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Introduction

Iterated integrals are used in topology to study the fundamental group of
a manifold. They are also used to express Euler’s multiple zeta values as (iter-
ated) integrals. Manin has used such technique to construct non-commutative
modular symbol.

The heart of the book studies applications of a higher dimensional analogue
which we call iterated integrals over membrane. The applications are:

1. Non-commutative reciprocity laws on curves and surfaces.

2. Number theoretic analogue of multiple zeta values, which we call multiple
Dedekind zeta values

3. Non-commutative Hilbert modular symbols.

We also give a detailed overview of iterated integrals.
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Chapter 1

Preliminary material on
iterated path integrals

1.1 Iterated path integrals on complex curves
For proofs of theorems of this section, see Chen|[Ch] or Goncharov|[G].

Definition 1 Let wy,ws, -+ ,w, be holomorphic 1-forms on a simply connected
open subset U of the complex plane C. Let v : [0,1] — U be a path. Then we
call the integral

/wlo"‘own3:/"'/ ’Y*OJl(tl)/\"'/\’Y*w”(t")
5 0<t1 < <tn <1

the iterated integral of the differential forms wy,wa, -+ ,w, over the path .

Theorem 2 Letws, - - ,w, be holomorphic 1-forms on a simply connected open
subset U of the complex plane C. Let H : [0,1] x [0,1] — U be a homotopy,
fizing the end points, of paths 7s : [0,1] — Usuch that v4(t) = H(s,t). Then

/wlo...own
Vs

Theorem 3 [Shuffle relation] Let wy, -+ ,Wn,Wni1, " ,Wnin be differential 1-
forms, where some of them could repeat. Let also v be a path that does not pass
through any of the poles of the given differential forms. Denote by Sh(m,n) the
shuffles, which are permutations T of the set {1,...m,m + 1,....,m + n} such
that 7(1) < 7(2) < -+ < 7(m) and T(m+ 1) < 7(m+2) < --- < 7(m +n).
Then

1s independent of s.

/wlo"'own/wn+lo"'owm+n: § Wr(1) ©Wr(2) "+ O Wr(m+n)-
R R reSh(m,mn) Y
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Lemma 4 (Reversing the path)

/WIOWQO"‘OWn:(_l)n/ Wn OWp—1 0+ 0W1
v

,Y—l

Theorem 5 [Composition of paths] Let wy,ws,- -+ ,w, be differential forms,
where some of them could repeat. Let 1 be a path that ends at @ and
be a path that starts at Q. Then

n

/ WIOWQO"'OWTLZE /wlowzo"'owi/ Wi OWj41 O OWn
Y172 71 Y2

=0

This Section contains a definition and properties of iterated integrals, which
will be used for the definition of bi-local symbols and for another proof of the
Weil reciprocity law in Subsection 1.2.

Let C be a smooth complex curve. Let f; and f; be two non-zero rational
functions on C. Let

~v:[0,1] = C
be a path, which is a continuous, piecewise differentiable function on the unit

interval.

Definition 6 We define the following iterated integral

dfv _df2 _ If1 df2
v i e /o<t1<t2<17 (f1>( DAY <f2)(t2)

The two Lemmas below are due to K.-T. Chen [?].

Lemma 7 An iterated integral over a path v on a smooth curve C' is homotopy
mwvariant with respect to a homotopy, fizing the end points of the path ~y.

Lemma 8 If v = v172 is a composition of two paths, where the end of the first
path 1 s the beginning of the second path ~s, then

/ dfi _dfs [ dfv _dfa / df1/ dfa / dfy dfs

— 0 = = — o0 —-— 4+ — 4+ — 0 —.
e J1 S2 w i fa w f1 )y, fo v f1 f2

Let o be a simple loop around a point P on C with a base point Q. Let
o = yooy !, where o is a small loop around P, with a base the point R and
let v be a path joining the points @) with R.

The following Lemma is essential for the proof of the Weil reciprocity (see
also [?]).

Lemma 9 With the above notation, the following holds

dfy dfz /dfl/ a2 @Odﬁ /dfl df

o fl fl -t g



1.2. CHEN’S CONSTRUCTION FOR DIFFERENTIAL FORMS ON LOOP SPACES5

Proof. First, we use Lemma 8 for the composition yooy~!. We obtain

af daf: _ af df af df: af daf:
fU fl1 f22 - Jy fl1 s+ f’Y fl1 on JT; + fao JTl © JT; (1.1>
af daf: af df: af df:
R ol B o R T b N e

Then, we use the homotopy invariance of iterated integrals, Lemma 7, for

the path yy~!. Thus,
0— / dfv _dfa
= —— o —=.
yy—1 fl f2
Finally, we use Lemma 8 for the composition of paths vy~!. That gives

0:/ i dfs _ @O@+/df1 dfs df _df

w1 f2 f2 ~ 1 [ fi 7—1E+ vt S “f

The Lemma 9 follows from Equations (1.1) and (1.2). =

(1.2)

1.2 Chen’s construction for differential forms on
loop spaces
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Chapter 2

Reciprocity laws on curves

2.1 Weil reciprocity via iterated path integrals

Here, we present a proof of the Weil reciprocity law, based on iterated integrals
and bi-local symbols. This method will be generalized in the later Subsections
in order to prove reciprocity laws on complex surfaces. Similar ideas about the
Weil reciprocity law are contained in [?], however, without bi-local symbols.

Let  be a rational function on a curve C, representing an uniformizer at P.
Let

a; = ordp(f;).

and let
gi=x " f;.

Then

% = aidi + dgi.
fi T gi

Let o be a small loop around the point P, whose points are at most at distance
€ from the point P. One can take the metric inherited from the Fubini-Study
metric on P*. Put 0§ = 0¢ in Lemma 9, then

dfl dfg o . dfl o . d:l? dgl
— —= =2miay | —— =2miaz a1 | —+ [ — |.
¥ fl o§ f2 ¥ fl 0 T ¥ g1

Similarly,
/ df1/ dfa P < /dl” /dg2)
—_— == =2miay | —as | — — [ = ).
a§ fl -t f2 v € v 92

From [?], we have that

. df1 dfg (27Ti)2
| — o0 —= = . 2.1
0 o 1 o g 192 @1)

7



8 CHAPTER 2. RECIPROCITY LAWS ON CURVES

Using Lemma 9, we obtain

d, d . .
% o % = 27i (aglog(g1) — a1 log(g2) + miajas) |g

After exponentiation, we obtain
Lemma 10 With the above notation the following holds
L[df d&) gi* (g? )1 i ( i )1
ex —-— =(-1)""2=(P) | == =(-1)n*"2——(P
0 (55 [ Lo ) = e tin) (@) =t (B

Definition 11 (Bi-local symbol on a curve) With the above notation, we define
a bi-local symbol

Ubﬁﬁ<1wwﬁlm<§l@). (2.2)

2 2

Let the curve C be of genus g and let Py, ..., P, be the points of the union of
the support of the divisors of f; and fs. Let o1,..., 0, be simple loops around
the points Pi, ..., P,, respectively. Let also a1, f,...,aq, B4 be the 2g loops
on the curve C' such that

WI(C,Q) =< 017"'70n7a1aﬂ17'"7anaﬁn >/N,

where 0 ~ 1, for

g
UzH amﬁ]

1 j=1

n
1=

From Theorem 3.1 in [?], we have

/ %%% /%/% /% %
aBa-18-1 J1

Using the above result, we obtain that

_ [dh df dfy dfz
0= s fr  f2 Z+Z/

Lemma 12

where the sum is over simple loops o; around each of the points P;. Then we
obtain:

Theorem 13 (Reciprocity law for the bi-local symbol (2.2)) With the above
notation, the following holds

H{fh fz}g =1
P
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If we want to make the above reciprocity law into a reciprocity law for a local
symbol we have to remove the dependency on the base point ). This can be
achieved in the following way: In the reciprocity law for the bi-local symbol,
the dependency on @ is

dafa

T1 (@ Q) = fu(@) " SoResr i
.

F2(Q) ) Er Besr R ()0 £(Q)° = 1.

Thus, we recover Weil reciprocity:

Theorem 14 (Weil reciprocity) The local symbol

az

{f1, f2}p = (F1)*2 2 (P).

2

satisfies the following reciprocity law

H{flan}P = 13
P

where the product is over all points P in C'.

2.2 Contou-Carrere symbol and reciprocity law

2.3 Non-commutative reciprocity laws on com-
plex curves for differential forms with loga-
rithmic poles

2.4 Non-commutative reciprocity laws on com-
plex curves for any differential forms
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Chapter 3

Preliminary material on
iterated integrals over
membranes

3.1 Two foliations on a surface

The goal of this Subsection is to construct two foliations on a complex projective
algebraic surface X in P*. This is an algebraic-geometric material, needed for
the definition of iterated integrals on membranes, presented in Subsection 1.4.

Let f1, fo, f3 and f4 be four non-zero rational functions on the surface X.
Let

4
CuCiU---uC, = U |div(fi)|7

i=1

where we fix one of the irreducible components C'. Let
{P1,....,Py}=CN(CLU---UCY).

We can assume that the curves C,C1,...,C,, are smooth and that the inter-
sections are transversal (normal crossings) and no three of them intersect at a
point, by allowing blow-ups on the surface X.

The two foliations have to satisfy the following

Conditions:
1. There exists a foliation F), such that
(a) F) = (f —v)o are the level sets of a rational function
f:X =P

for small values of v, (that is, for |v| < € for a chosen €);

11
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F! is smooth for all but finitely many values of v;

F/ has only nodal singularities;

{Ry,..., Ry} =CN(DyU--UDy,)

and
FOl:(f)OZCUD1U"'UDm.

2. There exists a foliation G, such that
(a) Gy = (g —w)o are the level sets of a rational function
g: X - P

(b) G, is smooth for all but finitely many values of w;
(¢) Gy has only nodal singularities;

(d) g|c is non constant.
3. Coherence between the two foliations F’ and G:

(a) All but finitely many leaves of the foliation G are transversal to the
curve C.

(b) Ggyp,) intersects the curve C transversally, for i = 1,..., N. (For
definition of the points P; see the beginning of this Subsection.)

(c) Gg(r,) intersects the curve C transversally, for i = 1,..., M. (For
definition of the points R; see condition 1(e).)

The existence of f € C(X)* satisfying properties 1(a-d) is a direct conse-
quence from the following result, which follows immediately from (a special case
of) a result of Thomas ([?], Theorem 4.2).

Theorem 15 Consider a smooth curve C in a smooth projective surface X,
with hyperplane section Hyx. There exists a large constant N € N and a pencil
in |[NHx|, given as the level sets (f —x)o of some rational function f such that
(f — x)o is smooth for all but finitely many values of x, at which it has only
nodal singularities, and C C (f)o.

Moreover, a general choice of g € C(X)* will satisfy 2(a-d) and 3(a-c). (For
instance, the quotient of two generic linear forms on P* restricted to C will not
have branch points in {P;} U{R;}.)

It remains to examine property 1(e). The proof of Theorem 4.2 in [op. cit.]
contains the basic

Observation: The base locus of the linear system H°(Ic(N)) is the smooth
curve C forN >> 0. So by Bertini’s theorem the general element of the linear
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system is smooth away from C.

Consider C' C X. By the Observation, there exists F € H°(X, O(N)) such
that ordc(F) =1 and (F) = C + D, where D is a second smooth curve on X,
meeting C' transversally (if at all).

Claim: We may choose F so that condition 1(e) holds, that is, R; ¢ C; for
each i,j, where {R1,...,Ry} = C N D. Equivalently, CNDNC; = 0.

Proof. Define H(Ic(N))"®9 to be the subset of H°(X, Ic(N)) whose ele-
ments F satisfy ordc(F) = 1 and (F) = C+ D as above. Assume that for every
N >>0and F € H(I¢(N)) 9 we have DN C N C; # ( for some particular j.
If we obtain a contradiction (for some V) then the claim is proved, since this is
a closed condition for each j.

According to our assumption, (F) always has an ordinary double point at
the intersection A := C'NC; # 0. In the exact sequence

0 — HY(X,IE(N)) = H°(X,Ic(N)) = H°(C,Ng x (N)) — H'(X,IE(N)),

the last term vanishes by ([?], Vanishing Theorem B) for N sufficiently large.
Hence, every section over C' of the twisted conormal sheaf N, / (V) has a zero
along A =CnNCj.

Next consider the exact sequence

0= HY(C, IA®NE x (N)) = HY(C, NG x (N)) = CIA1 — HY(C, IA@NE < (N)).

The last term vanishes again by [loc. cit.]. Denote the third arrow by eva. Then
we can take a section of NV /X (N) not vanishing on A simply by taking an ele-

ment in the preimage of eva(1,...,1). This produces the desired contradiction.
]

Consider a metric on the surface X, which respects the complex structure.
For example, we can take the metric inherited from the Fubini-Study metric
on P* via the embedding X — P*. Let UT,.. ., Uy, be disks of radii € on C,
centered respectively at Ry,..., Rys. Let

M
Co=C-JUs —{P,....Px}.

j=1

Definition 16 With the above notation, let F,, be the connected component of

M
F — <U GQ(U;)> NE',
i=1
containing Cy, for |v| << €, where

Gawey = |J Gy

welUs
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Lemma 17 With the above notation, for small values of |v|, we have that each
leaf F, is a continuous deformation of Fy = Cy, preserving homotopy type.

Proof. From Property 3(c), it follows that C' and D; meet at R; (if at all) at
a non-zero angle. At the intersection R;, locally we can represent the curves
by zy = 0. The deformation leads to v — xy = 0, which is a leaf of F”’, locally
near R;. Consider a disk U of radius ¢; at (z,y) = (0,0) in the xy-plane. Then
for |u] << €; we have that U separates F, into 2 components, one close to the
z-axis and the other close to the y-axis. We do the same for each of the points
R1,..., Ry and we take the minimum of the bounds ¢;. Then F, will consist

of points close to the curve Cy.

3.2 Iterated integrals on a membrane. Defini-
tions and properties

In this Subsection, we define types of iterated integrals over membranes, needed
in most of this manuscript.

Let 7 be a simple loop around Cy in X — Cy — (Uf\il GQ(U;)). Let 0 be a

loop on the curve Cy. We define a membrane m, associated to a loop o in C°
by
me : [0,1)* = X

and
Mo (5,1) € Frire)) N Gg(o(s))-

Note that for fixed values of s and ¢, we have that

Frrt) N Gy(o(s))

consists of finitely many points, where F' and G are foliations satisfying the
Conditions in Subsection 3.1 and Lemma 17.

Claim: The image of m, is a torus.

Indeed, consider a tubular neighborhood around a loop ¢ on the curve Cj.
One can take the following tubular neighborhood:

U FnGo

lv|<e

of F\, N Gy(y). Its boundary is Fy(;y N Gy(s), Where 7 is a simple loop around
Coon X —U;i_, Ci — U;nzl Dj and [f(7(1))| = e.

We shall define the simplest type of iterated integrals over membranes. Also,
we are going to construct local symbols in terms of iterated integrals Iy, Io, I3, I4
on membranes, defined below.

We define the following differential forms

(4 df
A(s,t) =m (f1 A fz)(87t)
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W@:mwwﬁ@@

I3
and o df
B(s,t) =m* 3/\4> S, t).
(5:1) < s fa (s%)
The first diagram
t A
s
denotes
11
o Jo
The second diagram
123 b
131 A
S

denotes

1
55/// Als, 1) A bls, ts).
0 0<ti<ta<l

Note that the iteration happens with respect to ¢; and ¢2. In other word,

// A(s,t1) A b(s,t2)
0<t; <tp<1

is a differential 1-form on the loop space of X (see [?]). These differential 1-forms
on the loop space of X are closed, since dA = db =0 and A(s,t) Ab(s,t) =0.
The third diagram

S1 52

1
g:// /A@ﬁAWﬂ)
0<s1<s2<1 J0

And the fourth diagram

denotes
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to B

tq A

S1 52

I4:// // A(517t1)/\B(527t2).
0<s1<s2<1 0<t1<t2<1

The integral I, is a homotopy invariant function with variable the torus of
integration m. The proof of the homotopy invariance for iterated integrals over
membranes, such at I, can be found in [?] and in more general form in [?].

Local symbols will be defined via the above four types of iterated integrals.
The integrals that we define below, used for defining bi-local symbols, are a
technical tool for proving reciprocity laws for the local symbols. Bi-local symbols
also satisfy reciprocity laws.

Consider the dependence of log(f;(m(s,t))) on the variables s and ¢ via the
parametrization of the membrane m.

Definition 18 Let

denotes

li(sa t) = IOg(fi(m(Sa t)))

We h
e have dli(s.1) = ali(&t)d " 8l¢(s,t)dt
A P
b(s,t) = dis(s,t)
_ 0ly(s,t) Oly(s,1) ~ Oli(s,t) Ol ( )
Ol3(s,t) Olu(s,t) Olz(s,t) Ola(s, 1)
B(s,t) = 95 9 ———dsAdt — 5 95 ———dsAdt (3.2)

The above equations express the differential forms A, B and b is terms of
monomials in terms of first derivatives of [y, 2, l3,l4. We are going to define bi-
local symbols associated to monomials in first derivatives of Iy, ls, 3,14, which
occur in

A(s,t), A(s,t1) Ab(s,ta), A(s1,t) Ab(sa,t), and A(s1,t2) A B(sa,t2)

Definition 19 (Iterated integrals on membranes) Let fi,..., fr+1 be rational
functions on X, where the pairs (k,1) will be superscripts of the integrals. Let
m be a membrane as above. We define:

(a) I8D (m; fi, f2) =

L) (5%
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(b) 1(1’2)(m; J1, f2, f3) =

8l1<87t1) 8[2(5,1&1) ) (813(S,t2) )
= ds Adt; | A| ———==dt
///OSSSI; 0919231( ds o oty

(c) IV (m; f1, fo, f3) =

811(81, t) 612(81, t) > (8l3(52, t) )
= dsy Adt | A | ———=d
///0<sl<s2<1; 0<t<1< 951 o sy

(d) 1(2’2)(m;f13f2’f37f4) =

_ //// <811(81,t1) 812(817t1)d81/\dt1) A
0<s1 <s2<1; 0<ty <t <1 051 oty

8[3(52, t2) 3[4(82, tQ)
d dt
A < 682 atg 52 A 2

Proposition 20 (a) I, = I"D (m; f1, f2) — IV (m; fa, £1);

(b) Iy = 102 (m; f1, fa, f3) — ID (ms fa, f1, f3);

(¢) I3 = 1V (m; f1, fa, f3) — 1D (m; fo, fi, fs);

(d) Iy = I (m; f1, fa, f3, f1)—T13D (m; fo, f1, f3, f1)—1@D (m; f1, f2, f1, f3)+
I(Q’Z)(m;f23f17f4vf3);

Consider a metric on the projective surface X inherited from the Fubini-
Study metric on P¥. Let 7 be a simple loop around the curve C of distance at
most € from C. We are going to take the limit as ¢ — 0. Informally, the radius
of the loop 7 goes to zero. Then we have the following lemma.

Lemma 21 With the above notation the following holds:

(a)
!i_%l(l’l)(mmflafz) = (QWi)Resdf—f; ) %
v (2mi)* , df dfs [ df
. (1,2) o 27 72 73 71
lg%l 12 (m0'7f1af27f3) = 2 Res f2 Res f3 U fl
© d d d
lil}(l)l(z’l)(mavflvféa f3) = 7(27TZ)R€S% i % o %
(d)
o 10 G i [ d
21_13%1 (Mo, f1, f2, f3, fa) = 5 Res 1 Res Wl T
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Proof. First, we consider the integrals in parts (a) and (c), where there is
integration with respect to the variable ¢ in the definition of the membrane m.
Let m(s,-) denote the loop obtained by fixing the first variable s and varying
the second variable ¢.Then, there is no iteration along the loop m(s,-) around
the curve C, for fixed value of s. Using Properties 1(d) and e(b), the integration
over the loop m(s,-) gives us a single residue. This process is independent of
the base point of the loop m(s,-). That proves parts (a) and (c).

For parts (b) and (d), we have a double iteration along the loop mf(s,-)
around the curve C, where the value of s is fixed and the second argument
varies. After taking the limit as ¢ goes to 0, the integral along m(s,-), with
respect to t; and ta, becomes a product of two residues (see Equation (2.1)),
which are independent of a base point. That proves parts (b) and (d).

Let 7 be a simple loop around C' in X — D, based at R. Let o be a loop on
the curve C° = Cy — (D U---UD,,)NCy. We define a membrane m,, associated
to a loop ¢ in C° by

my : [0,12 = X,

Mo (s,t) € Fr(r(t)) N Gy(o(s))
mq(0,0) = R.

Note that for fixed values of s and ¢, we have that

Frir)) N Gg(o(s))

consists of finitely many points, where F' and G are foliations satisfying the
Conditions in Subsection 2.1 and Lemma 2.2.

Consider the dependence of log(f;(m(s,t)) on the variables s and ¢ via the
parametrization of the membrane m. We have

_ dlog(films1) ., Olog(film(s. 1)
0s ot
In order to use a more compact notation, we will use

_ Olog(fi(m(s, 1))
0s

dlog(fi(m(s,t)) §

IOg(fi)’S (57 t)

and similarly

_ Dlog(fi(m(s., 1))

IOg(fi)vt (s7t) ot

Definition 22 (Interior Iterated integrals on membranes) Let fi,..., fx41 be

rational functions on X, where the integers (k,1) will be superscripts. Let m be
a membrane as above. We define:

(a) I8D (m; f1, f2) =

1 1
/ / log(f1) s (5, £)ds Alog(f1).r (s, £)dt;
0 0
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(b) 1(1’2)(m; J1, f2, f3) =

= /// log(f1)781 (S1,t)d51 A log(fQ)ﬂf (317t)dt A
0<51<52<1;0<t<1
N1og(f3),s, (52,1)ds2;

(c) ICV (m; f1, fo, f3) =

= /// log(f1),s (s,t1)ds Alog(fa),e, (s,t1)dt1 A
0<5<1;0<t1 <t2<1
A log(fg),t2 (8, tz)dtQ;

Define any smooth metric on X. Let 7 be a simple loop around the curve
C of distance at most € from C. We are going to take the limit as ¢ — 0.
Informally, the radius of the loop 7 goes to zero. Then we have the following
lemma.

Using Chen [?] we obtain the following Lemma.

Lemma 23 Let a and S be two loops on the surface X with a common base.
Put
_dn
i

_dfz  dfs
7f2/\f3'

01

and

02

Put [, ] = aBa= 37t Then

/ 91-92:/91/92—/91/92.
[0‘7:3] @ B B8 [

Proof. It follows directly from Lemma 5 by applying it to each ingredient of
the commutator.
As a direct consequence, we obtain the following:

N AP
/m[a’m f <f2/\f3>6(2 i)°Z.

Following Chen, we obtain the 1-form

df1 (df 2 dfs )
oo 2 A2
bil fo f3
on the loop space is closed since

(1) % and % A %’ are closed and

dfs A dfz A dfs _
(2) fl1 A f22 A f33 =0.

Corollary 24



20CHAPTER 3. PRELIMINARY MATERIAL ON ITERATED INTEGRALS OVER MEMBRANES

Since, we have a closed form it follows that the integral is homotopy invari-
ant. Thus, we can take a relation in the fundamental group of a curve embedded
in the surface. More precisely, we take

0= [0[1,51] N [a97ﬁg]01 ...0p

for a curve C of genus g with n punctures.
For each of the above loops we associate a torus.

Let 7 be a simple loop around Cy in X — Cy — (Uf\il GQ(U;)). Let o be a

loop on the curve Cy. We define a membrane m, associated to a loop o in C°
by
my 1 [0,1> = X

and
Me(8,1) € Friry) N Ggo(s))-

Note that for fixed values of s and ¢, we have that

Frr)) N Gg(o(s))

consists of finitely many points, where F' and G are foliations satisfying the
Conditions in Subsection 3.1.

Claim: The image of m, is a torus.

Indeed, consider a tubular neighborhood around a loop ¢ on the curve Cj.
One can take the following tubular neighborhood:

U Fy 0 Gy

lv|<e

of F, N Gy(s). Its boundary is Fy(;y N Gy(s), Where 7 is a simple loop around
Coon X —J,C; — U;n:1 Dj and |f(7(t))] =e.
In the last section we will associate a Contou-Carrere symbol to a sim-
ple loop o, namely, I}ni( f1, f2, f3). By the above corollary we have that
1,2 :
Moy, B;]

Then 112 = 0, since § is homotopic to the trivial path. Also, by the Lemma

57 we have 0 = I}ri?(flvf?vffﬂ) = Z?:l I}rii (.fla f27f3) + (271'7,)527

(f1, f2, f3) is an integer multiple of (2pii)3
2
S5



Chapter 4

Reciprocity laws on surfaces

4.1 Reciprocity laws for bi-local symbols

In this Subsection, we define bi-local symbols and prove their reciprocity laws.
Using them, in the following two Sections, we establish the first type of reci-
procity laws for the Parshin symbol and for a new 4-function new symbol. By
a first type of reciprocity law, we mean that the product of the local symbols is
taken over all points P of a fixed curve C' on the surface X.

Consider the fundamental group of Cy. We recall that Cj is essentially the
curve C without several intersection points and without several open neighbor-
hoods. More precisely,

Co=C— GGU; ne- (O&)ma

7j=1 =1

where U; is a small neighborhood of R; on the complex curve C'. We recall the
notation for the intersection points

{P1,....,Pn}=CnNn(CLU---UCy),

{Rl,...,R]\/[}:Cﬂ(DlU"'UDm),

Let
771(00’@) =< 0'17~~~a0n;0417ﬁ1»'~~;agaﬂg > / ~

be a presentation of the fundamental group, where
o~1,

for

6:H0i

i=1 j

[Oéj,ﬁj]~

n g
=1

21
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We are going to drop the indices ¢ and j. Thus, we are going to write P
instead of P; or R; and o instead of o;. Consider the definition of a membrane
me, associated to a loop o, given in the beginning of Subsection 3.2. Let m, (s, -)
be the loop obtained by fixing the variable s and letting the second argument
vary. Similarly, m,(-,t) denotes the loop obtained by fixing the variable ¢ and
letting the first argument vary.

Definition 25 Let ax, = ordc(fi) and by = ordp((z~ fi)|c), where x is a
rational function, representing an uniformizer such that ordc(x) =1 and P is
not an intersection of any two of the components of the divisor of x.

It is straightforward to represent the order of vanishing as residues, given by
the following:

Lemma 26 We have

a _L/ e d b _L/ dfe
© 72w S oy © T2 Sy f

Using properties 1(d) and 3(b), we should think of m,(-,t) and m,(s,-) as
translates of o and of 7, respectively. Then the above integrals are residues,
which detect the order of vanishing. For example ay, is the order of vanishing of
fir along a generic point of C'. Then the following theorem holds, whose proof
is immediate from Lemmas 21 and 26.

Theorem 27 (a)

(2m0) 2 lim 1D (mg, f1, f2) = azby,

(b)

(2md) =2 lim 142 (g, f1, fo, f3) = (mi)azasbi,
(c)
exp (2mi) 2 lim 1D (g, f1, f5, f3)) = ({f2 1518)
(d)

exp ((2:1)3 21_13(1)1(2,2)(77107f17f2af3;f4)) = ({fl’fg}g)*agtm.

