(a) logy 1000 = 3.

(b) log1 9 = —2.

1
1 5=_.
(c) logys 5

(d) logs 25 = 2.

How is this form different from the
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(4) Graph (plot at least five points). What are the X or Y intercepts if any. Give the range and
domain of the graph. Sketch the relevant asymptote as a dotted line and give its equation.
f(z) =2% and g(x) = log,

Y Y

f(z) = 3" and g(z) = logs

f(z) = 10" and g(z) = log;,x

Y Y
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f(z) = e* and g(z) = Inz (The function log, is denoted by In and is called the natural

logarithm)
Y Y
X X
f(z) =logy(x — 1) f(x) = loggw + 2
Y Y
X X
f(z) =logyz —1 flz)=Inzx—1
Y Y
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(5) Evaluate each expression without using a calculator

in the blanks:

For b > 0,b# 1, log, 1 =
For b > 0,b # 1, blo8v® =
For b > 0,b # 1, log, 0" =

(6) Fil

For b > 0,b # 1, the range of the function log, is

For b > 0,b # 1, the domain of the function log, is

108
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14. PROPERTIES OF LOGARITHMS

Recall that for b > 0,0 # 1, log, v = y if and only if ¥ = x. Give proofs for the following:
e For b > 0,b # 1, we have log, 0" =z

e For b > 0,b# 1, we have %% = g

e For b, M, N > 0,b # 1, we have log,(M - N) = log, M + log, N.

M
e For b, M, N > 0,b # 1, we have log, (ﬁ) = log, M — log, N.

e For b, M > 0,b # 1, we have log,(MP) = plog, M.
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log, M
e For b,c, M > 0,b,c # 1, we have ?gc 2 = log, M.
0og

C

Now use these properties to expand the following logarithmic expressions:
(1) log4(243x)

o (1)

(3) log; <% 3”)

x°va+ b+ 100
(4) log
1000(z — 2)2

w

(5) Iny

(6) In(M + N)
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Use the properties of the logarithm function to condense the following expressions:

(1) log 25+ log 4

(2) logg z* + 2logsy — 5log, 2

1 1
(3) ilog:c—i- glogy

2
(4) 3ln(z+y) —4In(a+0b) +2Inz — glnp

(5) logg @ + logg(z + 3) — logg (2 — 9)

(6) log M -log N +log P
Convert the following to expressions in log-expressions (common logarithm) and then use your
calculator to find their values:

(1) logg 34

(2) log,5 123
Convert the following to expressions in In-expressions (natural logarithm) and then use your calcu-

lator to find their values:

(1) log, 19.34
(2) logy; 49



Solve for z:

(1) 3% =243

1
2) 201 = —
(2) T

(3) 47 = 128

(4) 82175 — 32x+2

(1) 5° = 300

(2) 739[:—}—2 — 69[:—1

MTH 30

15. EXPONENTIAL AND LOGARITHMIC EQUATIONS

an approximate solution.

(3) 3% 4+7-3"+10=0

(4) 3% —7(3%) +10 =0

112

Solve each equation. Express the solution in terms of natural logarithm and use a calculator to find
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Solve for z:

(1) log, 64 = x
(2) logsx =1
(3) logyx =0

(4) log, 4 =16

(5) log,; 81 ==

1
(6) log, 39 7

1
(7) logss 6 =T

(8) log, 12 = 2
1
(9) log, 12 = =
2

(10) log, 9 = 2

(11) logy(z —4) =4

(12) logy 243 = (22 + 3)

113
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1
(13) loggs v = 3

1
(14) logsz = =
3

(16) logs(z* — bz +1) =2

(17) logy(62* — 5z + 23) = 3

(18) log(3z + 1) — log4 = log(2z + 1)

114
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(19) log(z — 3) + log 8 = log 90

(20) log(2z + 5) +log 3 = log(3x + 5)

(21) log(z —12) + log(x 4 2) = log 23 + log x

(22) log(z + 12) — log(x 4+ 2) = log 3 + log x

(23) 2In(z+1) =In5+Inx —In6

115
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16. ANGLES AND RADIAN MEASURE

(1) What is one radian? Explain your answer with an illustration.

