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Abstract

Let ϕ : X → X be a map on an projective variety. It is known that whenever the map

ϕ∗ : Pic(X) → Pic(X) has an eigenvalueα > 1, we can build a canonical measure,

a canonical height and a canonical metric associated toϕ. In the present work, we

establish the following fact: if two commuting mapsϕ, ψ : X → X satisfy these

conditions, for eigenvaluesα andβ and the same eigenvectorL, then the canonical

metric, the canonical measure, and the canonical height associated to both maps, are

identical.
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1 Introduction

Let X be a projective variety defined over a number fieldK. Suppose thatϕ : X → X

is a map onX, also defined overK. Assume that we can find an ample line bundleL on

X and a numberα > 1, such thatLα ∼= ϕ∗L. Under this condition, we can build the

canonical height̂hϕ ( [3], theorem 1.1) associated toϕ andL. Under the same conditions

we can find ( [18], proposition 3.1.4) a canonical measuredµϕ,σ for every infinite placeσ

of K. The canonical height and measures satisfy nice properties with respect to the map

ϕ, for example we havêhϕ ◦ ϕ = αĥϕ andϕ∗µϕ,σ = µϕ,σ. Sometimes it happens that a

whole set of maps are associated to the same canonical height function and measures. As

our first example consider the collection of mapsφk : P1
Q̄ → P1

Q̄ on the Riemann Sphere,

whereφk is defined asφk(t) = tk for k > 1. The line bundleL = O(1) onP1 satisfies the

isomorphismφ∗kL ∼= Lk. If one builds the canonical height and measure associated toφk

andO(1), one obtains:

(i) All φk have the same canonical height namely, the naive heighthnv on P1
Q̄. The

naive heighthnv(P ) is a refined idea of the functionsup{|a0|, |a1|}, measuring the
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computational complexity of the projective pointP = (a0 : a1). For a precise

definition see later example 2.10.

(ii) All φk have the same canonical measure, that is, the Haar measuredθ on the unit

circleS1 ⊂ P1
C.

Similar properties are fulfilled by the collection of maps[n] : E → E, representing multi-

plication byn > 1 on an elliptic curveE defined overK. If L is an ample symmetric line

bundle onE, we have the isomorphism[n]∗L ∼= Ln2
, along with the properties:

(i) All maps[n] : E → E share the same canonical height, that is, the Néron-Tate height

ĥE,L on E. In fact this will be our definition (2.11) of the Ńeron-Tate height onE

associated toL. For many other interesting properties we refer to B-4 in [9].

(ii) All maps [n] : E → E have the same canonical measure, that is, the Haar measure

i/(2 Im(τ))dω ∧ dω̄ onEσ
∼= C/Z+ τZ.

We observe that any two maps in each collection commute for the composition of maps.

Besides, the line bundleL ∈ Pic(X), suitable to make everything work, is the same within

each collection. The present work establish the general fact:

Theorem 1.1. Let X be a projective variety defined over a number fieldK. Suppose that

two mapsϕ,ψ : X → X commute (ϕ◦ψ = ψ ◦ϕ) and satisfy the following property: For

some ample line bundleL ∈ Pic(X) and natural numbersα, β > 1, we haveϕ∗L ∼−→ Lα

andψ∗L ∼−→ Lβ , then we havêhϕ = ĥψ = ĥϕ◦ψ anddµϕ,σ = dµψ,σ = dµϕ◦ψ,σ.

This result is known in dimension one, a proof can found for example in [6]. Also it

is a well known fact [9], that commuting maps in a projective variety must share the same

canonical height. The main feature of the present work it is to obtain all these results from

the equality of the canonical metrics. Given a ample line bundleL onX, it was an original

idea of Arakelov [1] to put (smooth) metrics onLσ = L ⊗σ C over all placesσ of K at

infinity. This gave rise to heights as intersection numbers and curvature forms at infinity.

In was then an idea of Zhang [17] to look for suitable metrics at all placesv of K. In

presence of the dynamicsϕ : X → X, the line bundleL on X can be endowed [17] with

very special metrics‖.‖ϕ,v onLv that satisfy the functional equation

‖.‖ϕ,v = (φ∗ϕ∗‖.‖ϕ,v)1/α,

whenever we have an isomorphismφ : Lα ∼−→ ϕ∗L. The canonical height and the canon-

ical measure will be defined (definitions 2.6 and 2.9) depending only on the metric‖.‖ϕ.

