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Canonical metrics and canonical heights
L Metrics on line bundles

L definition

Definition

Let X be a projective algebraic variety, together with absolute
value function |.| defined on the structural sheaf Ox. A metric |.||
on a line bundle £ € Pic(X) is a collection of metrics ||.||x on the
fibres L, varying continuously on x, in such a way that for any
open set U C X and s € (U, £), the continuous function

IIs|lu : U — Ry satisfies ||fs|| = |f]||s|| for f € Ox(U).
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L definition

Definition

Let X be a projective algebraic variety, together with absolute
value function |.| defined on the structural sheaf Ox. A metric |.||
on a line bundle £ € Pic(X) is a collection of metrics ||.||x on the
fibres L, varying continuously on x, in such a way that for any
open set U C X and s € (U, £), the continuous function

IIs|lu : U — Ry satisfies ||fs|| = |f]||s|| for f € Ox(U).

Example

Consider a projective variety X defined over over a number field K
and L € Pic(X). For a place o : K < C at infinity, we can take
the norm |x|, = |o(x)| in K and put hermitian metrics on

Ly =L ®y; C. The datum (L, ||.||s), where o is moving in places
at infinity is called a hermitian line bundle.
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LLox:al situation: Algebraic metrics for line bundles over ultrametric fields

Ultrametric situation: Let K be a complete ultrametric field which
is the field of fractions of a complete discrete valuation ring Ok.
Let X be a projective variety over K and L a line bundle on X.
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\—Local situation: Algebraic metrics for line bundles over ultrametric fields

Ultrametric situation: Let K be a complete ultrametric field which
is the field of fractions of a complete discrete valuation ring Ok.
Let X be a projective variety over K and L a line bundle on X.

Definition

(Algebraic metrics) A model (X, £) of some power (X, £¢) defines
a metric on L in the following way:

Let ey : Og(U) = L|U be a local frame for |, then every
non-zero section sy : U — L',~|Z/{ will be written as sy = ey fyy for
some fiy € Og(U). When we restrict ourself to U = U x Spec(K),
we get ey : Ox(U) = L8| U and for any section sy of £|U we
could write sf; = eyfy. We declare [|sy||z = |fy|Y/€ or equivalently
”EU”E =1lon U.
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I—Metrir.s on line bundles

LLox:al situation: Algebraic metrics for line bundles over ultrametric fields

We want to consider a particular class of metrics that differs from
algebraic metrics by a bounded a continuous function:
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\—Local situation: Algebraic metrics for line bundles over ultrametric fields

We want to consider a particular class of metrics that differs from
algebraic metrics by a bounded a continuous function:

Definition
A metric ||.|| on L is called bounded and continuous if there is a
model (X, £) such that log IIHHH is bounded an continuous on

X(K). The space of bounded and continuous metrics on £ will be
denoted by BAM(X, £).
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LPolarized dynamics and canonical metric

Let X be a projective variety and consider a system of kK maps
pi: X —Xfori=1,... k.
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\—Polarized dynamics and canonical metric

Let X be a projective variety and consider a system of kK maps
pi: X —Xfori=1,... k.

Definition

We say that the system (X, {®1,...,9k}, L, q) is a polarized
dynamical system of k maps if there exist an ample line bundle £
on Pic(X) ® R such that ®f(:1 3L = L9 for some real number
q > k.
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\—Polarized dynamics and canonical metric

Let X be a projective variety and consider a system of kK maps
pi: X —Xfori=1,... k.

Definition

We say that the system (X, {®1,...,9k}, L, q) is a polarized
dynamical system of k maps if there exist an ample line bundle £

on Pic(X) ® R such that ®f(:1 3L = L9 for some real number
q > k.

A polarization in other words is saying that the operator
k
or = ([J D))" : Pic(X) — Pic(X)
i=1

has a fixed point £ for some real number g > k. When
L € Pic(X) ® Q and g = d € Q we will say that system is
polarized by a Q-bundle.
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L Polarized dynamics and canonical metric

Lemma

Let (X,{¢1,..., 0k}, L,d) be a system polarized by a Q-bundle
over a algebraically closed valuation field. Suppose that each of
the p; : X — X is surjective and we have fixed an isomorphism
¢ L9~ ®ff:1 piL. Let us assume that we have a bounded and
continuous metric ||.||o in L. Then, there exist a bounded and
continuous metric ||.||1,, . ..} on L satisfying the equation