(2) 1 radian = . So m radians = °. Express each angle in radians.
0° 30° 45° 60°
90° 120° 1357 1507
180° 210° 225° 240°
270° 300° 315° 330°
360° 390° 405° 420°

(3) Express each angle in degrees:

T T T
6 2 2
T 21
1 E) o
T 3
z - —1.35
3 4

(4) Find a non-negative angle less than 360° or 27 radians that is coterminal with the given
angle.

thi o i
6 2 2
97 7T
P E) o

137 —117 157
3 4 2
430° — 420° 390°

—530° — 820° —1000°

(5) Draw each angle in standard position:



L
dh

NP
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R
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BN,
Fah

NP,
Fah

NP,
ah

N
TN

N
TN
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17. RIGHT TRIANGLE TRIGNOMETRY

In this section we will start the study of trignometric functions. We first need the following

two important calculations.

(1) Find the lengths of the legs of an isosceles right triangle with hypotenuse of length 1.

5)

(2) Find the lengths of the legs of a 30° — 60° — 90° triangle with hypotenuse of length 1.

A
AABC is a 30° — 60° — 90° triangle. 0
ANADC' is a mirror image of AABC.
What kind of triangle is AABD? Explain. ]
60°
B ...............
C

What is the length of segment BC?

What is the length of segment AC?

(3) The lengths of the legs of an isosceles right triangle with hypotenuse of length 1 are
and .

(4) The lengths of the legs of a 30° — 60° — 90° triangle with hypotenuse of length 1 are
and
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Trignometric functions. Given is a right triangle AABC with side lengths a, b, c. Note the
naming scheme: The side opposite ZA has length a, the side opposite ZB has length b, and the
side opposite ZC' (the hypotenuse) has length c. For any acute angle,

length of its adjacent side

Cosi f th le =
osme ol the angie length of the hypotenuse ‘

length of its opposite side
length of the hypotenuse ot B

Sine of the angle =

length of it te sid
Tangent of the angle = g Of? i opz)osz ‘ SZ_ ‘
length of its adjacent side

Notations and more trignometric functions: For an acute angle A,
Sine of angle A = sin(A)
Cosine of angle A = cos(A)

Tangent of angle A = tan(A) = <SIH(A))

Cosecant of angle A = csc(A) =

Cotangent of angle A = cot(A) =

Secant of angle A = sec(A) = (

Use the figure above to fill in the following table:
Function A B

Sine

Cosine

Tangent

Cosecant

Secant

Cotangent
Use your results from the 45° — 45° — 90° and 30° — 60° — 90° triangles to fill in the following

table:
Function 30° 45° 60°

Sine

Cosine

Tangent

Cosecant

Secant

Cotangent




MTH 30 121

Fill in the table for the given right triangle:
e Triangle 1.

Function A B

Sine

Cosine 4

Tangent

Cosecant

Secant 3

Cotangent

e Triangle 2.

Function A B

Sine

Cosine 2 13

Tangent

Cosecant

Secant 5

Cotangent

e Triangle 3.

Function A B

Sine

Cosine ]

Tangent

Cosecant

Secant 6

Cotangent

e Triangle 4.

Function A B

Sine

Cosine ]

Tangent

Cosecant

Secant 5

Cotangent




e Triangle 5.

MTH 30

Function

Sine

Cosine

Tangent

Cosecant

Secant

Cotangent

e Triangle 6.

Function

Sine

Cosine

Tangent

Cosecant

Secant

Cotangent

e Triangle 7.

Function

Sine

Cosine

Tangent

Cosecant

Secant

122

Cotangent

Does this table look familiar?

e Triangle 8.

Function

Sine

Cosine

Tangent

Cosecant

Secant

Cotangent

Does this table look familiar?

A
12
?
C 34— B
A
17
? 3
C 35— B
2
15
3
_ 45°
X
A
GO."
5
600 ...............
C
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Complete the following tables (To find the measures of the angles you will need your calculators):

Function/Angle

3
Si —
ine 1

Cosine

Tangent

o g

Cosecant

e | o

Secant —

Cotangent —

Function/Angle

Sine —

Cosine

| S

Tangent 1

NN

Cosecant

Secant

N g

Cotangent —

Cofunctions :

T
Recall that 90° = 5 radians. Find a cofunction with the same value as the given expression:

e sin 12°

e cos 15°

e tan 35°
.27

® sin —
7

3T

® COS —

e tan —

21
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18. TRIGNOMETRIC FUNCTIONS: THE UNIT CIRCLE

A point on the coordinate plane is determined by its z and y coordinates. These coordinates are

called the rectangular coordinates.
Another way of describing a point on the coordinate plane is by using its polar coordinates,

(r,8) for r > 0,0 < 6 < 360°.

