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CLASS 12B

10 / Graphs

Construct the underlying undirected graph for the graph
with directed edges in Figure 2.

What does the degree of a vertex represent in the acquain-
tanceship graph, where vertices represent all the people
in the world? What does the neighborhood of a vertex in
this graph represent? What do isolated and pendant ver-
tices in this graph represent? In one study it was estimated
that the average degree of a vertex in this graph is 1000.
What does this mean in terms of the model?

What does the degree of a vertex represent in an academic
collaboration graph? What does the neighborhood of a
vertex represent? What do isolated and pendant vertices
represent?

What does the degree of a vertex in the Hollywood graph
represent? What does the neighborhood of a vertex rep-
resent? What do the isolated and pendant vertices repre-
sent?

What do the in-degree and the out-degree of a vertex in a
telephone call graph, as described in Example 4 of Sec-
tion 10.1, represent? What does the degree of a vertex in
the undirected version of this graph represent?

What do the in-degree and the out-degree of a vertex in
the web graph, as described in Example 5 of Section 10.1,
represent?

What do the in-degree and the out-degree of a vertex in a
directed graph modeling a round-robin tournament rep-
resent?

Show that in a simple graph with at least two vertices
there must be two vertices that have the same degree.

Use Exercise 18 to show that in a group of people, there
must be two people who are friends with the same num-
ber of other people in the group.

Draw these graphs.
a) K, b) K¢ ¢) Ky,
d) ¢ e) W, f) 0,

In Exercises 21-25 determine whether the graph is bipartite.
You may find it useful to apply Theorem 4 and answer the
question by determining whether it is possible to assign ei-
ther red or blue to each vertex so that no two adjacent vertices
are assigned the same color.
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For which values of n are these graphs bipartite?

a) K, b) C, c W, d 0,
Suppose that there are four employees in the computer
support group of the School of Engineering of a large uni-
versity. Each employee will be assigned to support one
of four different areas: hardware, software, networking,
and wireless. Suppose that Ping is qualified to support
hardware, networking, and wireless; Quiggley is quali-
fied to support software and networking; Ruiz is qualified
to support networking and wireless, and Sitea is qualified
to support hardware and software.

a) Use a bipartite graph to model the four employees and
their qualifications.

b) Use Hall’s theorem to determine whether there is an
assignment of employees to support areas so that each
employee is assigned one area to support.

¢) Ifan assignment of employees to support areas so that
each employee is assigned to one support area exists,
find one.

Suppose that a new company has five employees:
Zamora, Agraharam, Smith, Chou, and Macintyre. Each
employee will assume one of six responsiblities: plan-
ning, publicity, sales, marketing, development, and in-
dustry relations. Each employee is capable of doing one
or more of these jobs: Zamora could do planning, sales,
marketing, or industry relations; Agraharam could do
planning or development; Smith could do publicity, sales,
or industry relations; Chou could do planning, sales,
or industry relations; and Macintyre could do planning,
publicity, sales, or industry relations.

a) Model the capabilities of these employees using a bi-
partite graph.

b) Find an assignment of responsibilites such that each
employee is assigned one responsibility.

¢) Is the matching of responsibilities you found in part
(b) a complete matching? Is it a maximum matching?

9.) Suppose that there are five young women and five young

men on an island. Each man is willing to marry some of
the women on the island and each woman is willing to
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marry any man who is willing to marry her. Suppose that
Sandeep is willing to marry Tina and Vandana; Barry is
willing to marry Tina, Xia, and Uma; Teja is willing to
marry Tina and Zelda; Anil is willing to marry Vandana
and Zelda; and Emilio is willing to marry Tina and Zelda.
Use Hall’s theorem to show there is no matching of the
young men and young women on the island such that each
young man is matched with a young woman he is willing
to marry.

Suppose that there are five young women and six young

men on an island. Each woman is willing to marry some

of the men on the island and each man is willing to marry
any woman who is willing to marry him. Suppose that

Anna is willing to marry Jason, Larry, and Matt; Barbara

is willing to marry Kevin and Larry; Carol is willing to

marry Jason, Nick, and Oscar; Diane is willing to marry

Jason, Larry, Nick, and Oscar; and Elizabeth is willing to

marry Jason and Matt.

a) Model the possible marriages on the island using a
bipartite graph.

b) Find a matching of the young women and the young
men on the island such that each young woman is
matched with a young man whom she is willing to
marry.