1{on,...o0r = " (@ill-lor,. 0 - - PR or, i)

The metric ||.|l¢s,,....o) s called the canonical metric associated to
the system (X, {1, ..., 0k}, L, d).
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L Polarized dynamics and canonical metric

Lemma

Let (X,{¢1,..., 0k}, L,d) be a system polarized by a Q-bundle
over a algebraically closed valuation field. Suppose that each of
the p; : X — X is surjective and we have fixed an isomorphism
¢ L9~ ®ff:1 piL. Let us assume that we have a bounded and
continuous metric ||.||o in L. Then, there exist a bounded and

continuous metric ||.||1,, . ..} on L satisfying the equation

- Pk

1{on,...o0r = " (@ill-lor,. 0 - - PR or, i)

The metric ||.|l¢s,,....o) s called the canonical metric associated to
the system (X, {1, ..., 0k}, L, d).

The metric ||.[[14,, ...} is then a fixed point of the operator

k
oy = ([ ¢)Y¢ : BAM(X, £) — BAM(X, L).
i=1
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L Polarized dynamics and canonical metric

Proof.

For the proof of the Lemma we construct recursively the metrics
.11 = &*(5]|-ln=1- - - ¢}]l-l[n—1) and consider the bounded and
continuous function h(x) = log % to obtain the identity

n—1 k

1 * _x\J
log 1.lln=>__ @iy h+log-llo

j=0 i=1
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L Polarized dynamics and canonical metric

Proof.

For the proof of the Lemma we construct recursively the metrics
.11 = &*(5]|-ln=1- - - ¢}]l-l[n—1) and consider the bounded and

continuous function h( ) = log % to obtain the identity

n—1 k
1 * _x\J
log 1.lln=>__ @iy h+log-llo

j=0 i=1

Because H(Z, 1 30* 0V hl|sup < (5V|h||sup, we will get that the
series Zf:ol(zl 1 (11<D* *Yh converges absolutely and unifqrmly
to a bounded and continuous function hy, .., and the metric |||,
converges uniformly to the continuous and bounded metric

Il ||{<p1,---,90k} = |l-llo eXP(hgol...q;k)-
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L Global situation: Adelic Metrics for line bundles on number fields

Global Situation: Let X be a projective algebraic variety defined
over a number field K:

Definition

A bounded and continuous adelic metric ||.|| on a line bundle

L € Pic(X) is a collection of bounded and continuous metrics
l.Il = (II-llv)vem, . where v runs over the places of K; in such a
way that for all but finitely many v, the metric is induced by the
same Ok-model.
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L Global situation: Adelic Metrics for line bundles on number fields

Global Situation: Let X be a projective algebraic variety defined
over a number field K:

Definition

A bounded and continuous adelic metric ||.|| on a line bundle
L € Pic(X) is a collection of bounded and continuous metrics
l.Il = (II-llv)vem, . where v runs over the places of K; in such a

way that for all but finitely many v, the metric is induced by the
same Ok-model.

Example

Let X is a projective variety and £ an ample line bundle on X.
Some power of £ will be very ample and therefore we can build a
model (X, £) of some power (X, L) over Spec(Ok), with £
hermitian line bundle. This induces an adelic metric ||.|| on L.
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L Global situation: Adelic Metrics for line bundles on number fields

Let (X,{¥1,..., 9k}, L, d) be a polarized dynamical system of k
surjective morphisms over a number field K and let us fix an
isomorphism ® : £ ~ Q¥ | ©*L. Suppose that X is a projective
variety and £ is an ample line bundle. We can build a model
()~<,£~) of some power (X, £¢) over Spec(Ok), with £ hermitian
line bundle. This induces an adelic metric ||.|lo on L.
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L Global situation: Adelic Metrics for line bundles on number fields

Let (X,{¥1,..., 9k}, L, d) be a polarized dynamical system of k
surjective morphisms over a number field K and let us fix an
isomorphism ® : £ ~ Q¥ | ©*L. Suppose that X is a projective
variety and £ is an ample line bundle. We can build a model
()~<,£~) of some power (X, £¢) over Spec(Ok), with £ hermitian
line bundle. This induces an adelic metric ||.|lo on L.