The equality of canonical heights and measure for commuting maps is a consequence of

the following result:
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Theorem 1.2. Suppose that two mapsϕ,ψ : X → X commute, and for some ample line

bundleL ∈ Pic(X) we haveϕ∗L ∼−→ Lα andψ∗L ∼−→ Lβ for some numbersα, β > 1,

then‖.‖ϕ = ‖.‖ψ.

Towards the end of the paper we discuss maps onP1 arising as projections of maps on

elliptic curves with complex multiplication. We study branch points and present examples

of commuting maps on the Riemann sphere.

For the work in the other direction, namely, if the canonical heightshϕ andhψ are equal,

what can we say about the mapsϕ andψ, we refer to the work of Kawaguchi and Silverman

[10]. They completely characterized in Theorem 1 and Theorem 2, which functions could

be added to each collection of commuting maps at the beginning of this introduction.

2 Canonical heights and canonical measures

2.1 Canonical metrics

Consider the projective varietyX defined over a number fieldK, a mapϕ : X → X

defined overK, and an ample line bundleL ∈ Pic(X) such thatφ : Lα ∼−→ ϕ∗L for some

α > 1. This situation will be called [18] a polarized dynamical system(X,ϕ,L, α) on X

defined overK.

For each placev of K, denote byKv thev-adic completion ofK. Assume that for every

placev of K we have chosen a continuous and bounded metric‖.‖v onLv = L ⊗K Kv.

The following proposition is proposition 2.2 in [17]:

Proposition 2.1. The sequence defined recurrently by‖.‖v,1 = ‖.‖v and ‖.‖v,n =
(φ∗ϕ∗‖.‖v,n−1)1/α for n > 1, converges uniformly onX(K̄v) to a metric‖.‖v,ϕ onLv.

The metric‖.‖v,ϕ is the unique bounded and continuous metric satisfying the equation

‖.‖ϕ,v = (φ∗ϕ∗‖.‖ϕ,v)1/α.

Proof. Denote byh the continuous functionlog ‖.‖2
‖.‖1 onX(K̄v). Then

log ‖.‖n = log ‖.‖1 +
n−2∑

k=0

(
1
α

φ∗ϕ∗
)k

h.

Since‖( 1
αφ∗ϕ∗)kh‖sup ≤ ( 1

α )k‖h‖sup, it follows that the series given by the expres-

sion
∑∞

k=0(
1
αφ∗ϕ∗)kh, converges absolutely to a bounded and continuous functionhv

on X(K̄v). Let ‖.‖ϕ,v = ‖.‖1 exp(hv), then‖.‖n converges uniformly to‖.‖ϕ,v and

its not hard to check that‖.‖ϕ,v satisfies‖.‖ϕ,v = (φ∗ϕ∗‖.‖ϕ,v)1/α. If another bounded

and continuous metric‖.‖′ϕ,v on Lv satisfies the equation‖.‖′ϕ,v = (φ∗ϕ∗‖.‖′ϕ,v)1/α,

the bounded functiong = log(‖.‖ϕ,v/‖.‖′ϕ,v) will satisfy g = (φ∗ϕ∗/α)g and therefore

‖g‖sup = ‖g‖sup/α forcesg ≡ 0.
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Definition 2.2. The metric‖.‖v,ϕ is called the canonical metric onLv relative toϕ.

Example 2.3. Consider the line bundleL = OPn(1) on Pn
Q̄ and the rational mapφk :

Pn
Q̄ → Pn

Q̄ given by the expressionφk(T0 : ... : Tn) = (T k
0 : ... : T k

n ). The Fubini-Study

metric

‖(λ0T0 + ... + λnTn)(a0 : ... : an)‖FS =
|∑λiai|√∑

i a2
i

is a smooth metric onLC. If we take‖.‖1 = ‖.‖FS as our metric at infinity, the limit metric

we obtain is

‖(λ0T0 + ... + λnTn)(a0 : ... : an)‖nv =
|∑ λiai|
supi(|ai|) .

Example 2.4. Suppose thatX = E is an elliptic curve and assume that[n] : E → E

is denoting the multiplication byn > 1 on E. As a consequence of the theorem of the

cube, the ample symmetric line bundleL on E satisfiesφ : [n]∗L ∼−→ Ln2
. The canonical

metric is the metric of the cube discussed in [11] and suitable to makeφ an isomorphism

of metrized line bundles.

