LOCAL CANONICAL HEIGHTS ASSOCIATED TO
SEVERAL MORPHISMS
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ABSTRACT. We use canonical metrics on (Q-bundles to have an
explicit formula for the local canonical height associated to several
maps.

1. INTRODUCTION

The theory of height functions lies at the center of the solution of

many important problems in Diophantine Geometry. With the intro-
duction of a hermitian structure on line bundles on arithmetic surfaces
[1],[11], a geometric content was given to the computation of heights
as intersection numbers. Later on, a special type of heights were intro-
duced by Call and Silverman [2] to study dynamics: canonical heights
associated to self-maps. These canonical heights were obtained as lim-
its of Weil heights, making use of the Weil height machine [7] and
required the map to be ”polarized” (c.f. section 2.3) by a line bundle.
The theory of adelic metrized line bundles developed by Shou-Wu in
[12], allow us to interpret canonical heights of morphisms polarized by
Q-bundles as (limits of) intersection numbers. In [8], Kawaguchi gen-
eralizes the work of Shou-Wu on adelic metrics and adelic intersection
to dynamical systems of several maps, dealing with, heights of points,
heights of subvarieties, as well as the decomposition, in the normal
case, of canonical heights into sum of local canonical heights in the
spirit of [9].
Let K be a number field with set of places M. We consider a projec-
tive variety X defined over K and a system of £ maps ¢; : X — X also
defined over K. We study the notion of canonical metrics {||.||v }oenr,
for a system of several maps {p1,...,¢r} on a line bundle £, satisfy-
ing a polarization property ®f:1 0L = L7 for some rational number
d > k. With the use of canonical metrics we can obtain a closed ex-
pression

)\E,{goh...,ka}(Pa,U) = —log ||3(P)||v,{<p1,--~7sok}’
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for the local canonical height 5\4{4,17“.,%}, whose existence we know
from section 4 of [8]. For a clear survey in Diophantine Geometry
containing an approach to canonical metrics using analytic spaces we
refer to [5].

2. METRICS ON LINE BUNDLES

It was an invention of Arakelov [1] to add places at infinity to the non-
archimedean places of a number field and consider hermitian metrics
on line bundles on the associated complex varieties.

2.1. Metrics on line bundles. Let X be a projective algebraic vari-
ety defined over a field K, together with an absolute value |.| defined
over all residue fields K (z) for x € X. A metric |.]] on a line bun-
dle £ € Pic(X) is a collection of metrics |[|.||, on the fibres £,, vary-
ing continuously on z, in such a way that for any open set U C X
and s € I'(U, £), the continuous function ||s||y : U — Ry satisfies

/sl = [f1lls for f € Ox(U).

Example 2.1. For X a projective variety defined over over a number
field K and 0 : K — C a place at infinity, we can take the norm
|z|, = |o(z)] in K and put hermitian continuous metrics on line bundles
L over C,. The datum (L, ||.||»), where o is moving in places at infinity
is called a hermitian line bundle.

Let K be a complete ultrametric field which is the field of fractions
of a complete discrete valuation ring K. Let X be a projective variety
over K and £ a line bundle on X. Given a Kp-scheme X and a line
bundle £ on X, we say that (X, L) is a model of (X, L) for some
power e > 0, if the generic fibre X' Xgpec(k,) Spec(K) =2 X and E]X &
L® K = £°. A model (X,£) defines a metric on £ in the following
way: Let e : Ox(U) = L|U be a local frame for L|U, then every
non-zero section sy : U — £~|L{ will be written as sy = &4 fiy for some
f € Ox(U). When we restrict ourself to U = U x Spec K, we get
ev @ Ox(U) = Lf|U and for any section sy of L|U we could write
s¢; = ey fu. We declare ||sy||; = | fu]Y¢ or equivalently |ley|; = 1 on
U. A metric so defined is called algebraic.

Example 2.2. Let K be a number field and v a non-archimedean place.
Let X be a projective variety defined over the ultrametric complete
field K, and £ € Pic(X) a line bundle on X. A model (X, L) of
(X, £¢) over the ring of integers of K, will define a metric ||.||z, on L.