Remark

There is an open U C Spec(Ok) such that the maps extend to
©i: Xy — Xy and &y : LI ~ ®f-‘:1 @i Ly in Pic(Xy). It follows
that for v € U

d
1116,y = ®*(#ill-llov - - #kll-llo.v)

We can build a sequence of models ()~<,,, f,,) inducing adelic
metrics ||.||, that converge to a limit adelic metric
[-ln = II-ll{¢1,....0x3» Which we call the canonical metric.
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LGlobal situation: Adelic Metrics for line bundles on number fields

Let us define the normalization &; : X' — X of the composition
of morphisms ¢; : Xy — Xy < X. Let Xq be the Zariski closure
of

Xu 2 Xy X0 X0 Xu = X1 X0, -+ X0, XK
where A is the diagonal map. Let p; : X! X0k " X0k Xk — X
denote the projection onto the j-th factor.
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\—Global situation: Adelic Metrics for line bundles on number fields
Let us define the normalization &; : X —s X of the composition
of morphisms ¢; : Xy — Xy < X. Let X; be the Zariski closure
of
oA $ val Sk
Xu—)XU X(')K“'X(')KXU‘—)X XOg """ XOKX
where A is the diagonal map. Let p; : X1 XOk * XOx Xk — Xi
denote the projection onto the j-th factor.

Remark
We can build a new model (X1, £1) of (X, £¢) when we put

Ei=[(prop) L@ - ® (ko pu) L))V

This new model induces an adelic metric ||.||; on £ with the
d _ p*

property ||.[[V.1 = ®*(#1ll-[lv.o---kll-llv0) for all places v of K.
In this way starting from a model (Xn, L) we can build a new
model (X,+1,Lnt1) and for each place v of K we will have a

sequence of metrics ||.||,,, converging to the metric |.|

vi{er1,..0k}:
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LCanonical height for several morphisms

The work of Kawaguchi showed the existence of canonical height
and local canonical heights associated to systems of several maps.

Theorem

Let (X,{¢1,..., 0k}, L, q) be a polarized dynamical system of k
morphisms over a number field K. Then there exist unique a real
valued function

hﬁ,{lpl,-n,s&k} : X(R) — R
with the following properties
(1) /Amj{%m,w} is a Weil height associated to L,

(2) St et o (91(X) = Ghr o1 o (x) for all x € X(K).

The function ?76,{901,.--,%} is called the canonical height function
associated to (X, {1, ..., ¢k}, L, q).
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LLox:al canonical height function
:

Local heights: Suppose that X is a normal projective variety
defined over a number field K and U C X is a non-empty open
set. Let us denote by My the set of absolute values on K and by
M = Mg, the set of absolute values on K extending those of K.
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\—Local canonical height function

Local heights: Suppose that X is a normal projective variety
defined over a number field K and U C X is a non-empty open
set. Let us denote by My the set of absolute values on K and by
M = M, the set of absolute values on K extending those of K.
Definition

A function X : U(K) x M — R is called My-continuous if, for
every v € Mk, A, : U(K) — R, x +— X(x, v) is continuous in the
v-adic topology. A function v : Mk — R is called My-constant if
~v(v) = 0 for all but finitely many v € M.

A function o : U(K) x M — R is called Mk-bounded if there is a
My-constant function «y such that |a(x, v)| < v(v) for all

(x,v) € U(K) x M.
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\—Local canonical height function

Definition

Let D € Div(X) ® R. A function \p : X \ Supp(D)(K) x M — R
is a said to be a local height associated to D if there is an affine
covering {U;} of X, a Cartier divisor {(U;, f;)} representing D such
that the function a(x,v) = Ap(x,v) — v o fi(x) is Mk-bounded

and Mg-continuous for x € (U; \ Supp(D))(K) and v € M.
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\—Local canonical height function

Definition

Let D € Div(X) ® R. A function \p : X \ Supp(D)(K) x M — R
is a said to be a local height associated to D if there is an affine
covering {U;} of X, a Cartier divisor {(U;, f;)} representing D such
that the function a(x,v) = Ap(x,v) — v o fi(x) is Mk-bounded

and Mg-continuous for x € (U; \ Supp(D))(K) and v € M.