Let us denote by o the loop a; and by 3 the loop 3;. Then the following
lemma holds

Lemma 28 (a)
(27Ti)_2 €11_1;1(1) I(Ll)(m[a,ﬁ] f17 f2) = 07

(b)
(QWi)_2 lL}Ir(l) 1(172)(m[a,ﬁ]a fla f27 f3) = 0)
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(c)
exp ((27”;)72 llj)% 1(2’1)(m[a,ﬂ]7 fla f27 f3)) = 1a
(d)
2
exp <(2m) lao e (m[a Bl f17f2,f3,f4)) =1

Proof. It follows from Lemmas 21 and 23. A more modern proof follows from
the well-definedness of the integral Beilinson regulator on K5 on the level of
homology (see [?].)

Definition 29 (Bi-local symbols on a surface) For a simple loop o around a
point P in Cy, based at @, let

Log(i7j)[f17 LI} f1+J](C%,)1;Q = (]i.i_l’}'(l)]—i’j(mo.? f17 LI} fi+j)u
l’z[fl,fz»fs](cl,)jaQ = exp ((27”')72 21_1}5](1’2)(’”%, fl,f2,f3)> ,

271[f1af27f3]87)]}3Q = €Xp ((27Ti)_2 2%1(271)(777‘0" fl7f2af3)) 3

s

221y, fa, fa, fa]95% = exp < lim 122 (mg, f1, fa, f3, f4))

(27i)3 e—=0
The following reciprocity laws hold for the above bi-local symbols.

Theorem 30 (a) >, Log" [fl,fg](cl)PQ =
() T1p" 1. for fale ) = 1.
(c) HP271[f17f27f3}(c})15Q =1
(@) T1p*2 (s fos fo, ful 07 =
Proof. Parts (b), (c¢) and (d) follow directly from Theorem 27 and from Weil

reciprocity. Part (a) follows again from Theorem 27 and the theorem that the
sum of the residues of a differential form on a curve is zero. m

4.2 Parshin symbol and its first reciprocity law.

In this Subsection, we construct a refinement of the Parshin symbol in terms of
six bi-local symbols. Using this presentation of the Parshin symbol, Definition 31
and Theorem 32, we prove the first reciprocity of the Parshin symbol (Theorem
34).
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Definition 31 We define the following bi-local symbol
Prd o= (“21f1, o Sl °) (V210 S IEER) (H210s f1s £2IERR)
< (3101 Lo SIR) (311 S PR (311 1 2100

at the points P =P, € CN(C1U---UC,) and a fized point Q in C —CN(Cy U
"-Ucn),

Using Theorem 27 parts (b) and (c), we obtain:

Theorem 32 (Refinement of the Parshin symbol) We have the following ex-
plicit formula

() )

PTgP:(_l) )
(1P 12212°) (@
where
| a2 as | a3 a1 | a1 a2
D=l s 227 0 0 227 0 h
and

K = ajasbs + asasby + azaiby + bibaas + bobsa; + bsbias.

Note that Prg, p is essentially the Parshin symbol, which can be defined in
the following way

Definition 33 (The Parshin symbol)
(s o Fadem = (R (£ 12222 ()

The only difference between the two symbols is the constant factor in Prg P

depending only on the base point @) (the denominator of Prg’ p)- Rescaling by
that constant leads to the Parshin symbol.

Theorem 34 (First reciprocity law for the Parshin symbol) For the Parshin
symbol, the following reciprocity law holds

[I{f s fs}er = 1,
P

where the product is taken over points P in C N (Cy U---UC,). (When P is
another point of C' then the symbol is trivial.) Here we assume that the union
of the support of the divisors U?Zl |div(f;)] in X have normal crossing and no
three components have a common point.
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Proof. We are going to use the reciprocity laws for bi-local symbols stated in
Theorem 30 parts (b) and (c). Then the reciprocity law for the bi-local symbol
Prg follows. There is relation between the Parshin symbol and P?"g, namely,

{f1, fas fatop = P?"gp ( D p :?3> (Q).

Now, we remove the dependence on the base point ). In order to do that, note
that

11 @7 =gi(@)>=r "

P

Here g1 = = f1, where z is a rational function on the surface X, representing
an uniformazer at the curve C, such that the components of the divisor of x do
not intersect at the points P or ). Moreover,

D, = (271'2')72 (Logl’l[fQ’f?)]g)Q _ LOgl’l[fg,,fQ]g;l)’Q)

by Theorem 27 part (a) and Proposition 20 part (a). Using Theorem 30 part
(a), for the above equality, we obtain

ZDlz().
=

Therefore,
[Mo@P =1
P

Similarly,

[92(@72 =1and [[gs(@)" =1,
P P

where g, = 7% f.

4.3 New 4-function local symbol and its first
reciprocity law

In this Subsection, we define a new 4-function local symbol on a surface. We
also express the new 4-function local symbol as a product of bi-local symbols
(Definition 35 and Proposition 36), which serves as a refinement similar to the
refinement of the Parshin symbol in Subsection 2.2. Using the reciprocity laws
for bi-local symbols established in Subsection 2.1, we obtain the first type of
reciprocity law for the new 4-function local symbol (Theorem 38).

Definition 35 We define the following bi-local symbol, which will lead to the
4-function local symbol on a surface.

-1

PRg’P:( *[fr for S Q) ( [f1s oo fao folp Q) X
(22[f27f1 Fou falp) ) 1 (2’2[f27f1af4,f3]§31)’Q> _
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Using Theorem 27, part (d), we obtain:
Proposition 36 FExplicitly, the bi-local symbol PRgP is given by

-1

(ff2 >a3b4—b3a4 (ﬁlz >a3b4—b3a4
a1 a1
PRE , = (1) =2

2

2L (@) . (41

(f3a4)a1b2_b1a2 (P) <f§4)
33 33
4 4

L= (a162 — agbl)(a3b4 — a4b3).

where

Definition 37 (4-function local symbol) With the above notation, we define a
4-function local symbol

722 ) azbys—bzay

ay

{f1, for f3, fa (cl,)p = (—1)L<£14GM(P)~

()

It is an easy exercise to check that the symbol { f1, f2, f3, f4}g})P is independent
of the choices of local uniformizers. See also the Appendix for K-theoretical
approach for the 4-function local symbol. Note that the relation between the
bi-local symbol PRg p and the local symbol { f1, fa, fs, f4}8)P is only a constant

factor depending on the base point (). There is a similar relation between the
bi-local symbol Prgp and the Parshin symbol {f1, f2, f3}c.p-

Theorem 38 (Reciprocity law for the 4-function local symbol) The following
reciprocity law for the 4-function local symbol on a surface holds

H{f17f27f37f4 (Cl")P = 17
P

where the product is taken over points P on a fixed curve C. Here we assume
that the union of the support of the divisors U?:l |div(f;)| in X have normal
crossing and no three components have a common point.

Proof. Using Theorem 30 part (d), we obtain that the bi-local symbol PRg’P
satisfies a reciprocity law, namely,

[[PRE, =1, (4.2)
P

where the product is over all points P in CN(C1U---UC},). In order to complete
the proof of Theorem 38, we proceed similarly to the proof of the first Parshin
reciprocity law. Namely,

Hg1 (Q)az(a3b4—a4bs) =g (Q)az >opagba—asbs _ g(Q)b""O =1, (4_3)
P
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where g1 = 7% f; and x is a rational function representing an uniforminzer at
the curve C, such that the components of the divisor of  do not intersect at
the points P or Q. The last equality of (4.3) holds, because

azby — asbs = (2mi) "2 (Logl’l[f& f4](c%,)fDQ — Log"![fa, f?’]g’)b@) =0

and

Z(Qm')—Z (Logl’l[fs, f4](017)15Q — Log"'[f4, f3]8,)15Q> =0,
P

by Theorem 27 (a) and Theorem 30 (a), respectively. m
There is one more interesting relation for the 4-function symbol, whose is a
direct consequence of the explicit formula of the symbol.

Theorem 39 Let
Riji = {fi, fj fr, fite,p-

Then R;ji; has the same symmetry as the symmetry of a Riemann curvature
tensor with respect to permutations of the indices, namely

Rijri = —Rji = —Rijie = — Ry

4.4 Bi-local symbols revisited

In this Subsection, we define bi-local symbols, designed for proofs of the second
type of reciprocity laws for local symbols. These bi-local symbols also satisfy
reciprocity laws. Using them, in the following two sections, we establish the
second type of reciprocity laws for the Parshin symbol and for a new 4-function
new symbol. By a second type of reciprocity law, we mean that the product of
the local symbols is taken over all curves C on the surface X, passing through
a fixed point P.

Let C1,...,Cy, be curves in X intersecting at a point P. Assume that
Cq,...,C, are among the divisors of the rational functions fi,..., f1. Let X
be the blow-up of X at the point P. Assume that after the blow-up the curves
above C1, ..., C), meet transversally the exceptional curve E and no two of them
intersect at a point on the exceptional curve FE.

Let D be a curve on X such that D intersects E in one point. Setting

Pk =FnN ék,
where Cj, is the curve above Cy, after the blow-up, and
Q=FEnND,

Definition 40 We define the following bi-local symbols

. DD i b
z,][fly-.-,fi+j](c’ip ) [fla--'foj]EE))pCj-



28 CHAPTER 4. RECIPROCITY LAWS ON SURFACES

Theorem 41 The following reciprocity laws for bi-local symbols hold:

(a)
H Y211, fmfﬂg,z:g =1,
Cy

(b)
H21f15f27f3] = ’
Ck
(c)
12210 o S F1200 =1

Ch
where the product is over the curves C, among the divisors of at least one of the
rational functions f1, ..., fa, which pass through the point P.

The proof is reformulation of Theorem 30, where the triple (Cy, P, D) in the
above Theorem correspond to the triple (P,Q,C) with P = C, N E and @ =
D N E in Theorem 30, where the curve C in Theorem 30 corresponds to the
curve FE.

4.5 Parshin symbol and its second reciprocity
law.

In this Subsection, we present an alternative refinement of the Parshin symbol
in terms of bi-local symbols (Definition 42). This implies the second reciprocity
law for the Parshin symbol, since each of the bi-local symbols satisfy the second
type of reciprocity laws (see Subsection 3.1).

Definition 42 We define the following bi-local symbol, useful for the proof of
the second reciprocity law of the Parshin symbol

Pr8g = (21 for Sl 57 ) (2002 for PR ) (2103, s 2157
% (P40, for FZE) (B4 oo FIDRD) (4o S 108
Let P=CNE,Q=DNE. Then
Pl = PrgJ5

Similarly to the proof of Theorem 34, we can remove the dependence of the
bi-local symbol Pr pon the base point Q.

Definition 43 The second Parshin symbol { f1, fa, f3}((?)E is the symbol, explic-
itly given by

{1 fo 3} 8 = (DX (#2522 57) (P),
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where
C2 C3
do d3

C3 &1
ds3 dy

1 C2

Dy = & dy

7D2: 7D3:

and
K = cicads + cocady + c3erda + didacs + dadzer + dsdica,

with ¢, = ordg(fr) and d; = ords((y~ fi)|E). Here y is a rational function
representing an uniformizer at E such that the components of the divisor of y
do not intersect at the point P.

Proposition 44 The second Parshin symbol is equal to the inverse of the Parshin
symbol. More precisely,

{f1, 2, 13} = ({f1, fo, faop) !

Let
a; = ordc(fi)

and
by = ordp((x™" fi)|c),

where x is a rational function representing a uniformizer at C', whose support
does not contain other components passing through the point P.

Lemma 45 With the above notation, the following holds
O’I“dE(fi) =c¢;=a; +b;.

Proof. We still assume that after the blow-up the union of the support of the
rational functions f1, fa, f3 have normal crossings and no three curves intersect
at a point. Before the blow-up, let C1,...,C,, be all the components of the
union of the support of the three rational functions that meet at the point P.
And let E be the exceptional curve above the point P. Then for C = C7, we
have

b; = Z orde, (f)
j=2

and

ordp(fi) = orde,(f,)-
j=1

That proves the Lemma.
Proof. (of Proposition 44) Consider the pairs (C, P) on the surface X and
(E,C) on on the blow-up X. Then by the above Lemma, we have

[ . ]: ordg(f;) :[ L1 ] a; o

ords(fi) Lo b;
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1 0
1 1
Also the Parshin symbol is send to its reciprocal when we change the variables

The Parshin symbol is invariant under change of variables given by

by a matrix [ (1) é } . That proves the Proposition.

Theorem 46 (Second reciprocity law for the Parshin symbol) We have
H{fla f2a fS}C,P = 17
c

where the product is over the curves C from the support of the divisors of the
rational functions Ule |div(f;)|, which pass through the point P. (For all other
choices of curves C, the Parshin symbol will be equal to 1.) Here we assume
that the union of the support of the divisors U?:1 \div(f;)| in X have normal
crossings and no two components have a common point with the exceptional
curve E in X above the point P. We denote by X the blow-up of X at the point
P.

Proof. We can use Proposition 44 and the first reciprocity law for the Parshin
symbol given in Theorem 34. Then Theorem 46 follows.

4.6 The second 4-function local symbol and its
second reciprocity law

In this Subsection, We define a second type of 4-function local symbol (Definition
49), which satisfies the second type reciprocity laws. By a second reciprocity
law, we mean that the product of the local symbols is taken over all curves
C' on the surface X, which pass through a fixed point P. The 4-function local
symbol has a refinement (see Definition 47, which provides a proof of the second
reciprocity law (Theorem 50).

Definition 47 We define a bi-local symbol, useful for the second reciprocity law
for a new 4-function local symbol. Let

PRgJD = (272[f17f2af3?f4](62',).}ED> (2,2[f17f2’f47f3]g’)ED)71 x
D

< (2 1 fon FIDE) T (220 i 12
Let
L= (Cldg — ngl)(C3d4 - C4d3)7
where
ci = ordg(fi),
di = ordp((x™" fi)|E),

for a rational function z, representing a uniformizer at £, whose support does
not contain other components passing through the point P = ENC.
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Lemma 48

-1

c dg—cad c dy—cad
(£)034 C40a3 (ﬁ)ci’)él Cqaas3
251 ~ 231
Cldzfc‘zdl (Q)7

(fgzl )61d2762d1 (P) (f;“ )
03 (‘.3
4 Ja

PRg,E‘ = (_1)L

where Q = DNE.

It follows directly from Equation 4.1 and Lemma 45.

Definition 49 The second 4-function local symbol has the following explicit

representation:
as b4 71)3044
fa2+b2
L ;
(1) (P)

joatba ai1bz—biaz
(%)
Theorem 50 (Reciprocity law for the second 4-function local symbol) We have
the following reciprocity law

H{flaf27f37f4}(62’,)P = 17
C

-1

{flaf27f37f4 (62'7)13 -

where the product is over the curves C' from the support of the divisors of the ra-
tional functions U?:l |div(f3)|, which pass through the point P. Here we assume
that the union of the support of the divisors U?Zl \div(f;)| in X have normal
crossings and no two components have a common point with the exceptional
curve E in X above the point P. We denote by X the blow-up of X at the point
P.

Proof. Using Theorem 41, we obtain a reciprocity law for the bi-local symbol
PR(CQ)J’ED. Multiplying each symbol by the same constant, depending only on
Q, we can remove the dependence on ). Explicitly, the separation between the
dependence on D and the second 4 function local symbol are given in Lemma
48. Then we can use Lemma 45 in order to express the coefficients ¢; and d; in
terms of a; and b;, which implies the reciprocity law stated in the Theorem 50.

4.7 A K-theoretic proof of the reciprocity laws
for the 4-function local symbols

In this Section, we give alternative proofs of the two reciprocity laws of the
4-function local symbol, based in Milnor K-theory. We will use the K-theoretic
interpretation of the 4-function local symbol, presented in the Appendix by M.
Kerr.
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Definition 51 The quotient of the K -theoretic symbol K [f1, f2, f3, f4](cl’)P, from
the Appendiz, and the 4-function local symbol { f1, fa, f3, f4}(017)P from Definition
37 is given by

(fl; f27f37f4)(c%)13 _ (_1)a1a2a3b4+a2a3a4b1+a3a4a1b2+a4a1a2b3‘

Here a, = ordc(fr) and by, = ordp((x~ fi)|c), where x is a rational function
representing an uniformizer at C' such that P is not an intersection point of the
irreducible components of the support of the divisor (x).

For each point P on a fixed curve C the values aj remain the same. Therefore,
we have the following interpretation in terms of integrals. Let

d d
v, dh

_ak? Fr )|C

WE = (
be a differential form on the curve C'. Then
1
bk(P) = %Resla(wk)

Proposition 52 We can express the sign (f1, f2, fs, fa)c,p in terms of residues
(f1, f2, f3, f4)(cl,)p = exp (3 (a1a2a3Resp(ws) + asazasResp(wy)+
+azaqa Resp(ws) + asaiasResp(ws)))

Theorem 53 The sign (f1, f2, f3, f4)87)P is also a symbol, satisfying the follow-
ing reciprocity law:

H(flaf%f37f4)(c{)P = 13

P

where the product is over all points P of the curve C'.

Proof. It follows from the fact that the sum of the residues on a curve is
equal to zero and from the previous Proposition.

Theorem 54 The K-theoretic symbol satisfies the following reciprocity law

[T “1f fo f, f)E80p = 1.

C

where the product is over all points P of the curve C'.

The proof follows directly from the K-theoretic definition given in the Ap-
pendix.

Proof. (an alternative proof of Theorem 38) Using the reciprocity law
for the K-theoretic symbol X[f1, fo, f3, f4](CI)P such as in the Appendix and the
above Theorem, we obtain another proof of the reciprocity law for the 4-function
local symbol.
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Now, we proceed toward an alternative proof of the second type of reciprocity
laws for the new 4-function local symbol.

Let E be the exceptional curve for the blowup of X at the point P. Let
C be the irreducible component sitting above the curve C' in the blow-up. We
define P = C N E. A direct observation leads to

(i o Jos £ = (U s for £} )

for the 4-function local symbols. Similarly we define

(o bor Fn 20 Zp = (i fon Fn F)05) (4.5)
for the sign and
K[f17f2,f37f4](027)p = ( K[f1,f2’f3,f4]§517)15)71 (4.6)

for the K-theoretic symbol.

Theorem 55 For the sign and the K-theoretic symbol we have a second type
of reciprocity laws.

H(f17f2,f37f4)(027),:> =

C

and

1 “Uf1 o f, £a)EDp =

C

where the product is taken over all curves C, passing through the point P. Here
we assume that the union of the support of the divisors U?Zl |div(f;)] in X
have normal crossings and no two components have a common point with the
exceptional curve E in X above the point P. We denote by X the blow-up of X
at the point P.

Proof. For the K-theoretic symbol we have
-1
[T “UF for £ £l = | T] “1fis for o £l 05| =1

c 2

The first equality follows from the definition of X [f;, fa, fs, f4] ¢.p and the second
equality from Theorem 54.
Proof. (an alternative proof of Theorem 50) We have the following equalities

H{flaf27f3vf4 (C?)P*H Kfl,f27f3af4 (2) H K flvf?af37f4} @
C

The first equality follows from Definition 51 and Equations (4.5) and (4.6). The
second equality follows from Theorem 55.
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4.8 On the Contou-Carrere symbol

In this subsection we present computation of the Contou-Carrere symbol for all
possible factors from the formal infinite product. Let

fi = xm(fl)yw(h) H H (1— a’il,jlxilyjl)?

i1>—N j1>—Nyy

fo = xm(fz)yw(fz) H H (1 _ ai27j2$i2yj2),

i2>—N j2>—N;,

fy = :Cm(fs)yw(fg) H H (1 _ ai37j3xi3yj3).

i3>—N js>—Nig

We consider an integral over a torus of log( fl)% A ‘% in the following cases:
The function f; is either 2?1yt or 1 — 2?1y, The function fs is either %2972 or
1—z%y72, The function f3 is either 2?3y or 1—2z%y7. For each of the functions
there are two possibilities. For the triple (fi, f2, f3) there are 23 possibilities,
which we list in the following 8 = 23 cases. We define the two dimensional
Contou-Carrere symbol as a cyclic symmetrization of

dfz dfs
exp <//Tlog(fl)f2/\f3>’

where T' is a torus of the type m, from Section 1. At the next 8 cases, we exam-
ine the logarithm of the Countou-Carrere symbol, when each of the functions
f1, f2, f3 consists of a single factor of the above infinite products.

At the end of the paper, we compute a more complicated case, which will be
useful when we consider complex analytic products instead of products coming
from Witt parameters.

Case 1: Let fi =1 —az®y?t, fo =1 —bx*y’2 and f3 =1 — cz®y’. Then
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/ log(f1) L2 p U5 —

f2 fs
(61,62) o

/ / (/ —ilame"l“enljl(eXp(27r\/—1n1i19'1)d9'1 +exp(27r\/—1n1i191)d9§> X
0.0) .

no ns Mois+nsiz Noja+nsjs
X g (125 — i3j2)b"2 ™€ T3] X

n2,n3—1

x exp(2mV —1(ngis + ngiz)b) exp(2mvV —1(ngjs + n3js)f2)dfy A dbs =

/ / —i1i2J3 %

% § 1 a™ bnzCWB671111'1+n2i2+n3i3631j1+n2j2+”3j3

- X
1111

nl,ng,n:;:l
X (exp(2ﬂ'\/ —1(n1i1 + noio + ngig)el) exp(27rv —1(n1j1 + ngjs + n3j3)92)—
— exp(2mV—1(nai2 + ngiz)01) exp(2mv —1(n2j2 + n3js)02))doy A db> =
=(laj3 — i3j2) ¥
00

1
% E —a™pn2 ns6?111+n222+n313631]1-&-'”2]24-”3]3
ni

X

ni,ne,n3=1

1 1
X / / exp(Qﬂ'\/ —1(n2i2 + n3i3)91) exp(27r\/ —1(n2j2 + n3j3)92)d01 A dby =
0 0

— (l2J3 — i3j2) X
= 1
« E : gz ns 671111'1 +nziz+n3i3€;1j1 +n2j2+nsjsz

ny
ni,n2,nz=1

1 1
X / / eXp(27T\/ —1(n1i1 + noio + n3i3)91)><
0 0

X exp (27’1’\/ —1(n1j1 + n2j2 + n3j3)92) dgl AN dgg =

X

e niy pyn2 n3
. .. a™b"2c
- (12]3 - 23]2) E 77@1

ni,ng,ng =1

n-i=0
n-j=0
Tyl k42

Put m, = , where the indices vary modulo 3. Let d =

Jet+1 Jk+2
gcd(my, ma,m3). Then

m m
= kmal gl |d3|

d g "=k
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o o0 amMpne cns
12]3 E o =
1
ni,ng,ng = 1
n-i=0
n-j=0

i  gklmal/dykimal/d klms] /d
= —12]73
klmq|/d
= [mal/
- ak|m1|/dbk|m2\/dckn3

=sign(mq) - d - Z Z =
k=1

=sign(my) - d - log (1 _ a\m1|/db|m2\/dcwm3|/d)

Case 2: Let fi = az®iydt, fo =1 —ba'2yi2, f3 =1 — ca®sy’s.

[ 5o (%)
:/Ol/olillog(x)x

. . ; ; ; dr d
% Z (2233 _ 23]2)bn2C’ﬂ3$n212+n313yn2jz+n3137 A 7y
T Y

nz,’n[;:l

If nojo + ngjs # 0 then the integral vanishes. Let nojs + ngjz = 0. Then

ny = kljs|/ged(jz2, js)
and
ng = klja|/gcd(jz; j3)-
Moreover, we have a geometric series under the integral, namely,

oo

g(z) = Z pnz s prziztnais

o0
k
— Z (b|j3|/50d(j27j3)C|j2\/ng(jzij)x(Us|i2+\j2|i3)/90d(j27j3)) _
|/9¢d(2,73) oli21/ ged(G2,73) p5ign(Ga)ma/ged(z,ds) o

k
b
~ (1 _ plisl/ged(52.38) |21/ ged (G2 ,jS)xSign(jS)ml/QCd(J’z’js)) -

9(@2)Z = —dlog (1 _ pldal/ged(z.ds) ozl /ged(jz 3a) xsign(h)ml/gcd(jz,jg))
€T
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Let

h(SU) = 1 — plisl/gcd(d2.d5) |21/ ged(d2.d8) psign(da)ma /gcd(Gz,53)

Then we have that Case 2 is the logarithm of the 1 dimensional Contou-
Carrere symbol of 2%t and h(z) times ij(i2j3 — i352).

Alternatively, if we sum term by term we can use the following Lemma.

Lemma 56 If k € Z and k # 0 then [, 9™~ dg =

27r\/ 1k°

Proof.
! V=Tk6 V=Iko _
0 2my/—1 do = / 0d 2m
/0 c 2/ —1k ¢
_ 0 27y/—1k0 |1 _/ 27r\/jlk9d9 —
a7 ﬁ_lk( € lo o )
1
- 2my/—1k
Then

112 f17f2af3)

//Qmﬁzlé)lx

ng ng Naiz+nzi
X E (1273 — igj2)b"2 M3 €2 2318 %

ng,nz3=1
X exp (271'\/ —1(k|j3‘22/d + k|j2|13/d)01) d91 AN d92 =

bug\/dcm\/de§\j3\i2/d+u2u3/d)>’“1

=Y 2nv/=Tiy(injs — izja)

ki1 27T\/—1k‘1‘j3|7;2/d+k‘1|j2|i3/d
s (bu3|/dcu2|/d€§|j3|z'z/d+u2u3/d))’“1
_s@gn(jB) ~41-d- k;l kl —

= — sign(js) - i1 - d - log (1 — plisl/dclizl/d “9"“3)’“1“)
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Then

I21 f17f27f3)

//277\/7]192><

no n3 Note+nsit
X E (i2js — igj2)b™2 M3 €223 %

77,2,77,3:1
X exp (27‘&'\/ —l(ngjz + Tlgjg)gg) d91 A d92 =
bliaI/dcliz|/d€(1|i3|j2/d+\i2ljs/d))k2

= > 21V =15 (injs — izjo)

— — +
Py 2mv/—1kalig|ja/d + kaliz|js/d
o (b\i3|/dc\i2I/deélisljz/dﬂiz\h/d))kz
=sign(is) -d - Z =
ka=1 ko

= — sign(is) - j1 - d - log (1 _ bm|/dc|i2|/d€;ign(i3>"n/d)

Case 3: Let f1 = 1 —az® oy, fy = bx®2y?2, fa = 1 — ca®3y?3.