If we take £ = (£, ||.|s) to be a hermitian line bundle, we will have
metrics at all places v € M.
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Adelic metrics for line bundles £ € Pic(X) were introduced by S.
Zhang in [12] to add a little more flexibility in choosing our metrics at
finitely many places:

Definition 2.3. Let X be defined over a number field K. An adelic
metric ||.|| for a line bundle L € Pic(X) is a collection of metrics ||.|| =
(II-Ilo)venrt , where v runs over the places of K ; in such a way that for all
but finitely many v, the metric is induced by the same Ok -model. We
say that a sequence ||.||,, of adelic metrics on L converges to an adelic
metric ||.||oo if for all but finitely many places 1og(||.||v.n/|l-llv.c0) = 0
and log (|| |lvn/||-llv.c0) = 0 uniformly on X(K) for all v e M.

2.2. Canonical metric. Canonical metrics are special types of met-
rics associated to dynamical systems. A dynamical system of one map
on a projective variety X is a self-map ¢ : X — X. A dynamical
system is said to be polarized by an ample line bundle £ € Pic(X) if
©*L = L% for some real number d > 1. We denote a polarized dynam-
ical system by (X, ¢, £,d). In the case that d > 1 is a natural number,
in section 2 of [12] a sequence of models (X, £,) for (X, L) is de-
fined in such a way that the induced adelic metrics ||.||,,, converge to
an adelic metric ||.||,,. The metric |.||,, is called the canonical metric
on L. It is the only metric that makes the isomorphism ¢*£ = £% into
an isometry.

2.3. Canonical height. Let X a projective algebraic variety defined
over a number field K. A polarized dynamical system (X, ¢, £, d) over
K, has associated a unique function iAzg, : X(K) — R*, which satisfies
the properties:

(1) hy(@(P)) = dhy(P) for all P e X(K),

(2) hy(P) >0 for all P e X(K),

(3) ﬁ@(P) = 0 if and only if the forward orbit of P by ¢ is finite.
(4) There exist C' > 0, such that |hs(P) — h,(P)| < C for all

P e X(K).

The function }Azg, is called the canonical height function associated to
the system (X, ¢, £,d). A proof of the existence and uniqueness was
first established in [2]. A presentation of canonical heights in terms of
adelic metrics and intersection numbers can be found in [12].

3. CANONICAL HEIGHT FOR SEVERAL MORPHISMS

As a generalization of canonical heights associated to polarized dy-
namical systems (X, ¢, L,d) of one map [2], [12], [7], the work of
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Kawaguchi in [8] showed the existence of canonical height functions
associated to polarized dynamical systems of several maps.

Definition 3.1. Let K be a number field. Let X be a projective variety
defined over K and @; : X — X (i =1,...,k) be morphisms over K.
We say that the system (X, {¢1,...,¢r}, L,d) is a polarized dynamical
system of k morphisms over K if there exist an ample R-line bundle L
on Pic(X) @ R such that ®f:1 ©iL = L7 for some d > k.

Let’s denote by C(P) = {P}U{p;, opi,0---0p;(P)|1>0,1<
ip <ig < -+ <4, < k} the forward orbit of a point P € K under the
maps ¢1, ..., pg. The following theorem is a combination of theorems
1.2.1 and 1.3.1 in [8]. It establishes the existence of a canonical height
function for varieties with a family of morphisms.

Theorem 3.2. Let (X, {¢1,..., 01}, L,d) be a polarized dynamical sys-
tem of k morphisms over a number field K. Then there exist a real
valued function

77777

The idea of the proof [8] is similar to the case of one morphism. The
canonical height is obtained as limit of a sequence, whose convergence
is proven using a contracting map type argument due to Tate. The
properties of the canonical height are consequence of the Weil height
machine developed for example in [7].

Example 3.3. The main illustration of height associated to several maps
is the dynamics of two automorphisms on the family of K3 surfaces
studied by Silverman in [10].

Consider the family of K3 surfaces S,; C P? x P? determined by the
two equations with coefficients in a number field K,

3 3
Z i jriy; =0 Z bijkaTitryiyr = 0.

4,j=1 i,9,k,0=1

The projections py,ps : S, — P? represents double coverings of P%
and determine morphisms 01,09 : Sqp — Sep In a generic members
of the family S,,. If we take H € Pic(P?) a hyperplane section and
Dj = p;(H) € Pic(Sap) for i = 1,2; the ample divisor D = Dy + D;
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will give the polarization oD + 03D ~ 4D associated to 01,05 and, by
theorem 3.2, we will get a canonical height hp 4, 5, : S(K) — R*.

