8.2. Operations with square roots of numbers Professor Luis Fernandez

Radical expressions.

A radical expression is a mathematical expression involving roots (aka radicals). For example,
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are all radical expressions.

Multiplication of simple radicals

To multiply two simple radicals, for example v/3v/6, or 2(v/8)(3v/6), use the property of multiplication of radicals:

VI =T

or in general, for roots of index n (also known as “n'® roots”),

Then make sure to simplify the resulting radical, as in the previous section.

Examples:
V3V6 = V18 = V9v2 = 3V2.
(2v/8)(3v/6) = 61/48 = 61/16v/3 = 6 - 4v/3 = 24/3.

Exercises:

1. V/8V/10 2. V22 (5v7)(2V/14) 4. (-3V3)(-5V12)
5. V615 6. V312 7. (4v/5)(3v/20) . (—2V7)(6V/14)

9. V9V11 10. V418 11. (7V2)(5v8) 12. (—3V10)(—4V5)
13. V1421 14. 5V45 15.  (6v/3)(2v/27) 16. (—86)(3v12)

17. V12V/16 18. V7v28 19. (9v2)(4V18) 20. (—5V11)(—2v22)

Addition and subtraction of rational expressions.

In general, addition or subtraction and radicals “do not mix well”, meaning that there is not a kind of distributive

rule between these operations. The square root of a sum is NOT the sum of the square roots, that is:
VEty £V +\y

This means that sums inside a radical cannot be distributed; they stay as they are.
It also means that when we add radicals with different index or different radicand there is no way to simplify them.

However, when the two radicals have the same index and the same radicand they can be added or subtracted,
essentially the same way as we combined like terms with polyomials. For example, 3v/5 + 4v/5 = 7/5. Same as we

had “like terms” when we talked about polynomials, here we have “like radicals”:

‘ Like radicals are radical expressions with the same index and the same radicand. ‘

For example, 3v/5 and 24/5 are like radicals. 6+/7 and —46+/7 are like radicals. —3+/2 and 22 are like radicals.
However, 2v/5 and 5v/2 are not like radicals (different radicand); V6 and 2v/6 are not like radicals (different

index).



To add or subtract radical expressions we combine all like radicals as we did when we combined like terms.

Example: Add: 35 + 9v/5.
Since the two terms are like radicals, we only need to combine them: 3v/5 + 9v5 = 124/5.

Example: Simplify V3 — 46 + 2v/3 + 3V6.
V3 and 2v/3 are like radicals, so we can combine them to get 3v/3. On the other hand, —4+/6 and 3v/6 are like

radicals, so we can combine them to get —v/6. Therefore,
V3 —4V6 +2V3 + 3v6 = 3v3 — V6.

Notice that the two terms of the last expression cannot be combined because they are not like radicals.

Exactly the same rule applies for radicals of any index:
Example: Simplify 75 — 2/5.
Notice that v/40 = v/8 -5 = V/8- /5 = 2/5. Therefore 7V/5—2V40="7V5-2-2- /5 =75 —4V5 = 3V5.

Sometimes radicals that do not seem to be like radicals at first, but they are after simplifying them as we learned

in the previous section:

Example: Add v/27 — 44/3.

Simplify and notice that the two terms are like radicals; then combine them:

V27T —4v/3=V9-3-4/3=3V3 - 4/3=—V3.

Exercises: Simplify the following expressions.

21. 5vV2-3V2 22. 6V6+7V6 23. —12Y18+4 718 24. 45-6V5
25. V27475 26. 24 —+/81 27. /72498 28. 445 —+/80
29. V45420 30. 512 —2v27 31. V72450 32. 345 —2v20
33. V75+V/12 34. 418 -8 35. V274 /48 36. 6v8—3V2
37. 63+ V28 38. 250 — 58 39. V98+8 40. 718 — /2

Multiplication of radical expressions

As with addition and subtraction, multiplying combinations of radicals is essentially the same as multiplying

polynomials: use the distibutive law, multiply and then simplify. For example:
2+V3)5-V3)=2-5-2-V3+5-V3-v3-V/3=10+3V3-V9=7+3V3.

Example: Multiply v/6(v/2 + v/18).
V6(V2+V18) =v6-vV2+v6- VI8 = V4-3+V36-3 =2V3+6V3 =8V3.
Example: Multiply (v/6 — 3v/8)(2v/6 + V/8).

(V6 —3v8)(2V6 + V8) =2v6 - V6 + V6 - V8 —6v8- V6 — 3V8- V8
=2v36+ V163 — 6116 - 3 — 364
=2-6+4V3-6-4V3-3-8
=12 - 24443 - 243 = —12 — 20V/3.

There are some special products that we studied before. Recall:



e (a+b)?=a?+2ab+ b
o (a—0b)?=a%—2ab+ b
e (a+b)(a—>b)=a®—b>

This helps when doing operations with radicals:

Example: Simplify (3 + 2v/5)2.

(3+2v5)2=32+2-2/5+(2v5)2 =9+ 4v5 +4v25 = 9+ 4V/5 + 20 = 29 + 4/5.

Example: Simplify (3 +v/5)(3 — v/5).

B+vV5)(3-v5) =32—-(V5)?2=9-5=4.

Notice that, while the original factors have roots, the final product is a whole number. This fact will be used in

the next section.

Exercises: Simplify the following expressions.

41. V7(5+2V7) 42. /6(4+2v/18) 43. V2(V/12 4 v/24)

44. 2(-5+9V2 45. (74 /3)(9 —V/3) 46. (74 6)(4 +2V18)
47. (V3 +V10)(V3 4 2V10) 48. (2V7-5VI1)(4VT+9V11)  49. (V11+V5)(V11+6v/5)
50. (V34 5)2 51. (V2 -71)? 52. (V6+2)?

53. (V3+V5)(V3—5) 54. (V2—VT)(V2+VT) 55. (2+V5)(2—V5)

56. (2v6+3v2)(2v6 — 3v2) 57. (33 —2v2)(3v2 +2v?2) 58. (2+3V7)(2-3V7)