[ e (2 ) -
To g
:A /0 (A Z _ilanle?lil egljl exp (271'\/3’&1@19’1 —|—j102) (d@i) %
ni=1
X (2my/=1)(iadfy + jodf2) A

o0
A\ Z Cn36?3i3€;3j3 exp (27T\/ —1(71323)91) exp (27T\/ —1(n3j3)92) (igdel + j3d92) =
n3:1
o0 . . . . .
_ Z Z1(22]3 _ 23]2)amcn3 ?111-&-”31367211]1'*-713]3 %
nity

ni,ng=1

1,1
X / / exp (277\/—1(7112'1 + n3i3)91) exp (277\/—1(n1j1 + n3j3)92) dfy A dfy =
0o Jo

The last double integral vanishes if nyi; + ngiz # 0 or if nij; + n3js #
0. If both myi; + n3iz = 0 and nij; + n3jz3 = 0 then the two vectors
(i1,43) and (j1,743) are linearly dependent. Let ny = klisg|/(i1,43) and
ns = k|i1|/(i1, i3).
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Note that i5j3 — i3j2 = 0. Then the contribution from Case 3: becomes

oo

273
I3 = E —==a" ™ =
n
k=1 1

-y i2J3(J1, J3) (a|j3|/<j1,j3>cm\/(jl,jg))’“ _

= skl

3 Z izj2 (i1, i3) (a\i3|/(i1,ig)c|i1\/(il,i;;))kz -
* lislke

= — sign(j3)j2(j1, 73) log (1 _ a|j3|/(j1’j3)c‘jl‘/(jlajS)) +

+ sign(is)j2 (i1, i3) log (1 - am‘/(h’is)clillm“”)

Case 4: Let f1 =1 — azylt, fo =1 — bx'2y’2, f3 = cxlsy’s.

The contribution from Case 4 is similar to Case 3.

o0 . . . .
iojs —1
I, = § 12J3 7 132 nipns _

k=1 e

— Z M (a\iz\/(il,iz)bﬁl\/(il,iz))kl _
o AL
=

- Z i3ja(j1, ja) (a|j2\/<j1,j2>b|j1|/<j1,j2>)’“2 _
|]2\k2

= — sign(iz)js(i1, 2) log (1 —al=2V/ <i1’f2>b'i1'/<m>) +

+ sign(ja)is(j1, j2) log (1 _ amvul,jz)bm\/(mg))

Case 5: Let f1 = a"y”, fo = a2y”, f3 = O(1 — ca™y’*).
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// df O(dfz df3> _
To f3
11 ([ )

27T\/ )(22d01 +]2d02)

A Z — (3N D308 ox (27mV/—1(ngiz)01) exp (2mv—1(n3js3)02) (izdby + jzdfa) =

’I’L3:1

1 1
:/ / m1i191><
0 Jo

o0

X Z CnSE?SiSGSSj?’ exp (27T\/—1(n3i3)91) exp (271'\/—1(713]’3)92) do; A dfy+

’ng:l

1 1
+//j1m102><
0o Jo
o0

X Z Cn36;L3i3633j3 exp (27’(\/ —1(n3i3)01) exp (27T\/ —1(7L3j3)92) d@l N d92

nz=1

The last integral is different from zero only if i3 = 0. In that case, we have
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[ (TR -
1 J1 3
:/0 /0 i101(—1i372) %

« Z e 71313 n3j3 exp (27T\/7(n313)91) exp (27‘(\/ (n333)92) dfy A dfs+

n31

1 .1
+/ / J102(i273) %
o Jo

X Z 0”3671131'3 eg3j3 exp (271'\/ 71(n3i3)01) exp (271'\/ 71(n3j3)92) dfy A dbs

n3—1

— § 711,&3]2 'n,3 713Z3+
n3is

ng=1
111233 n3 ’n3j3 _
- €7 =
n3t
a=1 303
3

__ hizje i (cet?)" + 1192]3 i (cep®) _
. - .

2 n
3 n3=1 ’73 n3—1 3

=i1j2 log(1l — ce’i ) — i9g1 log(1l — 062 2)

Thus, ‘ ‘
I5 =i1j2log(l — c(=P1)") — iz2j1 log(1 — (= P2)’?)

6: Let f1 = a1y, fo = B(1 — bx'2y’2), f3 = x®y73. Similarly to case 5, we
obtain

Is = igj1log(1 — b(—P1)"?) — iyjslog(1 — b(—P,)’?)

7: Let fi = A(L — ax™y’t), fo = a"2y?2, fy = a'oy/s.

// df (dfz df3> B

1, 1 f3

:/ / (/ Z —i1an1€?1i1631j1 eXp(?W\/jlnlilell)exp(Qwﬁnljlgz)d91> %
0 0 0 n1:1

X i2j31d91 AN deg =

s . . n n1i1 "lljl
1112730 tert ey
- X
nit

n11

X (exp (27‘(‘\/ —1(n1i1)91) — 1) exp(2wﬁn1j192)d01 AN d(92
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The integral is zero if j; # 0. If jo = 0 then we obtain

15 (%)

ni
/ Z ihigjza”t eyt exp (2mvV/—1(nqi1)61) df;—
nlzl

ni=1

ni 6’fblll

Z _ajsae T =0 —igj3log(1l — ael)

nit
ni—=1 101

Note that the last integral vanishes if i; # 0. However, if i, = 0 and
j1 =0 then f; =1 and the integral vanishes again. Thus,

I; = —my log(1 — ale)

8: Let fi = aty’t, fo = a™yl2, f3 = a'sys,
For this case it is better to use the notation I'2(f1, fa, f3) and I%1(f1, fa, f3)

from Subsection 1.3. Using that the logarithm of the Parshin symbol (see
[?]) can be written as

IY2(fu, foo f3) + TV2(f3, fu, f2) + TV (fas f3, f1)—
— I2Y(f1, fou f3) — I (f3 f1, f2) — T2 (fas fos f30 £3)

The iteration % o (% A ‘3{3) gives 4 from the above 6 terms, namely

(2mi)3
2

(i1i2]3 + 130173 — i3j1J2 — i2J3]1)
The ones that are not present are monomials i2i3j1 and joj3i1.

Definition 57 (Contou-Carrere symbol for surfaces) Let

fl _ alm”l(fl)y”(fl) H H (1 _ ail,jlmilyjl)a

11>—N j1>—Nj;

fo = ale’l(fQ)y”Q(fQ) H H (1— aig,jgxhyh))

i2>—N ja>—Ni,
f3 = agmm(fs)yw(fs) H H (1— aig,j3xi3yj3)-
13>—N j3>—Nig

Let

mi|/d |mz2|/d _|ms|/d sign(ma)d
T(ffed) =TT (1=l el ) ,

11,12,13,J1,J2,J3
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where my = igy1jkr2 — tkr2jkr1 for k modulo 3 and d is the greatest common
divisor of my, mo, ms3.

. . o sign(iayma /Gie.ia)\ —519n(F8)v1(f1)(52.78)
Qiinry=  T[ (1- o ppmsme)
v1(f1),42,3,52,53
% 12,1 i 99,1 sign(iz)m sign(is)va(fi)(iz;is)
QolfifofoP) = [ (12— a0zl prantiam/t)
v2(f1),12,3,52,53
Os(Fr fofa) = H (1 B a‘li3‘l/(i11i3)al_i1|_/(7;17i3))Sign(is)DQ(fQ)(i11i3)
9 ) 11,J1 13,73
v1(f2),91,43,51,73
Qulfr. for o) = I ( 81/, g3>a|11|/<31,33>>‘Si-""(j?’)”l(f"’)(j“ﬁ)
) ) 11,]1 13,73
va(f2),41,13,51,53
Ri(f1, f2, f3,P1) = H (1 = ag, g P (2Ive ) mvala)va(2)
vi(f2),v2(f3)v1(f3),v2(f2),i1
Ro(f1, fou f3, ) = H (1— ao j, PJ1)V1(fz)uz(fs) vi(f3)va(f2)

va(f2),v2(f3),v1(f3),v2(f2),41
S(f1, for f3) = (=), where A = iviojs+igisfy +isi1jo —i1j2s —i2jsir —isjrjo
Then the Contou-Carrere symbol is a formal product
{f1, f2. [3}6.0 =T (f1, f2, £3)S(f1, fa, f3) %
X H Ql(fluf27f37P1)Q2(f17f27f3aP2)Q3(f17f27f3)Q4(f17f27f3)X

cyclic
X H Rl(fla f27 f37 PI)RQ(fh fZa f3> P2)7
cyclic
where Hcyclic is a product over a cyclic permutation of the order of the functions
fl ) f27 f3 .

4.8.1 Semi-local formulas

Let fi =1—a1a"y?", fo =1 — aza™y?, f1 =1 — aga™y’s — agx’y’?,

/ dfi (dfz df3> _
v f1 fa f3

e’} oo 4

; 2 (ng + ny)! . . dxr d
SER A - EEEE T

J2 T ny  nzing! x Y

ni,n2,n3= = k=1

. [e’¢) 4
_ 12 / Z 3 (nS + Tl4)' H a,Zk.xiknkyjknk dj A @

1 Ina!

J2 T na g ma=1n ’I’L n3ing: e xT Yy
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. . oo o0
PO A D SRS SE-
J2 J3 Tnl,ng,n3=1n4=0 i
Let Z.Q
J2
1
{il ia i u}% N
J1 J2 J3 Ja i
Jo

13
Ja
11
J1

ng + ng)!

n3!n4!

19
J2

I«

k=1

i3
J3

0

dzx

Ng ik Nk, JkTk
BTV

12
Jo

13
Js

d
AN
y

;.3 ‘ # 0. Then by row reduction we obtain the following
3

14
Ja
12
J2
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13
J3
14
Ja

Then the sums have to vanish, >k = 1ipny, = Zizljknk = 0. Using the
above row reduction, we obtain

t2 i3
ny =/ . 2 | ki/d
! J2 J3 ’ 1/
i4 i3 7;2 Z'3
ne=|{—1 . S ol kga—1 J ok d
? ( Ja 73 * ‘J2 J3‘1>/
ig i4 i2 il
nyg=|—1{ . kg — | |k d
3 ( J2 J4 ! ‘]2 31‘1>/
i 13
ng =/, . 7 | ka/d,
* J2 J3 1/
where d is the greatest common divisor of 2 s , s , 2 s
J2J3 Ja 3 J2J3
2 M a2
J2 J4 J2
Let
M = 1_2 l'3 Jd — 2.2 1'4 /d
J2J3 J2 7
and
N=| " "1/
J2 N

Let also &3y and &x be a primitive M-th and N-th root of unity.
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. . oo [e'e) 4
2 13 / Z Z n3 -|—n4) Ha:kxik"kyj’“nkdfx A @ _
. . T .
J2 J3 T ni,n2,n3=1ns= 711 USRI k=1 z Y
. oo o0
_ ni _no m3 ng (n3+n4) _
= — — Q] Gy°a3° ) ————— =
nglng!
k1=1ka=0 kq .
Jz 33
=—d E g —a?1a§2 az +aq)"3 T =
k1=1k4=0
n
=—d E E —a'l”azz az +ay)" T =
ki=1ky= 0
2 3 ki/d | — 4 3 ky— 2 3 ky | /d
Ja I3 J2J3
=—d g g —al s X
ki=1ky= 0
M < j2 j3 ky— j2 j4 k4> /d
m m 2 3 2 4
X E (ng as + £M2a4)) X
mi,mo=1
) )
N - j2 jl k1/d
n n 2 1
X E (Entas + &y aq)) =

() s

= Z 1—a, (EMay + e\ J2 I8 J2 J4
mi,mo=1

d x Z log | 1—a} ay (Extas + ERayq) J2
’I’L1,7'L2:1

4.9 Non-commutative reciprocity laws on sur-

4.9.1

4.9.2

faces

Non-commutative reciprocity laws on surfaces for
differential forms of with logarithmic poles

Non-commutative reciprocity laws on surfaces for
any differential forms

)M

45
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Part 11

The Second Part
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Chapter 5

Multiple zeta values and
multiple Dedekind zeta
values

Multiple Dedekind zeta functions generalize Dedekind zeta functions in the same
way the multiple zeta functions generalize the Riemann zeta function. Let us
recall known definitions of the above functions. The Riemann zeta function is

defined as )
C(S) = Z Ea

n>0

where n is an integer. Multiple zeta functions are defined as

C(317--~75m): Z ;,

S1 Sm
0<n < -<np L m

where nq, ..., n,, are integers. Special values of the Riemann zeta function {(k)
and of the multiple zeta functions ((k1, ..., k) were defined by Euler [?]. The
Riemann zeta function is closely related to the ring of integers.

Dedekind zeta function (x(s) is an analogue of the Riemann zeta function,
which is closely related to the algebraic integers Ok in a number field K. It is
defined as .

(K (s) = Nerg(a)®”

a#(0)

where the sum is over all ideals a different from the zero ideal (0) and N(a) =
#|Ox /a| is the norm of the ideal a.

A definition of multiple Dedekind zeta functions should combine ideas from
multiple zeta functions and from Dedekind zeta functions.

There is a definition of multiple Dedekind zeta functions due to Masri [?].
Let us recall his definition. Let Kj,..., K,, be number fields and let Ok, for

49
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i=1,...,m, be the corresponding rings of integers. Let a;, fori =1,...,m, be
ideals in Ok, respectively. Then he defines

1
C(Klv"'de;Sl7'~~sm): Z

S1 Sm
0<N(a1)<--<N(am) N(ay)*r ... N(am)

We propose a different definition. The advantage of our definition is that it
leads to more properties: analytic, topological and algebraic-geometric. Let us
give an explicit formula for a multiple Dedekind zeta function, in a case when
it is easier to formulate. Let K be a number field with ring of integers Of.
Let Uk be the group of units in Ok. Let C be a cone inside of a fundamental
domain of O modulo Ug. (More precisely, C' has to be a positive unimodular
simple cone as defined in Section 5.2.2. A fundamental domain for O modulo
Uk can be written as a finite union of unimodular simple cones.) For such a
cone C, we define a multiple Dedekind zeta function

Cr:c(81,- 38153 Smy ey Sm) = (5.1)
1
) , , . (52)
s eC N(al)‘slN(al + a2)52 A N(a1 4+ .+ Oém)ém

The key new ingredient in the definition of multiple Dedekind zeta func-
tions is the definition of iterated integrals on a membrane. This is a higher
dimensional analogue of iterated path integrals. In the iterated integrals on a
membrane the iteration happens in n-directions. Such iterated integrals were de-
fined in [?] generalizing Manin’s non-commutative modular symbol [?] to higher
dimensions in some cases, essentially for Hilbert modular surfaces.

Structure of the paper:

In Subsection 5.1.1, we recall definitions of multiple zeta values and of poly-
logarithms by giving many explicit formulas. In Subsection 5.1.2, we generalize
the previous formulas to multiple Dedekind zeta values over the Gaussian inte-
gers via many examples.

In Section 5.2.1, we give two Definitions of iterated integrals on a membrane.
The first definition is more intuitive. It can be used to generalize the first few
formulas for MDZV over the Gaussian integers from Subsection 5.1.2. The
second Definition is the one needed for the definition of multiple Dedekind zeta
values. It is needed in order to express special values of the multiple Eisenstein
series via MDZV, when the modular parameter has a value in an imaginary
quadratic field.

In Section 5.2.2, we use some basic algebraic number theory (see [?]), in
order to construct the functions that we integrate. We use an idea of Shintani
(see [?], [?]) for defining a cone. We associate a product of geometric series to
every unimodular simple cone. This is the type of functions that we integrate.
Lemma 75 shows that a fundamental domain for the non-zero integer Ox — {0}
modulo the units Uk can be written as a finite union of unimodular simple
cones.



5.1. EXAMPLES 51

In Section 5.3, we define Dedekind polylogarithms associated to a positive
unimodular simple cone. Theorem 78 expresses Dedekind zeta values in terms of
Dedekind polylogarithms. The heart of the section is Definition 80 of multiple
Dedekind zeta values (MDZV) as an iterated integral over a membrane and
Definition 82 of multiple Dedekind zeta functions (MDZF) in terms of an integral
representation. Theorems 81 and 83 express MDZV and MDZF as an infinite
sum. At the end of the Section 5.3, we give many examples. Examples 1
and 2 are the simplest multiple Dedekind zeta values. Example 3 expresses
partial Eisenstein-Kronecker series associated to an imaginary quadratic ring
as multiple Dedekind zeta values (see [?], section 8.1). Example 4 considers
multiple Eisenstein-Kronecker series (for an alternative definition see [?], Section
8.2). Examples 5 give the simplest multiple Dedekind zeta functions. Example
6 is a double Dedekind zeta function.

In Section 5.4, we prove an analytic continuation of multiple Dedekind zeta
functions, which allows us to consider special values of multiple Eisenstein series,
examined by Gangl, Kaneko and Zagier (see [?]), as values of multiple Dedekind
zeta functions, (see Examples 7, 8, 9 in Subsection 5.4). Examples 10 and 11 are
particular cases of analytic continuation and of a multiple residue at (1,...,1).
The proof of analytic continuation is based on a generalization of Example 11
and a Theorem of Gelfand-Shilov (Theorem 84). At the end of Section 5.4.3,
based on Examples 10 and 11, we state two conjectures about MDZV.

5.1 Examples

We are going to present several examples of Riemann zeta values and multiple
zeta values in order to introduce key examples of multiple Dedekind zeta value
as iterated integrals. Instead of considering the ring of integers in a general
number field, which we will do in the later sections, we will examine only the
ring of Gaussian integers. Also, here we will ignore questions about convergence.
Such questions will be addressed in Subsection 5.2.2.

5.1.1 Classical cases: Multiple zeta values and (multiple)
polylogarithms

Let us recall the m-th polylogarithm and its relation to Riemann zeta values.
If the first polylogarithm is defined as

3

. o dr T 2
Lzl(xl):/ 702/ (1+x0+$3+~-~)d$0=1‘1+—1+—1
0 0

1—1'() 2 3+

and the second polylogarithm is
2 3

_ 2 dxy x5 a3
L = L _— = vy - e
i2(72) /0 i1(71) o ZTo + 92 + 32 +
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(Note that ¢(2) = Lia(1)), then the m-th polylogarithm is defined by iteration

Lim(2m) = / " L () EEm=L (5.3)
0

m—1

This is a presentation of the m-th polylogarithm as an iterated integral. By a
direct computation it follows that

2 333

x
Li, = — 4+ —+...
im () T+ omtant

and the relation
¢(m) = Lim(1)

is straightforward. Using Equation 5.3, we can express the m-th polylogarithm

d d d —
X X €X
0 A 1 A m—1

iy (@) :/ A .
0<x<T] < < Ty 11—z x1 Tm—1

t

Let x; = e~ ". Then the m-th polylogarithm can be written in the variables
to, ..., ty, in the following way

dtg A+ A db
Lip(e™'m) = / 0 L (5.4)
to>t1> >t et —1

This is achieved, first, by changing the variables in the differential forms

dro  _ d(~to) and dzi _ d(—t;)

1—x9 elo—1’ Z;

and second, by reversing the bounds of integration 0 < xg < 1 < -+ < Xy, V.S.
to > t; > -+ > t,,, which absorbs the sign. As an infinite sum, we have

—nt

Lin(e™t) =Y enm . (5.5)

n>0

In Subsection 5.1.2, we present a key analogy of Equations (5.4) and (5.5)
leading to Dedekind polylogarithms over the Gaussian integers. Equations (5.4)
and (5.5) will be generalized to Dedekind polylogarithms in Subsection 5.3.1 and
to multiple Dedekind zeta values in Subsection 5.3.2.

Below we present similar formulas for multiple polylogarithms with expo-
nential variables. We will construct their generalizations in Subsection 5.1.2.

Let us recall the definition of double logarithm

. 2 dxq w2 [ 20 gm > dzq
Lii (1,2 :/ Lii(x :/ L JRUCTN [t
1,1(1,72) ; 1( 1)1—951 ; (2 , " > o o

n1:1 ’I’L2:1

o0
M +n2

- Z ni(ny +ng)

ni,ne=1
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Let x; = e %. Then the Liy1(1, e*tQ) can be written as an iterated integral in
terms of the variables tg, t1,t2 in the following way

. _ dto N dty
Lip1(1,e ") = / .
to>t>t,>0 (€70 —1)(efr = 1)

As an infinite sum, we have

. s e—(nl-'r’ng)t
Lip(l,e™") = e A—— 5.6
1,1( ) W nl(nl ¥ TLQ) ( )
An example of a multiple zeta value is
> 1 ! dLL'Q
1,2) = —  — | Liji(z0) 2.
C( ) n1ﬂz2:1 nl(nl + TL2)2 A 1’1( 2) )
Thus, an integral representation of {(1,2) is
dto dty
¢(1,2) :/ A A dts. (5.7)
to>ti>t>0 (€0 — 1) (el —1)
Similarly,
dtg dty
€(2,2) = / 0 Adty A2 Adts. (5.8)
to>t1 >t >t3>0 (etO - 1) (6t2 - 1)

5.1.2 Dedekind polylogarithms over the Gaussian integers

In this Subsection, we are going to construct analogues of polylogarithms (and
of some multiple polylogarithms), which we call Dedekind (multiple) polyolog-
arithms over the Gaussian integers. We will denote by f,,, the m-th Dedekind
polylogarithm, which will be an analogue the m-th polylogarithm Li,,(e~t)
with an exponential variable. Each of the analogues will have an integral rep-
resentation, resembling an iterated integral and an infinite sum representation,
resembling the classical Dedekind zeta values over the Gaussian integers. We
also draw diagrams that represent integrals in order to give a geometric view of
the iterated integrals on membranes in dimension 2. We will give examples of
multiple Dedekind zeta values (MDZV) over the Gaussian integers, using the
Dedekind (multiple) polylogarithms.

We are going to generalize Equations (5.5) and (5.6) for (multiple) poly-
logarithms to their analogue over the Gaussian integers. We will recall some
properties and definitions related to Gaussian integers. For more information
one may consider [?].

By Gaussian integers we mean all numbers of the form a + ib, where a and
b are integers and i = y/—1. The ring of Gaussian integers is denoted by Z[i].
We call the following set C' a cone

C=N{1+i1—-i}={a€Z]i] | a=a(l +1i)+b(1—1); a,be N},
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where N denotes the positive integers. Note that 0 does not belong to the cone
C, since the coefficients a and b are positive integers. We are going to use two
sequences of inequalities

t1 > up > v1 > wy and to > ug > vg > wo,

when we deal with a small number of iterations. The reason for introducing
them is to make the examples easier to follow. However, for generalizations to
higher order of iteration we will use the following notation for the two sequences

t1,0>1t11 >1t12 > 113 and too > ta > too > to3.

We are going to define a function f, which will be an analogue of Lii(e™?). Let

folCstr te) = > exp(—aty —aty). (5.9)

acC

U1

U2
f1(Ciur,ug) = / / Jo(City,ta)dty A dts.
We can draw the following diagram for the integral representing fi.

U2

ta | fodti ANdta

+00
+oo tq Uy

The diagram represents that the integrant is fo(C;t1,t2)dt1 A dta, depending
on the variables t; and t5, subject to the restrictions +oo > t; > u; and
+00 >ty > us.

We need the following:

Lemma 58 (a)

(b) Let N(«a) = aw. Then

U1 U B L
/ / exp(—at; — atg)dty Adty = exp( ?\é[lz;) Ozuz)'

The proof is straight forward.
Using the above Lemma, we obtain

exp(—au; — @ug)

N(a)

fl(c;uhuz) = Z

aeC
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We define a Dedekind dilogarithm f5 by
U1 V2
fo(Csv1,v2) = / / f1(Csug, ug)duy A dug =
= / fQ(C, tl, tg)dtl A dtg AN d’LL1 A d’UQ (510)
t1>u1>v15 t1>u1>02

We can associate a diagram to the integral representation of the Dedekind dilog-
arithm fo (see Equation (5.10)).

V2

U2 duy A dusg

to fodt1 A dts

+o0o tq U1 U1

The diagram represents that the variables under the integral are 1, t2, w1, us,
subject to the conditions 400 > t1 > u; > vy and +00 >t > us > vy. Also,
the function fy in the diagram depends on the variables ¢; and to.

Similarly to Equation (5.3), we define inductively the m-th Dedekind poly-
logarithm over the Gaussian integers

t1,m ta,m
I (Citim, tam) = / / Jm—1(Cit1m—1,t2,m—1)dt1 m—1 A dta m_1,
o0 o0

(5.11)
where t190 > 121 > - > timo1 > timandtog >to1 > - > tam_1 > tom.
The above integral is the key example of an iterated integral over a membrane,
which is the topic of Subsection 5.2.1.

From Equation (5.11), we can derive an analogue of the infinite sum repre-
sentation of a polylogarithm (see Equation (5.5)).

€xXp —at ,m —at ,m
Fn(Citrmtom) = > ( Nl(a)m 2m), (5.12)
acC

The above Equation gives an infinite sum representation of the m-th Dedekind
polylogarithm over the Gaussian integers.

We derive one relation between the Dedekind m-polylogarithm f,,,, a Dedekind
zeta value over the Gaussian integers and a Riemann zeta value. For arithmetic
over the Gaussian integers one can consider [?].
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Lemma 59 For the Dedekind polylogarithm f,,, associated to the above cone
C, we have

fm(C;0,0) = 27" (Coe) (m) — ¢(2m)),

where (g;y(m) is a Dedekind zeta value and ((2m) is a Riemann zeta value.

Proof. We are going to prove the following equalities, which give the lemma.

1 _m 1
€00 2 Nty =2 2y ) M@

()£(0)CZ[i] €N

= 27"(Ca) (m) — C(2m)), (5.13)

The first equality follows from (5.12). The second and the third equalities relate
our integral to classical zeta values. The second equality uses two facts: (1) for
the Gaussian integers the norm of an element «, N(«), is equal to the norm of
the principal ideal generated by a, denoted by N((«)), namely N(«) = N((a)).
Recall that for the Gaussian integers the norm of an element «, is N(a) = a@,
and the norm of a principal ideal N((«)) is equal to the number of elements in
the quotient module

N((@)) = #|Z[i]/ ()],

where
(o) = oZli] = {p € Z[i] | 1 = apf for some B € Z[i]}

is view as a Z[i]-submodule of Z[i]. (2) the set of non-zero principal ideals can
be parametrized by the non-zero integers modulo the units. Since the units are
+1, £4, we have that () C Z][i], («) # (0) can be parametrized by elements of
the Gaussian integers with positive real part and non-negative imaginary part,
which we will denote by Cy. Multiplying each element of Cy by 1 — 4, we obtain
the union of the cone C' and the set {a + ai | a € N}. Summing over Cy gives
the Dedekind zeta value. Summing over (1 —)C gives 2—m(g(;)(m). Such a
sum can be separated to a sum over C', which contributes f,, and a sum over
the set {a + ai | a € N}, which gives 27™((2m).

Now we can define an analogue of the double logarithm Liy 1(1,e™") over
the Gaussian integers, using the following integral representation

f1,1(C5v1,v2) =/ / f1(Csuq,u2) fo(Csur, ug)dur A dug,

called a Dedekind double logarithm. Such an integral will be considered as an
example of an iterated integral over a membrane in Subsection 2.1. As an analog
for Equation (5.10), we can express fq,1 only in terms of fy by

fl,l(C; V1, 1}2) = / (fo(c, tl, tg)dtl/\dtg)/\(fo(ul, uz)dul /\dUQ).

t1>u1>v1; t2>ua>v2

It allows us to associate a diagram to the Dedekind double logarithm fi ;:
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V2

Uo fodu1 A dus

to | fodty A dts

“+00
+00 tl 3} U1

The variables t1, to, u1, us in the diagram are variables in the integrant. They
are subject to the conditions ¢; > u; > v1 and to > us > ve. Also, the lower
left function fj in the diagram depends on the variables ¢; and ¢ and the upper
right function fy depends on w; and us.

