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1. INTRODUCTION TO FUNCTIONS

(1) Define a function. Give five examples; use different variables for greater understanding.
(Note to instructor: Until otherwise mentioned, a function in this course is real-valued, and

defined on a subset of R.)

(2) Present at least two different examples of relations which are not functions.

(3) What are the independent and dependent variables in the description of a function? Point

out the independent and dependent variables in your examples above.

2
(4) Let f: R — R be the function given by f(z) = — i T Evaluate
x
o f(0) o f(1) ef(=1) e[f(2) ef(-2)
(5) Let f: R — R be the function given by f(z) = T Find

o fa) o f(b) o f(=1) ef(a®) ef(Vb).
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(6) Let g(a) = va? — 3. Find
¢ g(10) e g(—10) eg(2) eg(t?) eg(v5).

(7) Let h(m) =3 —4m + 5|m|. Find

e h(10) e h(—10) e h(2) e h(0) eh (—é)

(8) Let f(z) =2z —5. Find

Cfat) e g n) e S - s s g -2 e ()

(9) Let f(x) = x'* — 3. Find f(2.345). (Use a calculator.).

(10) The length of a rectangle is twice its width. Describe the area of the rectangle as a function

of its width.
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(11) Describe the volume of a sphere as a function of its radius.

(12) Describe the radius of a sphere as a function of its volume.

(13) Express the area of an equilateral triangle as a function of its side length s.
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2. MORE ABOUT FUNCTIONS

(1) Write down five examples of functions.

(2) Define the domain of a function. What is the domain of each of the functions given above?

(3) Define the range of a function. What is the range of each of the functions given above?

(4) Find the domain of the following functions:
o f(x)=3x+5

o g(v)=40> -7



o h(m) = y/im
° f(t):§—|—5
e g(w) wts

MTH 13
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(5) Find the range of the following functions:
o f(x)=3x+5

e h(s) =+/3s+5

o k(t)=3t"+t*+1

“ f()=2
e g(v) =|v+3
o h(n)=VE—7

o i(x) =x+ |z



(6) Evaluate f(1) and f(2) where

3z + 522 forax <1

o f(z) =

dr —2 forx >1

V3t+5 fort>1
. f=1{"

m fOT’tSl

Vs+2 fors>1
o f(s) =

s fors<1

mt2 form # 1
o flm)=qm~1

3 form=1

MTH 13
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(7) A right circular cylinder has height 15 m.
e Describe the volume of the cylinder as a function f(r) of its radius r.
e Find the volume when the radius is 10 m.

e What should the radius be for the volume to be 45007 m3?

(8) The length of a rectangle is twice its width. A semicircle is drawn within the rectangle with
the longer side as its diameter. Describe the area of the region between the rectangle and

the semicircle as a function of the width.

(9) Write the height h as a function of the

distance d in the adjoining figure.

30 cm
(10) Tom has opened a savings bank account. For the first two years he intends to deposit $
300 per month in this account. After that he intends to deposit $ 400 per month. Write
the total savings (s) in terms of the number of months (m) when m > 24, where m = 1

represents the first month he starts saving.
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(11) One day Mr. Banker finds one penny on the street and puts it in a box. Next day he again
finds a penny and puts it in the box. Since then everyday he finds as many pennies on the
street as he already has in the box, and everyday he adds these pennies to the box. Describe

the total amount of money (A) in the box as a function of the number of days (d) where

d = 1 represents the first day he started collecting these pennies.
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3. GRAPH OF A FUNCTION

Graph the following functions. Discuss the vertical line test, domain, range, and plot at least

four points for each of the graph.

(1) y =1 (constant function)

Y
X

(2) y = x (the basic linear function) v
X

(3) y = 2? (the basic parabola) v
X




(4) y

(5) y

(6) y

23 (the basic cubic)

\/x (the basic square-root)

Jx (the basic cube-root)

MTH 13
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(7) y = |z| (the absolute-value function)

1
(8) y = — (the basic hyerbola)

T

MTH 13
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(10) y =3z 45

1

(12) y = 3z* — 2

MTH 13
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(13) y=+vx+5
(14) y=+x—5

(15) y = VA==

MTH 13
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(16) y=a*+2z+1

(17) y= 22> + 42+ 3

x
(18) The piece-wise defined function f(z) =

1'2

r>1

18
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(19) The piece-wise defined function g(z) =

3z

—22+3
\

T < —1
—1<z<2

T > 2

19
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4. EXPONENTIAL FUNCTIONS
The Exponential function:
f(x)=0" forb >0 and b # 1.

Here, b is the base of the exponential function.

What happens when b = 17 What is its graph?

What happens when b < 07 What about b = 07

Graph the following exponential functions. Provide at least 5 points. What are its = or x
intercepts if any. Give its domain and range. Sketch the horizontal asymptote as a dotted line, and

give its equation.

(1) fa)=2" .

(2) f(x) =3




(5) f(z)=2°+1

MTH 13
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(7) f(x) =3-2°

(8) f(x) =241 =227

MTH 13
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(11) Using an example discuss the graphs of f(z) = b* and g(z) = b=" when b > 1. Your discus-
sion should include concepts of increasing/decreasing, horizontal asymptotes, and symmetry

of the two graphs.
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(12) Discuss the graphs of f(z) = b" and g(x) = ¢ when b > ¢ > 1. Your discussion should

include concepts of steepness, and horizonal asymptotes.

(13) Discuss the graphs of f(x) = 0" and g(z) = ¢® when 0 < b < ¢ < 1. Your discussion should

include concepts of steepness, and horizonal asymptotes.

(14) Use the graphing calculator to graph f(z) = 0.3(1.22%)
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When P dollars are deposited at the rate of interest of r per annum compounded continuously, the

final amount A and the interest I earned after ¢ number of years are given by the formulae
A=Pet [=A-P

Find the final amount and the interest earned when $ 250 is deposited at 6 % interest compounded

continuously (do not forget to convert the % to a numeric value) for

e | year

e 2 years

e 15 years
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5. LOGARITHMIC FUNCTIONS

The Logarithmic function is the inverse function of the exponential function.

