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HARMONIC MAPS

A map F :M → N is harmonic if it is a critical point of the energy functional

F −→
1

2

∫

D

‖dF‖2dvolM ,

where D is a compact domain in M .
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A map F :M → N is harmonic if it is a critical point of the energy functional

F −→
1

2

∫

D

‖dF‖2dvolM ,

where D is a compact domain in M .

Hence, F is harmonic if for any compactly supported variation Ft, with
F0 = F , we have

d

dt |t=0

∫

M

‖dFt‖
2dvolM = 0.

For maps F : S2 → Sm ⊂ Rm+1, the Euler-Lagrange equation is

f : S2 → Sm ⊂ Rm+1 harmonic ⇐⇒
∂2f

∂z∂z̄
= λf

where
• (z, z̄) are holomorphic coordinates in S2 (say stereographic projection).

• λ is a scalar function.
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INITIAL GOAL

Find (all) maps

f : S2 → Sm

satisfying
∂2f

∂z∂z̄
= λf.
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STEP 1

If the image of f in Sm lies in a totally geodesic subsphere Sk ( Sm, then
f = i ◦ ϕ, where

• ϕ : S2 → Sk is linearly full

• i : Sk → Sm is an isometric immersion.

– p. 5



STEP 1

If the image of f in Sm lies in a totally geodesic subsphere Sk ( Sm, then
f = i ◦ ϕ, where

• ϕ : S2 → Sk is linearly full

• i : Sk → Sm is an isometric immersion.

A map ϕ : S2 → Sk is linearly full (or full for short) if its image does not lie in a
proper geoedesic subsphere of Sk. Pictorially:

Full Not full

Hence, we only need to study linearly full maps ϕ : S2 → Sk.
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MODIFIED GOAL 1

Find (all) linearly full maps

ϕ : S2 → Sk

satisfying
∂2ϕ

∂z∂z̄
= λϕ.
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FACTS (Calabi, 1967)

If ϕ : S2 → Sk ⊂ Rk+1 ⊂ Ck+1 is harmonic and linearly full,

1.
(
∂iϕ

∂zi
,
∂jϕ

∂zj

)
=

(
∂iϕ

∂z̄i
,
∂jϕ

∂z̄j

)
= 0, for i+ j ≥ 1.
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1.
(
∂iϕ

∂zi
,
∂jϕ

∂zj

)
=

(
∂iϕ

∂z̄i
,
∂jϕ

∂z̄j

)
= 0, for i+ j ≥ 1.

NOTATION:

For ~u =




u1

u2

...
uN


 , ~v =




v1
v2
...
vN


 ∈ CN ,

(~u,~v) =

N∑

k=1

ukvk and 〈~u,~v〉 =

N∑

k=1

ukv̄k.

A subspace V ⊂ CN is called isotropic if (~u,~v) = 0 ∀ ~u,~v ∈ V.
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2. k is even, say k = 2n. So we assume ϕ : S2 → S2n ⊂ R2n+1 ⊂ C2n+1.
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∂ϕ

∂z̄
,
∂2ϕ

∂z̄2
, . . . ,

∂nϕ

∂z̄n

}

can be defined at every point of S2.

4. This induces a map ψ : S2 → Zn ⊂ Gr(n,C2n+1), where

• Zn = {P ∈ Gr(n,C2n+1) : (~u,~v) = 0 ∀~u,~v ∈ P} is a regular,
compact, projective variety.

• There is a surjective Riemannian submersion π : Zn → S2n such
that ϕ = π ◦ ψ.
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If ϕ : S2 → Sk ⊂ Rk+1 ⊂ Ck+1 is harmonic and linearly full,

4. This induces a map ψ : S2 → Zn ⊂ Gr(n,C2n+1), where
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that ϕ = π ◦ ψ.