The similarity between f11(C;vi,v2) and Liy 1(1,e %) can be noticed by
the infinite sum representation in the following:

Lemma 60

Z exp(—(a+ B)vy — (@‘*‘B)W).

fra(Ci1,09) = N(a)N(a+3)

a,8eC

Proof.
fl 1(C Ul,UQ fl C u17u2)f0(c Ul,UQ)dUl AduQ

IECTEL T S R

8\

/oo
Cht /U2
[e's}

1
o

o0 aeC (Oé) BeC
B exp(—(a + B)ur — (@ + B)us) U ey —
-/ [ 2 N(@) dun A
7 exp(—(a+ B)vr — (@ + B)va)
- Z N(a)N(a+ B) '

a,BeC

Similarly to the Dedekind double logarithm f; ;, we define a multiple Dedekind
polylogarithm

w1 w2
f12(Cwy,w2) = / / J1.1(C501,v2)dvy A dvy.

We can associate the following diagram to the multiple Dedekind polylogarithm
Ji,2
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w2

(%) dvy A dvg

U2 fo d'LLl AN dUQ

to | fodty A dts

+00 t1 Uy U1 w1

The diagram represents the following: The variables of the integrant are 1, ts,
uy, U2, V1, v2. The variables are subject to the conditions ¢; > u; > vy > w;
and ty > us > vy > wo. The lower left function fy depends on the variables ¢,
and t2. And the middle function fy depends on u; and us. Thus, the diagram
represents the following integral:

f1,2(Cw1,w2) = (5.14)
= / (fO(C, t17t2)dt1 A dtg) AN (fo(c, ul,u2)du1 AN dUQ) AN (d?)l A dU2)7
D

wy,wy

where the domain of integration is
le,wg = {(tl,tg,ul,UQ,U1,U2) S RG | t1 > up > v > w and to > ug > vy > wg}

A direct computation leads to

5 exp(—(a + B)wy — (@ + Blws)

fl,z(c; w17w2) = N(a)N(a +5)2

a,BeC

We define a multiple Dedekind zeta value as

C@(i);0(1?17272) f12 O 0 O Z N
a,BeC

a—l—ﬁ)

Now let us give a relation between multiple Dedekind zeta values and iterated
integrals. We use the following pair of inequalities in the following Sections
tLO > t171 > t172 and tg,o > tg,l > tg,g, instead of t; > uy > v1 > wy and ty >
ug > vy > Ws, since using such notation it is easier to write higher order iterated
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integrals. In this notation, from Equation (5.11) , we obtain

f2(Csti2,t22) = (5.15)

= / (fo(Cit1,0,t2,0)dt1,0 Adtag) A (dt1 1 Adtan).
t1,0>t1,1>11,2; t2,0>t2,1>122

and
J1.1(Cit12,t22) = (5.16)

(fo(Citr0.t2,0)dtr 0 Adtag) A (fo(Citi,tan)dtyy Adtay).

/tl,o>t1,1 >ti1,2; t2,0>t2,1>12,2

In the next Section, we generalize the (iterated) integrals appearing in Equa-
tions (5.11) (5.14), (5.15), and (5.16), called iterated integrals over a membrane,
(see Definition 61).

The next two Examples are needed in order to relate multiple Dedekind zeta
values to values of Eisenstein series and values of multiple Eisenstein series (see
[?], see also Examples 7, 8, 9 at the end of Section 5.3). The integrals below
will present another type of iterated integral on a membrane, (see Definition 63)
leading to a multiple Dedekind zeta values.

We define the following iterated integral to be a multiple Dedekind zeta value

CQ(Z‘);C(?’; 2) = / fo(c; t1, tQ)dtl Aduy Advy Adta Adus. (517)

t1>u1 >v1>0;5 ta>ue>0
The reason for such a definition is its infinite sum representation

1
Caeiyie(3;2) = Z 32 (5.18)
o’
aeC
which can be achieved essentially in the same way as for the other multiple
Dedekind zeta values. We can associate the following diagram to the integral

representation of (g;);c(3;2) in Equation (5.17).

0
U2 dus T
— —
tQ fodtl A dtQ dU1 dUl
+oo

400 t uy U1 0
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The arrows in the diagram signify the direction of decrease of the variables
It is important to consider the variables only in the
horizontal direction and then only in vertical direction. In horizontal direction,
we have fo(C';t1,t2)dty followed by duy and dvy, The integration with respect
to the variables t1,u1,v1 leads to 1/a® in the summation of Equation (5.18).
In vertical direction, we have a double iteration. First we have fo(C;t1,t2)dts
followed by us. That leads to 1/&? in the summation in Equation (5.18).

in differential 1-forms.

Diagrams associated to the integral representation of (g(;);c(3;2) (Equations
(5.17)) are not unique. Alternatively, we could have used the diagrams

0
U2 dug T
— -
tg fodtl A dtQ du1 d’U1
+00
+oo t U1 U1 0
or
0
_>
(5] duy A dug T
ta | fodty A dto dvy —
+00
+oo t U1 U1 0

Consider the following diagram, associated to a more complicated MDZV,
for the purpose of establishing notation.
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0
V2 dvg T
U2 fod’Ul A dUQ
to fodtl A dto du; — dw, —
+00
+o00 t U1 U1 w1 0

The diagram encodes that +00 > t1 > uy > v1 > wy > 0 and +00 >ty > ug >
v > 0. Consider the horizontal direction of the diagram and Equation (5.8).
We have fydt,, followed by dui, fodvi and dw;. That gives an analogue of
¢(a,c) = ((2,2) in horizontal direction for (a,c) = (2,2). Consider the vertical
direction of the diagram and Equation (5.7). We have fodts, followed by fodus
and dvg. That gives an analogue of ((b,d) = ((1,2) in vertical direction, for
(b,d) = (1,2). We write

Cogiyo,cla, bye,d) = Couye,o(2,152,2)

for the multiple Dedekind zeta function associated to the above diagram. We
leave proof of the following statement is left to the reader

1
aeo(2,1;2,2) = —
Catiyool ) aéc o?a' (a+ )X (a+ f)?

In Section 5.3, we use iterated integrals over a membrane to define multiple
Dedekind zeta values associated to any number field.

5.2 Arithmetic and geometric tools

5.2.1 [Iterated integrals on a membrane

Let D be a domain defined in terms of the real variables ¢, ; for i = 1,...,n and
j=1,...,m, by

D={(t11,---stnm) ER"™ | t;1 >tia> - >t;;m>0fori=1,...,n}
For each j =1,...,m, let w; be a differential n-form on C". Let

g:(0,4+00)" — C"
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be a smooth map, whose pull-back sends the coordinate-wise foliation on C™ to
a coordinate-wise foliation on (0, +00)". We will call such a map a membrane.
One should think of the n-forms g*w; as an analogue of fo(C;t1,t2)dt1 A dta
from Equation (5.9).

Definition 61 An iterated integral on a membrane g, in terms of n-forms w;,
j=1,...,m, is defined as

/wl...wm:/ /\g*wj(tl’j,...,tn’j). (519)
g D j=1
Definition 62 A shuffle between two ordered sets
S1=A{1,....p}

and
s a permutation T of the union Sy U Ss, such that

1. for a,b € Sy, we have 7(a) < 7(b) if a < b;

2. for a,b € Sy, we have T(a) < 7(b) if a < b;

We denote the set of shuffles between two ordered sets of orders p and q, respec-
tively, by Sh(p,q).

The definition of an iterated integral on a membrane is associated with the
following objects:

1. g:(0,4+00)™ — C", a membrane (that is a smooth map, whose pull-back
sends the coordinate-wise foliation on C" to a coordinate-wise foliation on
(0, +00)™).

2. wi,...,wn, differential n-forms on C";

3. m; copies of differential 1-forms dz; on C™, for i =1,...,n;
4. a shuffle 7; € Sh(m,m;) for each i =1,... n;

5. 7 =(71,...,Tn), the set of n shuffles 7, ..., 7,.

Definition 63 Given the above data, we define an iterated integral on a mem-
brane g, involving n-forms and 1-forms, as

/ W1« wip(dz)™ L (dzy) ™ =
(9,7)

m n m4m;
:/ H g*wj (tl,ﬁ(j); ce ,tann(j)) /\ /\ g*dzm, (520)
D\ j=1 i=1 j=1

where t; j = g*z;; and also t; j belong to the domain

D = {(tl,l; - ,tn’m) € R™” | ti71 > ti,g > > ti7m+mi > 0}‘
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Remark: Comparing the Definitions 61 and 63, one can notice that there
is no sign occurring. The reason for that is the following;:

1. In Definition 61 we use a domain D, whose coordinates are ordered by
i, tnts t1,2, -5 tn2s <oy timy .- tn,m. It is the same as the order
of the differential 1-forms under the integral in Equation (5.19).

2. In Definition 63 we use a domain D, whose coordinates are ordered by

tl,l» ce ;tl,m+m17 t271, PN 7t2,m+m27 PN 7tn,17 N atn,m+m”- It is the same
as the order of the differential 1-forms under the integral in Equation
(5.20).

Thus, if my = -+ = m, = 0, both definitions lead to the same value, since

the permutation of the differential forms coincides with the permutation of the
coordinates of the domain of integration. Thus, the change of orientation of
the domain of integration coincides with the sign of permutation acting on the
differential forms.

Theorem 64 (homotopy invariance) The iterated integrals on membranes from
Definition 63 are homotopy invariant, when the homotopy preserves the bound-

ary of the membrane.

Proof. Let g be a homotopy between the two membranes gy and g;. Let

m n m-+m;
[wiGinon o znno) | NN dz
j=1 i=1 j=1

Note that € is a closed form, since w; is a form of top dimension and since
dz; ; is closed. By Stokes Theorem, we have

0= / / g dQ) =
—/ f/ Q+ (5.21)
(91,7) (g0,7)

s=1 n m+m1
/ / g0+ (5.22)
D|(zl i=7%i, 7+1)

=1 j=1

s=1 n
/ / g0 (5.23)
DI Zi m+m —0

We want to show that the difference in the terms in (6.4) is zero. It is enough
to show that each of the terms (6.6) and (6.7) are zero. If z; ; = 2; j+1, then
the wedge of the corresponding differential forms will vanish. Thus the terms
in (6.6) are zero. If z; ;1 = 0 then dt; mim, = 0, defined via the pull-back
g*. Then the terms (6.7) are equal to zero.
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5.2.2 Cones and geometric series

Let n = [K : Q] be the degree of the number field K over Q. Let Ok be the
ring of integers in K. And let Uy be the group of units in K. We are going to
use an idea of Shintani [?] by examining Dedekind zeta functions in terms of a
cone inside the ring of integers.

We define cone for any number ring. The meaning of cones is roughly the fol-
lowing: summation over the elements of finitely many cones would give multiple
Dedekind zeta values or multiple Dedekind zeta functions.

Definition 65 We define a cone C to be
C=N{ey,...,ex}={a €Ok | a=aje; + - agey fore; € Ok and a; € N}
with generators ey, ..., €.

For the next definition, we are going to use that a number field K can be
viewed as an n-dimensional vector space over the rational numbers Q.

Definition 66 An unimodular cone is a cone with generators eq,...,ex such
that ey, ..., e, as elements of K are linearly independent over Q, when we view
the field K as a vector space over Q.

Note that if C' is an unimodular cone then 0 ¢ C| since ey, .. ., ey, are linearly
independent over Q and the coefficients a1, ..., a, are positive integers.

Definition 67 We call C' an unimodular simple cone if for any embedding o; of
K into the complex numbers, o; : K — C and a suitable branch of the functions
arg(z), we have that the closure of the set arg(a(C)) is an interval [0y, 01], such
that its lengths is less than 7, namely, 6; — 0y € [0, 7).

In particular, the cone
C={acZi]|a=a(l+i)+b1+1i),a,beN},
considered in Subsection 5.1.2, is an unimodular simple cone, since arg(o(«)) €

(—m/4,7/4) and arg(oz()) € (—w/4,7/4), for each a € C. The maps o1 and
09 are complex conjugates of each other.

Definition 68 (Dual cone) For an unimodular simple cone C with generators
e1,...,ex, we define a dual cone of C to be

C*={(z1,...,2n) € C" | Re(zioi(e;)) >0 fori=1,...,n, and j=1...,k}

Clearly, if C'is an unimodular simple cone then the dual cone C* is a non-empty
set. One can prove that by considering each coordinate of C*, separately.



5.2. ARITHMETIC AND GEOMETRIC TOOLS 65

Definition 69 For an unimodular simple cone C, we define a function

n

fo(Csz1,. 0 20) = Zexp(—Zai(a)zi), (5.24)

aeC =1

where o1,...,0, are all embeddings of the number field K into the complex
numbers C and the domain of the function fy is the dual cone C*.

Lemma 70 The function fo is uniformly convergent for (zi,...,z,) in any
compact subset B of the dual cone C* of an unimodular simple cone C.

Proof. From the Definition 68, we have Re(o;(e;)z;) > 0. Let
n
y; = | [ exp(—oi(e;)z). (5.25)
i=1

Then |y;| < 1 on the domain B. Moreover, |y;| achieves a maximum on the
compact subset B. Let |y;| < ¢; < 1 on the compact set B for some constant
¢j. Then the rate of convergence of the geometric sequence in y; is uniformly
bounded by ¢; on the compact set B. Therefore, we have a uniform convergence

of the geometric series in y;. The function fo(C;z21,...,2,) is a product of k
geometric series in the variables y1, . .., yx each of which is uniformly bounded in
absolute value by the constants ¢y, ..., ¢, on the domain B, respectively. Then,
we obtain that
k
. _ Yj
j=1

Corollary 71 The function fo(C;z1,...,2,) has analytic continuation to all
values of z1,...,z,, except at

Z oi(ej)z € 2mil,

i=1
forj=1,.. k.

Proof. Using the product formula 5.26 in terms of geometric series in y;, we see
that the right hand side of 5.26 makes sense for all y; # 1. This gives analytic
continuation from the domain C* to the domain consisting of points (y1, ..., yn)
with y; # 1.

Definition 72 (positive cone) We call C' a positive unimodular simple cone if
C' is an unimodular simple cone and the product of the positive real coordinates
is in C*, namely

(Rso)" C C*

as subsets of C™.
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Lemma 73 If C is an unimodular simple cone then for some a € Ok we have
that
aC={af | g€ C}

18 a positive unimodular simple cone.

Proof. In order to find such an elements «, we need to recall properties of real
or complex embeddings of a number field K.

The degree of a number field n = [K : Q] is the dimension of K as vector
space over Q. Then there are exactly n distinct embeddings K — C. Let
the first r; embeddings, o1,...,0,,, be the ones whose image is inside the real
numbers. They are called real embeddings. Let the next r, embeddings be
complex embeddings, which are not pair-wise complex conjugates of each other.
Let us denote them by oy, 4+1,...,0,+r,. Let the last ro embeddings be the
complex conjugates of previously counted complex embeddings, namely,

Orytra+i(B) = 0ry +i(6),

fori=1,...,r9. We also have that n = r{ + 2rs.
Let Vi be a n dimensional real vector subspace of C™ defined in the following
way:

Ve = {(z1s0:120) € € | (21,1 20,) € R,
(Zr1+17 . ~7ZT1+T2) € (C'fz7 and

(ZT1+T’2+17"'7ZT1+27’2) (ET1+1P"’§T1+T2)}

Now, we proceed with the proof of the Lemma in six Steps.
Step 1. K is dense in Vg.
Step 2. Vg N C* in non-empty.
Step 3. Ve N C* is an open subset of Vg.
Step 4. K N C* is non-empty.
Step 5. O N C* is non-empty.
Step 6. aC' is a positive unimodular simple cone for any a € Og N C*.
(Step 1) Recall also the product of the n embeddings of K to the space Vi,

n

Hoi:K%VR,

i=1

mapping S € K to (01(8),...,0.(8)) € V& has a dense image.
(Step 2) Indeed, let z; be the i-th coordinate of C*. The first r; coordinates

21, ..., 2r, Of C* can be real numbers (positive or negative), since o;(K) C R
for i = 1,...,r;. Thus, the first r; coordinates can be both in V and in C*.
For the coordinates z,,41,...,2r,+r, of C* there are no restrictions when we

intersect C* with Vg. For the last ro coordinates of C* we must have that
Zri4re+i = Zr +i i order for the coordinates to be in the intersection C* N Vg.
Since, 0y, 4ry+i(8) = 0, +4(8), we have the conditions on the (r; 4 ¢)-coordinate
and on the (r1 + ro + 4)-coordinate of a point in C* to be in Vi are

Re(zn-&-ian-ﬂ'(ﬁ)) > 0,
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for g € C and 2y, yry+i = Zr,+i- The last condition implies that

Re(ZT1+T2+iJT1+7‘2i(6)) = Re(2T1+iUT1+i(ﬁ>) > 0.

Thus, such a point (z1,...,2,) is in C* N V.

(Step 3) It is true, since C* is an open subsets of C"

(Step 4) Since K is dense in Vg (Step 1) and Vg N C* is open in Vg (Steps
2 and 3), we have that K N C* is non-empty.

(Step 5) If @« € K N C* then for some positive integer L, we have that
La € Ok, and also, La € C*, since C* is invariant under rescaling by a positive
(real) number L.

(Step 6) Let (t1,...,t,) € R%; and let § € C. Put z; = t;04(a). Then
(#1,...,2n) € C*.

Re(tiai(aﬁ)) = Re(tlaz(a)m(ﬂ)) = Re(zlaz(ﬂ)) > 0.

5.2.3 Cones and ideals

In this Subsection, we are going to examine union of cones that give a funda-
mental domain of the ring of integers Ok modulo the group of units Ux. We
also examine a fundamental domain of an ideal a modulo the group of units Uk .

Definition 74 We define M as a fundamental domain of
Ok — {0} mod Uy.

For an ideal a, let
M(a)=MnNa.

Lemma 75 For any ideal a the set M(a) can be written as a finite disjoint
union of unimodular simple cones.

Proof. It is a simple observation that M (a) can be written as a finite union
of unimodular cones. We have to show that we can subdivide each of the
unimodular cones into finite union of unimodular simple cones.

Let o1, ...,0., bethereal embeddings of the number field K and let o, 11,...,0r, 11,
be the non-conjugate complex embeddings of K. We define

T ={-1,1}" x (8",
Let C' be an unimodular cone. We define a map J by

J:C—=T
o ( o1(@)) . Oriera(a)) >

o (@) Jortra ()]

Denote it by C the closure of the image of .J in 7. Then one can cut the cone C
into finitely many cones C; such that for C; and any embedding ¢ of K into C,
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we have that arg(c(C)) € [0y, 01], for 81 — 0y € [0, 7). Then C; is an unimodular
simple cone. Thus, the cones C;’s are finitely many unimodular simple cones,
whose (disjoint) union gives the set M (a).

For an element « in a ring of integers O, denote by («) the principal
ideal generated by a. Then Ng /q((c)) denoted the norm of the principal ideal
generated by a. We have that Ng,g((«)) is a positive integer equal to the
number of elements in the quotient O /(a). Also Nk g(a) is the norm of the
algebraic number «. This is equal to the product of all of its Galois conju-
gates, which is an integer, possibly a negative integer. We always have that
Nic/a((@)) = [Ni/g(a)).

However, for elements of an unimodular simple cone, we can say more.

Lemma 76 Let C' be an unimodular simple cone. Then for every a € C, we
have

Nijo((@)) = e(C)Nijg(a),
where €(C) = £1 depends only on the cone C, not on .

Proof. Note that on the left we have a norm of an ideal and on the right we
have a norm of a number. Since C' is a simple cone, we have that for all real
embeddings o : K — R, the signs of o(a) and o(5) are the same for all « and
in C. Let €, be the sign of o(«) for each real embedding o. Then the product
over all real embeddings of ¢, is equal to €(C).

5.3 Multiple Dedekind zeta functions

5.3.1 Dedekind polylogarithms

Let us recall the Dedekind zeta values

Cr(m) =
a#(0)

1
Nk jo(a)™’

where a is an ideal in Og.

We are going to express the summation over elements, which belong to a
finite union of positive unimodular simple cones. We will define a Dedekind
polylogarithm associates to a positive unimodular simple cone. The key result
in this subsection will be that a Dedekind zeta value can be expressed as a Q
linear combination of values of the Dedekind polylogarithms.

We also define a partial Dedekind zeta function by summing over ideals in
a given ideal class [a]

Crjap(m) = > Niyg(b)™™,

be(a]

Let us consider a partial Dedekind zeta functions (g [qj-1(m), corresponding
to an ideal class [a] !, where a is an integral ideal. For every integral ideal b in
the class [a] ™!, we have that

ab = (a),
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where o € a. Then

Nig(b) = Ngjg(a)” "Nk /g((a)).
Let @
M(a) = | J Ci(a),
=1

where n(a) is a positive integer and C;(a)’s are unimodular simple cones. Let «;
be an element of the intersection of Ok with the dual cone C;(a)*, then a;C;(a)
is a positive unimodular simple cone (see Lemma 73).

Then,

CK,[a]_l(m) = Z NK/Q(b)_nl =
bela] 1t
n(a)
= Nigsa(@)™ D e(Ci(a))"N(@)™ > Nicjgla) ™, (5.27)

i=1 aca;C;(a)

where €(C;(a)) = 1, depending on the cone, Nk /g(a) is a norm of the ideal a
and N(a;) is the norm of the algebraic integer ;.

We are going to give an example of higher dimensional iteration in order
to illustrate the usefulness of this procedure. For a positive unimodular simple
cone C', we define

Ul Un
fm(C;ul,...,un):/ / fm_l(c;tl,...,tn)dtl/\"'/\dtn,

where t; € (u;,+00). This is an iteration, giving the simplest type of iterated
integrals on a membrane. We start the induction on m from m = 0. Recall that
fo was introduced in Definition 69.

Note that a norm of an algebraic number « can be expresses as a product
of its embeddings in the complex numbers o1 (), ..., on ().

NK/Q(OZ) = 0'1(04) . on(a).
Integrating term by term, we can express f,, as an infinite sum

exp(— i, oi(a)t:)
Nk g(a)™ .

fm(C;tl,...7tn) = Z

acC

Note that a cone C' is a linear combination of its generators so that the coeffi-
cients of the generators are positive integers. In particular, 0 is not an element of
an unimodular simple cone C, since then the generators are linearly independent
over Q. Thus, there is no division by 0.

Definition 77 We define an m-th Dedekind polylogarithm, associated to a num-
ber field K and a positive unimodular simple cone C, to be

Lif(C; X1,..., X)) = fm(C; —log(X1), ..., —log(X,)).
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Theorem 78 Dedekind zeta value at s = m > 1 can be written as a finite
Q-linear combination of Dedekind polylogarithms evaluated at (X1,...,X,) =

1,...,1).

Proof. If ay,...,a, are integral ideals in O, representing all the ideal classes,
then using Equation (5.27), we obtain

n(a);

h
Cr(m) = ZNK/@(aj)m > e(Cila) ™ N(aiy)™ fn(ci,;Ci(a;),0,....,0),

i=1
where Cj(a;) are unimodular simple cones such that

n(a);

U Cilay) = M(ay)

i=1

and €(Cj;(a;)) = =1, depending on the cone (see Definition 74 and Lemma 75).
Let oy ; € Ci(a;)*NOk be an algebraic integer in the dual cone of C;j(a;). Then
by Lemma 73 we have that «; ;C;(a;) is a positive unimodular simple cone. The
iterated integrals are hidden in the functions f,,. Consider Definition 61 with
differential forms

wi = folai;Ci(a;); 21, ..y zp)dz1 A+ Adzy,

Wy =w3 ="+ =Wy, =dz; A--- Adz,.

And let g be inclusion of (0, 00)™ in C™. Then the corresponding iterated integral
on a membrane gives

fm(amC’i(aj);tl, e ,tn).

5.3.2 Multiple Dedekind zeta values

We recall an integral representation of a multiple zeta value

1
C(ha ks k) = Y

0<ng < <N ny - Mm

has the following integral representation (see for example [?]):

d d d
c(klak%'”vkm):/ 1 /\<x2/\/\xk1
0 1—.%'1

<T1 < <Thy+-+kpm ) mkyl
d$k1+1 A <dmk1+2 Ao A d'rkl-‘rkz) A

) A (5.28)

1- Lki+1 Lhi+2 Lhy+ko
ALkt tl <dl’k1+---+km_1+2 An dﬂﬁk1+~--+km>
L =2y b1 41 Thyt ko142 Thyt otk
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Note that there are essentially two types of differential 1-forms under the
integral: dz/(1—z) and dx/z. If we set z; = e~ ', then we obtain the following
formula, needed for the generalization to multiple Dedekind zeta values:

dt
C(klak27---7km):/ L A (dbg A Adtg,) A (5.29)

t1
tl>"‘>tk:1+---+km>0 et 1

dtk +1
T 7 N (ka2 A Adtr,) A

7 S |
exlirl...+km71+1l _ 1 /\ (dtk1+"‘+km—1+2 /\ e /\ dtk1+"‘+km,)

Note that in Equation (5.29), we have used m copies of dt/(e! —1). To find
their order, first we shuffle a set S with m elements (corresponding to m copies
of dt/(e'—1)) with another set Sy consisting of m; = —m-+ky+- - -+k,, elements
(corresponding to my copies of dt). We choose a shuffle 71 € Sh(m,m1), such
that 71(1) = 1. The reason is that the first differential form in the iterated
integral in Equation 5.28 has to be dx/(1 — ), which is needed for convergence.
The corresponding 1 forms in Equation (5.29) is dt/(e? —1) The relation between
the shuffle 7, and the set of integers ki, ..., k,, is the following:

1:’7'1(1)
k’l + 1 :7'1(2)
ki +ks+1 :7'1(3)

kit t ko1 +1=11(m)
ki + -+ kmnm_1 + k., = number of differential 1-forms

The integers 1, k1 +1,k1 +ko+1,..., k1 + -+ km_1 + 1, are the values of the
index i, where the analogue of the form dt;/(e'* —1) appears under the integral,
not the form dt;. (see Equation (5.29))

In order to define multiple Dedekind zeta values, we will use n shuffles of
pairs of ordered sets, where n = [K : Q] is the degree on the number field.

Let mq,...,m, be positive integers. (The positive integer m; will denote
the number of times the differential form dz; occurs.) We define the following
ordered sets:

S={1,2,...,m},

Si={m+1,...,m+m;},

Definition 79 Denote by Sh'(p,q) the subset of all shuffies 7 € Sh(p,q) of the
two sets {1,...,p} and {p+1,...,p+ q} such that 7(1) =1
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For the definition of multiple Dedekind zeta values at the positive integers,
we use Definition 63, where we take the n-forms to be

wj; = fO(Oj,Zl,...,Zn)dzl /\.../\dzn’

for j =1,...,m, where C1,...,C,, are positive unimodular simple cones, and
the 1-forms to be dz; on C™ occurring m; times for i = 1,...,n.