For b > 0,b#1,

log, x =y if and only if b¥ = x.

What values of z is log, x undefined? When is log, z = 07

(1) Convert each statement to a radical equation.

(a) 2* = 16.

(b) 3% = 243.

0()-5

26

(2) Convert each statement to a logarithmic equation. How is this form different from the

radical form?.

(a) 2* = 16.

(b) 3% = 243.

o()-5

o) -

(3) Convert each statement to exponential form:

(b) log1 9 = —2.
(c) Toggs5 = =
(d) logs 25 = 2.

Solve for z:

(1) logsz =1
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(2) logyx =0
(3) log, 16 =4

(4) log, 4 =16
(5) log; 81 ==
(6) log, 35 =7
(7) loggs = ==
(8) log, 12 = 2
(9) log, 12 = %

(10) log, 9 =2

(11) logy(z —4) =4

(12) logy243 = (22 + 3)

1
(13) logys = = 3

27
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1
(14) logsz = =
3

(16) logs(z* — bz +1) =2

(17) logs(62% — 5z + 23) = 3

Solve the literal equations for the given variable:

(1) a+b=3log, (E) (solve for x).
Y

(2) —3 = a +log,(3y) (solve for y).

28
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6. PROPERTIES OF LOGARITHMS

Recall that for b > 0,0 # 1, log, v = y if and only if b¥ = x. Give proofs for the following:

e For b > 0,b # 1, we have log, 0" =z

e For b > 0,b# 1, we have b'°%* = g

e For b, M, N > 0,b # 1, we have log,(M - N) = log, M + log, N.

M
e For b, M, N > 0,b # 1, we have log, (ﬁ) = log, M — log, N.

e For b, M > 0,b # 1, we have log, (M?) = plog, M.

29
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log, M
e For b,c, M > 0,b,c # 1, we have ?gc 2 = log, M.
0og

C

Now use these properties to expand the following logarithmic expressions:

(1) logs 15
(2) log, 64z

(3) log,(322%y°)

() togis (5 )

(6) logs(2432)

(2

(8) logs (34% ;‘”)

(9) Io °va + b+ 100
&\ T1000(x — 2)2
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w

(10) In \/%

(11) In(M + N)
Use the properties of the logarithm function to condense the following expressions:

(1) log 25+ log 4

(2) logg z* + 2logs y — 5logy 2

1 1
(3) élogx—f— glogy

2
(4) 3ln(z+y) —4In(a+0b) +2Inz — glnp

(5) logg @ + logg(z + 3) — logg(2? — 9)

(6) log M - log N = log P

Find the exact values of the following (no calculators):
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7. NATURAL AND COMMON LOGARITHMS

(1) What is the natural logarithm?
(2) What is the common logarithm?

(3) Convert the following to log-expressions (common logarithm) and then use your calculator
to find their values:
(a) logg 34
(b) log,, 123

(4) Convert the following to In-expressions (natural logarithm) and then use your calculator to
find their values:
(a) log, 19.34
(b) log,; 49

(5) Evaluate (no calculators):

(a) In(e?)
(b) In(vV/e's)
(c) 5 In(e'®)
(d) log(1,000,000)

(e log(\s/m)
(f) = log(1,000,000)

._

w|»—

)
)
)
)
)
)

OTI»—t




8. EXPONENTIAL AND LOGARITHMIC EQUATIONS

Solve for z
(1) 2% = 256
(2) 3* =81

(3) 451 = 64

1
4) 5o+l = —
(4) 25

(7) 3T = 4:1075

(8) 3€7x—3 — 6109[:

(9) 4(10%+2) = 100

(10) 3(1039{:—}—2) — 54x

(11) log(3z + 1) — log4 = log(2z + 1)

(12) log(x — 3) + log 8 = log 90

MTH 13
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(13) log(2z + 5) +log 3 = log(3x + 5)

(14) log(z —6) + log(z +4) = log 3 + log =

(15) 2In(z — 1) =Inb+Inzx —In6

MTH 13
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9. AN INTRODUCTION TO VECTORS

(1) What is a scalar? Give three examples of how we encounter scalars.

(2) What is a vector? Change your three examples above to have them represent vectors.

(3) Explain in your own words and illustrations how to

(a) add vectors using the polygonal method;

(b) add two vectors using the method of parallelogram;

(c) find the difference of two vectors;

35
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(d) scale a vector by 2;

1
(e) scale a vector by §;

(f) draw a linear combination of two vectors.

36
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(4) Add the following vectors and draw the resultant:

(5) Draw the indicated sums of vectors:

/

1
eA+B+C 0§A—B+C e A+2B—3C

(6) Draw the following vectors and draw their sums.
(a) 2.3 cm. 15% 3.2 cm. 120°.
(b) 1.2 cm. 45°; 2.3 cm. 0°.
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10. COMPONENTS OF VECTORS

(1) What are the components of a vector? Explain with an example and illustration.

(2) What are the z- and y- components of a vector on a coordinate plane? Explain with an

example and illustration.

(3) On a coordinate plane draw the vector starting at origin and ending at the point (3,2).
Resolve this vector into its z and y components. That is, which points determine the x and

y components of this vector?

(4) On a coordinate plane draw the vector starting at origin and ending at the point (—3,2).

Resolve this vector into its x and y components.

(5) On a coordinate plane draw the vector starting at origin and ending at the point (3, —2).

Resolve this vector into its x and y components.

(6) On a coordinate plane draw the vector starting at origin and ending at the point (—3, —2).

Resolve this vector into its x and y components.
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(7) On a coordinate plane draw the vector starting at origin with magnitude 2.1 cm and direction

6 = 132°. Resolve this vector into its x and y components. (Use calculator).

(8) On a coordinate plane draw the vector starting at origin with magnitude 1.3 cm and direction

6 = 235°. Resolve this vector into its x and y components. (Use calculator).
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11. VECTOR ADDITION BY COMPONENTS

(1) Draw illustrations and add the vectors A and B by components where (don’t forget the
resultant direction)

(a) A=23,04 =35, B =35,05 = T8

(b) A =23,0,4 =105°, B = 35,0 = 78°.