3.1. Local canonical heights associated to several morphisms.
One valuable tool to compute canonical heights will be, to express the
height as the sum of local components. This motivates the definition
of local canonical heights. In this section we are following [8] and
ultimately Chapter 10 of [9]. Suppose that X is a normal projective
variety defined over a number field K and U C X is a non-empty open
set. Let us denote by Mg the set of absolute values on K and by
M = My, the set of absolute values on K extending those of K. A
function A : U(K) x M — R is called Mg-continuous if, for every
v € Mg, \, : UK) — R, P~ \(P,v) is continuous in the v-adic
topology. A function v : Mg — R is called Mg-constant if vy(v) = 0
for all but finitely many v € Mg. For v/ € M extending v € My,
we set y(v") = y(v). In this way v is extended to a function on M,
which is also said to be Mg-constant. A function o : U(K)x M — R
is called Mg-bounded if there is a Mg-constant function ~ such that
la(P,v)] < v(v) for all (P,v) € U(K) x M. With these definitions in
our hands we can introduce local height functions:

Definition 3.4. Let D € Div(X)®R. A function A\p : X \Supp(D)(K)x
M — R is a said to be a local height associated to D if there is an
affine covering {U;} of X, a Cartier divisor {(U;, f;)} representing D
such that the function a(P,v) = Ap(P,v) — v o f;(P) is Mg-bounded
and My -continuous for P € (U; \ Supp(D))(K) and v € M.

Example 3.5. Let £ € Pic(X) be a line bundle on X and |.| =
{ll-[[o,v € Mgk} an adelic metric on £. Take a section s € I'(X, L)
and consider the function

a(P,v) = —log|[s(P)[l, —ve fi(P) = —log lev,(P)ll.

for a local frame ey, : Ox(U;) = L|U;. By the definition of the adelic
metric induced by a model, we will have ||ey, (P)|| = 1 for all P € U; and
almost all v € My, therefore a is a Mg-bounded and Mjg-continuous
and A\p(P,v) = —log ||s(P)||, is a local height associated to D = div(s).

The following theorem is a combination of theorem 4.2.1 and 4.3.1
in [8]. It states the existence and properties of the local canonical
height functions associated to systems of morphisms on varieties over
number fields. The proof however will be constructive using the theory
of canonical metrics on line bundles.

Theorem 3.6. Let X be a normal projective variety and consider the
polarized system (X, {¢1,..., 01}, L,d) of k morphisms over a number
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field K. Suppose that E is a divisor on X associated to the line bundle
L such that p;(X) is not contained in Supp(E) and o1E+-- -+ @i E =
dE + div(f) for some rational function f € K(X)* ® R. Then there
exist a unique function

ALy - {X \ Supp(E)(K)} x M — R

with the properties:

(1) ;\£7{¢1 ,,,,, ox} s a Weil local height associated to E.

(2) for any P € X \ (Supp(E) U Supp(piE) U - - - U Supp(¢; E))
and for all v € M,

Z L Ao, 01} Qoz(P) ) = dS‘E APt <pk}<P7 U) +U(f(P))

(3) For L an extension of K, w and extension of v and P € X(L),
we have the decomposition:

. 1 .
hefor,eny(P) = L: K] Z L+ Ko]Az (g1} (P w).

weM,

We would like to prove the theorem by finding explicitly local canon-
ical heights functions in terms of canonical metrics. For that reason we
start with stating and proving a local lemma for real line bundles that
is a generalization of theorem 2.2 in [12] in the same way Kawaguchi
does it for places at infinity in Theorem 3.1.1 of [8].

Lemma 3.7. Let (X, {¢1, ..., pr}, L, d) be a polarized dynamical system
over an algebraically closed valuation field K. Suppose that each of
the p; + X — X 1is surjective and we have fixed an isomorphism
O L~ ®f:1 or L. Suppose that we have a bounded and continuous
metric ||.|lo in L. Then the metrics ||.||, on L defined inductively by

