Section 4.4 (2 Ed.) or 6.3 (1%t Ed.): Change of basis

Definition: Let B = {d1,...,ud;} be a basis of a subspace S of R” (which can be all of R™), and let @ be a

vector in S. The coordinates of W in the basis B are the k numbers a1, as, ..., a; such that
W= a1y + astis + - - - + apily.

NOTATION: The coordinates of a vector & in a basis B will be denoted [@]3.

Example: Consider the basis of R? given by B = { (;) , (_11> }

Then the vector @ with coordinates [w]g = (2, 3) is
1 -1 2-3 -1
(o) 0 (4) - (23) - (7)

Another example: what are the coordinates of the vector (g) in the basis B? We would need to find z1, x2 such

1 " -1\ (3
T 9 To 1 = 5 .
Do it as usual:

(2 713) = 3 8) =00 T -s) = (o 1] 55)

The answer is, therefore, [(g)} = ( 81/ 3 ) It is easy to check that this is correct:

0-30)-0

that

1 2
Exercises: Let B = -11,11 be a basis of some subspace S of R3.
1 1

e Find the vector @ € S C R3 whose coordinates in the basis B are

(%) () ()

e The following vectors are in S. Find their coordinates in the basis B:

3 7
u=19 |. v=|-1]. w= |1
-1 5 1

(1)

Change of coordinates between two bases of R™

Recall: The standard basis of R™ is the basis st = {€1, €3, ..., €,} given by

1 0 0
= ol _ 1 = 0
1= , 62 = . ) ,€n =

0 0 1

The standard basis will be denoted by “st”, and the coordinates of a vector @ in the standard basis will be
denoted by [w]st



ai

a2
Observation: Any vector w = | . | in R™ can be written, in the standard basis, as a1€; + ag€s + - - - + ap€n,
Qnp
ai ai
as a2
so the coordinates of | . in the standard basis are just . |- In other words, [wW]s; = &.
Qp, Qnp

Changing from a basis of R" to the standard basis

ai ai

a2 a2
Suppose that the coordinates of a vector « in the basis B = {7, ..., 4, } of R" are | . |, thatis, [W]g =

QA Qp

What are the coordinates of @ in the standard basis?
This is not hard: we have @ = a1@; +- - - + a,@,, and therefore by the previous observation, [W]s; = a1ty + agtis +

-+« + a,U,. This can be written as

ai
— — — a2 —
[w]st = [Ul,UQ,"'Un] . = U['UJ]B
an
We can therefore write
[W]gy = U [W]p, where U = [y, s, - - - Up].

Changing from the standard basis to another basis of R™

In view of the last equation, this is easy: multiply the last equation on both sides by U~! on the left to get

[W)p = U™ [Ws, where U = [ily, iy, - - - y).

Changing coordinates from a basis B of R™ to another basis C of R"

Suppose that B = {uy, ta, - - - Uy, } and C = {01, Ta, - - - U, } are bases. If & is in R™, then we have
[We =V ]y and [W]s = U [i]s.

Substituting the second equation into the first, we get

[We = VU [W]p, where U = [y, iy, - i, and V = [0, ¥, - Uy].

It is hard to keep track of this, so we will use the following



Notation: the matrix of change of coordinates from a basis B to a basis C will be denoted by [I]¢ 5. It will be
called the matrix of change of basis from a basis B to a basis C with the standard basis. We can then

write

[We = [Ilc.s [wW]s, where [[lcs=V"'U,

Wlth U:[ﬁl7ﬁ27“'ﬁn] a‘nd V:[61?1727"'67l]'

Note that the matrices of change of coordinates have the following intuitive rules. If you remember the first 3,

things get easier:
1. Nas="U.
2. Mse = (es)™
3. If we have 3 bases, [[]ac = [I]a5 {]Bc-

For example, to remember the formula [I]¢c 5 = V~1U, you can write
He.s = et Wses = (see) ™ Uses =V 'U.

Examples: Let B = {(;) ) (§>} and C = {<_41> ) <_27> }. If the coordinates of @ in the basis B are <_54>, find
the coordinates of @ in the basis C and in the standard basis.

Solution: we know [W]p = —4 . We want to find [W]¢ and [w].

5
(@t = [T)ss. [@]5. Also, [Tl = G g) Therefore [i]s; — (; g) (‘54> _ (176) :

[@e = [e,s [@]5 = et rmse.s [@s = (Hest) ™ []B,rmst [F]5.

Now, lea = (1 2 )oso (e = (] 7))

7T 2 1 4 11 34 . 11 34 —4 126
Therefore, [I|c.5 = (4 1> (2 3> = (6 19>, and [W]e = (6 19) < 5 ) = (71)

Exercises

For the given bases, find the change of basis matrix from B to C.

o {0 b {EO0) ) () (e 166G

G AOB) o). (o) )