() A=23,0,4=115°, B = 35,05 = 128°.

(d) A =23,0,4 =215°, B = 35,05 = 78°.

(2) A child throws a paper plane towards the east at the speed of 0.5 mi/hr. At the same time,
wind blows from the south towards the north at the speed of 3 mi/hr. What is the velocity

of the paper plane?
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(3) A man is rowing a boat on the river going north at the speed of 1.5 mi/hr. The current of
the river is pushing the boat west at the speed of 1.8 mi/hr. What is the resultant velocity

of the boat?

12. APPLICATIONS OF VECTORS

Go through as many problems from the textbook as time permits.



The imaginary unit is
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13. CoMPLEX NUMBERS: BASIC DEFINITIONS

j=v-1, j=-1

42

We are following the notation used by our textbook. Most authors use the letter 7 to represent the

imaginary unit.

Evaluate:
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14. BASIC OPERATIONS WITH COMPLEX NUMBERS

Evaluate:

(1) 5+4j) =B +7j)
(2) (=5+4j) + (3 —T7j)
(3) (30 — 155) — (2 +5j) + (=8 + 37)

(4) (30 —155) = [(2 4 57) + (=8 + 37)]

0 (+3)-(-3)- (5+4)

(7) 5(3 +47)
(8) —5(3 +47)
(9) 55(3 +47)

(10) (1 +55)(3+47)
(11) (=1 = 2j)(=3 — 4j)
(12) (4 —55)(5 +129)

(13) 5(3 — 4j)

43



(14) (44 5j)?

(15) (4 —55)*

(16) (44 5j5)*

(17) (4 = 55)°

(18) (4 +5j)(4 = 57)

MTH 13
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(27)

(28)

(29)

(30) 34

(31) You have encountered complex conjugates above. Explain what they are using examples.

45
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15. GRAPHICAL REPRESENTATION OF COMPLEX NUMBERS
(1) Locate the given numbers on the complex plane:

o2+ 39 e3—2j e—2—3 e —2-+4y

(2) Add/Subtract the following numbers graphically:
(2+3j)+ (=3+4))

(2+37) — (1-37)

46
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(3) Show the given number, its negative, and its conjugate on the same complex plane: 4 + 3j

(4) Show the given number, its negative, and its conjugate on the same complex plane: —2 + 3j

(5) Show the given number, its negative, and its conjugate on the same complex plane: 6 — j



MTH 13

16. POLAR FORM OF A COMPLEX NUMBER

Relationship between the rectangular coodinates and the polar coordinates:

r=rcost; y=rsinf;, r?=a?+y*% tané’:g.
x

Therefore, x 4+ yj = r(cosf + jsinf). An important notation:

rZf =r(cosf + jsinf).

(1) Represent each complex number graphically and give the polar form of each:

(a) 3— 4

(d) 1.3+2j

48
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(2) Represent each complex number graphically and give the rectangular form of each:

(a) 3.0(cos 38 + jsin 38°)

(b) 2.3(cos 138° 4 jsin 138°)

(¢) 2.5/ — 200°

(d) 1.220°
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17. EXPONENTIAL FORM OF A COMPLEX NUMBER

The exponential form is re/? = r(cos + jsin§) where 6 is measured in radians.
Recall, 7 radians = 180°.

Summary of relationships between rectangular, polar, and exponential forms of a complex number:

Rectangular form: x + Jy;
Polar form: r(cos @ + jsin6);
Exponential form: rel?.

Further, 7? = 22 + y? and tanf = Y.
T

(1) Convert the following measurements of angles from degrees to radians:
0210° e 40° e 130° ® 290°
(2) Convert the following measurements of angles from radians to degrees:
©2.57 rad e 4.02 rad e 1.30 rad 59 rad

(3) Express the given complex numbers in polar form and in rectangular form:
(a) 26234
(b)

(c) 0.8e%

d)

1.3¢5-8%
1.2¢327

(
(4) Express the given complex numbers in polar form and in exponential form:
(

a) 2+ 3j

(b) —3 + 25
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18. ProODUCTS, QUOTIENTS, POWERS, AND ROOTS

(1) Explain how to find the product of two complex numbers written in their exponential form

or polar form. Give three examples.

(2) Explain how to find the quotient of two complex numbers written in their exponential form

or polar form. Give three examples.

(3) State DeMoivre’s theorem. Use this theorem to explain how to find a power of a complex

number written in its exponential form or polar form. Give three examples.
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(4) Explain how to find both the two square-roots of a complex number written in its exponential

form or polar form. Give three examples.

(5) Explain how to find all the three cube-roots of a complex number written in its exponential

form or polar form. Give three examples.

(6) First convert the given complex numbers to their exponential form, and then perform the
indicated operation. Finally, write your results in their rectangular form.

(a) (2+35)(—=4+)

1—2j
3—2j
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(d) Find both the square-roots of 3 — 4j.

(e) Find all the three cube-roots of 2 — 3j.

(f) Find all the four fourth-roots of —3 — 2j.

54
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19. GRAPHS OF y = asinx AND y = acosx

The unit circle in the coordinate plane is the circle of radius 1 centered at (0,0). For a point
(x,y) on the unit circle, we have x = cos and y = sin 6 where 6 is the angle subtended by the ray
originating from (0,0) to (z,y) with respect to the X-axis. Use calculators or your knowledge of
trignometry to find rectangular coordinates for all the end points of the radial segments shown on

the unit circle below. Give the angles in both degree and radian form.

( , ),0=90°=

(1,0),0 = 0° =0 rad

Here is a way of remembering the numbers you derived above:

0<l<2<3<4
Take square root throughout

Divide throughout by 2

How are these numbers to be used?
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(1) Plot the graph of y = sin x, where = is measured in radians. Use values

(2) Plot the graph of y = cosx, where x is measured in radians. Use values

56
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(3) Plot the graph of y = 3sinx, where x is measured in radians.

(4) Plot the graph of y = 2 cosx, where z is measured in radians.

57
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(5) Plot the graph of y = —2sinx, where x is measured in radians.