The following result relates the canonical metrics associated to commuting maps. It

represents the main result of this paper.

Theorem 2.5. Let (X, ϕ,L, α) and (X,ψ,L, β) be two polarized systems onX defined

overK. Suppose that the mapsϕ andψ satisfyϕ ◦ ψ = ψ ◦ ϕ, then‖.‖ϕ = ‖.‖ψ.

Proof. The key idea is that the canonical metric associated to a morphism does not de-

pend on the metric we start the iteration with, as a consequence of the uniqueness of

the canonical metric in proposition 2.1. Letv be a place ofK and lets ∈ Lv(x) for

x ∈ Xv. We are going to consider two metrics‖.‖v,1 = ‖.‖ϕ and‖.‖′v,1 = ‖.‖ψ on

the line bundleLv. By our definition of canonical metric forϕ, we can start with‖.‖′v,1

and obtain‖s(x)‖ϕ = limk→∞ ‖(φksαk

)(ϕk(x))‖1/αk

ψ , whereφk : Lαk ∼−→ ϕ∗kL.

Also by our definition of canonical metric forψ starting with ‖.‖v,1 = ‖.‖ϕ we get

‖s(x)‖ψ = liml→∞ ‖(Ψls
βl

)(ψl(x))‖1/βl

v,1 , whereΨl : Lβl ∼−→ ψ∗lL. Using the uniform

convergence and the commutativity of the maps we get,

‖s(x)‖ϕ = lim
k→∞

lim
l→∞

‖(Ψl(φksαk

)βl

)(ψl ◦ ϕk(x))‖1/βlαk

v,1

= lim
l→∞

lim
k→∞

‖(φk(Ψls
βl

)αk

)(ϕk ◦ ψl(x))‖1/αkβl

v,1 = ‖s(x)‖ψ,

where the identityφk(Ψls
βl

)αk

= Ψl(φksαk

)βl

is a consequence of the fact thatϕ∗ and

ψ∗ are group homomorphisms on(Pic(X),⊗) and we have a commutative diagram

ψ∗l ◦ ϕ∗kL φk←−−−− (ψ∗lL)αk αk

←−−−− (ψ∗lL) Ψl←−−−− Lβl βl

←−−−− L∥∥∥
∥∥∥

ϕ∗k ◦ ψ∗lL Ψl←−−−− (ϕ∗kL)βl βl

←−−−− (ϕ∗kL) Φk←−−−− Lαk αk

←−−−− L
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2.2 Canonical measures

LetX be an-dimensional projective variety defined over a number fieldK and suppose

that (X,ϕ,L, α) is a polarized dynamical system defined overK. Let σ be a place ofK

over infinity. We can consider the morphismϕ ⊗σ C : Xσ → Xσ on the complex variety

Xσ = X ⊗σ C. Associated toϕ andσ we also have the canonical metric‖.‖ϕ,σ and

therefore the distributionc1(L, ‖.‖ϕ,σ) = 1
(πi)∂∂ log ‖s1(P )‖ϕ,σ, analogous to the first

Chern form in the smooth case. It can be proved thatc1(L, ‖.‖ϕ,σ) is a positive current in

the sense of Lelong, and following [5] we can define then-product

c1(L, ‖.‖ϕ,σ)n = c1(L, ‖.‖ϕ,σ)...c1(L, ‖.‖ϕ,σ),

which represents a measure onXσ.

Definition 2.6. The measuredµϕ,σ = c1(Lσ, ‖.‖ϕ,σ)n/µϕ,σ(X), where we are denoting

µϕ,σ(X) =
∫

X
c1(Lσ, ‖.‖ϕ,σ)n, is called the canonical measure associated toϕ andσ.

Once we have fixedL, it depends only on the metric‖.‖ϕ,σ.

Example 2.7. Consider the rational mapφk : Pn
Q̄ → Pn

Q̄ given byφk(T0 : ... : Tn) =
(T k

0 : ... : T k
n ). The canonical measuredµφk

is the normalized Haar measure on the

n-torusS1 × ...× S1.

Example 2.8. Let E be an elliptic curve defined over a number fieldK,L a symmetric line

bundle onE and[n] : E → E the multiplication byn > 1 on E. The canonical measure

associated to this map can be proved to be [11] the normalized Haar measure onEσ.