¢) Is the matching you found in part (b) a complete
matching? Is it a maximum matching?

Each of Exercises 31-33 can be solved using Hall’s theorem.

*31.

\/* 32.

\/* 33.
\/* 34.

Suppose there is an integer k such that every man on a
desert island is willing to marry exactly k of the women
on the island and every woman on the island is willing to
marry exactly k of the men. Also, suppose that a man is
willing to marry a woman if and only if she is willing to
marry him. Show that it is possible to match the men and
women on the island so that everyone is matched with
someone that they are willing to marry.

Suppose that 27 tennis players compete in a round-robin
tournament. Every player has exactly one match with ev-
ery other player during 2n — 1 consecutive days. Every
match has a winner and a loser. Show that it is possible
to select a winning player each day without selecting the
same player twice.

Suppose that m people are selected as prize winners in a
lottery, where each winner can select two prizes from a
collection of different prizes. Show if there are 2m prizes
that every winner wants, then every winner is able to
select two prizes that they want.

In this exercise we prove a theorem of @ystein Ore.
Suppose that G = (V, E) is a bipartite graph with bi-
partition (V}, V,) and that A C V,. Show that the max-
imum number of vertices of V, that are the endpoints
of a matching of G equals |V, | — max,c, def(A), where
def(A) = |A| — |N(A)|. (Here, def(A) is called the de-
ficiency of A.) [Hint: Form a larger graph by adding
max,cy, def(A) new vertices to V, and connect all of
them to the vertices of V;.]
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10.2 Graph Terminology and Special Types of Graphs
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For the graph G in Exercise 1 find

a) the subgraph induced by the vertices a, b, ¢, and f.

b) the new graph G, obtained from G by contracting the
edge connecting b and f.

Let n be a positive integer. Show that a subgraph induced
by a nonempty subset of the vertex set of K|, is a complete
graph.

How many vertices and how many edges do these graphs
have?
a) K,
d) Km,n e) Qn

b) C, o W,

n

The degree sequence of a graph is the sequence of the de-
grees of the vertices of the graph in nonincreasing order. For
example, the degree sequence of the graph G in Example 1 is
4,4,4,3,2,1,0.
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A sequence d,, d,, ..

Find the degree sequences for each of the graphs in Ex-
ercises 21-25.

Find the degree sequence of each of the following
graphs.

a) K, b) C,
d) K, e) 0,
What is the degree sequence of the bipartite graph K, ,
where m and n are positive integers? Explain your answer.

o W,

What is the degree sequence of K, where n is a positive
integer? Explain your answer.

How many edges does a graph have if its degree sequence
is 4,3, 3, 2, 2? Draw such a graph.

How many edges does a graph have if its degree sequence
is 5,2,2,2,2,1? Draw such a graph.

., d, is called graphic if it is the degree

sequence of a simple graph.

44.

45.
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*47.

*48.

Determine whether each of these sequences is graphic.
For those that are, draw a graph having the given degree
sequence.

a) 5,4,3,2,1,0 b) 6,5,4,3,2,1
d) 3,3,3,2,2,2 e 3,3,2,2,2,2
g 5,3,3,3,3,3 h) 5,5,43,2,1
Determine whether each of these sequences is graphic.
For those that are, draw a graph having the given degree
sequence.

a) 3,3,3,3,2 b) 5,4,3,2,1

d) 4,4,3,3,3 e) 3,2,2,1,0 f) 1,1,1,1,1
Suppose that d,, d,, ..., d, is a graphic sequence. Show
that there is a simple graph with vertices v, v,, ..., v,
such that deg(v;) =d,; fori =1,2,...,n and v, is adja-
cent to v,, ..

¢ 2,2,2,2,2,2
f) 1,1,1,1,1,1

s L 4y Lo Ly

)2, ¢) 4,4,3,2,1
1
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Show that a sequence d,, d,, ..., d,, of nonnegative inte-
gers in nonincreasing order is a graphic sequence if and
only if the sequence obtained by reordering the terms of
the sequence d, — 1,...,d; .1 — 1, dy 4), ..., d, so that
the terms are in nonincreasing order is a graphic se-
quence.

Use Exercise 47 to construct a recursive algorithm for de-
termining whether a nonincreasing sequence of positive
integers is graphic.
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