5. Then:
{
ϕ : S2 → S2n

harmonic, full

}
⇒

{
ψ : S2 → Zn

holomorphic, horizontal, full

}

6. Conversely:{
ψ : S2 → Zn

holomorphic, horizontal, full

}
⇒

{
ϕ = ±π ◦ ψ : S2 → S2n

harmonic, full

}

7. Furthermore (Barbosa, 1974)
Area(ϕ(S2)) = 4πd,

where d is the algebraic degree of ψ in Zn.
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MODIFIED GOAL 2

Find (all) linearly full, holomorphic and horizontal maps

ψ : S2 → Zn

of degree d.

– p. 9



MODIFIED GOAL 2

Find (all) linearly full, holomorphic and horizontal maps

ψ : S2 → Zn

of degree d.

Then ϕ = ±π ◦ ψ : S2 → S2n will be harmonic and linearly full, with area 4πd.

(And all such ϕ will have this form.)

– p. 9



MODIFIED GOAL 2

Find (all) linearly full, holomorphic and horizontal maps

ψ : S2 → Zn

of degree d.

Then ϕ = ±π ◦ ψ : S2 → S2n will be harmonic and linearly full, with area 4πd.

(And all such ϕ will have this form.)

NOTE: there exist such ψ if and only if d ≥
n(n+ 1)

2
(Barbosa, 1976).
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STEP 3

Use the following parametrization of Zn: given an orthonormal basis of C2n+1,

β = {E0, E1, . . . , En, Ē1, . . . , Ēn}

define the bi-rational map

bβ : CP
n(n+1)

2 → Zn

[s : α1 : · · · : αn : τ12 : · · · : τn−1,n] → span

{
αi

s
E0 + Ei −

n∑

j=1

αiαj + sτij
2s2

}n

i=1

– p. 10



STEP 3

Use the following parametrization of Zn: given an orthonormal basis of C2n+1,

β = {E0, E1, . . . , En, Ē1, . . . , Ēn}
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j=1

αiαj + sτij
2s2

}n

i=1

Then a computation shows:





ψ : S2 → Zn

holomorphic





⇐⇒





ψ̃ := b−1
β ◦ ψ : S2 → CP

n(n+1)
2

holomorphic


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MODIFIED GOAL 3

Find (all) holomorphic maps ψ̃ : S2 → CP
n(n+1)

2 given by

z → ψ̃(z) = [s : α1 : · · · : αn : τ12 : · · · : τn−1,n]

of degree d, satisfying, for 1 ≤ i, j ≤ n,

α′

iαj − α′

jαi = sτ ′ij − s′τij ,

plus the open condition: Wr(s, α1, . . . , αn) 6≡ 0.
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of degree d. (And all such ψ will have this form for some basis β.)
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We can assume:
• s, αi, τjk are polynomials of maximum degree d in a complex variable z.
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α′
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jαi = sτ ′ij − s′τij ,

plus the open condition: Wr(s, α1, . . . , αn) 6≡ 0.

Then ψ = bβ ◦ ψ̃ : S2 → Zn will be a holomorphic, horizontal, linearly full map
of degree d. (And all such ψ will have this form for some basis β.)

We can assume:
• s, αi, τjk are polynomials of maximum degree d in a complex variable z.

FURTHER, it suffices to consider the case where
• s has d simple complex zeros z1, z2, . . . , zd.
• α1(zℓ) 6= 0 for all ℓ = 1, 2, . . . , d.
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PARTICULAR CASE n = 2 and n = 3

For n = 2, the equations above read

α′
1α2 − α1α

′
2 = sτ ′12 − s′τ12

For n = 3, 



α′
1α2 − α1α

′
2 = sτ ′12 − s′τ12

α′
2α3 − α2α

′
3 = sτ ′23 − s′τ23

α′
3α1 − α3α

′
1 = sτ ′31 − s′τ31

Remember that We can assume

• s, αi, τjk are polynomials of maximum degree d in a complex variable z.
• s has d simple complex zeros z1, z2, . . . , zd.
• α1(zℓ) 6= 0 for all ℓ = 1, 2, . . . , d.
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ANALYSIS OF THE SYSTEM