2.3 Canonical heights as intersection numbers

For a regular projective varietyX of dimensionn andZ a subvariety of dimensionp,

the classical theory of intersection ( [13], [8]) defines the intersectionc1(L1)...c1(Lp)|Z of

the classesc1(Li) associated to line bundlesLi onX, when0 < i ≤ p.

For the purpose of defining the arithmetic intersection, we want to assume thatX is an

arithmetic variety of dimensionn + 1, that is, given a number fieldK, there exists a map

f : X → Spec(OK), flat, projective and of finite type overSpec(OK). For a cycleZ of di-

mensionp+1 we can define (see for example [4], [2], [14], [1], [15] or [16]) the arithmetic

intersection numberc1(L̃1)...c1(L̃p+1)|Z of the classesc1(L̃i) of hermitian line bundles

L̃i = (Li, ‖.‖) onX. The fact thatL̃i are hermitian line bundles, means that, for each place

σ at infinity, the line bundleLi,σ = Li ⊗σ C is equipped with a smooth and conjugation-

invariant metric‖.‖σ,i overXσ = X⊗σ C. The numbersc1(L̃1)...c1(L̃p+1)|Z prove to be

the appropriate theory of intersection in the particular case of arithmetic varieties, adding

places over infinity allows us to recover the desirable properties of the classical intersection

numbers of varieties over fields.
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The last step in the theory of intersection is actually the one that plays the more important

role in our definition of the canonical height associated to a morphism. Suppose thatX is

a regular variety of dimensionn defined over a number fieldK, andL̄i = (Li, ‖.‖i)v (i =
1, .., p+1) are metrized line bundles onX. Assume also that theLi are equipped with semi-

positive metrics over all placesv (not just at infinity as before) in the sense of [17]. Such

line bundles are called adelic metrized line bundles and will be denoted following [17], we

can define the adelic intersection numberĉ1(L̄1|Z)...ĉ1(L̄p+1|Z) over ap-cycleZ in X.

The adelic intersection number is in fact a limit of classical numbersc1(L̃1)...c1(L̃p+1)|Z̄
once the notion of converge is established. The numbersĉ1(L̄1|Z)...ĉ1(L̄p+1|Z) satisfy

again nice properties, they are multilinear in each of theL̄i and satisfy a projection for-

mula ĉ1(f∗L̄1|Z)...ĉ1(f∗L̄p+1|Z) = ĉ1(L̄1|f∗(Z))...ĉ1(L̄p+1|f∗(Z)), whenever we have

a mapf : Y → X andZ is ap-cycle inY . We are interested in a particular case of this sit-

uation. Suppose that we are in the presence of a polarized dynamical system(X, ϕ,L, α),
in this situation the canonical metric‖.‖ϕ of 2.1 represent a semipositive adelic metric on

L, (again we refer to [17]) and we can define the canonical height associated to(L, ‖.‖ϕ)
as an arithmetic intersection number.

Definition 2.9. Let K ′ be an extension ofK. The canonical height̂hϕ(Z) of a p-cycleZ

in X(K ′) is defined as

ĥϕ(Z) =
ĉ1(L̄K′ |Z)p+1

[K ′ : Q](dim(Z) + 1)c1(LK′ |Z)p
.

It depends only on(L, ‖.‖ϕ), where‖.‖ϕ is actually representing a collection of canonical

metrics over all places ofK.

Example 2.10. Consider the mapφk : Pn
Q̄ → Pn

Q̄ given by the formulaφk(T0 : ... : Tn) =
(T k

0 : ... : T k
n ). Assuming thatk > 1, the canonical height associated toφk andL = O(1)

is called the naive heighthnv onPn
Q̄. If P = [t0 : ... : tn] is a point inPn

K′ we have,

hnv([t0 : ... : tn]) =
1

[K ′ : Q]
log

∏

placesv of K′
sup(|t0|v, ..., |tn|v)Nv ,

whereNv = [K ′
v : Qw] andw is the place ofQ such thatv | w.

Definition 2.11. Let E be an elliptic curve andL an ample symmetric line bundle onE.

The canonical height associated to[n] : E → E andL is called the Ńeron-Tate height

ĥE,L associated toL on E. The fact that it is independent ofn, will be a consequence of

proposition 2.12.

