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New results
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0°(y)o*(2)? = o*(y)?0*(2)* +02(y)2* —o(y)?2 +0*(2)* +2° = 0

o(z) —2yz =

Solution: (y,z) = (cos(x),sin(x)), o(f(x)) = f(2x).

0(z) — 2yz = 0 «~ sin(2x) — 25sin(x) cos(x) = 0
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k o-field

FC Ky} =kly1, - - ¥no(n),---s00m),0?0n), -, 0%(¥n), - -]
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k o-field

F C k{y} = kln,.

y ¥Yns U(yl)? s O’(y,,), 0'2(}’1), s ’02(yn)5 .- ]

I(V(F)) := {f € kiy} |

f vanishes on all solutions of F

in all o-field extension of of k }
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k o-field
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f vanishes on all solutions of F
I(V(F)) := {f € kiy} |

in all o-field extension of of k }

I(V(F)) = {F}
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k o-field

F C k{y} = kln,.

y ¥Yns U(yl)? s U(yn)ﬂ 0'2(}’1), s ’02(yn)5 .- ]

f vanishes on all solutions of F
I(V(F)) := {f € kiy} |

in all o-field extension of of k }

I(V(F)) = {F}

{F} = smallest perfect o-ideal of k{y} that contains F
| perfect: fo(f)el=fel.
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k o-field

FCk{y}=kly,...,¥mon),...,o(m),o?0n),-..,0%(yn),...]
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k o-field

FCk{y}=klv1,- - yn o). 0(yn), 0?(1), - -, 0 (¥n), - - ]

F has a solution in some o-field extension of k < 1 ¢ {F}.
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Classical difference algebra (J. Ritt and R. Cohn)

k o-field

F C k{y} = k[yla--'7ynua(yl)7" : 7U(yn)702(y1)7'"702(yn)7"']

Weak Nullstellensatz
F has a solution in some o-field extension of k < 1 ¢ {F}.

Decidability

Given f € k{y} and F C k{y} finite, there exists an algorithm
that decides if £ € {F}. In particular, the question if F has a
solution in some o-field extension of k is decidable.



Classical difference algebra (J. Ritt and R. Cohn)

k o-field

F C k{y} = k[yla--'7ynua(yl)7" : 7U(yn)702(y1)7'"702(yn)7"']

Weak Nullstellensatz
F has a solution in some o-field extension of k < 1 ¢ {F}.

Decidability

Given f € k{y} and F C k{y} finite, there exists an algorithm
that decides if £ € {F}. In particular, the question if F has a
solution in some o-field extension of k is decidable.
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yo(y)=0
has no solution in a o-field.
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oly)+y=1

yo(y) =0
has no solution in a o-field.

Ynt1+Yn = 1

YnYn+1 =0
has solution (yn)neny = (0,1,0,1,0,1,...)
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k algebraically closed o-field, F C k{y} = k{y,

o: kN — kN, o((an)nen) = (an+1)nen
k — kNa A= (0"(A)) nen-
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k algebraically closed o-field, F C k{y} = k{y,

o: kN — kN, o((an)nen) = (an+1)nen
k — kN: A= (0"(A)) nen-

‘Weak Nullstellensatz
F has a solution in kN < 1 ¢ [F].
[F] = (F,o(F),02(F),...)
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k algebraically closed o-field, F C k{y} = k{y,

..., y¥n} finite
o: kN — kN, o((an)nen) = (an+1)nen
k — kN: A (o-n(A))HEN'

F has a solution in kN < 1 ¢ [F].

[F] = (F,o(F),d?(F),...)

Given F C k{y} finite, there exists an algorithm that decides if
1 € [F]. In particular, the question if F has a solution in kN is
decidable.
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k algebraically closed o-field, F C k{y} = k{1,

<3 Yn}
Z(V(F)) = {f € k{y} | f vanishes on all solutions of F in kN}
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k algebraically closed o-field, F C k{y} = k{1,

<3 Yn}
Z(V(F)) = {f € k{y} | f vanishes on all solutions of F in kN}

If k is uncoutable then

Z(V(F)) = VIF].
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k algebraically closed o-field, F C k{y} = k{1,

<3 Yn}
Z(V(F)) = {f € k{y} | f vanishes on all solutions of F in kN}

If k is uncoutable then

Z(V(F)) = VIF].

The strong Nullstellensatz fails for k = Q.
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k o-field, F C k{y} = k{y,

I(V(F)) = {f € kiy} |

<> Yn}

f vanishes on all solutions of F in KN

|

for all field extensions K of k

«O» «Fr «=»

« =

DA



k o-field, F C k{y} = k{y,

I(V(F)) = {f € kiy} |

for all field extensions K of k

<> Yn}

f vanishes on all solutions of F in KN

|

I(V(F) = VIF]
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Given f € k{y} and F C k{y} finite, there exists an algorithm
that decides if f € {F}.
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Given f € k{y} and F C k{y} finite, there exists an algorithm
that decides if f € {F}.

Given F C k{y} finite, there exists an algorithm that decides if
1e+/[F]
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Given f € k{y} and F C k{y} finite, there exists an algorithm
that decides if f € {F}.

Given F C k{y} finite, there exists an algorithm that decides if
1 e /[F].

Given f € k{y} and F C k{y} finite, the problem

'f e /[T 7"
is undecidable.
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Given F C C{y} finite, there exists an algorithm that decides if F
has a solution in CN.
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Given F C C{y} finite, there exists an algorithm that decides if F
has a solution in CN.

Given F C R{y} finite, the problem

“Does F have a solution in RN?"
is undecidable.
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o1(o2(y)) — o1(y) —oa(y) +y — yzz =0

o1(03(2))o1(y) +2=0
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o1(o2(y)) — o1(y) —oa(y) +y — yzz =0

o1(03(2))o1(y) +2=0

2
Ym+1,n+1 = Ym+1,n — Ymn+1 + Ymn = ¥Ym nZm,n

=0
Zm+1,n+2Ym+1,n + Zm,n = 0
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o1(o2(y)) — o1(y) —oa(y) +y — yzz =0

a1(03(2))o1(y) +2 =0

2
Ym+1,n+1 — Ym+1,n — Ymn+1 + Ymn — Ym,nZm,n

Zm+1,n+2Ym+1,n + Zm,n = 0

=0
Given
1
2

F C k[0 (05 (), 057 (@5" )l 01, B, -ty B > O]
finite, the problem

is undecidable.

. . 250
“Does F have a solution in kV'?
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p: A} — A] piecewise polynomial map, V C A} closed. Then 3
r>1and F C k{y1,...,y,} finite and f € k{y1,
that the following are equivalent:

., ¥n} such
» There exists a sequence (X;)ien = (X1.is- - - Xn,i)nen € (KN)"
with xo € V, xj41 = p(x;) and x,; # 0 for i > 1.
» £ & \/I[F]
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Thank you!

Reference:

» G. Pogudin, T. Scanlon and M. Wibmer, Solving difference
equations in sequences: Universality and Undecidability,
arXiv:1909.03239



	Old results
	New results