(6) Plot the graph of y = —3 cosz, where z is measured in radians.

58
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(7) Find the function y = asinz which passes through the point (7,4) and graph it.

(8) Find the function y = a cosx which passes through the point (7, —2) and graph it.

(9) Define the amplitude for a sine curve or a cosine curve.

59
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20. GRAPHS OF y = asinbx AND y = acos bz

(1) What is the period for a sine curve or a cosine curve? Give three examples.

(2) Find the period of the function y = sin(3z) and graph it.

(3) Find the period of the function y = cos(4z) and graph it.

60
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(4) Find the amplitude and the period of the function y = 3sin(2x) and graph it.

(5) Find the amplitude and the period of the function y = —2 cos(3z) and graph it.

61
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(6) Find the amplitude and the period of the function y = 2sin(5) and graph it.

(7) Find the amplitude and the period of the function y = — cos(§) and graph it.

62
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(8) Find the amplitude and the period of the function y = 3sin(27z) and graph it.

(9) Find the amplitude and the period of the function y = 2 cos(57x) and graph it.

63
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(10) Find the function y = —3sin(bx) whose curve passes through (1,3) and b has the smallest

possible value.

(11) Find the function y = 2 cos(bx) whose curve passes through (3,0) and b has the smallest

possible value.
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21. GRAPHS OF y = asin(bx + ¢) AND y = acos(bx + ¢)

(1) What is the displacement or phase-shift for a sine or a cosine curve. Give three examples.

(Hint: Set bz + ¢ =0).

(2) Determine the amplitude, the period, and the phase-shift of the function y = sin(z + 7) and

graph it.

(3) Determine the amplitude, the period, and the phase-shift of the function y = cos(z —7) and

graph it.
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(4) Determine the amplitude, the period, and the phase-shift of the function y = 3sin(z + 3)

and graph it.

(5) Determine the amplitude, the period, and the phase-shift of the function y = —3cos(z — %)

and graph it.
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(6) Determine the amplitude, the period, and the phase-shift of the function y = —3sin(2z + )

and graph it.

(7) Determine the amplitude, the period, and the phase-shift of the function y = 3 cos(2z — )

and graph it.
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22. GRAPHS OF y =tanx, y =cotz, y =secz, y = cscx

sin x cosx 1 1
tanz = ; cotw = ——; secx = ;. CSCx = —.
cos T sin x cosx sin x
s s
(1) Graph one cycle of y = tanz, 5 <T <y

(2) Graph one cycle of y = cotz, 0 < z < 7.

68
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(3) Graph one cycle of y = secz, 0 < x < 27, indicate the vertical asymptotes.

(4) Graph one cycle of y = cscx, 0 < x < 2, indicate the vertical asymptotes.

23. APPLICATIONS OF THE TRIGNOMETRIC GRAPHS

Try out as many problems from the textbook as time permits.

69
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24. FUNDAMENTAL TRIGNOMETRIC IDENTITIES

Recall from your previous courses in mathematics how trignometric functions are first defined.

(1) Let point (z,y) be on a circle centered at (0,0) with radius r. Assume that z,y > 0. Let

0 denote the positive angle formed by the ray starting at (0,0) and passing through (z,y).

x
Use your illustration to prove that sinf = g, cos = —, and tanf = Y.
r r

X

(2) Extend the definitions above to all real number z,y. Note, the tan function will not be

1
cscl = —— and cotl =

e — . Using these
cos sin 6 tan 6 &

defined for values x = 0. Now, sect =

relations, show that

sin?f 4 cos?0 =1; 1+tan?0 =sec?d; 1+ cot?f = csc?6.
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(3) Simplify the following expressions reproduced here from the textbook.

e tany(coty + 3cosy)

o (cscx — 1)(cscx + 1)

e tan? usec?u — tan*u

1+ tanz
. —_—

sin x

— Secx

(4) Prove the following identities reproduced here from the textbook.

e secf(1 —sin?6) = cos

e cscxrsecxr —tanx = cotx
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1+ cosx sin x
sinx 1——coszx
secl tanf

cos 6

coth
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25. THE SUM AND DIFFERENCE FORMULA

(1) Using the definition of sin # and cos @ derived from a point on a circle, show that

sin(—#) = —sin(f) and cos(—0) = — cos(6).

2) Using exponential form of complex numbers, prove that
g

sin(a + ) = sin(«a) cos(f) + cos(a) sin(5);  cos(a + ) = cos(a) cos(5) — sin(a) sin(S).

(3) Prove that sin(a — 8) = sin(a) cos(8) — cos(«) sin(3).

(4) Prove that cos(a — 8) = cos(a) cos(B) + sin(«) sin(53).
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tan a + tan 3
5) Prove that t = ‘
(5) Prove that tan(a + 3) 1 — tana tan 3

(6) Prove that tan(a — §) = tan o — tan

~ l+tanatanf’

(7) Evaluate sin(75°) by using 75° = 30° + 45°.

(8) Evaluate cos(75°) by using 75° = 30° + 45°.

(9) Evaluate tan(75°) by using 75° = 30° + 45°.

(10) Evaluate sin(15°) by using 15° = 45° — 35°.
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(11) Evaluate cos(15°) by using 15° = 45° — 35°.

(12) Evaluate tan(15°) by using 15° = 45° — 35°.
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26. DOUBLE-ANGLE FORMULAE

(1) State and prove the sine double-angle formula.

(2) State and prove the cosine double-angle formula.

(3) State and prove the tangent double-angle formula.

(4) Prove the identity: cos(26) = 1 — 2sin?(f) = 2cos?(0) — 1.

(5) Find sin(120°) using sin and cos values for 60°.

(6) Find cos(120°) using sin and cos values for 60°.

(7) Find tan(120°) using tan value for 60°.
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(8) Find tan(2z) if sin(z) = 0.3 and the terminal point for angle = radians is in the second

quadrant.

cos(3x)  sin(3z)
sin() * cos(x)

(9) Simplify the expression reproduced from the textbook:

%0+ sin’ 0 1
(10) Prove the identity reproduced from the textbook: w =1— —sin26.
cos ) 4 sin 6 2
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27. HALF-ANGLE FORMULAE

(1) Use the identity cos 26 = 1 —2sin?§ to prove the half-angle formula sin %

(2) Use the identity cos 26 = 2 cos? @ — 1 to prove the half-angle formula cos %

(3) Use the half-angle formula to find sin(22.5°).