The collection of maps{φk}k>1 onPn and the collection{[n]}n>1 on a given elliptic

curveE, share two important properties: the maps within each collection commute, and

share the same canonical height and canonical measure. The following result establishes
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a general fact about canonical heights and canonical measures of commuting maps on a

projective varietyX.

Theorem 2.12. Let (X, ϕ,L, α) and(X, ψ,L, β) be two polarized systems onX defined

overK. Suppose that the mapsϕ andψ satisfyϕ ◦ψ = ψ ◦ϕ, thenĥϕ = ĥψ = ĥϕ◦ψ and

dµϕ,σ = dµψ,σ = dµϕ◦ψ,σ for all σ.

Proof. This is a consequence of our definitions of canonical measure 2.6, canonical height

as intersection numbers 2.9 and proposition 2.5.

Corollary 2.13. Suppose that two mapsϕ,ψ : P1 → P1, satisfy the hypothesis of the

previous proposition, then the two maps have the same Julia set.

Proof. The Julia set of a mapϕ : P1 → P1 is nothing but the closure inP1 of the set of

repelling periodic points. For details we refer to definition 2.2 in [12]. Now, the corollary

is a consequence of proposition 2.12 and proposition 7.2 in [12]. For a similar result onPn

we refer to [7].

3 Elliptic Curves and examples

This section illustrates examples of commuting maps onP1. They all share one thing

in common: being induced in some sense by endomorphisms on elliptic curves. Consider

an elliptic curveE defined over the number fieldK by a Weierstrass equationy2 = p(x).
Suppose thatE admits multiplication by the algebraic numberλ. Let’s denote byN(λ) the

norm ofλ and letEσ = E ⊗σ C for each placeσ at infinity. It is a classical fact of the

theory of elliptic functions and complex multiplication, that there exist polynomialsP (z)
andQ(z), with deg(P ) = deg(Q) + 1 = N(λ), such that℘(λz) = P (℘(z))/Q(℘(z)),
where℘ is denoting the Weierstrass℘-function onEσ. We have therefore a mapϕλ onP1

and a commutative diagram:

E
λ−−−−→ E

π

y π

y
P1 ϕλ−−−−→ P1

whereπ is denoting the quotient mapE → P1. The line bundleL0 = O(1) onP1 satisfy

ϕ∗λL0
∼−→ LN(λ) and the same equality holds for the ample symmetric line bundleπ∗L0

onE.

Proposition 3.1. Consider an elliptic curveE defined over the number fieldK by a Weier-

strass equationy2 = p(x). Suppose thatE admits multiplication by the algebraic number

λ of normN(λ) > 1, then

(i) ĥE,π∗L0(P ) = ĥE,π∗L0,λ(P ) = ĥϕλ
(π(P )) for any pointP onE.
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(ii) Suppose thatEσ
∼= C/Z + τZ, then the canonical measure onP1 associated toϕλ

andσ is

dµϕλ
(z) =

idz ∧ dz̄

2 Im(τ)|p(z)| .

Proof. The commutativity of the maps[λ] : E → E and [2] : E → E, together with

theorem 2.12, give the equalitŷhE,π∗L0 = ĥE,π∗L0,λ. The equalityĥE,π∗L0,λ(P ) =
ĥϕλ

(π(P )) is a consequence of the projection formula for the intersection numbers and the

definition of the canonical height.

For (ii) consider the Haar measurei/2dω∧dω̄ onE, normalized byIm(τ). If ℘ denote the

Weierstrass function andz = ℘(ω), we have

idω ∧ dω̄

2 Im(τ)
=

idz ∧ dz̄

2|℘′(w)|2 Im(τ)
=

idz ∧ dz̄

2|y2| Im(τ)
=

idz ∧ dz̄

2|p(z)| Im(τ)
,

which gives the result we wanted to prove.

Remark 3.2. If the elliptic curveE admits multiplication by the numbersλ andδ, then

ϕλ ◦ ϕδ = ϕδ ◦ ϕλ.

Remark 3.3. The heightĥE = ĥE,π∗L0 is also characterized by being the Weil height

associated toπ∗L0
∼= OE(2[0]) satisfyingĥE(λ.(x, y)) = N(λ)ĥE(x, y). Condition (i)

can be proved by checking thatĥϕλ
◦ π satisfies this characterization.