Definition 80 (Multiple Dedekind zeta values) For each i =1,...,n, let ; €
Sht(m,m;). We define the integers k; ; and m; in terms of the shuffle 7; via
the following relations

1=r7(1) (5.30)

kin+1=m(2) (5.31)
kig+kiz+1=7(3) (5.32)

kir+- - +kimo+1=m(m) (5.33)
kiax -+ kim—1+ kim =m+m; (5.34)

We define multiple Dedekind zeta values at the positive integers by

CK;Cthm (k1717 ceey kl,m; e kn,lv ey kn,m) = / w1 .. .wm(dzl)ml - (dzn)m"

(9,7)

Theorem 81 For the general form of a multiple Dedekind zeta value, we need:
a number field K ; positive unimodular simple cones Cy,...,Cy, in Ok ; elements
a; € Cj for j =1,...,m; complex embeddings of the elements o, ; = o;(c).
Then a multiple Dedekind zeta value has the following representation as an
infinite sum

CK;CI,...Cm (kl,la ceey kl,m; cees kn,la ceey kn,m) =

=5 > TITI (it + -+ aig) s (5.35)

a1€Cy am €Cy, i=1j=1

Proof. There are n different embedding o1, ..., 0, of K into C. Givenk; 1,...,kim
we find m; using Equation (5.34). Then we find 7; by the values at 1,2,...,m
obtained from Equations (5.31), (5.32), (5.33).

Now we use Definition 80 of a multiple Dedekind zeta value in terms of iter-
ated integrals on a membrane from Definition 63. We are going to follow closely
Equation (5.29). The variable ¢1 ; enters as a variable of the function fo(Ci;---),
the variables t1 2, ...,t1k, , appear as differential 1-forms dt; o, ..., dts k., , since
T1(2) = k11 + 1 (see Equation (5.31)). Recall that 01 : K — C is an embed-
ding of K into the complex numbers and «;; = o01(e;). Thus integrating

. . . k .
with respect to t11,...,%1,5,, gives us denominators 04111’1, associated to each
a; € Cp Then ty, 41 enters as a variable in the function fo(Co;---), since
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71(2) = k1,1 + 1. Then the variables t1 5, ,42,...,t1 %, 1+ » appear as differen-
tial 1-forms dty g, 12, .., dt1 ky 1k, o, Since 71 (3) = k1 14+k12+1 (see Equation
(5.32)). Thus integrating with respect to ¢1,1,...,%1,k, , gives us a denominators

k . -
al)ll‘l (01,1 + aLg)kW7 associated to each a; € Cp and each ay € Cy. Continuing
this process to the variable t1 ;,,1m,, We obtain a denominator

m

k1,;
[T+ 4ai )™,
j=1

associated to each m-tuple (o, ..., a.), where a; € C;. There are n different
embeddings o1,...,0, of K into C, where n = [K : Q] is the degree of the
number field. So far we have considered the contribution of the first embedding.
The contribution of the first and the second embedding is obtained in essentially
the same way as for the first embedding. It gives a denominator

m

k1, ko j
[T+ +a)™ (ags +- +az;)™
i=1

associated to each m-tuple (a1,...,am), where o; € C;. Similarly, after inte-
grating with respect to all the variables ¢; ; we obtain a denominator

n m
ITIT (i - i)™,
i=1j=1

associated to each m-tuple (o, ..., an), where o;j € C;. Then the numerators
are all equal to 1 since the lower bound for the variables under the exponents
in fo(Cj;---)is 0. Thus, the exponents become equal to 1.

The following examples of MDZV give analogues of Dedekind zeta function
and of (multiple) Eisenstein-Kronecker series.

Examples: 1. Let C be a positive unimodular simple cone in the ring of
integers O of a number filed K. In m = 1 and if all values k; ; are equal to k,

then
1

Crio(k,... k)= ZW'

aeC
Note that the number 0 does not belong to any unimodular simple cone C.
2. Let m = 2, and let
k=kij=-=kna
and
l:k1,2:"':kn,2

be positive integers greater that 1. Finally, let C; and C5 be positive unimod-
ular simple cones in the ring of integers Ok of a number field K. Then the
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corresponding multiple Dedekind zeta value can be written both as a sum and
as an integral:

1
Nk o(@)* Nk jg(a + B)!

CK;C1,Cz(ka .o .,k‘;l, oo ,l) =
aeCq,BeC>

(5.36)

3. Let K be an imaginary quadratic field. Let C be a positive unimodular
simple cone in O . We can represent the cone C' as an N-module: C' = N{y, v},
for p,v € Og. Put z = p/v. Consider then

1 o 1
ok k) = N > Taz T oP%
aeC a,beN

where the last sum is a portion of the k-th Eisenstein-Kronecker series. Such
series could be found in [?]

1
Bie)= )
a,b€Z;(a,b)#(0,0)

4. With the notation of Example 3, we obtain an analogue of values of
multiple Eisenstein-Kronecker series
1
|az +b**|(a + c)z + (b +d)[*

CK;C,C(ka k; la l) = |V‘7kil Z

a,b,c,deN

An alternative generalization was considered in [?], Section 8.2.

5.3.3 Multiple Dedekind zeta functions

We will try to give some intuition behind the integral representation of the
multiple zeta functions (see in [?]). After that we will generalize the construction
to define the number field analogues - multiple Dedekind zeta functions. In order
to do that, we give two examples - one for ((3) and another for (1, 3).

‘We have
d d d
4(3):/ 1, 4% 4T3
O<zi<zTo<z3<l 1 — I x2 td

_/ dtq Adts A dts .
t>ta>t3>0 el —1

7/00 t1dty
o TE)En 1)

The first equality is due to Kontsevich. The second equality uses the change
of variables z; = e~ %. Both representations were examined in more details in
Section 5.1. The last equality uses the following equation

(b—a)"
dty Adtg A--- ANdt,, = ———, 5.37
/b>t1>t2>~~->tn>a ! 2 ! F(TL + 1) ( )
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whose proof we leave for the reader.
Similarly,

= | don | doo | day doy
0

<z1<za<m3<mye<l 1—m 11—z x3 X4

_/ dtq Adtg Adts A dity .
t1>to>t3>t4>0 (etl - 1)(et2 - 1)

/ dtl tgildtQ

= /\ =

>0 L(1)(efr —=1)  T'(3)(ef2 — 1)
1-1

7/ wy”tuy tduy A dug
o002 TTE) (e ¥z = 1)(evz — 1)

The first two equalities are of the same type as in the previous example. For the
third equality we use Equation (5.37). For the last equality we use the change
of variable

ty = Uz,

t1 = u1 + uo,

where u; > 0 and uz > 0. Following [?], we can interpolate the multiple zeta
values by

. S uy A Adu
csa) = T(s1) ™ T(sa) " b L - d :
C(s1,---,54) (s1) (sa) /(o,oo)d (evitFua — 1)(evatFua — 1) (eva — 1)

If we denote by

foNst) = 3 e,

a€N
then .
fo(N,t) = et — 1
and
d
C(s1,...,8q4) =T(s1)7 ... T(sg)" /(0 y /\ fo(N;u; +--- + ud)u‘;j_lduj
»O0)T =1

Let n = [K : Q] be the degree of the number field. We recall Definition 69
of fo,
fo(Citasta, .. ty) = Y em iz i@ty
ael

where 0; : K — C run through all embeddings of the field K into the complex
numbers. Let C; and C5 be two unimodular simple cones. We want to raise an
algebraic integer a1 to a complex power s; as a portion of the multiple Dedekind
zeta function. We define

S1

o s1 log(ar)

=€
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for one element o € C' and a3 = o1(a). Choose a branch of the logarithmic

function by making a cut of the complex plane at the negative real numbers.

Since C'is a positive unimodular simple cone we have that RZ C C*, the function

o; composed with log is well defined on a positive unimodular simple cone C'.
Then, we define a double Dedekind zeta function as

Cry01,05 (81,15 -+ 180,13 81,2, - -+, Sn,2) = (5.38)

= ]_—‘(51’1)_1 . F(SH,Z)_I /(0 N )2 fO(Cla (ul,l —+ U1’2)7 ey (Unql + un}Q))X

n
X fo(Ca; (Ul,Q, cee aun,Q) /\ Uffilfldui,l A /\ uff;dum.

i=1 i=1
This definition combines both double zeta function and multiple Dedekind zeta
values with double iteration. More generally, we can interpolate all multiple
Dedekind zeta values into multiple Dedekind zeta functions so that multiple
zeta functions are particular cases. Again, we define ufjJ by

’u’f,i])'j — S log(uiﬁj),

along the branch of logarithm described above.

Definition 82 (Multiple Dedekind zeta functions) Let n = [K; Q] be the degree
of the number field. Let Cy,...,Cy, be m positive unimodular simple cones in
Ok. Let u;; € (0,00) fori=1,...,n and j = 1,...,m. We define multiple
Dedekind zeta functions by the integral

CK;Cl,...,Cm(sl,la ceesSnly e ST my ey Sn,m) =
(n,m)
= J] TG 'x (5.39)

(1,5)=(1,1)

x / A oG (i + -+ttt )y e (g o+ ) A\ 05
©

stoo) ™ Sy i=1
when Re(s; ;) > 1.

Theorem 83 (Infinite Sum Representation) For the general form of a multiple
Dedekind zeta function, we need: a number field K ; positive unimodular simple
cones C; in Ok, for j =1,...,m; elements a; € C; for j =1,...,m; com-
plex embeddings of the elements o, ; = 0;(c;); Then, a multiple Dedekind zeta
function has the following infinite sum representation

CK;CI;“'7C'HL(8171’ sy Snli e o5 S1my e -aSn,m) =
n m
—sij
=Y Y I (et b an)
a1€Cy am€Cy, 1=175=1

when Re(s; ;) > 1.



5.3. MULTIPLE DEDEKIND ZETA FUNCTIONS 7

Proof. We have

CKiCu, O (81,153 8n 15 58T my v s Sum) =

(n,m)

= H F(sm)

(1,5)=(1,1)

m
si—1
></ /\ Cii(urj+-+uim) oo, (Unj+ -+ Unm)) /\u;,j’ du; ; =
(0,400)™n

j=1 i=1
1
(n,m) m n
o O A D S o I Y
k) z7
(i.1)=(1,1) W €C1  am€Cy, V(0™ jo1 =1

Z Z HH(ai’l_F."_'_ai,j)_si’j_

a1 €Cy am€Cm,

The following examples give a bridge between Dedekind zeta function and
values of Eisenstein series (Example 5), and between multiple Dedekind zeta
function and values of multiple Eisenstein series. More about values of multiple
Eisenstein series will appear in Examples 7, 8, 9 on pages 29 and 30.

Examples:

5. Let K be any number field, let m = 1 and let C' be a positive unimodular
simple cone in Og. Then

Cr;c (81,155 8n,1) Z (5.40)

slla
acC H’L 1

where a; = 0;(«) is the i-th embedding in the complex numbers. In particular,
if all variables s; 1, for ¢ =1,...,n have the same value s, then

Crio(s,o8) =Y . (5.41)

aeC NK/Q(Q)S

6. Now, let m = 2. Then we have a double iteration. Let K be any number
field. Let C7 and Cs be two positive unimodular simple cones. Then

1

Cr;00,05 (81,15, 80,15 81,2, -+ 5 Sn2) = i :

pe2 e aeclz,;ecz | e G e
(5.42)

In particular, if
8j =815 =" =8n;j
for j = 1,2, then
CKin,C (8150551582, .., 82) = ) . ! —. (5.43)
Nijo(@)* N g+ B)*

a€eCq,B€Cy
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5.4 Analytic properties and special values

Applications to multiple Eisenstein series

Assuming the analytic continuation (Theorem 85), we can consider values of
the multiple Dedekind zeta functions, when one or more of the arguments are
zero, which allows us to express special values of multiple Eisenstein series (see
[?]) as multiple Dedekind zeta values. This is presented in the following three
examples.

Examples: 7. Let K be an imaginary quadratic field. Let C be a positive
unimodular simple cone in Ox. We can represent the cone C' as an N-module:
C = N{u, v}, for p,v € Og. Put z = p/v. Consider (x.c(ki1,k2,1) at k11 =k

and kg’l = 0.
Then ) 1
Cr:c(k,0) = — =vF —
2t 2 ey

where the last sum is a portion of the k-th Eisenstein series.
B = Y
A (az+b)F’
a,beZ;(a,b)#(0,0)

is an analogue of Eisenstein series.
8. Let K be an imaginary quadratic field. Let C be a positive unimodular
simple cone in Og. We can represent C' as

C=N{p,v} ={a €Ok |a=au+by, a,b e N}.
Put z = p/v. Then, we obtain a value of multiple Eisenstein series
1

c.c(k,0,1,0) = p~F! :
(rioe( )=v ab;@\] (az +b)F((a+c)z+ (b+d))

9. Similarly, one can define analogue of values of the above Eisenstein series
over real quadratic field K, by setting

Ek<Z) = ngK;C(kvo) = Z ik’
acc 1

where C' = N{p, v} is a positive unimodular simple cone in a real quadratic ring
of integers O.

5.4.1 Examples of Analytic continuation and Multiple Residues

The following examples of analytic continuations are based on a Theorem of
Gelfand-Shilov. The constructions in example 11 is central for this Section.
Using Example 11, we change the variables in a way that we can apply Gelfand-
Shilov’s Theorem (Theorem 84) that gives analytic continuation of MDZF.
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Moreover, in Example 11 we compute a multiple residue at (1,1,1,1). In Sub-
section 5.4.3, we generalize this method to other multiple residues and we state
two conjectures - one about the values of the multiple residues, again based on
Examples 10 and 11, and other about more general MDZV.

Let us recall the theorem of Gelfand-Shilov.

Theorem 84 ([?]) Let ¢(x) be a test function on R, which decreases rapidly
(exponentially) when x — oo and let

_Joz ifx>0
710 ifz<o

s—1
Then the value of the distribution fo(s;ix on the test function ¢, namely,

xf[ldx
[ o5

s an analytic function in the variable s.

In Examples 10 and 11, we express a multiple Dedekind zeta function (MDZF)
as a test function times a distribution when s; ; > 1 up to I'-factors. Then
Theorem 84 tells us that we have an analytic continuation of the MDZF to
all complex values of s; ; after multiplying by a suitable I'-factors. Using this
method, we compute the multiple residue at (1,...,1).

Example 10. Let K be a quadratic field and let C' = N{a, S} be a positive
unimodular simple cone. Put oy, as and 1, B2 be the images under the two
embeddings into C of a and B, respectively. We will compute the residue of

1
(ro(st,82) = ) —s

pec Ky o

at the hyperplane s; + so = 2 and evaluated at s; = s = 1.
We have

il s dy A dt
— -1 -1 1 2 1 2
CK?C(Sl’ 52) - F(Sl) F(SQ) /0 /O (ea1t1+a2tz — 1)(651t1+52t2 — 1)'

Set t1 = x1(1 — x2) and t3 = x125. Then

[(s1 4 82— 2) ' (r.o(s1, 82)
is the value of the distribution

Dy — xff”_g:ﬂgi(l — 29)% ' darday
P(Sl + 89 — Q)F(81)F(82)

at the test function
¢ = i
(eml(a1+(0¢2*a1)w2) — 1)(@51?1(51*%(52*&1)932) —1) ’
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Using Theorem 84 we obtain that I'(s; + sa — 2) (k.o (81, 52) is an analytic
function. The residue of (x.c(s1,52) at s1 +s2 =2is

1 x5’ (1 —xg)ilfldxldxg

/o (a1 + (ag — ar)az) (a1 + (Ba — Br)aa) I'(s1)T(s2)

Evaluating at ss = 1, the integral becomes

dl‘g

/0 (a1 + (a2 — aq)xz) (o1 + (B2 — B1)x2)

Thus, the residue of (x.c(s1,52) at s1 + s2 = 2, evaluated at (s1,s2) = (1,1) is
given by the above integral. After evaluating it, we obtain

e () e 1)

aq 51
ay P

<R€551+52:2<K;C(317 52))|(81752)=(171) =

In particular, if 5 = 1 we obtain

log(aw) — log(ay)
(Ress,+s,=2Ck;0(51, 52))|(31752):(1,1) = o — o : (5.44)

Note that if K is a real quadratic field and « is a generator of the group of
units, then
|log(ar2) —log(au)| = 2[log(a)|

is two times the regulator of the number field K and as — «y is an integer
multiple of the discriminant of K. For a definition of a discriminant and a
regulator of a number field, one may consult [?]. Equation (5.44) is true for any
quadratic field, not only for real quadratic fields.

The following Example gives key constructions needed for the proof of the
analytic continuation of MDZF (Theorem 85). It is also a case study of Con-
jecture 87 about the multiple residue of a multiple Dedekind zeta function at
(1,...,1).

Example 11. Let K be a quadratic extension of Q. Let C; = N{1,a} and
Cy = N{1,~} be two positive unimodular simple cones. Let

1

neCy; veCsy pit s’ (g + v1)%1 (g + )2

Cri0n,05 (81, 82581, 85) =

An integral representation can be written as

Cii01,05 (81, 52; 81, 85)T (51)F (52)T'(s7)T'(85) =
_ / (tr = 1)t — )52 (#) 171 (th) >~ Lty A dtg A dt) A dt
B>t 50; bsiys0 (et —1)(eartiteats —1)(ehtls —T)(eMhitrt —1)
(5.45)
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We compute the residue of a double Dedekind zeta function by taking the mul-
tiple residues of six functions ¢(®), ..., ¢(f) and considering their sum.

We shall write the last differential form in Equation (5.46) as Dt. Then, we
have

Cri0y,05 (51,825 81, 85) = (D(51)0(s2)0(57)0(s5)) ™ / Dt (5.46)
t1 >t >0; ta>t,>0

We are going to express the above integral as a sum of six integrals, which are
enumerated by all possible shuffles of t; > t{ > 0 and ¢t2 > t;, > 0. In other
words, each of the six new integrals will be associated to each linear order among
the variables t1, 9, ], ¢, that respect the above two inequalities among them.
Thus, all possible cases are
(a) t1 > 1t] >t >1t5 >0,
(b) t1 > ta >t} > th >0,
(c) t1 >ta >th >t) >0,
(d) ta >t >t) > th >0,
(e) t2>t1>t/2>t,1>0,

(f) ta > th >t1 >t > 0.

Then the domain ¢; > ¢} > 0; 2 > t4, > 0 can be represented as a disjoint
union of the domains of integration, given in parts (a),...,(f). Then

Crescn.0n (51, 525 84, 5) = (D(s1)D(s2)T (5 (s5)) ™" / Dt
t1>t" >0; ta>tL>0

= (D(s1)T(s2)T(s7)0(s5)) "

X / +/ +
t1>t) >t2>5>0 t1>t2>t) >t5>0

+f + [ ¥
t1>ta>th >t >0 ta>t1>t) >t5,>0

+ / + / Dt =
ta>t1>t4 >t >0 ta>th>t1 >t >0

b
CK :C1,C (s1,52; 317 82) + C}(?CI,CQ (51,52; 3117 3/2)+
d
+ CK;Cl,C2<51’ 82551, 85) + C%;)Cl,cz(sla 82381, 53)+

¢80, 0y (51,2554, 85) + (il o (1,501 1, 55).

We define ¢(@), ..., ¢) to be the above six integrals, corresponding to the do-
mains of integration given by (a),...,(f). The reason for defining them is to take
multiple residues of the multiple Dedekind zeta function. It is easier to work
with the functions (@), ..., ¢ for the purpose of proving analytic continuation
and taking residues.

Thus, we compute the residue of a double Dedekind zeta function by taking
the multiple residues of six functions ¢(®, ..., ¢() and considering their sum.
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Consider the domain of integration
(a) t1 > th >ty > th > 0.

We will compute the residues of

iy ca (51,523 84, 85T (s1)D(s2)T(s5)T(s5) =
_ / (tr — )51ty — th)32 71 (8)* 1 (t5) %~ Ldty A dty A dt) A dt,
L >055>0  (€hTt —1)(emtitazts —1)(ehths —1)(emtitet —1)

Let the successive differences be uj =t — ], us = ] —ta, uz = to — th, uy = t.
Their admissive values are in the interval (0,400). Let us make the following
substitution

Uy = .131(1 — .232),
Uo = .%'13?2(1 - 3?3),
us = x1x9w3(1l — 24),

Uy = T1T2X3T4.

We are going to express the above integral in terms of the variables 1, 2, x3
and x4. We have

aity + aoty = oy (uy + up + uz + ug) + ao(uz +ug) = r1(0 + azx213,)
t1 +to = x1(1 4 z123),
Y1t] + Yoty = 1 (u2 + us + ug) + Yous = T122(1 + 374),
1) +ty = x129(1 + 2374),
t —t) =uy = 21(1 — 22),
to — th = ug = w1wow3(l — 24),
t) = us + ug + ug = T2,

th = U4 = T1T2T3T4.

For the change of variables in the differential forms, we have
dty A dta A dt) A dth, = duy A dug A dug A dugy

and

%/\%/\%/\%_ dxl/\de/\d,:Eg/\d,]j4
(75} (%) us U4 $1x2$3x4(1 — x2)(1 _ 1’3)(1 — 1.4) .




5.4. ANALYTIC PROPERTIES AND SPECIAL VALUES 83

Then

(i, 0y (1,823 81, 55T (s1)T (52)T(s7)T(s5) =

/ (ty — )"~V (tg — t5)52 71 (#)) 1~ () %2~ Vdty A dia A di) A dth
B> >0551>0  (€hTt —1)(emtitazts —1)(ehths —1)(emtitetz — 1)

/ ut” 1u§2 1(uz + us + u4)5/1*1uj2_1du1 A dua A dus A duy
(orresin)eyt (€0 = 1)(emstrbosts — (G H — )(en it 1)

u us Ug
etittz — 1)(exrtitasts 1)(et1+t’ —1)(emtitrty 1)

’
/ uitus? (ug + ug + uq)* 1u4 Ug dul A Q2 p dug A dug
(uh L ug)€(0,00)% (

[21(1 — 29)]*t [z12023(1 — 24)]°2 [xlwg}s/l [x1x2x3x4]5/2 [x122(1 — 23)]Q
0,1y ( (ex1(I+waws)—1) (g1 (a1 tazaws) —1) (eziz2(1+esza) — 1) (em1@2(1+722324) — 1)’
where
Q:%/\@/\%/\%: dx1 A dxo A dxs A dxy .
Uy Us us ug  1Tax3x4(l — x9)(1 — x3)(1 — 24)

We can express the last integral as a distribution evaluated at a test function.
Put

¢($1,l‘2,1’3,$4) =

vy

B (eml(1+12913)—1)(eacl(a1+a21213)—1)(ew1w2(1+w3w4) — 1)(€$1I2(’Y1+’72903w4) — 1)

to be a test function. Let Dx be a distribution defined by

s14s2+s1+s5—5 sats)+s5—3
Do =— 1% ot (5.47)
F(51+32+s’1+s’2—4)I‘(52+51+32—2)
sz+s'2—1 8/2—1

3+ 1‘4+ s1—1 sog—1
T(ss 7o) T(sp L~ 22+ (mm)i (5.48)

Then we have

a) oy D(s1+sa 48] + sy —4)T(s2 + 8] + 54 — 2)[(s2 + s5)
oy (P12t ) = NEYNESEY "
X /¢Dx

Using Theorem 84 we prove analytic continuation of d?;)cl,@ (s1, 82; 81, 85) ev-
erywhere except at the poles of I'(s1 + s+ 8] + 55 —4)T(s2+ 5] + 55 —2)T'(s2+55).

We will take the residue at s; + so + 8| + s5 = 4 and then evaluate at
(s1,82,81,85) =(1,1,1,1). Note that

1
(14 zows) (o1 + aowows)(1 + x3za) (1 + Y22324)

¢)(0a T2,x3, $4) -
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Then we can compute

(R€5s1+52+s;+s'2:4f§?;)cl702(51, 5235 5'17 5l2))|(1,1,1,1) =
. / r3dao A daxs A day
(071)3 (]. —+ .’E2{E3)(041 —+ a2$2$3)(1 + 1’3£C4)(’71 —+ ’)/21'31'4) ’

Note that we cannot take a double residue at the point (1,1,1,1). Also, the
value that we obtain is a period.
Consider the domain in integration

(b) t1 >ty >t) >t >0
We will compute the residues of
(Kl 0 (1, 5258, sp)D(s1)D (s2) (1) (s5) =
271

B / (ty — th)5 7 (tg — th)52 1 (#)) 5171 (th) 52~ Ldty A dty A dt) A dt)
B ty >ty >t] >t,>0 (etittz —1)(emtitazts — ])(hitts — 1)(entitr2ts — 1)

Let the successive differences be

up =t1 — to,
/

(15) =t2—t1,
! /
U?,:tl _tz,

Uy = tlz.
Their admissive values are (0, +00). Let

up = x1(1 — x2),
up = z1x2(1 — x3),
us = $1$2$3(1 — 374),

Uy = X1X2X3T4.
We will express the above integral in terms of x1,...,2z4. We have

a1ty 4 aots = ag(ug +ug + ug + u +4) + as(ug + uz + uq) = x1(aq + ages),
ti +te = 21 (1 + 22),
Y1ty + Yoty = 71 (uz + us) + Yous = 12223(71 + Y2x4),
t) +ty = x1wows(l + 14),
t1 —t) = w1 +us = x1(1 — xam3),
to —th = up + uz = x172(1 — w324),
t] = uz + uq = T1T2U3,

t/2 = Ugqg = T1X2X3T4.
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For the differential forms, we have

dtl AN dtz N dtll 74\ dté = du1 N dUQ A dU3 A\ dU4
duq A dus A dus A duy dry Ndxo Ndxs N\ dzy

(VA1 Ug us Ug $1I2I3$4(1 — 1172)(1 — 173)(1 — 1‘4) ’

Then

b
Cilen (51,52 81, 55)T (510 (52) D ()T (5) =
_ / (ty — th)5 1 (tg — th) 521 (#)) 1~ 1 (th) 52 Ldty A dty A dt) A dt)
t1>ta >t >t)>0 (efitts —1)(extitazts — ])(ehitts — 1)(entitr2ts — 1)

B (ug + u2) = (ug +u3)*2 " (uz + U4)Sl1_1uf12_1du1 A dug A dus A duy
"ot (@7 — D)emfrte ~I)(efH — 1) (ot — 1)
- (11 + 112) (113 + )2 g + )L u upug A Ao

(1 rey00) €(0,00)4 (et1+t2 _ 1)(ea1t1+a2t2 _ ]_)(et'1+t/2 _ ]_)(6’71t'1+'Y2t'2 _ ]_)
_ o0 [1171(1 — 1721‘3)]8171[1‘1.%2(1 — I3£E4)]5271[Ilfgxg]sllil[$1$21‘3I4]S/2XQ
= ) (0,1)3 (e%(l-{-xzxs) — 1)(ex1(a1+azxzx3) — 1)(6x1x2(1+x3x4) _ 1)(6”19”2(71"'72”3”4) — 1)7
where

X = Z";’,’E%l‘g(l —22)(1 —23)(1 — x4)
and
0_ duy A dug N dus N duy _ dxi Ndxo Ndrs N dey
U1 UU3Ug 21292374(1 — 22)(1 — 23)(1 — 24)

Now we can express the last integral as a distribution evaluated at a test func-
tion. Put

¢($1,$27$3,$4) =

42,2
r1x57T8

(6I1(1+I2) — 1)(6I1(&1+042962) — 1)(6I1I2I3(1+14) — 1)(61112»”63(’714-’72964) — 1)’

to be a test function. Let Dx be a distribution defined by

x51+52+5'1+s'275 x52+s/1+s'273
Dz = 1+ 2+ x 5.49
T T(s1+52+5 +5h—4)D(ss+8, +5,—2) (5.49)
s2+sh—3 :175/2_1
3t A (1— 2ow3) 5 (1 — a3wq) 2" (5.50)

T(s2 + 55 — 2) T(s})

Then we have

c® (51,50 5L, 54) _T(s1 480+ 51 + 85 — 4 (52 + 57 + 55 — 2)I'(s2 4 55 — 2) "
1,0\ 1252351, 2 F(sDT (5207 (5)

x/¢Dw
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Using Theorem 84 we prove analytic continuation of C}??Oh@(sl, S9; 81, 85) ev-
erywhere except at the poles of I'(s1 + s2 + 8] + 55 —4)T'(s2 + 8§ + 55 — 2)'(s2 +
sh —2).