(4) Use the half-angle formula to find cos(22.5°).

(5) Simplify the expression: /2 + 2 cos(8x).

(6) Simplify the expression: /1 — cos(120°)
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7
(7) Given that tanf = ~9 and 90° < a < 180° find sin(§).

(8) Simplify the expression reproduced from the textbook: 2 sinQ(%) + cos(x).

sin(6)
2 sin(g)

(9) Prove the identity reproduced from the textbook: cos(%) =
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28. SOLVING TRIGNOMETRIC EQUATIONS

Some of the following equations have been reproduced from the textbook. Solve for x, where

0<x<2m:

(1) 2sinz —1=0

(2) 2sin’z —1=0

(3) sin(z) = cos(x)

(4) sin(x — ) = cos(x —

I
I
S—

(5) 2cos’*x —cosx =0

(6) 2sin®*x — 3sinx +1—0



(7) tan?z + 6 = 5tanz

(8) sinzsiniz =1—cosx

(9) cos3zcosx —sin3zsinx =0

(10) 2sin2x — coszsin®z = 0

MTH 13
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29. THE INVERSE TRIGNOMETRIC FUNCTIONS

The sine function is one-to-one on the domain [—7, 7]. That is, on this domain, the graph of the
sine function passes the horizontal line test. Therefore, this function has an inverse, the inverse
sine function denoted by sin~'.

T T
y=sin"'z ifand onlyif siny =z, —5 <y< 5

Notice that the sin™! z is defined for —1 < z < 1. That is, the domain of the inverse sine function
is [~1,1] and its range is [-7F, J].

Similarly, the cosine function is one-to-one on the domain [0,7]. Thus, the inverse cosine

function, denoted by cos™! is defined on the set [—1,1] with range [0, 7] by

y=cos 'z ifandonlyif cosy=2,0<y <.

Lastly, the tangent function is one-to-one on the domain (-7, 7) with range (—o0, c0). Hence, the

inverse tan function, denoted by tan™! is defined on the set (—oo, c0) with range (—%,%) by
y=tan 'z if and only if tany =z, —g <y< g
(1) Find
e sin'1
o cos_l(—g)

e sin(tan—'2)
o sin!2
e tan(sin~'1)
(2) Use calculator to find (use your calculator in radian mode):
e sin~1(0.34)
e cossin '(0.8)

1

(3) Draw graphs of the functions sin™', cos™, and tan™! below:



MTH 13 83

30. SYSTEMS OF LINEAR EQUATIONS AND CRAMER’S METHOD

r+y =1
(1) Consider the system of equations . Solve this system by any method.

20+y =-—1

(2) What is a 2 x 2 matrix? Give three examples.

(3) Give formula for the determinant of a 2 x 2 matrix. Find the determinant of the matrices

you gave above.

(4) Use Cramer’s method to solve the system of equations given in the first question above.



MTH 13

(5) When does the Cramer’s method fail to produce a solution? Give an example.

(6) Solve these problems reproduced from the textbook using Cramer’s method:

r+3y =7 2v +y =4
[ J [ ]

20+ 3y =5 192 =80 —10y

3iu+5 = —4iy 0.06x +0.048y = —0.084
[ J [ J

g = H1; —2 0.013z — 0.065y = —0.078
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(7) What is a 3 x 3 matrix? Give three examples.

(8) Give a formula for the determinant of a 3 x 3 matrix. Find the determinants of the three

matrices you gave above.
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(9) Use Cramer’s method to solve the following systems reproduced here from the textbook:

de+y+2z =2
2 —y—2z =4
3y + 2 =2



3r+s—t
r—2s+t

4r — s+t

=2
=0
3

MTH 13
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31. PRACTICE PROBLEMS

The following are questions used in quizzes and exams of MTH 13 in previous semesters.

(1) Perform indicated operation and write the result in rectagular form.

—2 45
: +2.Z ¢) V=T6(~2 + v—3612)
— 41

(2) Find the all values of x and y that satisty the equation

a) (34 7i) —3(—2i+6) b)

a) (x —1)+yi=3—y% b) & — 2i* + 7i = yj + 2xi®

(3) For each given complex number fill in the blank.

rectangular form | polar form | exponential form

—2+iV5

2/135°
(4) Perform each operation.
12/£70° 8(cos 100° + i sin 100°)
—2i% — 3i')(2 - 3i b) ———— - (2£10°)°
a) (=207 = 30)(2 - 3i) ) Tos 71200 24100 ©) D {eos 40° + i5in 40°)
. . 1, .V3
(5) a) Find the exponential form of the complex number ~3 + i
6
1 3 1 3
b) Evaluate ~3 + zg ¢) Find two square roots of 5 zg
(6) Given vectors A, B below draw vector 2A—B
Y
x

(7) Find the z-component A, and y-components A, of each vector.
a) A =4.85/78.24° b) A =20.15£280°
(8) Find both the magnitude and the angle of each vector.
a) A, =—-3,4,=-4 b) B, = —6,B, =1
(9) Find the resultant vector A + B if A = 6.892123.0° and B = 7.83.£260.0°.
(10) To avoid a storm, a plane flies 145 mi at 35° south of west, and 240 mi at 15° west of north.