Here, r is the distance between the point (x,y)
and the point (0,0); 0 is the angle subtended
by the ray joining (0,0) and (x,y) with the r \
positive x-axis measured anticlockwise.
By convention, the point (0,0) in polar
coordinates is also (0, 0).

(z,9)

The unit circle is the circle centered at (0,0) and radius 1.

Equation for the unit circle is

For a point P = (x,y) with polar coordinates (r,#),

. Y z Y
0) == 0)=— tan(f) = =
sin(6) . cos(f) . an(0) .
r r x
csc(f) = — sec(f) = — cot(f) = —
0) =1 0) ="~ 0) =1
When the point P is on the unit circle with polar coordinates (r, ), we have r = . So,
sin(f) = cos(0) = tan(6) =
csc(f) = sec(0) = cot(0) =
Find the rectangular coordinates of the point with polar coordinates
e (1,0
e (1,30°)

o (1,45%)
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e (1,60°

e (1,90°

Find rectangular coordinates for all the end points of the radial segments shown on the unit circle

below. Give the angles in both degree and radian form.

(., ),0=90 =

),0 = 60° =
),0 = 45° =

),0 = 30° =

(1,0),0 = 0° = 0"

Here is a way of remembering the numbers you derived above:

0<1l<2<3<4
Take square root throughout

Divide throughout by 2

How are these numbers to be used?
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Recall the important cofunction properties:

)

[ ]
Z.
=
—~
N
~—
I
Q
@}
n
—~

o tan(A) =
e cot(A) =

Also recall the reciprocal (whenever defined) properties :

1 1
o csc(A) = Sn(A)’ and therefore sin(A4) = ()
e sec(A) = and therefore
e cot(A) = and therefore

Using the circle, we get the following important trignometric identities (explain each one): Even

and Odd trignometric functions

e cos(—A) = and therefore sec(—A) =
e sin(—A) = and therefore csc(—A) =
o tan(—A) = and therefore cot(—A) =

Pythagorean identities
e sin?(A) + cos?(A) =
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o 1+tan’(A) =

o 1+ cot?(A) =

When is a function said to be periodic? What is the period of a periodic function?

State the Periodic properties of the Sine and Cosine functions



State the Periodic properties of the Tangent and Cotangent functions

Without using the calculator, find

sin 3.2 csc 3.2

T T
sin? = + cos? §
csc? 30 — cot? 30

. 117

in| ———

i 4
2

CoSs <——7T + 1007?)
3

sin <—2—7T — 120%)
3
3

tan (—Z7T v 1007?)

MTH 30

128
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19. TRIGNOMETRIC FUNCTIONS OF ANY ANGLE

(1) In the previous lesson we defined trignometric functions for acute angles. We are now ready
to define trignometric functions for all angles, keeping in mind that division by 0 is undefined.

Let (x,y) be the terminal point of the ray given by an angle 6 then
e sin(f) =

e cos(f) =

w 38T <

e tan(f) = =

e csc(f) = — =

o sec(f) = =

° Cot(e) = tan(@ =

(2) Fill in the blanks:

~—"

(z,y) (5,0) 1 (2,5) 1(0,3) | (=3,5) | (=3,0) | (=4,-5) |(0,-5) | (3, =H)
sin(6)
os(0)
an(0)
sc(#
ec(d
cot(#

Q

+

)

»n

)
)
)

(3) Fill in the blanks:

0 0° 302 | 45° |60° [90° |120° | 135° | 150° | 180°

0 210° | 225° | 240° | 270° | 300° | 315% | 330° | 360°




MTH 30
(4) Let point P be (z,y) in rectangular coordinates and (r, ) in polar coordinates
7
(a) Given tan(f) = D and P is in the third quadrant. What is sin(#) and cos(6)?
1
(b) Given cos(f) = ——= and P is in the second quadrant. What is sin(#) and tan(6)?

V12

2
(¢) Given sin(f) = % and P is in the fourth quadrant. What is cos(#) and tan(6)?

(d) Given cot(f) = Z and sin(d) > 0, find sin(#) and cos(#).

130

The textbook uses reference angles to find exact values of trignometric functions. We will skip

reference angles because we know to find exact values of trignometric functions already.
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Fill in the blanks.

Function | 0° —-30° —45° —60° —-90° —120° | —135° | —150° | —180°

Function | —210° | —225° | —240° | —=270° | —300° | —315° | —330° | —360°
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20. GRAPHS OF SINE AND COSINE FUNCTIONS

Graph (the variable z is measured in radians):

e sin(z) for 0 <z < 2.