We will take the residues at s; + s2 + s§ + s5 =4 and at s} + s5 = 2. And
then, we will evaluate at (s1, sq,$7,85) = (1,1,1,1). Note that

1
(14 z2) (a1 + az2)(1 4+ 24) (71 + Y224)

¢(O7 Z2, 07 I4) =
Then we can compute

b
(Ressg+s’2:21“33551+s2+s/1+s'2:4§1§<;)cl,c2 (51,32;5/1,8/2))|(1,1,1,1) =
_ / dl‘g A d1‘4

0,1)2 (1 +22)(c1 + agza)(1 + 24) (71 + Y274)
2a 27
. IOg <a1+1aQ) ) log (71+{YQ)

a1 — Q2 Y1 =72

For the cases (c), (d) and (e), we obtain

(R€3s3+s’2:2ReSsl+S2+s;+s§:4§§{c?cl,cz (51,52;87,89))|1,1,1,1) =
/ dIQ A dl’4
o2 (1+22)(a1 + aowa)(wg + 1) (7174 + 72)

2 2
log (257) os (2)

Q] — Q2 Y1 — 72

(d) VAR —
(Ress/l+s’2:2Ressl+52+s’1+s/2:4€K;Cl702 (51752781752)”(1,1‘,1,1) -

_ / dxo N dxy _
0,12 (T2 + 1)(a1@2 + az)(1 + z4) (71 + 7274)

2a 2y
_log (a1+2az) ) log (714—{)’2)
ap — Q2 71— 72 .

(e) VAR _
(Ress;+s;=2363sl+82+s;+s;=4CK;cl,02 (31752731752))|(1,1,171) =

log (244;) 1ow (5257

a1 — Q2 Y1 — 72

Case (f) is similar to case (a), namely, there is no double residue at the point
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(1,1,1,1). Thus, we obtain

Ress’l+s/2:2R6551+52+s’1+s’2:4<K;Cl,CQ (317 523 3I17 3/2))|(1,1,1,1) =
b c
= Ressg+s;:2Ressl+s2+s’1+s;:4(C§<;)ol,02(81, 595571, 89) + Cﬁg)cl,oQ (51,525 51, 55)+
d e
+ C}g)cl,cg (s1,52;87,55) + C}g)cl,cQ(Sl, 52581, 55))(1,1,1,1) =

_ log(az) —log(ai) . log(v2) — log(71)
Qg — (1 T2 — M1 .

Note that if K is a real quadratic field and « is a generator of the group of
units, then
| log(az) — log(an)| = 2log ||

is two times the regulator of the number field K and
a9 — (X1

is an integer multiple of the discriminant of the field K. For a definition of a
discriminant and a regulator of a number field one may consult with [?]. The
above formula is true for any quadratic field, not necessarily for a real quadratic
field.

5.4.2 Analytic Continuation of Multiple Dedekind Zeta
Functions

Theorem 85 Multiple Dedekind zeta functions

CRierys O (S1,15 -5 Sn15 o5 81ms -+ -5 Snym)

have an analytic continuation from the region Re(s; ;) > 1 for all i and j to
s;,; € C with exception of hyperplanes. The hyperplanes are defined by sum
several of the variables s; j without repetitions being set equal to an integer.

Proof. Recall that fy(Cj;tij,...,tn, ;) is used to define the multiple Dedekind
zeta functions, where the domain of integration is

D= {(ti’j) S Rmnlti’l > ti’g > > tn’j > 0}

Ji = {k@l, ey ki’m}.

Note that there are n sets Ji, .. ., J,,, and each of them has m elements, |J;| = m.
Let 7 run through all the shuffles of the ordered sets Ji, ..., Jy,

T E Sh(Jl,,Jn)

Let t1,t2...,tmn be the variables ti1,...,t, m, written in decreasing order.
There are finitely many ways of arranging the variables in decreasing order.
More precisely, the number of such arrangements is equal to the number of shuf-
fles in Sh(Jy,...,J,). We need to consider all such shuffles in order to express
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the multiple Dedekind zeta function as a sum of partial multiple Dedekind zeta
functions, corresponding to each shuffle 7 (see Example 11). Let uy = ¢ — tg41,
for k=1,...,mn —1 and Upn = timn. Let

uy = .’El(]. — .’EQ)

U9 = Ilzg(l — Ig)

Umn—1 = T1 .- xmnfl(l - xmn)

Umn = L1+ - - Typ-

Then each of the linear factors in the denominator of fo(Cj;---) can be written
as
1. TrGjl,T-

for some positive integer k, k& < mn and a polynomial g;; -, in the variables
Z1,---,Tmn, NOt vanishing at the origin. Also, the indices ¢ and j of the poly-
nomial g;; . are associated to the [-th generator of the cone Cj, and 7 is a
shuffle of ordered sets Sh(Ji,...,J,). Example of polynomials g;; -, can be
found in Equations (5.48) and (5.50). The integral representation in terms of
Z1y.. ., Tmy (similar to the ones in Example 11, giving §(“)), are a type of zeta
function that we call partial MDZF times I'-factors. Using Theorem 84, we find
that the partial MDZF together with the I'-factors is an analytic function. The
I'-factors give hyperplanes where the poles of the partial MDZF occur. Express-
ing a MDZF as a finite sum of partial MDZF we obtain the analytic continuation
from the domain Re(s; ;) > 1 to s; ; € C with poles along hyperplanes coming
from I'-factors.

5.4.3 Remarks

In this final Subsection, we proof that certain multiple residue of a multiple
Dedekind zeta functions is a period in the sense of algebraic geometry. Based
on Theorem 86, we state two conjectures. One of the conjectures is about the
exact values of the multiple residue and the other conjecture is about values of
the multiple Dedekind zeta functions at other integers.

Theorem 86 The multiple residue of a multiple Dedekind zeta function at the
point
($1,15+-+38n,15 -3 81ms -5 Snym) = (1,...,1)

s a period over Q.

Proof. We use the notation introduced in the proof of Theorem 85 and of
Example 11 in Subsection 5.4.1.

The m-fold residue at (1, ..., 1) can be computed via an integral of a rational
function, which is a product of the functions representing the hyperplanes, where
fo vanishes, expressed in terms of the variables x;. The value is a period. In
general, after we take the multiple residues at (1,...,1), we obtain an integral
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of a rational function, (which is a product of g;; - over j and [, for j =1,...,m,
where [ signifies the [-generator of the cone C;). Note that 7 is a shuffle. So that
different shuffles 7 correspond to different partial MDZF. The boundaries of the
integral (after taking the multiple residues) form a unit cube. Therefore, the
value of the multiple residue at (1,...,1) of a multiple Dedekind zeta function
is a period.

For a more precise interpretation see Conjecture 87 and Examples 10 and
11.

From Examples 10 and 11, we know that a multiple residue of multiple
Dedekind zeta function is a product of residues of partial Dedekind zeta func-
tions, for quadratic fields and double iteration. For unimodular simple cones
Cy,...,C,,, we consider a multiple Dedekind zeta function

1
CKGCn O (8155 80) = :
' a1€C1§zd€Cm N(a1)51N(a1 + a2)82 T N(al +ee At QM)Sm

We expect that

Conjecture 87 The multiple residue of Cx.cy,...c,,(S1,---,8m) at the point
(1,...,1), namely

m
Resg,,—1 ... ReSg 4. 5, =mCK;C,,Con (1, -y Sm) = H Ress—1CKk;c; (8).
=1

The conjecture is proven for a quadratic fields K and double iteration in Exam-
ples 10 and 11.
We do expect that multiple Dedekind zeta values should be periods over Q.

Conjecture 88 Let K be a number field. For any choice of unimodular simple
cones C1,...,Cp, in the ring of integers of a number field K, we have that the
multiple Dedekind zeta values (see Definition 80)

CricyrCon (115 k1o K ms o knm)
are periods over Q , when the k11, ..., kn n are natural numbers greater than 1.
The reasons for this conjecture are the following:
1. We have that multiple zeta values are periods;
2. Dedekind zeta values are periods;

3. From Theorem 86, we have that the multiple residue of a multiple Dedekind
zeta function at (1,...,1) is a period.

4. The main reason is the representation of multiple Dedekind zeta values as
iterated integrals on membranes. We will give a semi-algebraic relations
among the variables in such integrals.
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We use Equations (5.25) and (5.26). Recall that
n
yj = [ [exp(=oi(e))z).
i=1
If we set

x; = exp(—2),

then a multiple Dedekind zeta value is an iterated integral on a membrane of
the n-form

and the 1-forms

which mostly resembles polylogarithms. However, the relations between x;’s
and y;’s are (semi)-algebraic, namely,

n

dy; dx;
— = Zai(ej) .

Yj i—1 [

which are not algebraic. Explicitly, they are given by
log(y;) = > oi(e;) log(w:),
i=1

which involves the logarithmic function. Note that the logarithmic function
is a homotopy invariant function on a path space. In this setting, the above
logarithmic functions can be considered as a function on the path space of an
affine n-space without some divisors. One may take a simplicial scheme as a
model of the path space so that it restricts well onto the loop space of a scheme as
a simplicial scheme. Hopefully, that would interpret the above (semi)-algebraic
relations in terms of logarithms in an algebraic context.



Chapter 6

Non-commutative modular
symbols

Modular symbols were defined by Birch and by Manin [?] for certain congruence
subgroups of SLy(Z). A modular symbol {p, ¢} is associated to a pair of cusp
points p, ¢ € P1(Q) on the completed upper half plane H!UP!(Q). One can think
of the modular symbol {p, ¢} as a homology class of the geodesic connecting p
and ¢, in Hy(Xr, {cusps}), where Xr is the modular curve associated to a
congruence subgroup of SLy(Z). One can pair {p, ¢} with a cusp form f by

q
{p,q} x fH/ fdz
p

If f is a cusp form of weight 2 then it can be considered as cohomology class
in H'(Xr). This gives a pairing between homology and cohomology. Modular
symbols are a useful tool applied to L-functions and computation of cohomology
groups. For a review of such topics, one can consult [?]

Manin’s non-commutative modular symbol [?] is a generalization of both the
classical modular symbol and of multiple zeta values in terms of Chen’s iterated
integral theory in the holomorphic setting. In this paper we generalize Manin’s
non-commutative modular symbol to non-commutative Hilbert modular symbol.
We also compute explicit integrals in the non-commutative Hilbert modular
symbol and present similar formulas for the recently defined multiple Dedekind
zeta values (see [?]).

Let us recall the non-commutative modular symbol of Manin [?]. Let V =
d—>"", X;fidz be a connection on the upper half plane, where f1,..., f, are
cusp forms and X1,..., X, are formal variables. One can think of Xy,..., X,,
as constant square matrices of the same size.

Let J? be the parallel transport of the identity matrix 1 at the point a to
the matrix J° at the point b. Alternatively, Jy can be written as a generating
series of iterated path integrals of the forms fidz,..., fimdz, (see [?] and [?]),

91
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namely,

m b
i,7=1 a

m b
Jg:1+§:xa/jmz+
=1 a

Then J}.Jg = J. This property leads to the 1-cocycle ¢} (v) = J4,, which is the
non-commutative modular symbol (see [?] and Section 1 of this paper).
Let us recall Riemann zeta values and multiple zeta values (MZVs). The

Riemann zeta values are defined as

(=3 .

n>0

where n is an integer. MZVs are defined as

1
C(k17"'7km): Z k1 [

0<ny < <Ny 1 " - Tom

where ni,...,n,, are integers. The above MZV is of depth m. Riemann zeta
values ((k) and MZV ((kq,..., k) were defined by Euler [?]. The common
feature of MZVs and the non-commutative modular symbol is that they both
can be written as iterated path integrals (see [?], [?]). Moreover, Manin’s non-
commutative modular symbol resembles the generating series of MZV, which is
the Drinfeld associator. Let us recall that the Drinfeld associator is a generating
series of iterated integrals of the type J? associated to the connection

dxr
1—=x

vod-a% _p
X

on Yr(gy = P'—{0,1,00}. One can think of YT (2) as the modular curve associated
to the congruence subgroup I'(2) of SLy(Z). Then the differential forms 4 and
1d_—rz are Eisenstein series of weight 2 on the modular curve Yp(z).

In Subsection 3.5, we explore similar relations between the non-commutative
Hilbert modular symbols and multiple Dedekind zeta values (see [?]). Let us
recall multiple Dedekind zeta values. Let each of C1, ..., C}, be a suitable subset
of the ring of integers Ok of a number field K. We call each of C,...,C,, a
cone. Then multiple Dedekind zeta values are defined as

1

GG (R i) . f§=1,...,m N(a)* N(oq 4+ o)k - N(ag + - - + ) Fm
The connection between non-commutative Hilbert modular symbols and multi-
ple Dedekind zeta values is both in similarities in the infinite sum formulas and
in the definition in terms of iterated integrals over membranes (see [?]).

Relations between MZV and modular forms have been examined by many
authors. For example, Goncharov has considered a mysterious relation between
MZV (multiple zeta values) of given weight and depth 3 and cohomlogy of
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GLs3(Z) (see [?] and [?]), which is closely related to the cohomology of SL3(Z).
In pursue for such a relation in depth 4, Goncharov has suggested and the
author has computed the group cohomology of GL4(Z) with coefficients in a
family of representations, [?]. Another relation between modular forms and
MZV is presented in [?].

In this paper, we construct both commutative and non-commutative modu-
lar symbols for the Hilbert modular group SLs(Ok). For the Hilbert modular
group, one may consult [?] and [?]. It is not possible to repeat Manin’s construc-
tions for the non-commutative modular symbols, since the integration domain
is two-dimensional over the complex numbers. Instead, we develop a new ap-
proach (Section 2), which we call iterated integrals over membranes. This is a
higher dimensional analogue of iterated path integrals. In Subsection 3.5, we ex-
plore similar relations between non-commutative Hilbert modular symbols and
multiple Dedekind zeta values (see [?]).

In Section 3, we associate modular symbols for SLy(Ok) to geodesic tri-
angles and geodesic diangles (2-cells whose boundary has two vertices and two
edges, which are geodesics.) We are going to explain how the geodesic triangles
and the geodesic diangles are constructed. Consider 4 cusp points in H2UP! (K).
We can map every three of them to 0, 1 and oo with a linear fractional trans-
formation v € GLo(K). There is a diagonal map H! — H2, whose image A
contains 0, 1 and co. We can take a pull-back of A with respect to the map v in
order to obtain a holomorphic (or anti-holomorphic) curve that passes through
the given three points. If det~y is totally positive or totally negative the v*A
is a holomorphic curve in HZ. If det ~ is not totally positive or totally negative
(that is in one of the real embedding it is positive and in the other it is negative)
then 7*A is anti-holomorphic. This means that it is holomorphic in H? if we
conjugate the complex structure in one of the copies of H'. The same type of
change of the complex structure is considered in [?].

On each holomorphic, or anti-holomorphic curve v*A, there is a unique
geodesic triangle connecting the three given points. However, if we take two
of the points, we see that they belong to two geodesic triangles. Thus they
belong to two holomorphic, (or anti-holomorphic) curves. Therefore, there are
two geodesic connecting the two points - each lying on different holomorphic
(or anti-holomorphic) curves, as faces of the corresponding geodesic triangles,
defining the curves. There are two pairings that we consider: the first one is
an integral of a cusp form over a geodesic triangle and the second one is an
integral of a cusp form over a geodesic diangle. If we integrate a holomorphic
2-form coming from a cusp form over a geodesic triangle, we obtain 0, if the
triangle lies on an holomorphic curve. Thus the only non-zero pairings come
from integration of a cusp form over a diangle or over a triangle, lying on an
anti-holomorphic curve.

Now let us look again at the four cusp points together with the geodesics
that we have just described. We obtain four geodesic triangles, corresponding
to each triple of points among the four points, and six diangles, corresponding
to the six “edges” of a tetrahedron with vertices the four given points. Thus,
we obtain a “tetrahedron” with thickened edges. We will use tetrahedrons with
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thickened edges in order to prove analogues of a non-commutative 2-coclycle
relation (see Theorem 123) for the non-commutative Hilbert modular symbol,
which are analogues of Manin’s non-coomutative 1-cocycle relation for the non-
commutative modular symbol.

Usually, the four vertices are treated as a tetrahedton and a 2-cocycle is
functional on the faces, considered as 2-chains. The boundary is defined as a
sum of the 2-cocycles on each of the faces (which are triangles). The boundary
of the tetrahedron gives a boundary relation of a 2-cycle.

In our case the analogue of a 2-cocycle is a functional on diangles and on
triangles. And the boundary map is a sum over the faces of the thickened
tetrahedron. Thus, the faces of the thickened tetrahedron are four triangles and
six diangles, corresponding to the six edges of a tetrahedron.

We show that the geodesics on the boundary of a diangle or of a geodesic
triangle lie on a holomorphic curves v*A for various elements  with totally pos-
itive or totally negative determinant. This implies that when we take the quo-
tient by a Hilbert modular group the holomorphic curve v*A becomes Hirzebruch-
Zagier divisor [?]. Then we prove that the commutative Hilbert modular sym-
bols paired with a cusp forms of weight (2,2) give periods in the sense of [?].

In order to construct a non-commutative Hilbert modular symbol, first we
define a suitable generalization of iterated path integrals, which we call iterated
integrals over membranes (see Section 2). We choose the word “membrane” since
such integrals are invariant under suitable variation of the domain of integration.

There is a topological reason for considering non-commutative Hilbert mod-
ular symbol as opposed to only commutative one. Let us first make such com-
parison for the case of SLy(Z). The commutative modular symbol captures
H,(Xr), while the non-commutative symbol captures the rational homotopy
type of the modular curve Xp. Now, let X be a smooth Hilbert modular surface,
by which we mean the minimal desingularization of the Borel-Baily compacti-
fication due to Hirzebruch. Then the rational fundamental group of a Hilbert
modular surface vanishes, 7 (X)g = 0, (see [?]). The non-commutative Hilbert
modular symbol is an attempt to capture more from the rational homotopy type

compared to what Hs(X) captures.

For convenience of the reader, first we define type a iterated integrals over
membranes (Definition 99). They are simpler to define. However, they have
do not have enough properties. (For example, they do not have an integral
shuffle relation.) Then we define the type b iterated integrals over membranes
(Definition 100), which involves two permutations. Type b has integral shuffle
relation (Theorem 112 (i)) and type a is a particular case of type b.

We are mostly interested in iterated integrals of type b. If there is no index
specifying the type of iterated integral over membranes, we assume that it is of
type b.

Similarly to Manin’s approach, we define a generating series of iterated in-

tegrals over membrane of type b over U, which we denote by J(U). We also
define a shuffle product of generating series of iterated integrals over membranes
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of type b (see Theorem 112 part (iii)),
&(J(Ur) xsn J(Uz)) = J(Ur UU3)

for disjoint manifolds with corners of dimension 2, U; and Us, as subsets of H?U
PY(K), (see [?]). This shuffle product generalizes the composition of generating
series of iterated path integrals, namely, Jf;J,f = J¢, to dimension 2. Note that
similar definition is also possible in higher dimensions. Also J(U) is invariant
under homotopy. This allows to consider cocycles and coboundaries, where the
relations use homotopy invariance and the values at the different cells can be
composed via the shuffle product.

We define non-commutative Hilbert modular symbols ¢! and ¢?. The cocy-
cle ¢! is the functional J on certain geodesic diangles. The cocycle ¢? is the
functional J on geodesic triangles. Then ¢! is a 1-cocycle such that if we change
the base point of ¢! then ¢! is modified by a coboudary. Similarly, ¢? is a 2-
cocycle up to finitely many multiples of different values of ¢'. Also, if we change
the base point of ¢ then ¢? is modified by a coboundary up to a finitely many
multiples of different values of c'.

In the last Subsection, we define a multiple L-values associated to cusp forms
and we compare them to multiple Dedekind zeta values. First, we explore a
modular symbol over one diangle and compare it with (multiple) Dedekind zeta
values with summation over one discrete cone [?]. However, then the two series
look very different. We obtain that the multiple L-values are non- commutative
modular symbols defined as J evaluated at an infinite union of diangles. We
obtain that such L-values are very similar to the sum of multiple Dedekind
zeta values, in the same way as the integrals in the Manin’s non-commutative
modular symbol are similar to the multiple zeta values (MZV). Then the sum
of the multiple Dedekind zeta values is over an infinite union of cones. The idea
to consider cones originated in [?] and more generally in [?].

Classical or commutative modular symbols for SL3(Z) and S L4(Z) were con-
structed by Ash and Gunnels [?]. For GLy(Ok), where K is a real quadratic
field, Gunnels and Yasaki have defined a modular symbol based on Voronoi
decomposition of a fundamental domain, in order to compute the 3-rd cohom-
logy group of GL2(Ok), (see [?]). (For the Hilbert modular group, SL:(Ok),
one may consult [?] and [?].) In contrast, here we use a geodesic triangula-
tion of H2/SLy(Of). We are interested mostly in 2-cells, whose boundaries are
geodesics. Omne of the (commutative) symbols that we define here, resembles
combinatorially the symplectic modular symbol of Gunnells, [?]. However, the
meanings of the two type of symbols and their approaches are different.

6.1 Manin’s non-commutative modular symbol

6.1.1 Iterated path integrals

In this section we would like to recall the definition and the main properties
of the Manin’s non-commutative modular symbol, (see [?]). In his paper [?],
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Manin uses iterated path integrals on a modular curve and on its universal cover
- the upper half plane. Using a generalization of iterated path integrals to higher
dimensions, which we call iterated integrals over membranes, we are going to
make analogous constructions to Manin’s approach suitable for Hilbert modular
surfaces (without the cusps) and for its universal cover - a product of two upper
half planes.

Here we recall iterated path integrals (see also [?], [?], [?], [?]). In the next
Section, we are going to generalize them to iterated integrals over membranes.

Definition 89 Let wq,...,w, be m holomorphic 1-forms on the upper half
plane together with the cusps, H' UPY(Q). Let

g:[0,1] - H' UPY(Q),

be a piece-wise smooth path. We define an iterated integral

/wl...wm:/.../ gwr(t) AN A g wm(tm)-
g 0<ty <ta--<tm<1

Let X1,...,X,, be formal variables. Consider the differential equation
dF(Q) = F(Q)(Xiw1 + ... Xpwm) (6.1)
with values in the ring of formal power series in the variables X1,..., X, over

the ring of holomorphic functions on the upper half plane O << Xy, ..., X, >>.
There is a unique solution with initial condition g(0) = 1. Then F at the end
of the path, that is at g(1), has the value

Fg(Q) = 1+ZX¢/wi—|— Z Xin/win++ Z XinXk/wiijk—F...
9

i=1 9 i,5=1 i,5,k=1 9
(6.2)
Using the Solution (6.2) to Equation (6.1), we prove the following theorem.

Theorem 90 Let g1 and g2 be two paths such that the end of g1, g1(1) is equal
to the beginning of g2, g2(0). Let gi1g2 denote the concatenation of g1 and go.
Then

F9192 (Q) = Fgl (Q)FQQ (Q)

Proof. The left hand side is the value of the solution of the linear first order
ordinary differential equation at the point g2(1). From the uniqueness of the
solution, we have that the solution along go gives the same result, when the
initial condition at g»(0) is Fy, (). That result is Fy, () Fy, (Q).

The same result can be proven via product formula for iterated integrals.
We need this alternative proof in order to use it for generalization to higher
dimensions.

Lemma 91 (Product Formula) Let wa, ... ,wy, be holomorphic 1-forms on C
and gi,g2 be two paths such that the end of g1 is the beginning of go, that is



6.1. MANIN’S NON-COMMUTATIVE MODULAR SYMBOL 97

91(1) = g2(0). As before we denote by g1g2 the concatenation of the path g1 and

ga. Then
m
/ wlwm:E /wl.wl/ wl+1.wm
gi192 i=1 791 92

Definition 92 The set of all shuffles sh(i,j) is a subset of all permutations of
the set {1,2,...,i+ j} such that

and
oli+1) < - <o(i+3j).

Such a permutation o is called a shuffie.

Lemma 93 (Shuffle Relation) Let w1, . ..,wy, be holomorphic 1-forms on C and
let g be a path. Then

/w1-~-wi/wi+1"'wm= Z /wﬂ(l)"'wﬂ(m)’
g 9 g

o€sh(i,m—1)

where sh(i,j) is the set of shuffles from Definition 92.

Construction of Manin’s non-commutative modular symbol

Now let g be a geodesic connecting two cusps a and b in the completed upper
half plane H! UP(Q). Let Q = {w1,...,wm,} be a finite set of holomorphic cusp
forms with respect to a congruence subgroup I' of SLo(Z). Let

J = F,(Q).

As a reformulation of Theorem 90, we obtain the following.
Lemma 94
Jbgg = Je.
We give a direct consequence of it.
Corollary 95
Iy = (Ja) ™"

Now we are ready to define Manin’s non-commutative modular symbol. Let
IT be a subgroup of the invertible elements C << X1, ..., X,, >> with constant
term 1.

Following Manin, we present the key Theorem for and Definition of the
non-commutative modular symbol.

Theorem 96 Put

() = J5q-
Then c. represent a cohomology class in H'(T',I1) independent of the base point
a
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Proof. First ¢! is a cocycle:

del(B.7) = J§,(B - J2) (Jgya) ™t = Jga ey JE = 1.

ya~a

Second, ¢! and ¢} are homologous:

ca(7) = IS0 = T I IJe = ey () (v - Jg)

Definition 97 A non-commutative modular symbol as a non-abelian cohomol-
ogy class in HY(T',11), with representative
ca() = J5

a ya>’

NC modular symbol and multiple zeta values

Non-commutative 1-cocycle and non-commutative 1-coboundary
6.2 Non-commutative Hilbert modular symbols

6.2.1 Iterated integrals over membranes, revisited

Iterated integrals over membranes are a higher dimensional analogue of iterated
path integrals. This technical tool was used in [?] for constructing multiple
Dedekind zeta values and in [?] for proving new and classical reciprocity laws
on algebraic surfaces. It appeared first in the author preprint [?] for the purpose
of non-commutative Hilbert modular symbols.