Example 3.4. Consider an elliptic curveE given by Weierstrass equationE : y2 = p(x).
Forλ = 2 we have

ϕ2(z) =
(p′(z))2 − 8zp(z)

4p(z)
.

Example 3.5. Let’s consider some examples of elliptic curves with complex multiplica-

tion:

Im(τ) = 1: The elliptic curveE1 : y2 = x3 + x admits multiplication byZ[i]. The

multiplication by i morphism can be written inx, y coordinates as[i](x, y) = (−x, iy).
The two maps

ϕ1+i(z) =
1

(1 + i)2
z2 + 1

z
ϕ1−i(z) = − 1

(1 + i)2
z2 + 1

z

commute, and their composition satisfies

ϕ1+i(ϕ1−i(z)) = ϕ1−i(ϕ1+i(z)) = ϕ2(z) =
z4 − 2z2 + 1

4(z3 + z)
.

The canonical height and measure are:

ĥ(z) = hE1(z,±
√

z3 + z) dµE1(z) =
idz ∧ dz̄

2|z3 + z|
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Other examples of maps attached toE1 are

ϕ1+2i(z) =
(−3− 4i)z(z2 + 1 + 2i)2

(5z2 + 1− 2i)2
ϕ1−2i(z) =

(3 + 4i)z(z2 + 1 + 2i)2

(5z2 + 1− 2i)2

ϕ2+i(z) =
(3− 4i)z(z2 + 1− 2i)2

(5z2 + 1 + 2i)2
ϕ2−i(z) =

(−3 + 4i)z(z2 + 1− 2i)2

(5z2 + 1 + 2i)2
.

Im(τ) =
√

3/2: The curveE2 : y2 = x3 + 1 admits multiplication by the ringZ[ρ]
whereρ = (

√−3− 1)/2. The multiplication byρ can be expressed inx, y coordinates as

[ρ](x, y) = (ρx, y). An example of commuting maps coming fromE2 is

ϕ√−3(z) =
−(z3 + 4)

3z2
ϕ√−3ρ(z) =

−ρ(z3 + 4)
3z2

ϕ√−3 ◦ ϕ√−3ρ(z) = ϕε(z) =
(z9 − 96z6 + 48z3 + 64)

9ρz2(z3 + 4)2
,

whereε = (−3
√−3 + 3)/2. The canonical measure associated to the three maps is

dµE2(z) =
√

3idz ∧ dz̄

3|z3 + 1| .

The branch points of the mapsϕλ are closely related to the2-torsion points on the elliptic

curveE.

Lemma 3.6. A branch point forϕλ belongs to the image byπ of the 2-torsion points onE.

Proof. Let P be a points onE such thatπ(P ) is a branch point of the mapϕλ. Then the set

ϕ−1
λ (π(P )) = {π(Q)|λQ = ±P} has cardinality strictly smaller thanN(λ). Therefore

there are two pointsQ 6= −Q ∈ E such thatλQ = −λQ and consequently0 = 2λQ =
2P.

The image byπ of a 2-torsion is not necessarily a branch point ofϕλ. Let d be a positive

square free integer. Assume that the elliptic curveC/Z +
√−dZ, admits multiplication

by λ = a + b
√−d for integersa, b. Suppose thatP0 = 0, P1 = 1/2, P2 =

√−d/2
andP3 = 1/2 +

√−d/2 denote the 2-torsion points onE. Denote byrj the amount of

pre-images of the pointπ(Pj), that is, the cardinality of the setϕ−1
λ (π(Pj)). Also denote

by sj the amount of2-torsion points that hitPj , that is, the cardinality of the intersection

{Q ∈ E|Q = −Q} ∩ {Q ∈ E|λQ = Pj}.
Lemma 3.7. rj = (N(λ) + sj)/2.

Proof. Fix a 2-torsion point ofPj ∈ E. If Q ∈ E is a solution of the equationλQ = Pj ,

then−Q is also a solution. So, up to torsion points, by counting the solutions ofλQ = Pj ,

we count twice the elements of the setϕ−1
λ (π(Pj)) = {π(Q)|λQ = Pj = −Pj}. As a

consequencerj = (N(λ)− sj)/2 + sj = (N(λ) + sj)/2.
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One can observe that forλ = 2, the pointπ(P0) is not a branch point ofϕ2, in fact we

haveλPj = P0 for all j = 0, .., 3. On the other hand for the multiplication byλ = 1 + 2i

onE1, all pointsπ(P0), π(P1), π(P2), π(P3) are branch points ofϕ1+2i. The results show

that the image byπ of a2-torsion points is usually a branch point for the mapϕλ.