Y
X
e sin(x) for every real number Ty
X
e cos(z) for 0 <z < 2.
Y
X
e cos(x) for every real number Ty
X
o tan(z) for 0 <z < 2. v
X
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e tan(x) for every real number z

Y

For the graph of y = sin(z) or y = cos(x)
e What is the fundamental cycle?

e The graph is periodic with period

e What is the sinusoidal axis of the graph?

e What is the amplitude?

Given a trignometric function,

e Find its amplitude, period, and phase-shift.

e Graph the trignometric function.

(1) y = 3sin(x). v

133



(2) y = —2cos(x).

MTH 30

(3) y = —=sin(x).

(4) y = = cos(x).

(5) y = sin (x— g)

(6) y =sin (220 - —).

134
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(7) y = 3sin (2:10— g)

Y
X
(8) y = cos <x+g>
Y
X
(9) y = —2cos <2x+ z).
3 Y
X
(10) y = 3 cos (2x+ z)
2 Y
X
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21. INVERSE TRIGNOMETRIC FUNCTIONS

(1) Define the Inverse Sine Function. State its domain and range. Draw the r??uired graphs.

(2) Define the Inverse Cosine Function. State its domain and range. Draw the }gequired graphs.
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(3) Define the Inverse Tangent Function. State its domain and range. Draw the };equired graphs.

(4) State the Inverse properties for the Sine function and its inverse.

(5) State the Inverse properties for the Cosine function and its inverse.

(6) State the Inverse properties for the Tangent function and its inverse.

(7) Without using the calculator, find the exact value in radians:

VB V2 LT V2B
2 2 1212 |
sin~!
cos ™!
3 3
—1—%—%0%1\/5

tan™
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(8) Without using calculators, find:

. < . 1 3)
e sin | sin”' =
5)

(s g)
e sin”  (sin—
5

. ( 77r)
® SIN S1n ——
6

oo ()

o ( 27T>
® COS cos —
3

e cos™! cos4—7r
3
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COS SIn ——
T

2
tan cos™! (—>
T
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22. VERIFYING TRIGNOMETRIC IDENTITIES

Recall the basic identities:

o tan(z) — sin(z)
tan(z) coi(x)
o sec(x) = cosl(x)
e csc(z) = “n ((x)) 1
¢ cot(w) = sin(x) - tan(z)
e sin®(z) + cos?(x) =1
o sin(—z) = —sin(x

cos(—x) = cos(x)

Using these basic identities prove the following identities:

(1) tan(z) csc(x) cos(z) =1

cos?(z) — sin?(x)

(2) = cot(z) — tan(x)

sin(z) cos(z)

(3) sec?(z) — tan*(z) = 1

tan(z) + 1

(4) sin(x) 4 cos(z) = sec(z)

(5) In(csc(z)) = — In(sin(x))

sect(x) — 1

P 2 + tan?(z)
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sinx cosS T .
=SsImx + coszx

(7)

tanx cotzx

(8) sinx cos'x —1 _0
cosx + 1 sin x
(9) (cscx — cotx)? = 1= cosw
"~ 14cosz

(10) sin*x — cos*z =1 — 2cos’x

sinz +cosx  cosx —sinx
(11) - = sec T csCx

sin x cosS T

2

12 ln etan2 z—secT — ]
(12)

In order to master this topic, please practise as many problems as you can from page 594 of the

textbook.
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23. SUM AND DIFFERENCE FORMULAS
Here are two important sum formulas
sin(a + ) = sin acos 3 + cos asin 3
cos(a+ ) = cosaccos f — sin asin

Use these to give formulae for the following:

o sin(a — )
* cos(a — f)
e tan(a + )
o tan(a — )

Without using calculators find the exact value of

e cos 15H°

e sin 75°

142
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e tan 105°

Vs
® COS —
S\ 12
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24. TRIGNOMETRIC EQUATIONS

(1) Determine whether the given z value is a solution to the given trignometric equation.
s
e r=—:sinz=0

e r =21 cosz=1

o L= g: tanx = \/§
o 1
¢z =—ising=—g
(2) Find all the solutions to the given equation:
1
o sinw = —
2

® COST = —
2

e tanx =1

. V3

® SINLX — ——
2

V3

® COST = ——2

e tanx = —\/§
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(3) Solve each equation on the interval [0, 27)

3z \/§

® sin — = —

2 2

e 2cosdr = —1
5

° cotzx = _\/§

esinr—1=0
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e dcos’r—3=0

e 3sec’r —4=0

e 2cos’xr —3cosx+1=0

e 2sinxr —sinzx—1=0