Let H' be the upper half plane. Let H? be a product of two upper half
planes. We are interested in the action of GLy(K), where K is a real quadratic
field. This group acts on H? by linear fractional transforms. It is convenient to
introduce cusp points P!(K) as boundary points of H?2.

Let wi,...,wy be holomorphic 2-forms on H?, which are continuous at the
cusps PH(K). Let

g:[0,1? - H?> UPY(K)

be a continuous map, which is smooth almost everywhere. Denote by F! and
F? the following coordinate-wise foliations: For any a € [0, 1], define the leaves

F; = {(tl,tz) € [O, 1]2 | t1 = a}.

and
Fa2 = {(tl,tg) € [O, 1]2| to = a}.

Definition 98 We call the above map g : [0,1]*> — H? UPY(K) a membrane
if it is continuous and piecewise differentiable map such that g(F}) and g(F2)
belong to a finite union of holomorphic curves in H? UPY(K) for all constants
a.
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We define two types of iterated integrals over membranes - type a and type
b. Type a consists of linear iteration and type b is more general and involves
permutations. Type a is less general, more intuitive. The advantage of type b is
that we have integral shuffle relation (Theorem 112). In other words a product
of two integrals of type b can be expresses as a finite sum of iterated integrals
over membranes of type b. However, one might not be able to express a product
of two integrals of type a as a sum of finitely many integrals of type a.

Definition 99 (Type a, ordered iteration over membranes)

m
/wl---wm :/ /\ g wi(t1,j,t2,5),
g D j=1
where

D={(ti1,--  tom) €0, 1" | 0<tig < - <tim <1, 0<to; <-- <ty <1}

Definition 100 (Type b, 2 permutations) Let p1, p2 be two permutations of the
set {1,2...,m}.

P1,p2 m
/ Wi W =/ I\ 9795 (11,0, () B0 ()
g Do

where
D={(ti1, - tam) €E[0, 1" | 0<tig < - <tim <1, 0<tg; <-- <tlo, <1}

Examples of iterated integral of type b: Let «y(t1,t2) = g*w;(t1, t2).
Denote by (1) the trivial permutation and by (12) the permutation exchanging
1 and 2.

1. The following 4 diagrams

12,2 as(t1,2,t2,2) too |aa(t1,1,t2.2)

to1 |a1(tii,tan) ta1 a1 (t1,2,t2,1)

t1,1 t1,2 t11 t1,2
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2.2 ai(ti1,t2,1) too |ai(ti,1,t2:2)

to1 |aa(t2,t2,2) 2.1 ao(t1,2,t2,1)

t1,1 t1,2 t1,1 t1,2

correspond, respectively, to the integrals

(1),(1) (12),(1)
/ wi - w2, / w1 - wa,
g g

(12),(12) ~(1),(12)
/ w1 - wa, / w1 - W2,
g g

2. The following diagram

2,3 as(t13,12,3)

to2 |ao(ti1,t2,2)

ta,1 ai(ti2, t21)

t1,1 t1,2 t1,3
corresponds to the integral
(12),(1)
/ Wi - Wy - Ws.
g

Remark 101 Let us give more intuition about Definition 100. FEach of the
differential forms g*w1,...,g"wn, has two arguments. Consider the set of first
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arguments for each of the differential forms g*wq,...,g*wmy. They are ordered
as follows

0< t1p <t < - <tim< 1, (63)

(They are some of the coordinates of the domain D.) Since g*w; depends on
L1,p1(5), we have that t1 i is an argument ofg*wpl—l(k), where k = p1(j). Then we
can order the differential forms g*wn, ..., g wm according to the order of their
first arguments given by the Inequalities (6.3), which is

9 W1y 9 Wortayre 09 Wi (m)

Similarly, we can order the differential forms g*w1, ..., g wy, with respect to
the order of their second arguments

T o1 (1) 9 Wt @29 o ()
We call the first ordering horizontal and the second ordering vertical.

Now we are going to examine homotopy of a domain of integration and
how that reflects on the integral. Let g, : [0,1]> — H? UP(K) be a family of
membranes such that g5(0,0) = oo and g5(1,1) = 0. Assume that the parameter
s is in the interval [0, 1].

Put h(s,t1,t2) = gs(t1,t2) to be a homotopy between gy and g;. Let

G : [0,1]*™ — (H* UP'(K))™,
be the map
Gs(t11, - tom) = (9s (tror (1), 12,00(1)) + 95 (t1,01(2)582,00(2)) -+ -+ 95 (Eo01 (m) s t2,0(m) ) ) -
Let H be the induces homotopy between Gy and G, defined by
H(s, t1,1,. .- ,t27m) = Gs(tl,h ce. ,t27m).

We define diagonals in (H? UPY(K))™. For k = 1,...,m — 1, let Hy} =
H|., =z .- Let also, Hyo = H|., ,—o and Hy,, = H|., ,,—1. Similarly, for
k=1,....,m—1,1let Hyp = Hl|.,,=2,,,,- Let also, Hyg = H|., ,—o and
H2,m - lezm:L

Also, we define diagonals in [0,1]*™. We define Dy, for k = 0,...,m
as D1g = Dt =0, Dix = Dlt; =ty 400, for k = 1,...,m — 1 and D1, =
Dl ,,=1. Similarly, we define Dsy for & = 0,...,m as Dyg = Dl -0,
Doy = Dlty =ty s, for k=1,...,m —1and Dy, = Dls, =1

Theorem 102 (Homotopy Invariance Theorem I) The iterated integrals on
membranes from Definition 100 (of type b) are homotopy invariant, when the
homotopy preserves the boundary of the membrane.
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Proof. Let
Q =

=

wj(zl,al () 22,02(3'))-
1

j
Note that Q is a closed form, since w; is a form of top dimension. By Stokes

Theorem, we have
s=1
0= / / H*dQ) = (6.4)
s=0 D

:/ G’{Q—/ Gro+ (6.5)
D D

i/szlmzl </le i/DM> H*Q (6.6)

k=1

. /: ( [+ ) . 67)
. /: ( / n / ) 2Q ©8)

We want to show that the difference in the terms in (6.5) is zero. It is enough
to show that each of the terms (6.6), (6.7) and (6.8) are zero. If z;, = 241, then
the wedge of the corresponding differential forms will vanish. Thus the terms in
(6.6) are zero. If z; = 0 then dt; = 0, defined via the pull-back H*. Then the
terms (6.7) are equal to zero. Similarly, we obtain that the last integral (6.8)
vanishes.

Let A be a manifold with corners of dimension 2 in [0,1]2. We recall the
domain of integration

D={(ti1,-- tom) €0, 1" | 0<tig < - <trm <1, 0<tay < - <ty,, <1}
Let us define
AP ={(t11,.. s tom) €D | (t1ite;) € Afori=1,...,m}
Let p; and po be two permutations of m elements. We define
G, st2m) = (9 (Lo (1) t2,02(1)) 9 (PLoy () E2,022)) o+ 5 9 (BLor ) t2,0(m))) -

as a function on AP. Recall
Q= /\ wj(zlﬂl(j)’ 22,02(3'))'
j=1

Definition 103 With the above notation, we define an iterated integral over a
membrane restricted to a domain U, where U = g(A) as

P1,:P2
/ W1 W = G*Q.
g

U AD
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Let A; and A be two manifolds with corners, with a common component
of the boundary as subsets of [0,1]?. Let A = A; U A,. Let s be a map of sets
with values 1 or 2,

s:{1,...,m} — {1,2}.

We define a certain set AP as a subset of AP in the following way: Con-
sider the image of the map G. It has m coordinates. The first coordinate,
g (t1701(1),t2702(1)), will be restricted to the set Ay). The second coordinate,
9 (t1,01(2), t2,05(2))» Will be restricted to Ag),... and the last m coordinate
g (tl’gl(m), tg’a-(m)) will be restricted to A,(;,). Formally, this can be written as

A? = {t171, S ,tg,m) € AP | (t17p1(i),t27p2(i)) S As(i) fori=1,... ,m}.
Note that the image of the map s is 1 or 2.

Definition 104 With the above notation, we define an iterated integral over
two domains Uy and Us, where U; = g(A;) and U = U; UU;y by

P1P2
/ Wy Wiy = G*Q. (6.9)
g,U,s AD

Again we examine homotopy of iterated integrals over membranes. Now we
restrict the domain of integration to a manifold with corners A as a subset of
[0,1]2. Assume that for the boundary of a domain A, denoted by A, we have
that g(9A) belongs to a finite union of complex analytic curves in H2. We call a
complez boundary of g(0A) the minimal union of complex analytic (holomorphic)

curves such that g(0A) belongs to a finite union of complex analytic curves in
H2.

Theorem 105 (Homotopy Invariance Theorem II) Iterated integrals over mem-
branes are homotopy invariant with respect to a homotopy that changes the
boundary OU of the domain of integration U, so that the boundary varies on a
finite union of complex analytic curves.

Proof. Assume that go(0A) and g;(0A) have the same complex boundary.
Let h be a homotopy between gy and g;, such that for each value of s we
have that h(s,dA) has the same complex boundary as h(0,0A4) = go(0A). Let
A C B be a strict inclusion of disks. Identify B — A° with A x [0,1]. Let
i:B—A°—[0,1] x DA. Here A° is the interior of A and JA is the boundary
of A. Let o be a map from B to H? so that go(a) = go(a) for a € A and
go(b) € h(i(b)). Since the restriction of pull-back (giw;)|p—a = 0 is mapped to
a finite union of complex curves, then it vanishes. Therefore

/ggﬂz/ggg. (6.10)
A B

Let g; be a membrane from B defined by g;(a) = g1(a) for a € A and g, (b) =
g1(a) for i(b)=(s,a). (Note that i(b) € [0,1] x JA.) Again

/gi‘Q:/gi‘Q (6.11)
A B
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However, the boundary of B is mapped to the same set (point-wise) by both
go and g1. Moreover, the homotopy between gy and g; extends to a homotopy
between gy and ¢; that respects the inclusion into the complex boundary. Thus
by Theorem 102, we have that

[ ao= [ g
B B

Using Equations (6.10) and (6.11), we complete the proof of this theorem.
We are going to define two types of generating series - type a and type b,
corresponding to the iterated integrals of membranes of type a and type b.
Let A be a domain in R?. Let g be a membrane. Let U = g(A). Let

Wi, ..., W be holomorphic 2-forms on HZ2. We define a generating series of type
a by
JU) =1+ > Xe) @@ Xey [ We(1) -+ Wek)-
k=1c:{1,...k}—{1,....m} 9:U

Let ¢ : {1,...,k} = {1,...,m} be a map of sets and let p1, pa be per-
mutations of {1,2,...,k}. Two triples (¢, p},ph) and (¢, pY, py) are equiv-
alent if they are in the same orbit of the permutation group Sy. That is,
(", p,p4) ~ (', py, pb) if for some T € Sy, we have ¢/ = /771, pf = pjr~!
and p4 = ph7~1. Then for each equivalence class of a triple (c, p1, p2), we can
associate a unique pair (c o py,c o ps), (which are precisely the indices of the
X-variables and Y-variables in (6.12) and (6.13), respectively.) The reason for
using such an equivalence is that the integral in (6.13) is invariant by the above
action of 7 € S, on the triple (¢, p1, p2). The values of the generation series is

in the ring of formal power series
R=C<< X1,Y1,...,X,,, Y, >>.
Definition 106 We define the generating series of type b by

b _
PO =130 3 Xeprran @ O Xyt ® (6.12)
k=1 (e,p1,p2)/~
P1,P2
& Yc(p;1(1)) Q- ® Y;(p;1(k)) / " We(1) -+ - We(k) (613)
9
where the second summation is over all maps of setsc: {1,...,k} = {1,...,m}

and all permutations p1, p2 of k elements, up to the above equivalence.

Definition 107 We define a generating series of iterated integrals over two
disjoint domain Uy and Uy (see Definition 104). Let U; = g(A;).

J(UL,Uz) =1+ ) > D Xt 1 @ ® Xegort (k)),() @
k=1s:{1,....k}—>{1,2} (¢,p1,p2)/~
(6.14)

®Y,

oz (1)) ® @,

P1,P2
c(py t(k)),s(k) / We(1) -+ - We(k)s (6.15)

9,U,s
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The generating series takes values in the ring of formal power series
R =C<<X11,X12,Y1.1,Y12, s X1, X2, Yo 1, Yin2 >> .

Lemma 108 Let ¢ : R — R be a homomorphism of rings defined by ¢(X;1) =
O(Xi2)=X; and ¢(Yi1) = ¢(Yi2) =Yi. Then

¢(J(U17 UQ)) = J(U)a
where U = Uy U Us.

Proof. After applying the homomorphism ¢ the formal variables on the left
hand side become independent of the map s. Therefore, we have to examine
what happens when we sum over all possible maps s. The map s(i) is 1 or 2.
Their meaning is the following: If 5(i) = 1 then we restrict the form g*w.q to
Ay (instead of to A). Similarly, if s(i) = 2, we restrict g*wc(;) to As. If we add
both choices, restriction to A; and restriction to As, then we obtain restriction
of g*we(;) to A= A; U Ay. Thus, we obtain the formula

P1,P2 P1,P2
Z / wc(l) .. .wc(k) = / wc(l) ce wc(k).
9 9

s:{1,...k}={1,2) Y 9:Us U

We do the same for every monomial in R. That proves the above Lemma for
the generating series.

The regions of integration that we are mostly interested in will be diangles,
that is, a 2-cell whose boundary has two vertices and two edges. All other
regions that we will deal with are going to be a finite union of diangles. The
first type of decomposition is based on a union of two diandles with a common
vertex. The second type of decomposition will be based on two diangles with a
common edge.

Let g1 and g2 be two membranes. Let P = (0,0) and Q = (1,1) be the
vertices of a diangle A and Q = (1,1) and R = (2,2) are the two points of a
diangle B as subsets of R?. Assume that A lies within the rectangle with ver-
tices (0,0), (0,1),(1,1),(1,0). Similarly, assume that B lies within the rectangle
(1,1),(1,2),(2,2),(2,1). Let U = g(A) and V = g(B).

Theorem 109 (i)

m

/ W1 ...Wm = E / wl...wj/ Wj41 .- W
g,uUuVv g,U 1%

j=0 ’

(ii)
JU(g; AU B; Q) = J%(g; A; )T (g; B; Q).
The proof of the first statement is essentially the same as the combinatorial
proof for composition of path, when one considers iterated path integrals (see
Lemma 93). The second statement is combining all compositions into generating
series, resembling the Manin’s approach for non-commutative modular symbol.
For generating series of type b, we have a similar statement.
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Definition 110 Let p' and p” be two permutations of the sets {1,...,i}, {i +
1,...,i+j}, respectively. We define the permutation p'~*Up" =t of {1,...,i+j},
which acts on {1,...,i} as p’~t and on {i+1,...,i+j} as p"~ 1. We define the
set of shuffles of two given permutations, denoted by sh(p', p"’), as the set of all
permutations p of the set {1,2,... i+ j} such that p=1 is the composition of a
shuffle of sets T € sh(i,j) (see Definition 92) and with p'~* U p"~1. That is,

p—l =70 (pl—l U p//—l)-
Definition 111 We define a shuffle of two monomials

P05

[— .
M —Xc'<p;1<1>>®"'®Xc'<p;1(i>>®Yc/<p;1(1)>®"'®’Q'<p;1<¢)>/gw Wer(1) - -~ Wer (i)
and

, 1Py
M :Xc”(p;"1<1>>®"'®Xc~<p’{‘1<j>>®Yc~<p’2"1<1>>®'"®Yc~<p’2"1<j>>/gU,, Wer (41)
where py and phy are permutations of {1,...,i} and ¢ is a map of sets ¢ :

{1,...,i} = {1,...,m}, and pY and p} are permutations of {i +1,...,i+ j}
and " is a map of sets ' : {i+1,...,1+75} = {1,...,m}. By a shuffle product
of the monomials M' and M", we mean the following sum

/ " o__
M xgn M™ = Z Xc(p;1(1)),s(1) ®-® Xc(pfl(i+j))7s(i+j)®
p1Esh(py,pY),p2€5h(ph,pY)
P1,02
Yoozt s @ O Yoot g s / We(@) -+ We(i+s)s
g,U'uu”

where ¢: {1,...;i4+j} — {1,...,m} such that the map c restricted to the first
1 elements is ¢’ and c restricted to the last j elements is ¢’. Here the maps s
takes the value 1 on the set c=*{1,... i} = ~H1,...,i} and it takes the value
2 onthe set c i+ 1,...i+jy=c""Yi+1,...;0+j}

Theorem 112 (Shuffle product) For iterated integrals of type b and the corre-
sponding generating series, we have the following shuffle relations: (i)

i

A Py Py p1:p2
/ wl...wj/ Wigl .. -Wm = E / w1 W,
g g g

U U prEsh(pl.py).p2€sh(ph,py) IV
(6.16)

(ii)
P10 p1p5 p1.P2
Wi ...wy Wil .. - Wm = E W1 Wm,
g g

1" 3
U prEsh(pl ). pa€sh(py,py) IV

(6.17)

.. .wc//(i_;'_j),
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where s is a map from {1,...,m} to {1,2} so that {1,...,j} are mapped to 1
and the remaining elements are mapped to 2.
o(J°(U') x g, JHU")) = J(U ' UU") (6.18)

Proof. For part (i), it is useful to consider the two orders of differential forms,
given in Remark 101. Note that we need to order the forms both horizontally
and vertically in the terminology of Remark 101. Let us consider first the
horizontal order. That is the order with respect to the first variables of the
differential forms g*wpllfl(l), . ,g*wp/;l(j) and g*wplllfl(j_"_l)’ . 7g*wplllfl(m) ,
corresponding to the two integrals on the left hand side of Equation (6.16). In
order to arrange both of the above orderings in one sequence of increasing first
arguments, we need to shuffle them (similarly to a shuffle of a deck of cards.)
That leads to p1 € sh(p}, p{) (see Definition 110). We proceed similarly, with
the second arguments and the permutations ph, p§ and ps.

For part (ii) apply the equality from part (i) when the differential forms
g*wi,...,g"w; are multiplied by the function 14 defined by

1ar(z) = 1 forxzeA
A=V 0 forag A
and the differential forms g*wj41, ..., g*wy, are multiplied by 1a~. For part (iii),

we are going to establish similar relation among generating series as elements
of R’. Applying the homomorphism ¢ : R — R from Lemma 108, we obtain
desired equality. Every monomial from J(U;) is of the form

P/17P/2
r_
M = Xc’(pll_l(l))®' . .®Xcl(p/1—1(i))®YC/(p/2—1(1))®. . '®}/;’(pl2_1(i)) /g . Wer (1) « - - Wer (4)

and similarly every monomial from J(Us) is of the form

" — DY
M =Xen =1y @+ O Ko=) ®

"o

P1:P2
& Ycz/(p;/—l(l)) R ® Ycz/(pglfl(j)) /g o wc//(i+1) N wc//(i+j),
where p] and ph are permutations of {1,...,i} and ¢ is a map of sets ¢ :
{1,...,i} = {1,...,m}, and p} and p§ are permutations of {i +1,...,i+ j}
and ¢’ isamap of sets ¢’ : {i+1,...,i+j} = {1,...,m}. We take the shuffle
product of the monomials M’ and M" (see Definition 111)

/ 7 - P .
M X M7 = > Ketor )50 @ @ Koot (145)),00600) ©
p1E€sh(p,pY),p2€sh(ph,pY
P1:p2
B Ye(or1@)),s(1) @ B Ye(ort (i) s(i44) /g L e Wi,
where the map s takes the value 1 on the set ¢=*{1,...,i} and takes the value

2 on the set c=1{i+1,...,i+ j}. It determines the map s uniquely.
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In order to complete the proof, we have to show that every monomial in
J(Uy,Us) can be obtained in exact one way as a result (on the right hand
side) of a shuffle product of a pair of monomials (M, Ms) from J(U;) and
J(Us). Every monomial from J(Uy,Us) is characterized by two permutation
p1, p2, and two maps of sets ¢ : {1,...,k} = {1,...,m}and s : {1,... k} —
{1,2}. Let i be the number of elements in s~1(1) and j be the number of
elements in s~%(2). Then i + j = k. Then i is the number of differential forms
among g*we(1), "+ , g We(k), which are restricted to the set A;. The remaining j
differential forms are restricted to As. Also, every permutation p; can be written
in an unique way as a composition of a shuffle 7y € sh(i,j) and two disjoint
permutations p] and p{ of ¢ and of j elements, respectively (see Definition
110). Similarly, po can be written in a unique way as a product of a shuffle
To € sh(i,j) and two disjoint permutation p) and p4j. The map of sets ¢; is
defined as a restriction of the map ¢ to the image of p}. Similarly, the map ¢y
is defined as a restriction of the map ¢ to the image of pY. Now we can define
the monomials M’ and M" in J(U;) and J(Us), based on the triples p}, p5, ¢
and pY, p4, ", respectively. Such monomials are unique. One can show that
the shuffle product of M’ and M” contains the monomial in J(Uy, Us), that we
started with, exactly once. The proof of part (iii) is completed after applying
Lemma 108.

In this Section, we recall the Hilbert modular group and its action on the
product of two upper half planes. Then we define commutative Hilbert module
symbol, (Subsection 3.1) and its pairing with the cohomology of the Hilbert
modular surface, (Subsection 3.2). In Subsections 3.3 and 3.4, we define the
non-commutative Hilbert module symbols (Definition 121) as a generating series
of iterated integrals over membranes of type b. We also examine relations
among the non-commutative Hilbert modular symbols (Theorem 120), which
we interpret as cocycle conditions or as a difference by a coboundary (Theorem
122). In Subsection 3.5, we make explicit computations and compare them to
computations for multiple Dedekind zeta values.

6.2.2 Commutative Hilbert modular symbols

In this Subsection, we define a commutative Hilbert modular symbol, using
geodesics, geodesic triangles and geodesic diangles. We prove certain relations
among the non-commutative Hilbert modular symbols. We are going to use
that geometric constructions here in order to define a non-commutative Hilbert
modular symbol in Subsection 3.4.
Let K = Q(v/d) be a real quadratic extension of Q. Then the ring of integers

in K is

Z[MYY ford=1 mod 4,

Ok =
Z[V/d) for d =2,3 mod 4.

Then I' = SLy(Ok) is called a Hilbert modular group. Let v € T'. We recall
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the action of ¥ on a product of two upper half planes, H?. Let

_ o aq b1
TEnE . dy '

Let ag,bs,ca,ds be the Galois conjugate of aq,b1,c1,dy, respectively. Let us

define v by
i az by
Y2 = ( ¢ dy ) .

Let 2 = (z1,22) be any point of the product of two upper half planes H2. We
define

Yz = (’ylzla 7222)7

where
2y = a1z, + by and 7p25 — asz9 + bo
c121 +dy 229 +da
are linear fractional transforms.
For an element v € GL2(K), we define the following action. If det y is totally

negative, that is, dety; < 0 and det~s < 0, then we define

= _a1§1 + b1 _a2§2 + by
v c1z1 + d1 ’ CoZo + dg ’

Similarly if one of the embeddings of det «y is positive and the other is negative,
for example, det~; > 0 and det~, < 0, such as det y = v/d, then

y = (a121+b1 _a222+b2>
7 ez +dy’ Fa4ds )

We add cusp points P}(K) to H2. We are going to examine carefully
geodesics joining the cusps 0, 1 and oo.

Let v0,71,700 be four group elements of the Hilbert modular group. Let
z; = 7i(00) Then there exists an element of v € GLo(K) such that v(z9) = 0,
v(z1) = 1 and y(2) = co. Namely,

v=< 21— 200 —70(21 — Zo0) )

21— 20 —Zool(71 — 20)

Let

i H— H?

i(z) = (z,2)
be the diagonal map. Let A be the image of the diagonal map. Consider the
Hirzebruch-Zagier divisor X = ~v*A. It is an analytic curve that passes through
the points zg, z1 and zo,. Then X is a holomorphic (or anti-holomorphic) curve
in H? if det v is totally positive or totally negative. If det is not totally positive

or totally negative, then X is holomorphic curve in H! x H! UP*(K), in other
words it is anti-holomorphic curve in H?, such as z; = —Z». Let Ay = y*A
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be the pull-back of the geodesic triangle A between the points 0, 1,00 in the
analytic curve X.

Given four points on the boundary in H2UP!(K), we are tempted to consider
them a vertices of a geodesic tetrahedron in H2UP! (K), whose faces are triangles
of the type Ax. However, there is one problem that we encounter: Two distinct
cusps could be connected by two different geodesics in H?UP! (K). In particular,
two triangles from the faces of the ”tetrahedron” might not have a common
edge, but only two common vertices. Thus, we are led to consider a thickened
tetrahedron with two types of faces on the boundary: the first type is an ideal
triangle that we have just defined and the other type is an ideal diangle - a
unionn of geodesics connecting two fixed points, which has the homotopy type
of a disc with two vertices and two edges. The two edges of an ideal diangle
in the boundary of a thickened tetrahedron correspond to the two geodesics
connecting the same two cusps, where two geodesics belong to the geodesic
triangles that have the two cusps in common.

Lemma 113 (i) Each geodesic triangle lies either on a holomorphic curve or
on an anti-holomorphic curve.

(i) Each geodesic in a geodesic triangle Ax belongs both to a holomorphic
curve and to an anti-holomorphic curve.

Part (i) follows from the construction of a geodesic triangle before the lemma.
For part (ii), consider the following: Let A(0,1,00) be the geodesic triangle
in the diagonal of H? connecting the points 0 ,1 and oco. It is a holomorphic
curve. Thus, a geodesic {(it,it) € H? | ¢t > 0}, connecting the points 0 and
oo as a face of the geodesic triangle A(0,1,00) lies on a holomorphic curve.
Now consider the geodesic triangle D(0, Vi, 00). It lies on an anti-holomorphic
curve in H?, by which we mean a complex curve in H?, where we have taken
the complex conjugate complex structure in one of the upper half planes. Since,
the linear fractional transform that sends D(0,v/d, c0) to D(0,1,00) does not
have totally positive (or totally negative) determinant. Explicitly, the linear
fractional transform that sends (0,v/d, o0) to (0, 1,00) is

(4 %)

wr=((4 %) (3 %)

We have v, (it) = ﬁit and vz (it) = —ﬁﬁ = 71 (it). Then the same geodesic

Then

(it,it) belongs to the anti-holomorphic curve given by the pull-back of the di-
agonal with respect to the linear fractional map . Thus, we obtain that the
geodesic (it, it), connecting 0 and oo, belongs to both a holomorphic curve and
an anti-holomorphic curve. Similarly, any translate of the geodesic (it,it) via a
linear fractional map from GLy(K) would belong to both a holomorphic curve
and an anti-holomorphic curve. That proves part (ii).
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Definition 114 Let py,p2,ps,pa be cusp points in H2 UPY(K). To each triple
of points p1, pa, P3, we associate the geodesic triangle {p1, p2, p3} with coefficient
1 as an element of the singular chain complex in Co(H? UPYH(K),Q). Also, to
each quadruple of points p1,p2, ps, pa, we associate the geodesic diangle between
the two geodesic connecting p1 and ps so that the first geodesic is a face of the
geodesic triangle {p1,p2,ps} and the second geodesic is a face of the geodesic
triangle {p1,p2,p4}. We denote such diangle by {p1,p2;ps3,ps}. We call the
geodesic triangle {p1,p2,p3} and the geodesic diangle {p1,p2;ps,pa}, considered
as elements of Cy(H2UP!(K),Q), commutative Hilbert modular symbols.