λP1 =
a + b

√−d

2
=





P0 = 0, if (a, b) ≡ (0, 0) (mod 2);

P2 =
√−d/2, if (a, b) ≡ (0, 1) (mod 2);

P1 = 1/2, if (a, b) ≡ (1, 0) (mod 2);

P3 = (1 +
√−d)/2 if (a, b) ≡ (1, 1) (mod 2);

λP2 =
a
√−d− bd

2
=





P0 = 0, if (a, bd) ≡ (0, 0) (mod 2);

P2 =
√−d/2, if (a, bd) ≡ (1, 0) (mod 2);

P1 = 1/2, if (a, bd) ≡ (0, 1) (mod 2);

P3 = (1 +
√−d)/2 if (a, bd) ≡ (1, 1) (mod 2);

λP3 =
a− bd + (a + b)

√−d

2
=





P0 = 0, if (a, b) ≡ (0, 0) (mod 2);

P3 = (1 +
√−d)/2, if (a, b) ≡ (1, 0) (mod 2);

P3 = (1 +
√−d)/2, if (a, bd) ≡ (0, 1) (mod 2);

P0 = 0, if (a, bd) ≡ (1, 1) (mod 2);

P3 = 1/2, if (a, b, d) ≡ (1, 1, 0) (mod 2);

P2 =
√−d/2, if (a, b, d) ≡ (0, 1, 0) (mod 2);
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a, b, d (mod 2) λPj , j = 0, 2 λPj , j = 1, 3 rj , j = 0, 2 rj , j = 1, 3

a ≡ d ≡ 0 (mod 2) λP0 = P0 λP1 = P2 r0 = N(λ)/2 + 1 r1 = N(λ)/2

b ≡ 1 (mod 2) λP2 = P0 λP3 = P2 r2 = N(λ)/2 + 1 r3 = N(λ)/2

a ≡ d ≡ 0 (mod 2) λP0 = P0 λP1 = P0 r0 = N(λ)/2 + 2 r1 = N(λ)/2

b ≡ 0 (mod 2) λP2 = P0 λP3 = P0 r2 = N(λ)/2 r3 = N(λ)/2

a ≡ b ≡ 0 (mod 2) λP0 = P0 λP1 = P0 r0 = N(λ)/2 + 2 r1 = N(λ)/2

d ≡ 1 (mod 2) λP2 = P0 λP3 = P0 r2 = N(λ)/2 r3 = N(λ)/2

d ≡ b ≡ 1 (mod 2) λP0 = P0 λP1 = P2 r0 = (N(λ) + 1)/2 r1 = (N(λ) + 1)/2

a ≡ 0 (mod 2) λP2 = P1 λP3 = P3 r2 = (N(λ) + 1)/2 r3 = (N(λ) + 1)/2

d ≡ b ≡ 0 (mod 2) λP0 = P0 λP1 = P1 r0 = (N(λ) + 1)/2 r1 = (N(λ) + 1)/2

a ≡ 1 (mod 2) λP2 = P2 λP3 = P3 r2 = (N(λ) + 1)/2 r3 = (N(λ) + 1)/2

a ≡ d ≡ 1 (mod 2) λP0 = P0 λP1 = P1 r0 = (N(λ) + 1)/2 r1 = (N(λ) + 1)/2

b ≡ 0 (mod 2) λP2 = P2 λP3 = P3 r2 = (N(λ) + 1)/2 r3 = (N(λ) + 1)/2

a ≡ b ≡ 1 (mod 2) λP0 = P0 λP1 = P3 r0 = (N(λ) + 1)/2 r1 = (N(λ) + 1)/2

d ≡ 0 (mod 2) λP2 = P2 λP3 = P1 r2 = (N(λ) + 1)/2 r3 = (N(λ) + 1)/2

d ≡ b ≡ 1 (mod 2) λP0 = P0 λP1 = P3 r0 = N(λ)/2 + 1 r1 = N(λ)/2

a ≡ 1 (mod 2) λP2 = P3 λP3 = P0 r2 = N(λ)/2 r3 = N(λ)/2 + 1
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