7.2. Adding and subtracting rational expressions Professor Luis Fernandez

Review: adding and subtracting fractions
Recall: To add or subtract two or more fractions, you have to
e Write all the fractions with the same denominator. To do this,
— Find a common multiple of all the denominators, preferably the Least Common Multiple (LCM).

— Multiply the numerator and denominator of each fraction by appropriate quantity so that all the frac-

tions have the same denominator.
e Add or subtract the numerators; leave the same denominator.

e Simplify the fraction.

Example: Add % + g

The LCM of 6 and 8 is 24. To get 24 as denominator of the first fraction we need to multiply numerator and
denominator by 4, and to get 24 as denominator of the first fraction we need to multiply numerator and denominator

by 3. Therefore,
5 7 4.5 3.7 20 21 41

678 16 38 24 2 2w
Remember that when the fractions already have the same denominator, you can skip the first step.

Exactly the same steps, word by word, can be used to add or subtract rational expressions. However, instead of

finding the Least Common Denominator first, it is easier to do it differently. Let us do the example again.

5 7
Example (again): Add 8 + 3

First, factor the denominators: 6 = 2-3 and 8 = 2- 2 - 2. Rewrite the fractions with the denominators factored:

5o, T
23 2.2.2

What is in the second denominator that is missing from the first denominator? The second denominator has three
2s, whereas the first denominator has only 1. Multiply the numerator and the denominator of the first fraction by
two additional 2s so that now they both have three 2s in the denominator:

5-2-2 7

2.3.2.2+2.2.2'

Now, what is in the first denominator that is not in the second? The first denominator has a 3, whereas the second
does not. Multiply the numerator and the denominator of the second fraction by 3 so that now they both have a
3 in the denominator:
5.2-2 n 73 .
2-3-2-2 2-2-2-3

Now you can see that they both have the same denominator. We have

5.2-2 n 7-3 _@+§_471
2-3-2-2 2:2-2-3 24 24 24
as before.

We will use this method to add and subtract rational expressions.

Practice exercises: Add or subtract.

7 5 5 5
1. —+ — 2. —+ - 3.
18 + 18 16 * 6
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Adding and subtracting rational expressions

Now that we know how to find the LCM of polynomials we can add and subtract fractions. To do this we proceed

as with numbers:
e Write all the rational expressions with the same denominator. To do this,
— Factor all the denominators.

— For each fraction, find which factors appear in the other denominators that are missing in the denomi-

nator of this one, and multiply numerator and denominator by the missing factors.
— Now all the rational expressions should all have the same denominator.
e Add or subtract the numerators; leave the same denominator.

e Simplify the fraction.

4 3
E le: Add: —— .
xample x—|—3+33—|—2

The denominators are x + 3 and x 4+ 2. They are already factored. Rewrite the rational expressions with some

space in each fraction, as follows:
@ G
(x +3) (x+2)

e The second denominator has (z + 2) as factor, whereas the first does not. Therefore we have to multiply the
numerator and denominator of the first fraction by (x + 2):
D (z+2) (3)
(z4+3)(z+2)  (z+2)

e Now, the first denominator has (x + 3) as factor, whereas the second does not. Therefore we have to multiply the
numerator and denominator of the second fraction by (x + 3):
D(x+2) (3)(x +3)
(x+3)(z+2) (z+2)(z+3)

Therefore,

4 3 (4)(x+2) B)x+3)  4r+8+3x+9  Tx417

x+3+x+2 - (z4+3)(z+2) (x+3)(z+2) (x+3)(z+2) (z+3)(z+2)

NOTE: Do not multiply out the denominator. Leave it factored!!

To see the whole procedure in general, let us do a much more difficult example (this is as hard as you will see in
this course):
z+1 T +2
224+ 6x+5 a2+3x—10
First we factor the denominators: 2% + 6z +5 = (z +1)(x +5) and 22 + 3z — 10 = (z + 5)(z — 2), so we can write:

Example: Subtract:

x+1 x+2 (x+1) (x+2)

22+6x+5 22+32—10 (z+1)(z+5) (z+5)(z—2)

e The second denominator has (z + 2) as factor, whereas the first does not. Therefore we have to multiply the

numerator and denominator of the first fraction by (x + 2).

e The first denominator has (x + 2) as factor, whereas the second does not. Therefore we have to multiply the

numerator and denominator of the second fraction by (z + 2). We have

(x+1) (x+2) B (z+1)(x —2) (x+2)(x+1)

(x+1)(x+5) (x+5)(x—2) (D)@ +5)(r—2) (z+5)(z—2)(xz+1)

_ @+ -2)—(@+2)(=+1)
(x+1)(z+5)(x—2) '




Next we need to simplify the numerator. To do this, multiply everything out, leaving each part in parenthesis.
Then subtract (do not forget to distribute the “—” in the second term!):

(4+1)(z-2)—(e+1)(@+2) (@*—-—z—-2)—(®+32+2) a?—2-2—2—-3z—2

(x+1)(x+5)(z—2) @+ D@+ (z—-2) (z+D(z+5)(z—2)

_ —4x—4
(D) (z+5)(z—2)

Finally, factor the numerator and simplify:

—4x —4 —4(z+1) —4(x+41) —4

(z+D(z+5)(z—-2) (+D)(@+5)(x—-2) (2+t(z+5)(z—-2) (z+5)(z—-2)

Therefore,
z+1 x4+ 2 -4

22+52+6 2243x—10 (z+5)(z—2)

Notice that the process is a long one, but you know how to do each one of the steps. It only involves factoring and

multiplying polynomials.

Practice exercises: Add or subtract, as indicated.

5x +23:—2 6 5x 15 7 3x T —2
z+1 z+1 -3 z-3 Coa244r 43 224+4x+3
3 4 7 2 6 5
9. 10.
x—|—2+x—5 x—1+33—|—3 x—|—4+33—2
1 8 9 3 2 7
11. 12. 13.
x—3+x—|—6 x—|—5+x—4 x—2+x—|—1
4 6 5 2 8 3
14. 15. 16.
x+3+x71 x74+x+2 x+1+x76
5 2 1 3z-—2 r—2 x+1
17. 18. — — 19.
m—|—1+x—3 T r+3 m—|—3+x—2
1 1 5 3xr — 12 2
20. — 21. 22. 2
r—1 x+1 x—|—4+x2—16 90—1—3+
1 2 2 —12 2 4
23. % 94, _TT2 L7 25. -

x—1+x—|—1_x2—1 2244 -5 22-25 r—3 33—z