Theorem 115 The commutative Hilbert modular symbols satisfy the following
properties:
1. If o is a permutation of the set {1,2,3} then

{pa(l) yPo(2)5 po’(S)} = Sign(a){plap% p3}

2. If p1, pa, p3, P4 are four points on the same holomorphic (or anti-holomorphic)
curve then

{p1,p2,p3} + {p2,p3,pa} = {p1, P2, pa} + {P1,p3,pa}.

To each four points p1,p2, p3, P4, we associate a diangle with vertices p; and
p2. Let {p1,p2;p3,04} be the corresponding symbol.

3. If p1,p2, p3, pa are four points on the same holomorphic (or anti-holomorphic)
curve then

0 = {p1,p2:P3,Pa}-

4. For every district four points p1,ps2, p3, p4, we have the following relations
based on the orientation of the domain

{p2,p15p3, P4} = {p1, P2 P2, P3} = —{p2,P1; P4, P3} = —{P1,D2:P3, P4}

5. For every five points p1,p2, 3, Pa, P5, we have

{p1,p2; 3, Pa} + {P1,P2; P2, D5} = {P1, D2 D3, 5}

6. We also have relation between the two types of commutative Hilbert mod-
ular symbols. For every four distinct points p1,pa;ps3, pa, we have

0 ={p1,p2,p3} + {p2,p3,ps}—
—{p1,p2,pa} — {p1,p3, Pa}+
+ {p1,p2:p3, P4} + {p2,P3; 1, Pa} + {P3, P15 P2, Pa}+
+ {p3, pa; p1, P2} + {p1, Pa; P2, P3} + {P2, Pa; P3, D1}

Proof. Part 1 follows from orientation of the simplex in singular homology.
Part 2 is an equality induced by two different triangulations on a holomorphic
(or anti-holomoprhic) curve with 4 vertices. In that setting the diangles are
trivial, which proves Part 3. Part 4 follows from orientation of the diangle.
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Part 5 corresponds to a union of two geodesic diangles with a common face,
given by a third geodesic diangle. Part 5 will be used for a non-commutative 1-
cocycle relation for the non-commutative Hilbert modular symbol (see Theorem
122). Part 6 is a boundary relation for the boundary of a thickened tetrahedron.
By a thickened tetrahedron we mean a union of four geodesic triangles corre-
sponding to each triple of points among the four points p1, ps, p3, ps together
with six geodesic diangles that correspond to the area between the faces of the
geodesic triangles. They correspond exactly to the thickening of the six edges of
a tetrahedron. Part 6 will be used for establishing a non-commutative 2-cocycle
relation for the non-commutative Hilbert modular symbol (see Theorem 123).

6.2.3 Pairing of the modular symbols with cohomology

In this subsection, we consider pairings between commutative Hilbert modular
symbols and cusp forms. In some cases, we prove that such pairings give periods
in the sense of [?].

We are interested in holomorphic cusp forms with respect to I'. Equiva-
lently, we can consider the holomorphic 2-forms on X, which is the minimal
smooth algebraic compactification of X. At this point we should distinguish
between geodesic triangles p1, ps, ps that lie on a holomorphic curve or on anti-
holomorphic curve. The reason for distinguishing is that a holomorphic 2-form
restricted to a holomorphic curve vanishes. The way to distinguish the two type
of geodesic triangles is the following: Let v be a linear fractional transform that
sends the points p1, p2, ps to 0,1, 00. If det v is totally positive or totally nega-
tive then the geodesic triangle pi, po2, p3 lies on a holomorphic curve. If det~y is
not totally positive nor totally negative then the geodesic triangle p1, po, p3 lies
on an anti-holomorphic curve.

Definition 116 Let My(H? U PY(K),Q) be the span of the modular symbols
{p1,p2,p3} and {p1,p2;p3,pa} as a subspace of the singular chain Cy(H? U
PY(K),Q) . We define the following pairing

<, > My(H* UPY(K)) x Sp2(T") — C,

by setting
<A{p1,p2,p3}, fdz1 Ndzg >= / fdz1 Ndze
{p1,p2,p3}

for geodesic triangles and
<A{p1,p2;p3,pa}, fdz1 Ndzy >= / fdzy Adzo
{p1,p2;p3,p4}
for geodesic diangles.
Theorem 117 The image of the above pairing is a period over a number field,

when the cusp form is represented by a rational differential 2-form on the Hilbert
modular surface.
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Proof. The boundary of the geodesic triangles of the diangles are geodesics
that lie on holomorphic curves in H2 UP!(K). Therefore, in the quotient by the
congruence group I', the geodesic lie in Hirzebruch-Zagier divisor on the Hilbert
modular surface. Thus, we integrate a closed rational differential 2-form on the
Hilbert modular surface with boundaries on 2 (for a diangle) or 3 (for a triangle)
Hirzebruch-Zagier divisors.

Conjecture 118 Let f € Sk (") be a normalized cusp Hecke eigenform of
weight (k,k). Then the image of < ,fdz1 A dzo > evaluated on any geodesic
triangle or any geodesic diangle is a period.

Theorem 117 is a proof of Conjecture 118 for the case of cusp form of weight
(2,2).

6.2.4 Generating series and relations

In this Subsection we examine the generating series of iterated integrals over
membranes (of type b), J, evaluated at geodesic triangles and geodesic diangles.
We prove relations among them. Most importantly, the generating series J will
be used in Subsection 3.4 for Defining non-commutative Hilbert modular sym-
bols. Moreover, the relations that we prove in this Section, will be interpreted
as coccyges or as coboundaries of the the non-commutative Hilbert modular
symbols satisfy in Subsection 3.4.

Definition 119 Let f1,..., fm be m cusp forms with respect to a Hilbert mod-
ular group T'. Let fidzy Ndza, ..., fmdz1 A dzy be the corresponding differential
forms, defining the generating series. Let J(p1,p2,p3) be the generating series
J evaluated at the geodesic triangle with vertices py,pa,ps. Let J(p1,p2;ps3,pa)
be the generating series J evaluated at the geodesic diangle {p1,pa;ps,pa}-

Both J(pi1,p2,ps3) and J(p1, pa; ps, pa) will be called non-commutative Hilbert
modular symbols after the acting of the arithmetic group is included.

Theorem 120 The generating series J(p1,p2,ps) and J(p1,p2;ps, pa) satisfy
the following relations:
1. If o is a permutation of the set {1,2,3} then

J(pa(l) yPo(2)5 po(3)) - JSign(U) (p17p27 p3})

2. If p1, 2, ps, pa are four points on the same holomorphic (or anti-holomorphic)
curve then

1 =J(p1,p2,p3)J (P2, P3,D4)
J(p2,p1,p1)J (P1,P4,D3)

and
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3. If p1,p2, D3, pa are four points on the same holomorphic (or anti-holomorphic)

curve then
1 = J(p1,p2;P3,P4)-

4. For every four points p1,p2,ps, pa, we have the following relation based
on the orientation of the domain

J(p2,p1503,04) =J({P1,D2: P4, P3) =
=J " (p2,p1;pas p3) =
=J " (p1, pa; 3, pa)-

5. For every five points p1,p2, ps3, Pa, Ps, we have

J(p1,p2; 3, 04)J (P1, D23 P4, Ps5) = J(P1, P23 3, P5)-

We also have relation between the two types of generating series. For every
four distinct points p1, p2; ps, pa, we have

6. For every four points p1,p2,ps3, P4, we have the following relation, based
on the boundary of a thickened tetrahedron,

1 =J(p1,p2,p3)J (P2, D3, P4)
J(p2, p1,p4)J (P1,Pa,13)
J(p1,p2;p3, pa)J ({p2, P3; P1, pa)J ({P3, P1; P2, P4)
J(p3,pa; p1,02)J ({1, Pa; 2, P3)J ({P2, Pa; P3, 1)

Proof. for part 1, let ¢ be an odd permutation. Let U be an union of
two triangles along the edges. Let the first triangle be with vertices p1, p2, p3
and the second triangle be with vertices ps3,p2,p1 with the opposite orienta-
tion. From the product formula Thereom 112 (iii), it follows that J(U) =
J(p1,p2,03)J (p3,p2,p1). From the second homotopy invariance theorem (The-
orem 105) it follows that the generating series J(U) depends on U up to ho-
motopy, which keeps the boundary components on a fixed union holomorphic
curves. Since U has no boundary, we have that U is contractible (to a point)
so that the contracting homotopy “keeps the boundary components” on a fixed
union of holomorphic curves. Therefore, J(U) = J(point) = 1.
Parts 2, 4 and 5 can be proven similarly.

For part 3. If py, po, ps, p4 belong to the same holomorphic (or anti-holomorphic)

curve then the corresponding diangle has no interior, since the two edges will
coincide. Recall that the edges of the diangle are defined via unique geodesic
triangles lying on a holomorphic (or anti-holomorphic) curve.

The proof of part 6 is essentially the same as the one for part 1; how-
ever, we will prove it independently, since it is a key property of the non-
commutative Hilbert modular symbol. Consider a thickened tetrahedron with
vertices pi,p2,p3, p4. The faces of the thickened tetrahedron are precisely the
ones listed in the product of property 6. The whole product is equal to J(V),
where V' = union of all faces of the thickened tetrahedron. From the second ho-
motopy invariance theorem it follows that the generating series J(V') depends
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on V up to homotopy, which keeps the boundary components on a fixed union
holomorphic curves. Since V bounds a contractible 3-dimensional region (a
thickened tetrahedron), from Theorem 105, it follows that J(V') = J(point) = 1.

6.2.5 Construction of non-commutative Hilbert modular
symbols

In this Subsection we define non-commutative Hilbert modular symbols. They
are analogues of Manin’s non-commutative Hilbert modular symbol (see [?]),
applicable to the Hilbert modular group. In stead of iterated path integrals
that Manin uses, we use a higher dimensional analogue, which we call iterated
integrals over membranes.

The non-commutative Hilbert modular symbols will be defined as certain
cocycles in terms of the generating series of iterated integrals over membranes
of type b, (see Definition 100). The Hilbert modular symbols satisfy non-
commutative 1-cocycle and 2-cocycle conditions. Unlike a non-commutative
group, where the multiplication is linear, non-commutative 2-cocycles (in terms
of J) multiply according to the relative locations of the 2-dimensional regions of
integration via shuffle product. The relations among the symbols are based on
two properties: composition via shuffle product and the homotopy invariance.
Note that from the shuffle product from Theorem 112 (iii), we have that the
product uses the location of the regions of integration. In particular, the shuffle
product from Theorem 112 (iii) provides a proof of Lemma 91, which generalizes
compositions of iterated path integrals over a concatenation of paths, which is
a key ingredient in the non-commutative 1-cocycle that Manin defines to be the
non-commutative modular symbol.

Definition 121 We define non-commutative Hilbert modular symbols as

Cpr paips (V) = J (D1, D23 D3, YP3)-

and
012)(6,'7) - J(pa Bpa nyp)a

where p,p1,p2,p3 are coup points in H2 UPY(K) and v € T is an element of a
congruence subgroup T of the Hilbert modular group SLa(Ok).

We are going to show that the non-commutative Hilbert modular symbols
satisfy cocycle relations. Moreover, when we choose different base points, the
corresponding change in the cocycle(s) is a coboundary.

Theorem 122 The non-commutative Hilbert modular symbol Cll>1472§173 s a 1-
cycle. Moreover, if we change the point ps to q3, then the cocycle changes by a

coboundary.

Proof. Property 5 can be interpreted as a l-cocycle relation. We define the

following action of § € T on ¢, ... () as the action of 5 on ps and on ps.
That is

B#Cp pops (V) = B J(p1,p2: 3, vp3) = J (1, p2; Bps, BYps)-
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Then
ey, pops (B:7) = J(p1,p2; p3, Bps) T~ (p1, pa; ps; Byp3) (B - J (p1, pa; p3, 1ps3))
(6.19)
= J(p1,p2: 3, Bp3)J (1, p2; p3; Byp3) I (p1, s Bps, BYD3)
(6.20)
—1. (6.21)

If we change ps to g3 then the cocycle changes by a coboundary. Let b° =
J(p1,p2;p3,q3) be a O-cochain. Then

Czln,pz;qs (v) = J(p1,p2:p3, YP3) (6.22)
= J(p1,p2: 3, 43)J (1, 23 a3, ¥a3) T (P1, P23 Va3, YP3) (6.23)
= J(p1,p2;p3,a3)J (P1, D25 q3,743) (v * J (p1, P23 p3.43)) " (6.24)
= boczln,pz;qs (7) (7 * bo)_l (6.25)

Theorem 123 The non-commutative Hilbert modular symbol cg(ﬂ,fy) satisfies
a 2-cocycle relation. Moreover, if we change the point p to q, then the cocycle
changes by a coboundary up to terms involving ct.

Proof. Recall
2 (B,7) = J(p. Bp, Byp).
1

Then c% satisfies a 2-cocycle condition up to a multiple of the 1-cocycle ¢, ., ..
for various points q1, g2, g3. For the 2-cocycle relation, we compute dcﬁ(ﬁ,% J).

dey(8,7,6) = (B,7)(8,70) (¢ (87,8)) "1 (B - *(7,0)) ! = (6.26)
=J(p, Bp, Byp)J (p, Bp, Bydp)x
x J(p, Byp, Byop)~" I (Bp, Byp, Byop) " (6.27)

In order to have dcg(ﬂ, 7v,8) = 1, we must multiply by suitable values of ¢!,
corresponding to edges of a certain thickened tetrahedron. Then

dep (8,7, )% (¢, s (BY)S(BY) ™)y arypip (BY0) iy s (B)70B ™) %
X Céwﬁ‘yﬁp;p(ﬁ)czl),ﬁvﬁp;ﬁp(BVﬁ_l)cép,ﬂvﬁp;ﬁw((ﬁ’y)_l)] =
=[cp(B:7)(B,78)(*(B87,8)) " (B *(7.6)) ']
X [ep,8p:84p(BY(BY) )b, ypip (BY0) Chip o (B)10B 1)
X C}f'ypﬁ"/ép;p(ﬁ)cévﬂvép;ﬁp(ﬁvﬁil)Cép,ﬁwz’;ﬁ'yp((ﬁwil)] =
=[J(p, Bp, Byp)J (p, B, Bydp) %
x J(p, Byp, Bvop) ' (Bp, Byp, Br0p) ']
x [J(p, Bp; Byp, By0p)J (Bp, Byp; p, Bv6p)J (Bp, p; Bp, By0p) X

x J(Byp, Byop; p, Bp)J (p, ByOp; B, Byp)J (Bp, Byop; Byp, p)] =
—1.
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The first equality follows from Equation (6.26). The second equality follows from
the definition of the symbols. And the last equality follows from Property 6 with
(p1,p2,p3,p4) = (p, Bp, BYP, B, 70p). Therefore, we obtain that dcg(ﬁ,%d) is 1
up to values of the 1-cocycle c!.

Now we are going to show that cf, and 0(21 are homologous. Before we proceed,
we would like to make an analogy between 1-dimensional and 2-dimensional
cocycles. For the 1-dimensional cocycle, the property that it is a cocycle has
the geometry of a triangle where the faces of the triangle are essentially the
1-cocycle. We want commutativity of the triangular diagram. We think of the
commutativity of the diagram as follows: consider the interior of the triangle
as a homotopy of paths and we think of the 1-cocycle as a homotopy invariant
function. For the 2-cocycle, the 2-cocycle relation is represented by the faces
of a tetrahedron. By a ’commutativity’ of the diagram, we mean a homotopy
invariant 2-cocycle and a homotopy from one of the faces to the union of the
other three faces.

The comparison that c}jl,p?;ps and 011,17132;% are homologous is given by a
square-shaped diagram. The analogy if dimension 2 is that the cocycles 012,
and cg are two faces of an octahedron. The vertices associated to 012)(5,7) are
(p, Bp, Byp) and the vertices associated to c?] are (q,q,Bvq). The two faces
will be opposite to each other on the octahedron Oct so that the three pair
of opposite vertices are (p, 8vq), (Bp,q) and (Bvyp, Bq). The remaining 6 faces
are combined into two triples. Each of them corresponds to a coboundary of a
1-chain.

Let

by.o(B) = [J(p, q,Bp)J (¢, Ba, Bp)][J (a, B; p; Ba)]-

Consider the action of v € T on b!, by action on each point in the argument of
J, denoted as before by 7 - b'. Then

dby, o (8,7) = by, (BB - by (N][by, o (BN,
where 8- b, (v) = [J(Bp, Bq, Byp)J (Ba, B, By)I[T (Ba, Byp; p; Bya)]

Lemma 124 With the above notation,, we have that 012, and 03 are homologous
a(B,7) = (B, Mdbyg (B, ] [ J(D2)
D 9 Py q bl ’Y Pq ) 7 v/

up to a product of J(D;),where D; are geodesic diangles.

Proof. Consider the above octahedron Oct. Remove from it the tetrahedron
T with vertices (p,q, 5vq, Byp). Then the triangles of the remaining geomet-
ric figure are precisely the triangles in the definitions of c%(ﬁ,v), cﬁ (8,7v) and
db}g’q (8,7). Now, consider thickening of the edges, which are common for two
triangles. It can be done in the following way. Instead of any triangle, we can
take a geodesic triangle. The two triangles that had a common edge might have
only two common vertices. Then the region between the two geodesic, one for
each of the geodesic triangles, forms the induced diangle. Take J of the induces
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diangles from the octahedron Oct and J~! of the induced diangles from the
tetrahedron 7. Their product gives [[, J(D;). The equality holds because we
apply J to the union of the faces of the thickened Oct — T, which gives 1.

6.2.6 Non-commutative 2-cocycle and non-commutative
2-coboundary

6.2.7 NC Hilbert Modular Symbol and Multiple Dedekind
Zeta Values

In this Subsection, we make explicit commutations of some ingredients in the
non-commutative Hilbert modular symbol. In [?], Manin compares explicit
formulas of integrals in the non-commutative modular symbol to multiple zeta
values. The similarities are both in terms of infinite series formulas and in terms
of formulas via iterated path integrals. Here we compare certain integrals in the
non-commutative Hilbert modular symbol to multiple Dedkeind zeta values.
Again the similarities are both in terms of infinite series formulas and in terms
of formulas via iterated integrals over membranes.

We are going to consider the Fourier expansion of two Hilbert cusp forms f
and g. Let wy = fdz1 Adz1, wg = gdz1 Adz and wy = dz; A dz. We are going
to associate L-values to iterated integrals of the forms w; and wgy. The L-values
would be iterated integrals over an union of diangles. One can think of a diangle
connecting 0 and co as a segment or a real cone. The union will be a disjoint
union of all such real cones connecting 0 and oo or simply Im(H) x Im(H).
We also recall the definition of a multiple Dedekind zeta values via (discrete)
cone. Finally, we show analogous formulas for an iterated L-values associated
to Hilbert cusp forms and multiple Dedekind zeta values, where we consider an
union of discrete cones.

We will be mostly interested in the modular symbol associated to a diangle.
Let us recall what we mean by a diangle.

Let p1, pa, ps, pa be four cusp points. Let ;3 € GLo(K) be a linear fractional
transform that sends v1(p1) = 0, y1(p2) = 00, 71(p3) = 1. Let A be the image
of the diagonal embedding of H' into H?. Then 0, 1 and oo are boundary points
of A. Let A(0,00) be the unique geodesic in A that connects 0 and co. And let

A (p1,p2) = 77 A0, 00)

be the pull-back of the geodesic A to a geodesic connecting p; and po.

Now consider the triple p1, ps and py. Let v5 € GLo(K) be a linear fractional
transform that sends v2(p1) = 0, v2(p2) = oo and y2(ps) = 1. Let A be the
image of the diagonal embedding of H! into H2. Then 0, 1 and oo are boundary
points of A. Let A(0,00) be the unique geodesic in A that connects 0 and oo.
And let

>\2(p1>p2) = ’7271)‘(07 OO)
be the pull-back of the geodesic A to a geodesic connecting p; and ps.
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By a diangle, we mean a region in H? U P!(K) of homotopy type of a disc,
bounded by the geodesics A1(0, 00) and A2(0, c0).

We are going to present a computation for the diangle D, defined by the
points (0,00, ut,u~1), where u is a generator for the group of units modulo 41
in K. Let (1) be the trivial permutation.

Lemma 125 Let u be a totally positive unit. Then

(1
//( )( >62m(mzl+azzz)dzl Adzy — 1' ud —u?
D, (2mi)2 (rug + agus)(@rus + asug)

Proof. Let u; and us be the two embeddings of « into R. Then (0, co,u) can
uwt 0
0 1
parametrized by (it,t) for ¢ € R. Then the geodesic (0, 00) on the geodesic
triangle (0,00, u) can be parametrized by {(iuit,iust) | ¢ > 0}. Similarly, the
geodesic \2(0,00) on the geodesic triangle (0,00, u~1) can be parametrized by
{(iugt,iust) | t > 0}. Then the diangle D, can be parametrized by

be mapped to (0,00,1) by v = ) . The geodesic A(0,00) can be

Dy = {(21,2) € H? | Re(2) = Re(zs) = 0, Im(z,) € (th Z%) Im(z) =t e
2 1

Then we have

(1)(1) ’
// 627ri((1121+0‘2zz)d2;1 A dZQ = /
D’U/ =
2mion Joo

1 1 1 B
C2mi)2al \ a1+ ay alz—f—i—ag N

ug

s
2

277i((¥121+()¢2t)d21> dt —

m
e
224
uy
0

2 2
1 U3 — Uy

o (271'2)2 (a1u1 + CYQ’U,Q)(OQUQ —+ Oégul)
Therefore, one term of the Fourier expansion of a Hilbert cusp form paired with
a symbol given by one diangle does not resemble a norm of an algebraic integer.
However, if we integrate over an infinite union of diangles then a similarity with
Dedekind zeta and with multiple Dedekind zeta occurs.
Consider the limit when n — oo of Dy». It is the product of the two
imaginary axes of the two upper half planes. Denote by

Im(H?) = Im(H) x Im(H).

One can think of this region as an infinite union of diangles.
Denote by az the sum of products a1z1 + agze. Using the methods of [?],
Section 1, we obtain

(2mi)~2 /<1><1> s omis
— WZaZd /\ d . e Zd /\ d
N@N@+5) S hame e

(0,00)}.
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and
1 1 (H(1) i o
(27i)2 N(2)®N(a + ) /Im(Hz) M Az Adzy-(dz1 Adz2)-(d21 Adz2) -2 dz1 Ndzo- (dz1 Ad zs)

Let f and g be two cusp form of wights (2k,2k) and (21, 2l), respectively.
Consider the Fourier expansion of both of the cusp forms. Let

fﬁ Z a eQTriaz
= ey

a>>0

and let

g= Z blge%ﬁﬁz.

B>>0

Since f is of weight (2k, 2k), we have that a,o = an, where u is a unit. For such
a modular form the modular factor with respect to the transformation z — uz
is 1. The L-values of f is

(D) ‘ 1
Ly(n) = /Im<Hz> @M dn N (daandz) OV = Gl DL
a€Ot U+ acOt U+
Here O}t denotes the totally positive algebraic integers in K and U™ denotes
the totally positive units.
We recall some of the definitions from [?]. We fix a positive cone C' in Ok,
by which we mean

C=NU{a €Ok |a+be, abe N},

where € is a generator of the group of totally positive units. By ¢*C, we mean
the collection of products e*a, where a varies in the cone C.
The following infinite sum is an example of a multiple Dedekind zeta value

(kioero(mn) =) Z (at B

acC ﬁEekC

Let Z(m,n) = > ..z Ck.cerc(m,n), where C is any set representing the
totally positive algebraic integers (9}’( modulo totally positive units U™,

Lemma 126 The values Z(m,n) are finite for m >n > 1.

Proof. Let ¢ be a generators of the group of totally positive units UT in K.
For the two real embeddings €¢; and e of €, we can assume that e; > 1 > es.
Otherwise we can take its reciprocal.
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=) Z N (He% (6.28)

k€EZ o ,860
1
(6.29)
2 Ny ( T

+22” >)<

1
<2 N<a>m< N(a+p)r

a,BeC
2 (N(a+p8)"—N()"” B
*Zk( N(a+ )" >) - (6:30)
1 1
- 3 s (st (031

e (N(“J?fiiﬁff(a)"ﬁ :

1
=Y N Na o (6.32)

a,BeC
n 2 1 2
e —1N(a)» N(a)™» "N(a+p)"

i (Cimym) — 6%1 (CR(Cin) + (e (Cim—mym)) . (6.33)
Equation (6.28) is the definition. Inequality (6.29) is based on the following:
€2 < 1 is replaced with 1 then k > 0. For k < 0 we use 5 = el_k. We put 1 for
e} for k < 0. The case k = 0 is treated separately. Finally we group the terms
with equal powers of €;. In the Inequality (6.30) we estimate the mixed terms
in the brackets. In Equation (6.31) we take the sum of the geometric series in
61_1. Then in Equation (6.32) we open the brackets. And finally, in Equation
(6.33), we express the sums as a finite linear combinations of a Dedekind zeta
value and multiple Dedekind zeta values.

Definition 127 For a pair of Hilbert cusp forms f and g with Fourier expansion
f — Z aa€27riaz and g= Z bBeQﬂ'iﬁz7
a>>0 B>>0

we define the following iterated L-values

Eeh |
Lyg(m,n) :/ E : (aa€2mazdzl A dzz) - (dz1 A dZQ).(mil)'
m 2
) (o pye(0F.08)/U

(bge®™PZdzy A dzy) - (dzy A dzg) ™Y,
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Theorem 128 Using the above definition we have

aabg
Lromm =2, 2. N@yNiat Ay

k€Z aeC,BeekC

Proof.

W) |
Lyg(m,n) :/ E : (aa62mazd«zl Adzz) - (dz1 A dZQ)'(mil)'
m 2
() (o 8)e(0F.05)/U

. (b562”iﬁzdz1 Ndzg) - (dz1 A dZQ)'("_l) =

- aabg o
B Z N(a)™N(a+B)"

(a.B)E(0%,0%) /U

- aablg -
= 2 N(a)™N(a + ek B)n

k€Z;a,BeC

agb
EY Y

keZ, acC ﬁeekc

We would like to bring to the attention of the reader the Definition 127 of the
multiple L- values. More specifically, we would like to point out that the region
of integration is an infinite union of diangles, (or equivalently an infinite union
of real cones; see the beginning of this Section.) Note also that in Theorem
128 the values of the multiple L-functoins are expressed as an infinite sums over
different discrete cones, namely, over €*C, for k € Z. However, a single real cone
D, as in Lemma 126, does not correspond to a single discrete cone. Only a good
union of real cones Im(H) x Im(H) corresponds to a good union of discrete cones

Usez(C, €¥C) as a fundamental domain of (O}, 0F)/U™.
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