α′
iαj − α′

jαi = sτ ′ij − s′τij ⇐⇒
α′
iαj − α′

jαi

s2
=

(τij
s

)′

– p. 13



ANALYSIS OF THE SYSTEM

α′
iαj − α′

jαi = sτ ′ij − s′τij ⇐⇒
α′
iαj − α′

jαi

s2
=

(τij
s

)′

⇐⇒





α′
iαj − α′

jαi

s2
has no residues

τij = s

∫
α′
iαj − α′

jαi

s2
dz has degree ≤ d.
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s2
has no residues

τij = s

∫
α′
iαj − α′

jαi

s2
dz has degree ≤ d.

Since s has simple zeros at z1, . . . , zd,
• The second condition is a consequence of the first.
• The residue condition can be written

(
(z − zℓ)

2 α
′
iαj − α′

jαi

s2

)′

|z=zℓ

= 0, 1 ≤ ℓ ≤ d.
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dz has degree ≤ d.

Since s has simple zeros at z1, . . . , zd,
• The second condition is a consequence of the first.
• The residue condition can be written

(
(z − zℓ)

2 α
′
iαj − α′

jαi

s2

)′

|z=zℓ

= 0, 1 ≤ ℓ ≤ d.

A simple computation gives that this is equivalent to the condition

s |Wr(s, αi, αj).
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ANALYSIS OF THE SYSTEM

Write

s =

d∏

ℓ=1

(z−zℓ), αi = ai0 s+

d∑

ℓ=1

aiℓ
s

z − zℓ
, τij = tij0 s+s

∫
α′
iαj − αiα

′
j

s2
dz

(Note that tij0 are arbitrary complex numbers.)
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α′
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′
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s2
dz

(Note that tij0 are arbitrary complex numbers.)

The condition s |Wr(s, αi, αj) becomes

aiℓ
∑

k 6=ℓ

ajk
(zℓ − zk)2

− ajℓ
∑

k 6=ℓ

aik
(zℓ − zk)2

= 0, 1 ≤ ℓ ≤ d

.
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The condition s |Wr(s, αi, αj) becomes

aiℓ
∑

k 6=ℓ

ajk
(zℓ − zk)2

− ajℓ
∑

k 6=ℓ

aik
(zℓ − zk)2

= 0, 1 ≤ ℓ ≤ d

.
Another view: set of integral elements of the exterior differential system
generated by the forms

ωℓ =
∑

k 6=ℓ

dzk ∧ dzℓ
(zℓ − zk)2

, 1 ≤ ℓ ≤ d.
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ANALYSIS OF THE SYSTEM

Since 0 6= α1(zℓ) = a1ℓs
′(zℓ), we must have a1ℓ 6= 0, and then
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∑
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= 0, 1 ≤ ℓ ≤ d, 1 ≤ i ≤ n
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1

a1ℓ

∑
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In matrix notation this can be written with the single equation




λ1
1

(z1−z2)2
· · · 1

(z1−zd)
2

1
(z2−z1)2

λ2 · · · 1
(z2−zd)

2

...
...

. . .
...

1
(zd−z1)2

1
(zd−z2)2

· · · λd







a11 a21 . . . an1

a12 a22 . . . an2

...
...

. . .
...

a1d a2d . . . and


 = 0,

where λm, 1 ≤ m ≤ d, are implicitly defined.
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MODIFIED GOAL 4 - FINAL!

Find (all) solutions of the algebraic equations



λ1
1

(z1−z2)2
· · · 1

(z1−zd)2

1
(z2−z1)2

λ2 · · · 1
(z2−zd)2

...
...

. . .
...

1
(zd−z1)2

1
(zd−z2)2

· · · λd





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...

...
. . .