What is the displacement of the plane from its original position?
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(11) In lifting a heavy piece of equipment from the mud, cable from a crane exert a vertical force
of 6500 N, and a cable from a truck exerts a force of 8300 N at 10.0° above the horizontal.
Find the resultant of these forces.
(12) Find the values of x and y that satisfy the equation x — 2i* + 7i = yi + 3i°.
(13) For each given complex number fill in the blank. Give answers in exact values whenever

possible.

rectangular form | polar form | exponential form

2+ v/5i

3mi

be 1
(14) Perform the indicated operations. Express all answers in the form a + ib
2/65°
16 . .
a) 5+ y/—5 —V—25+3 b) (2 —14)(3 4 i5) ci —?4200
d) (¥/3(cos 12° + i sin 12°))19 e) 3i'! — 272 f) - "3
— i
(15) Fill in the blank to make an identity
a) sin(z —y) =
b) sin T
2
c) cos2x =
d) sin2z =
e) tan(zx +y) = :
(16) Find cos(z +y) if sinz = 2 and z is in the second quadrant and siny = —3 and y is in the
fourth quadrant.
(17) Find the exact value of cos 75°. No decimal value will be accepted as an answer.
(18) Prove each identity.
a) sin(30° — x) + cos(60° — z) = cosx b) (cscx — cot x)(cscx + cotx) =1
1 — tan? 2
c) cosQ:c:&Qx d)wzl—tanzx
1+tan“z cos? x

(19) Solve each equation for all values in 0 < z < 2.
a) 2cosx —1=0 b) —3cosz + 3 = 2sin’ z.

(20) Evaluate each determinant. Simplify the result.

1 01
sinf cos6 tanf —tané

a) b) c)l2 2 0
cscl sect tan 6 cot d

1 11
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(21) Solve each system of linear equation using determinants (or Cramer’s rule.)

3xr+y=>5
20 — 2y =2
a) b) ¢ 2y —32= -5
—2r+y=3
r+22=7
(22) Find the domain of each function
11
= —_ b - @@ — x
a)y=+v-3r+5 )y 23218 c)y=5"4+5

(23) Graph both the exponential function f(z) = 2% and the logarithmic function g(z) = log, =

on the same set of axes below. Label at least three points on each graph.
Y

(24) Let f(z) = 2+ 3 and g(z) = z + 1. Find
1)

f(=
a) f(3 b) —/——= c) fle+1
) 13) )L ) fa+ )
(25) Solve for x.
a) 571 =2 b) 2log(z —5) =0 b) 2logg x —logg 4z =1
d) 57° = 257+ e) log, 4 +log, 2 =3

(26) Write as a single logarithm.
a) 2logx — 3logy b) %(log:p%—logy)—%logz
(27) Write each logarithm as the product, sum, difference of two or more logarthims.

zyt T
a) log, (%) b) log , /E

(28) Evaluate each determinant. Simplify the result.

sinf cosf tanf —tané el esin®@ V2 2
a) b) c) d

cscl secd tan @ cot 0 geos’ @ e V6 V3

1 01 1 2 3

e)l2 2011 2 3
111 8 9 4
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(29) Solve each system of linear equation using determinants (or Cramer’s rule.)

3xr+y=>5
20 — 2y =2
a) b) ¢ 2y—32=-5
—2r+y=3
r+22=7
(30) Fill in the blank to make an identity
a) sin(z —y) =
b) sin s =
2
c) cos2x =
d) sin2z =
e) tan(x +y) =
(31) Find cos(z +y) if sinx = 5 and z is in the second quadrant and siny = —z and y is in the

fourth quadrant.
(32) Find the exact value of cos 75°. No decimal value will be accepted as an answer.

(33) Prove each identity.

a) sin(30° — x) + cos(60° — z) = cosx b) (cscx — cotx)(cscx + cotx) =1
1 — tan? 2

c) 0052:152$231j d)wzl—tanzx
1+ tan“z cos? x

(34) Solve each equation for all values in 0 < z < 27.
a) 2cosx —1=0 b) 2secx = 3 — cosx ¢) —3cosz + 3 = 2sin’ 7.
(35) Prove each identity.

sinx cosx 1 —tanx CoSs 2x
a) +

(36) Fill in the blank to make an identity

cscxr  secx 1+ tanzx 1 4+ sin 2z

a) sm:ccosy —cos:csmy =
)

b

sin

c) cos 23: =

(37) Find sin 2z if sinz = 5 and z is in the second quadrant.

(38) Fill in the blank.

Function Amplitude Period Frequency Phase shift

y = —3sin(3rx — 2)

y = b cos(3x — 2)

y = tan(mr — )
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(39) Graph the trigonometric function f(x) = 2sin(3x — Z) for —27 < x < 27.

2 2

-2 —T

92

(42) Find the smallest positive b, ¢ of the function y = 3 cos(bx + ¢) such that the period is 4 and

phase shift is —%.

(43) Let f(t) = 5sin(2.34t + ¢) represents the displacement of rotating object passing through

(2,0).
(i) Find the smallest possible value for ¢

(ii) Determine the angular speed w of the rotating object.
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(44) Fill in the blank.
Function Amplitude Period Phase shift
y=2sinx
y = cos(2x — 1)

y = —3sin(3mx — )

(45) Sketch the curve y = 2sin(2x — m) roughly for —7 < z < 2.

Y
T2
: : : x
—2m -7 i 27
-2
(46) Fill in the blank.
Function Amplitude Period Frequency Phase shift

y = —3sin(3rx — 2)

y = tan(mr — %)

(47) Graph the trigonometric function f(z) = 2sin(

1
2

™

—r — =

2

) for =27 < x < 2.

-2

2
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(48) Graph the trigonometric function f(z) = —cos(2z — ) for —27 <z < 27.

)
2
| } x
—2m -7 i T 27
-2
(49) Simplify each trigonometric expression.
. tan x + tan 2z
a) cos(m + x) + sin(m + x) b)

1 —tanz tan 2z
(50) Fill in the blanks to make an identity.
a) cos’z + = 1.

b) sinx cosy — cosxsiny =

¢) sin -

d) cos2x =

e) 1+ = csc? z.
(51) Prove each identity.

a) sin(30° — x) + cos(60° — z) = cosx b) 1 = (cscx — cot z)(cscx + cot x)
1 —tan®z

c) cos 2w = ———
1+ tan®x

(52) Solve each equation for all values in 0 < z < 27.
a) 2secx =3 — cosx ¢) 2sinz(1 — 2sin®z) = 0.

(53) Evaluate each determinant. Simplify the result.