Let £ € Pic(X) and ||.|| = {||-|lv, v € Mk} a bounded and
continuous adelic metric on £. Take a section s € ['(X, £) and
consider the function

a(x,v) = —log|s(x)|ly — v o fi(x) = —log ey, (x)llv

for a local frame gy, : Ox(U;) = L|U;. By the definition of the
adelic metric induced by a model, we will have ||y, (x)|| = 1 for all
x € U; and almost all v € Mk, therefore v is a Mk-bounded and
Mp-continuous and Ap(x,v) = —log ||s(x)||, is a local height
associated to D = div(s).



Canonical metrics and canonical heights
LCanonical height for several morphisms

L Local canonical height function

Theorem

Let X be a normal projective variety and consider the polarized

system (X, {1, ...,0k}, L, q) of kK morphisms over a number field

K. Suppose that E is a divisor on X associated to the line bundle

L such that p;(X) is not contained in Supp(E) and

PIE + -+ L E = qE + div(f) for some rational function

f € K(X)* @ R. There exist a unique function 5\5’{@17“.’W}

satisfying:

(1) S‘E,{sm,---,w} is a Weil local height associated to E.

(2) for any x € X'\ (Supp(E) U Supp(p1E) U - - - U Supp(pE))
and for all v e M,

k

Zj\c,{%...,w}(%(x)v v) = q}\‘ﬁ,{gol,...,gok}(xa v) + v(f(x)).
i=1
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LLox:al canonical height function

Definition
The function 3\£7{<P17-~~74Pk} is called the local canonical height
function associated to (X, {¢1, ..., ¢k}, £, q).
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L Local canonical height function
Definition

.....

function associated to (X, {¢1, ..., ¢k}, £, q).

Theorem

Let X be a normal projective variety over the number field K and
the polarization (X, {1, ..., ¢k}, £,d) by a Q-bundle L. Suppose
that E is a divisor on X associated to the line bundle L such that
©i(X) is not contained in Supp(E) and, for some rational function
f e K(X)*, 9iE + -+ ¢t E = dE + div(f) Then, for
sel(X,L), ve Mg and x € X \ Supp(s), the function:

S‘L,{cpl,...,gok}(X? V) = = |0g ||S(X)||v,{<p1,...,<pk}

will be the local canonical height function associated to the
polarized dynamical system (X, {¢1, ..., 0k}, L, d).
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LLox:al canonical height function

Proof: For a section s € (X, L), v € Mk and x € X \ Supp(s),
consider the function

S‘,C,{Lp]_,...,(pk}(x7 V) = - Iog ||S(X)||V,{§01,...,<pk}‘
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\—Local canonical height function

Proof: For a section s € (X, L), v € Mk and x € X \ Supp(s),
consider the function

S‘E,{cpl,m,apk}(xa V) = - Iog HS(X)HV,{@l,...,ka}‘

The function so defined is a local height associated to E because
the canonical metric is the uniform limit of bounded and
continuous adelic metrics. The functional equation satisfied by the
canonical metric forces
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\—Local canonical height function

Proof: For a section s € (X, L), v € Mk and x € X \ Supp(s),
consider the function

S‘E,{cpl,m,apk}(xa V) = - Iog HS(X)HV,{@l,...,ka}‘

The function so defined is a local height associated to E because
the canonical metric is the uniform limit of bounded and
continuous adelic metrics. The functional equation satisfied by the
canonical metric forces
k k
S Rt @30, 0) = 37— log (oG}
i=1 i=1
—1x% d
= - |Og¢’ HS(X)HV,{gol,...,gok}
d
= —log [FC)IISCNNT gy,
—dlog|s(x)llv.gp1,..00r + V(F(X))

= dAL g1, o (%) + V(F(X))
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LMetrics on real line bundles

We want to consider metrics on real line bundles:
Definition
An element £ € Pic(X) ® R can be written as a formal product

L= Q L =L"0 0L

1<i<t

where £; € Pic(X) for j=1,...,t and the r,...,r: € R are real
numbers.
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L Metrics on real line bundles
We want to consider metrics on real line bundles:
Definition

An element £ € Pic(X) ® R can be written as a formal product

YAy

1<j<t

where £; € Pic(X) for j=1,...,t and the r,...,r: € R are real
numbers.