...

a1d a2d . . . and




= 0,

where the last matrix has rank n (to guarantee linear fullness).
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...

...
. . .

...

a1d a2d . . . and




= 0,

where the last matrix has rank n (to guarantee linear fullness).

Then, taking your favorite complex numbers ai0 and tij0 and defining

s =

d∏

ℓ=1

(z−zℓ), αi = ai0 s+

d∑

ℓ=1

aiℓ
s

z − zℓ
, τij = tij0 s+s

∫
α′
iαj − αiα

′
j

s2
dz

gives a solution of the equation

α′
iαj − α′

jαi = sτ ′ij − s′τij .

(And all other solutions arise the same way.)
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1. Choose d, n, with d ≥ n(n+ 1)/2.

2. Find zℓ, λℓ, 1 ≤ ℓ ≤ d, such that
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NUMEROLOGY

What is the dimension of the set of complex numbers zℓ, λℓ, 1 ≤ ℓ ≤ d, s.t.

Σz,λ :=



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· · · 1
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. . .
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· · · λd
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

has nullity at least n?
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2

. Thus, the dimension of the set of complex
numbers zℓ, λℓ, 1 ≤ ℓ ≤ d, such that nul(Σz,λ) ≥ n is at least
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n(n+ 1)

2
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• The set of symmetric matrices with nullity ≥ n → d(d+1)
2

− n(n+1)
2

This is at least 2d− 1− n(n+1)
2

. Thus, the dimension of the set of complex
numbers zℓ, λℓ, 1 ≤ ℓ ≤ d, such that nul(Σz,λ) ≥ n is at least

2d−
n(n+ 1)

2

.Adding the degrees of freedom of the previous page we obtain that our recipe
constructs a set of dimension at least

2d−
n(n+ 1)

2
+ n2 +

n(n+ 1)

2
= 2d+ n2.

– p. 18



MORE NUMEROLOGY

Consider the projections (well defined since α(zℓ) 6= 0, 1 ≤ ℓ ≤ d)

[s : α1 : · · · : αn−1 : αn : τ12 : · · · : τn−2,n−1 : τ1n : · · · : τn−1,n] ∈ PDf
d(S

2,CPn(n+1)/2)
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• The image of each pn has codimension at least 1.
• The fiber of pn−1 has dimension at least n+ 1 + n− 1 = 2n.
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↓ p1

[s : α1] ∈ PDf
d(S

2,CP1)

• The image of each pn has codimension at least 1.
• The fiber of pn−1 has dimension at least n+ 1 + n− 1 = 2n.

By induction, assume dim(PDf
d(S

2,CPn(n−1)/2)) ≤ 2d+ (n− 1)2. Then

dim(PDf
d(S

2,CPn(n+1)/2)) ≤ dim(Im(pn−1)) + dim(fiber)
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d(S

2,CPn(n+1)/2)

↓ pn−1

[s : α1 : · · · : αn−1 : τ12 : · · · : τn−2,n−1] ∈ PDf
d(S

2,CP(n−1)n/2)

↓ pn−2

...
↓ p2

[s : α1 : α2 : τ12] ∈ PDf
d(S

2,CP3)

↓ p1

[s : α1] ∈ PDf
d(S

2,CP1)

• The image of each pn has codimension at least 1.
• The fiber of pn−1 has dimension at least n+ 1 + n− 1 = 2n.

By induction, assume dim(PDf
d(S

2,CPn(n−1)/2)) ≤ 2d+ (n− 1)2. Then

dim(PDf
d(S

2,CPn(n+1)/2)) ≤ dim(Im(pn−1)) + dim(fiber)

≤ 2d+ (n− 1)2 − 1 + 2n = 2d+ n2.

– p. 19



SOME OPEN PROBLEMS

• These sets of harmonic maps are algebraic varieties. Are they

manifolds?

• Adapt this recipe to maps from Riemann surfaces other than S2.

– p. 20
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