1 01
sinf cosf 3 1
a) b) )| 2 20
cscf sect 11
1 11
(54) Solve each system of linear equation by determinants (or Cramer’s rule.)
3r+y=>5
20 — 2y =2
2y —3z2=—-5
—2r+y=3
r+22=17
r+y =2 r— y+ 2z = 2
3r+2y =-4 r+2y—2 =-—4

(55) Fill in the blank.
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Function Amplitude Period Frequency Phase shift
y=2sinx
y = cos(2x — 1)
y = —3sin(3rx — )

(56) Sketch the curve y = —2sin(2x — m) roughly for —7 <z < 2.

95

(57) Let f(t) = 5sin(2.34¢ + 3) represents the displacement of rotating object. Determine the

angular speed w of the rotating object.

(58) Find the domain of each function

8) fz) = ot

24+ 3x — 18

b) g(x) = 5

c) h(z) = logs x

(59) Graph the logarithmic equation y = log, . Label at lesast three points on the graph.
Y

(60) Let f(x) =222+ 3 and g(z) = z + 1. Find
—1
b 15D
9(=1)
(61) Simplify each trigonometric expression.

a) f(3) —g(1)

a) cos(m + x) + sin(m + )

b)

COS ™

c)

cotxsinzx

SeCTr — CsCT

1 —cotx
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(62) Prove each identity.
sinz  cosw

a) sin(30° 4+ x) + cos(60° 4+ x) = cosx b) =1
cscr  secw
(63) Fill in the blank.
Function Amplitude Period Frequency Phase shift

y = —3sin(3rx — 2)

y = tan(mz — )

(64) Graph the trigonometric function f(z) = 2sin(3z — 3) for —27 < z < 27,

—2m —T 1 T 2T

—2m —T 1 T 2

(66) Find postive b, ¢ of the function y = 3cos(bzx + ¢) such that the period is 4 and phase shift

is —2.
™

(67) Prove each identity.

a) sin(30° — x) + cos(60° — z) = cosx b) (ecscx — cot z)(cscx + cotx) =1
1 —tan’®x
1+ tan®zx
(68) Find the exact value of cos 75°. No decimal value will be accepted asan answer.

c) cos2zr = d) 2sin? (g) +cosz =1

(69) Solve each equation for all values in 0 < z < 27.

a) 2secx =3 — cosx c) 2sinz(1 — 2sin®z) = 0.
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(70) Fill in the blank.

Function Amplitude Period Frequency Phase shift

Y= 2secx

y = tan(2x — 7)

(71) Sketch the curve y = —2tan(3z — ) roughly for —m < z < 27.

)
2
| | x
—2m - 1 m 2m
-2
(72) Solve for x.
a) 6" =9 b) log(2z — 5) =2
c) logg 822 — logg 4z = 1 d) In(2x —1) —2In4 =3In2
e) 2¢ = 3v1
(73) Write as the sum or difference of two or more logarthims.
2
a) log Y b) log Ve
z

(74) Write as a single logarithm.

a) 2logz — 3logy b) logz + 3 logy — 3 log
(75) Solve for z.

a) 6" =9 b) log(2z — 5) =2

c) logg 822 — logg 4z = 1 d) In(2x —1) —2In4 =3In2
(76) Find the domain of each function.

a) fle) = — b) f(z) = Vo +1
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(77) Let f(x) = 2* + 22 + 3 be a quadratic function, graph the parabola given by f(z). Indicate

the coordinatesipf the vertex on the parabola.

(78) Let f(z) =277, evaluate f(3) and f(—1).
(79) Write the complex number 2 — 35 in both polar form and exponential form.
(80) Perform each operation.

. . . . 2—7
13 ;2 _ _(—
a) j? —j b) (7 —55) — (=6 + 55) c) 373

(81) Let V = 4.3/16° be a complex number. Find the real and imaginary parts of the complex

number V.

(82) Given vectors 4y, B below draw vector 2A—B

(83) Find the x- and y-components of the vector with magnitude 76.3 mph and angle 6 = 234°

(84) A freight bin is lifted in mid-air by two cables. If the force in one cable is 1,200 lbs at 20°
from the vertical and the force in other cable is 800 1bs at 40°. What are the resultant force
exert on the bin by two cables and direction of lift.

(85) Add two vectors with A, = 7,4, =9 and B, = —6, B, = 1 and give the magnitude and
angle of the resultant vector A + B.

(86) Add two vectors A = 10£45° and B = 6£150°. Write the resulting vector in rectangular

form.
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3—4
1+2

a) Divide and express the answer in the rectangular form:
b) Give the polar form of the complex number (1 + 7)*.
c¢) Give the rectangular form of the complex number 4./45°

5t — 3
72 find
t+1

a) f(—=1) and f(t —1). b) domain of f(t).

(87) Given the function f(t) =

(88) Graph the both equations y = 2* and y = log, x on the same set of axes. Label at least two

points on each graph.

(89) (i) Solve for z.
a) log,8 =z b) log, x + log, 6 = log, 18
(ii) Write %logy + logx — log 2z as a single logarithm.
(90) a) Fill in the blanks.
Function Amplitude | Period | Phase Shift

y = 2cos(2x — )

y = —2tan(2x + 3)

b) The function of displacement of a point on the wheel of radius 10 is given by y =
10 sin(wt + ).
If the period is {5 and it has an initial displacement of Z, determine the angular velocity w

and a.
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(91) Sketch roughly the graph of the function y = 2sin(2z — 7) for the interval [—m, 27]

at least three points on the graph.