(3.7.1) 117 = @*(@ill-la=1- - ill-lam1)

converges uniformly to a metric on L, which we denote by ||.|| s,

7777 SDIC}'
The metric ||.||{,...on} S the unique metric with the property

~~~~~

o0y = P ATl - - Call- o))

and will be called the canonical metric associated to L and the maps
@1y -5 Pk
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Proof. The idea of the proof is taken from theorem (2.2) in [12]. Denote
by h the bounded and continuous function log H ”1 on X (K). Then

log [[[ln = qu)* )" Hlog ||
1 * *x\n—1
= (Z &) (htlog o)

qu)* n 1h+z q)* n llogH ||0

Z d@* )"~ h 4 1og || fln

Using induction we get log|.|, = Z?:_OI(ZZ L 2®*pr) h + log |||l
L0 )R |sup < (E)?]|A|sup, we will get that the

and because ||(ZZ 15
series Z;:Ol(zl L 2®*pr)7h converges absolutely and uniformly to a
bounded and continuous function hy, ., and the metric ||.|, con-
verges uniformly to the continuous and bounded metric ||. |1y, o} =
Il-lo exp(hw1 ). The invariant property follows when we let the op-
erator (Y5, 20*p7) act on 10g||.|[{ps,..0r}- On the other hand if
there are‘two dlfferept metrics H.H{@l,mfpk} and .l o0 satisfy%ng
the functional equation 3.7.1, the continuous and bounded function

g = log(H.H{@LMW}/H.H’{@l’m’%}) will satisfy the equation (é@*(p;‘)g =g
and therefore it will be identically zero. O

Following section 2.2 of [8] we go back now to the global situation,
where we have a polarized dynamical system (X, {¢1, ..., ox}, £,d) of
k surjective morphisms over a number field K and we have fixed an
isomorphism @ : £4 ~ ®l LpiL. Since X is a projective variety and
L is ample we can build a model (X, £) of some power (X, L) over
Spec(Ok), with £ hermitian line bundle. This induces an adelic metric
||.llo on £. There is an open U C Spec(Ok) such that the maps extend
to ¢; : Xy — Xy and @y : L4 ~ ®f L piLy in Pic(Xy). Tt follows
that for v € U

1150 = @*(@1ll-llow - - - @kll-llow)
Let’s define the normalization ¢; : X — X of the composition of
morphisms ¢; : XU — XU <+ X. Let X, be the Zariski closure of

XU—>XUX@K"'X@KXU‘—>X1 X(QK"'XOKXk
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where A is the diagonal map. Let p; : X' xp, -+ Xo, XF — X'
denote the projection onto the i-th factor. We can build a new model
(X1, L£1) of (X, L¢) when we put

Li=[((prop) L ® (@rops) L))"

This new model induces an adelic metric ||.|[; on £ with the property
119, = @*(@5l-Nlow - - - @3]l-ll0,0) for all places v of K. In this way start-

ing from a model (X'n, ﬁn) we can build a new model (X}LH, £~n+1) and
for each place v of K we will have a sequence of metrics ||.||,,, satisfy-
ing the recurrence 3.7.1 and therefore a canonical metric ||. ||y {py,....00}
associated £ and the maps @1, ..., ¢ over each place v. We are ready
now to prove theorem 3.6.

Proof. For a section s € I'(X, L), v € Mg and P € X \ Supp(s), let’s
define the function

Ac P15 wk}(P v) = _log”S(P)”v,{w ,,,,, @R}

The function so defined is a local height associated to E because the
canonical metric is an adelic metric on £. The functional equation
satisfied by the canonical metric forces

k k
Z)‘ LAer e} (Pi(P)0) = Z—logHS(QDi(P))Hv,{gol """ out
1 i=1
= IOgH%H Mo Abrspn}
= log‘P 1*H ( )Hd{m ,,,,, Pk}

The uniqueness of the canonical height follows from the properties (1)
and (2) as discussed in the proof of theorem 4.2.1 of [8]. Suppose that

Az 1oy and )\L {o1,...op) Were two canonical height functions with

properties (1) and (2), 2), then their difference 6 (P,v) can be extended to
a My-bounded and Mg-continuous function on X (K) satisfying

1 kl

pEF



LOCAL CANONICAL HEIGHTS ASSOCIATED TO SEVERAL MORPHISMS 9

(3) The weighted sum hg(P) on the right hand side of (3) is a Weil
height associated to F, so by 3.2 it will be sufficient to prove that it sat-
isfy the functional equation hs(¢1(P)) + - -+ hi(we(P)) = dh;(P) for
all P € X(K). For P € X\ (Supp(E)USupp(p;E)U---USupp(piFE)),
the functional equation follows from (2) and the product formula. For
a point P € Supp(E)USupp(¢;E)U---USupp(¢;E) choose a rational
function ¢ such that P ¢ Supp(E’) USupp(p;E’)U---USupp(p;E’) for

the new divisor £’ = E — div(t). Now using the function f’ = ka%

i=1O¥i

we get again i E' + -+ + ¢i E' = dE" + div(f’) and the formula still

holds. U
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