Definition

A section s € (U, L) over an open set U C X, can be written as
the formal product s = si* ® - - ® s{*, where s; € (U, ;). In
particular for some open cover {U/}c; of X, we have local frames

T = eUJ ® - "®€th- COx(F) S L.
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LMetrics on real line bundles
:

Definition
To put a metric on the fibre L, is to be able to measure the length

of a non-zero section s(x) = ®J 1S ( )i € Ly, that is, to put a
metric ||.||; on each Lj(x) for j =1...t and declare

IsCIl = H [E{]1
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L Metrics on real line bundles

Definition

To put a metric on the fibre £, is to be able to measure the length
of a non-zero section s(x) = ®j:1 sji(x)" € Ly, that is, to put a
metric ||.||; on each £j(x) for j =1...t and declare

)| —HHSJ II7-

Definition

Given a map ¢ : X’ — X and a real line bundle £, we can define
the pullback by: £=LF" ® - @ LT = ¢*L = @;(¢*L;)®"

In the same way if ||.|| is a metric on £, we define the pullback
metric by ¢*(|s'(x)[| = [I; ||sjf(cp(x’))Hr’ for U’ an open set,
xXelU cX ands el(U,L).
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\—Metrics on real line bundles

Definition

(Definition of the complete and algebraically closed field C,) Let

K be a number field and v a finite place of K. First complete K

for the absolute value given by v, then take its algebraic closure;

this field admits a unique absolute value extending v and we take
its completion for that absolute value to obtain C,,.
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\—Metrics on real line bundles

Definition

(Definition of the complete and algebraically closed field C,) Let
K be a number field and v a finite place of K. First complete K

for the absolute value given by v, then take its algebraic closure;

this field admits a unique absolute value extending v and we take
its completion for that absolute value to obtain C,,.

Let X be a projective variety over the complete ultrametric field
C, and £ an element of Pic(X) @ R. Given a model (X, £), where
Xis a Oc,-scheme with generic fibre X and £ is a real line bundle
on X such that £ ® C, = L€ for some power e > 0.
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L Metrics on real line bundles

Definition

(Definition of the complete and algebraically closed field C,) Let
K be a number field and v a finite place of K. First complete K

for the absolute value given by v, then take its algebraic closure;

this field admits a unique absolute value extending v and we take
its completion for that absolute value to obtain C,,.

Let X be a projective variety over the complete ultrametric field
C, and £ an element of Pic(X) @ R. Given a model (X, £), where
Xis a Oc,-scheme with generic fibre X and L is a real line bundle
on X such that £ ® C, = L€ for some power e > 0.

Definition
We define a metric ||.|| # induced by the model (X, L) in a similar

way as we did with Q-bundle declaring |ley||z =1 on U for a local
frame ey : Ox (U) = L|U.
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L Polarization for real line bundle and canonical metric

Lemma

Let K be a number field and v a finite place of K. Let

(X, {¥1, .-, 0k}, L, q) be a polarized dynamical system over
algebraically closed valuation field C,,. Assume that each of the
p;: X —> X Is surjective and we have fixed an isomorphism

¢ L9~ ®f‘:1 @i L. Suppose that we have a bounded and
continuous metric ||.||o in L. Then the metrics ||.||, on L defined
inductively by ||.||7 = ®*(@5|-ln-1- - - ¢%ll-lln=1), converge
uniformly to a continuous and bounded metric on L, which we
denote by ||.|l¢py,...0y- The metric ||.|[{4,. ..o is the unique
metric with the property

Pk

-1y oy = PO r, it - - - LI 1,03

and will be called the canonical metric associated to L and the
maps Q1, .- -, Pk-
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\—Polarization for real line bundle and canonical metric

Definition

Let X be defined over a number field K. An bounded and
continuous adelic metric ||.|| for a line bundle £ € Pic(X) @ R is a
collection of continuous and bounded metrics ||.|| = (||.|[v)vem.
where v runs over the places of K; in such a way that for all but
finitely many v, the metric is induced by the same Ok-model.
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L Polarization for real line bundle and canonical metric

Definition

Let X be defined over a number field K. An bounded and
continuous adelic metric ||.|| for a line bundle £ € Pic(X) @ R is a
collection of continuous and bounded metrics ||.|| = (||.|[v)vem.
where v runs over the places of K; in such a way that for all but
finitely many v, the metric is induced by the same Ok-model.