Y
2
| } x
—2m - N m 2m
-2
(92) Prove each identity.
i t 2
2) SIn Z co x—l—cosx:QSinx b) cos le—taan
cot x cos? x
(93) Solve each equation for 0 < z < 2.
a) 2cosx —1 =0 b) —3cosx + 3 = 2sin’x

(94) Solve the system of linear equations using the determinants.

r +2y =0
- +y +2z2=3

=3y +z =7
(95) Evaluate

a): /81 =
b): V/(=2)(=8) =
c): V—2v/-8=
d): 1% =
e): (—1)1001 —
(96) a): 8—15—-5-4=
b): =54 (42 — (2)(7))* =
(97)  a): 3i — /—100 =
b): 2 — % =
(98) a): (3—4i) — (8+61) =
b): (3 —4:)(8 + 67) =

100

. Label

(99) a): Perform the same multiplication (3 —44)(8 4 6:) in polar form (i.e., by first converting

the numbers 3 — 47 and 8 + 6i into polar form and then using polar multiplication).
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b): Convert your result back to rectangular form and compare with the result of the
previous problem (i.e., Problem 3b)).
(100) Round your answer to 3 digits after the point
a): one radian in degrees:
b): one degree in radians:
(101) Write 2i in
a): polar form:
b): exponential form:

(102) a): Write 4&?2281;8212 Zﬁ;ﬁg;) in polar form (i.e., divide!).

b): Write the result (i.e. the same fraction) in rectangular form (you may just use a
picture for that!).
(103) Find all cubic roots of 8,
a): first in polar form:
b): then in rectangular form:
(104)  a): Add the following two vectors.

b): Perform the subtraction B — A.

(105) A ski tow is moving skiers vertically upward at 24 m/min and horizontally at 44 m/min.
What is the resultant velocity of the tow? (Think: is it a vector or a number?)
(106) a): (Without calculator: show your calculation!) Find the base b such that b/3 = 3.
b): (Without calculator: show your calculation!) Find f(—2/3) for f(z) = 8.
(107) a): 8—15—5-4=
b): —5+ (£ — (2)(7))? =
(108) To save time simply write the answer without justification (no calculator!).
a): logy 1 =
b): log;3 =
c): log, ™=

d): log,8 =
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e): log, 1 =
(109) a): Find b if log, 10000 = 4.
b): Find b if log, 2 = —3.
(110)  a): Find the exact value: logs v/5 =
b): Solve log, y = log, x — log, 3 for y in terms of .
(111) Find log, 86 (using the calculator).
(112) Find the resultant of the following three vectors with their magnitudes given first followed
by their direction as an angle in standard position.
A:422,0° B :210,110° C : 405, 235°.
(113) A ship sails 32.50mi due east and then turns 41.25° north of east. After sailing another
16.18mi, where is it with reference to the starting point?
(114) Express the side length of a square as a function of its area. (Explain what the variables

used stand for.)

2 ifr<—1

(115) Consider the function f given by f(z) =
1 ifx>-1
a): Find the values of f at v = —3,—-2,—-1,0,1,2,3.

b): What is the domain of f7

(116)  a): Graph the function f from the previous problem.
b): What is the range of f7

(117) Solve 32 =5 for x.

(118) a): 8—15—5-4=
b): =5+ (42— (2)(7))? =

(119) Using Cramer’s Rule, solve the system below for = and y.

X + y = 36

0.25x + 0375y = 11.2
(120) Compute

2 -1 5
(121) Prove the identity 1 + tan?z = sec? z.

(122) Solve 2cosz + 1 =0 for x.

(123) Consider an angle x in the second quadrant. If sinz = —1, find sin 2.
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(124) Given that sina = 3 (o in the first quadrant) and sin § = —2 (3 in the third quadrant),
find cos(a + 5).
(125) Given the function y = —2sin(3z — ),
a): what is its period?
b): what is its amplitude?
c): what is its phase shift?
(126) Graph the function y = tanx.
(127) Graph the function cos(2x).
(128) a): v/—81=
b): il =
c): logs 1 =
d): log,8 =
e): log 1000 =

(129) Add two vectors A = 10£45° and B = 6£150°. Round all results to 2 digits after the point.
(130) A river flows due South at a rate of 3 mph. A rower who travels 4 mph in stillwater, heads
due East, exactly across the current. Find the velocity of the boat to the nearest tenth.

[Think: are you looking for a number or for a vector?]
3—4i
+ 2

(131) Divide and express the answer in rectangular form:

(132) Give the polar form of the complex number 1 + 7.

(133) Using the previous answer and DeMoivre’s Theorem, find the polar form of the complex
number (1 + 7)*.

(134) Find the rectangular form of the complex number 2/30°.

(135) Find the exponential form of the complex number 2/30°.

[Hint: the exponential form uses imaginary powers of the number e with angles in radians.]
o5t — 3

(136) Given the function f(t) = P find
) F(-1) =
b) f(1) =
¢) the domain of f(t)

(137) Solve for a: log,8 ==

(138) Write % logy + logx — log 2z as a single logarithm.
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(139) Solve for 2 and round to 4 digits after the point: 3@~ = 1000
(140) Graph the equations y = 2% and y = log, = on the same set of axes. [Hint: plot the points on

the graph of the exponential function corresponding to z = —,0, 1, 2, 3; for the logarithmic

function, do the same with z = %, 1,2,4,8]

Function Amplitude | Period | Phase Shift

(141) Fill in the blanks.
y = 3sin(2z — )

(142) Consider the above function y = 3sin(2z — ) on the interval [0, 27| (i.e., from 0 to 27).

Plot the points of maximum, minimum, and zero, and sketch the graph.

Y
12
Il Il x
—2m —T 1 T 2
-2
sinx cotx + cosx
143) Prove the identity + = 2sinx
cotx
144) Solve the equation for x with 0 < z < 27: 2cosz—1=0

145) Write down the sum formula for cosine: cos(a + ) =

(143)
(144)
(145)
(146) Find the exact value of cos 75°. No decimal value will be accepted as an answer (i.e., do not

use the calculator, though you certainly may check your answer using it).

r +2y =0
(147) Solve the system of linear equations using Cramer’s Rule. —r 4y +22=3
=3y +z =7

(148) (Extra Credit)
Find all cubic roots of 8i (in polar form, to make it simple). [How many are there?] a)

Find the rectangular form of the complex number (1 + )%, whose polar form you found in
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Problem 133. b) Compute the 4th power of 1 + ¢ directly (i.e., algebraically) and compare
your result with what you got in a).
Find the rectangular forms of the cubic roots of 8 that you found, in polar form, in
Problem 148.
(149) Graph the function y = tanz.
(150) Graph the function cos(2x).