Remark

Given a polarized dynamical system (X, {®1,...,9k}, L, q) over a
number field K, the idea will be, to build a sequence of models
(Xn, L) inducing metrics ||.||, satisfying the functional equation

1117 = @*(@ill-lln-1- - @ll-lln-1),

so we can apply the previous lemma and obtain an adelic metric
which is the canonical metric at every place.
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LPolarizatiun for real line bundle and canonical metric

The models (X,, £,) inducing the adelic metrics ||.||, on £ can be
defined recursively as follows: Suppose that a model ()N(,,,lﬁ,,,l) is
already being deflned The map ¢; : X — X can be extended to

an open set o; : X,_1(U) — X,_1(U).
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\—Polarization for real line bundle and canonical metric

The models (X,, £,) inducing the adelic metrics ||.||, on £ can be
defined recursively as follows: Suppose that a model ()~<,,,1£~,,,1) is
already being defined. The map ¢; : X — X can be extended to
an open set ¢ : )~<,,,1(U) — )~<,,,1(U). Let us consider the
normalization @; : X! | — X,_; of the composition of
morphisms ¢; : )N<,,_1(U) — )N<,,_1(U) < X,_1 and take X, to be
the Zariski closure of

A ~ ~ ~ ~
Xn—l(U) — Xn—l(U)XOK' ) 'XOKXn—l(U) — XIEII-—].XOK. ) 'XOKX:—I
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\—Polarization for real line bundle and canonical metric

The models (X,, £,) inducing the adelic metrics ||.||, on £ can be
defined recursively as follows: Suppose that a model ()~<,,,1£~,,,1) is
already being defined. The map ¢; : X — X can be extended to
an open set ¢ : )~<,,,1(U) — )~<,,,1(U). Let us consider the
normalization @; : X! | — X,_; of the composition of
morphisms ¢; : )N<,,_1(U) — )N<,,_1(U) < X,_1 and take X, to be
the Zariski closure of

~ A ~ ~ ~ ~
Xn—l(U) — Xn—l(U)XOK' ) 'XOKX - (U) — XIEII-—].XOK. ) 'XOKX:—I

Let pj: X} | xo, -+ Xo, XK | — X denote the projection
onto the i-th factor and define:

Lo=[((prop1) Ln1®-- @ (@k o pe)Ln1))]¥e.
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\—Polarization for real line bundle and canonical metric

The models (X,, £,) inducing the adelic metrics ||.||, on £ can be
defined recursively as follows: Suppose that a model ()~<,,,1£~,,,1) is
already being defined. The map ¢; : X — X can be extended to
an open set ¢ : )N(,,,l(U) — )N(,,,l(U). Let us consider the
normalization @; : X! | — X,_; of the composition of
morphisms ¢; : )N<,,_1(U) — )N<,,_1(U) < X,_1 and take X, to be
the Zariski closure of

~ A ~ ~ ~ ~
Xn—l(U) — Xn—l(U)XOK' ) 'XOKX - (U) — XIEII-—].XOK. ) .XOKX:—I

Let pj: X} | xo, -+ Xo, XK | — X denote the projection
onto the i-th factor and define:

Lo=[((Bropm) Ln1® @ (Pkopr) L))
Remark

The induced metrics so defined satisfy the functional equation:

117 = ®*(er1ll-lln-1-- - @kll-ln-1)
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Theorem

(Local canonical height associated to polarizations by real line
bundles) Let X be a normal projective variety and consider the
polarized system (X, {¢1, ..., ok}, L, q) of k morphisms over a
number field K, where L is a real line bundle. Suppose that E is a
real divisor divisor on X associated to the line L such that p;(X) is
not contained in Supp(E) and ©iE + --- 4+ ¢} E = qE + div(f) for
some rational function f € K(X)* ® R. The function defined by:

S‘E,{gol,...,apk}(xa V) = = Iog HS(X)HV,{@l,..A,ka}’

for a section s € T'(X, L), v € Mk and x € X \ Supp(s), is the
local canonical associated to (X, {¢1,..., 0k}, L, q).
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Theorem
The function Ay (5, o1 (x,v) = —log [[s(x)|lv.{p1,...0n1 Satisfies:
(1) Az fpr,....on} s @ Weil local height associated to E.

(2) for any x € X\ (Supp(E) U Supp(piE) U---USupp(¢iE))
and for all v € M,

k
Dc forped (BI0) V) = QAL (o (5, V) + V(F(X)).
=1

(3) For L an extension of K, w and extension of v and x € X(L),
we have the decomposition:

hﬁ{w, ﬁak} [L K] Z [Lw V])‘ﬁ,{pl,...,wk}(xv w).
weM;
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