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0 Recognize graphs of common 
functions. 

Graphs of Common Functions 
Table 1.3 gives names to seven frequently encountered functions in algebra. The 
table shows each function's graph and lists characteristics of the function. Study the 
shape of each graph and take a few minutes to verify the function's characteristics 
from its graph. Knowing these graphs is essential for analyzing their transformations 
into more complicated graphs. 

Table 1.3 Algebra';Common Graphs 

Constant Function 
y 

2 

Identity Function 
y 

Absolute Valne Fundion 

-2 -1 2 -2 -1 1 2 
-1 -1 

-2 -2 

• Domain: ( -oo, oo) • Domain: ( -oo, oo) • Domain: ( -oo, oo) 
• Range: the single number c • Range: ( -oo, oo) • Range: (0, oo) 
• Constant on ( -oo, oo) 

• Even function 

Standard Quadratic Fundion 
. Y 

2 
-1 

-2 

• Domain: (-oo, oo) 
• Range: (0, oo) 
• Decreasing on ( -oo, 0) and 

increasing on (0, oo) 
• Even function 

f) Use vertical shifts to graph 
functions. 

• Increasing on ( -oo, oo) • Decreasing on (-oo, 0) and 
increasing on (0 oo) 

• Odd function 

Square Root Function 
y 

-2 -1 1 2 
-1 

-2 

• Domain: (0, oo) 
• Range: (0, oo) 
• Increasing on (0, oo) 

• Neither even nor odd 

Dl 

• Even function 

Standard Coble Fundion 
y 

2 

• Domain:(-oo,oo) 
• Range: ( -oo, oo) 
• Increasing on ( -oo, oo) 

• Odd function 

Cnbe Root Function 
y 

2 [ flxl ;.\Yx ) 

1 2 

-2 

• Domain: ( -oo, oo) 
• Range: ( -oo, oo) 
• Increasing on ( -oo, oo) 

• Odd function 

The study of how changing a function 's equation can affect its graph can be explored 
with a graphing utility. Use your graphing utility to verify the hand-drawn graphs as you 
read this section. 

Vertical Shifts 
Let's begin by looking at three graphs whose shapes are the same. Figure 1.56 on the 
next page shows the graphs. The black graph in the middle is the standard quadratic 
function , f(x) = x2• Now, look at the blue graph on the top. The equation of this 
graph,g(x) = x2 + 2, adds 2 to the right side of f(x) = x2. They-coordinate of each 



	
	
	 	

y 

II 
, / , g(x) = x2 + 2 

. flx) =x2 

h(x) =x2- 3 

--4 
.:...s 

FIGURE 1.56 Vertical shifts 

H I'm using the graph of a familiar 
function, how do I actually obtain 
the graph of a transformation? 
To keep track of transformations 
and obtain their graphs, identify 
a number of points on the given 
function 's graph. Then analyze 
what happens to the coordinates 
of these points with each 
transformation. 
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point of g is 2 more than the corresponding y-coordinate of each point of f What 
effect does this have on the graph off? It shifts the graph vertically up by 2 units. 

g(x) = x2 + 2 = f(x) + 2 

The traph or g shirts the greph or f up 2 units. 

Finally, look at the red graph on the bottom in Figure 1.56. The equation of this graph, 
h(x) = x2 - 3, subtracts 3 from the right side of f(x) = x2. They-coordinate of each 
point of h is 3less than the corresponding y-coordinate of each point off What effect 
does this have on the graph off? It shifts the graph vertically down by 3 units . 

h(x) = x2 - 3 = f(x) - 3 

The greph or h shirts the greph or f 3 anitr. 

In general, if cis positive, y = f(x) + c shifts the graph off upward c units and 
y = f(x) - c shifts the graph off downward c units. These are called vertical shifts 
of the graph of f 

Vertical Shifts 
Let f be a function and c a positive real number. 

• The graph of y = f(x) + cis the graph of y = f(x) shifted c units vertically 
upward. 

• The graph of y = f(x) - cis the graph of y = f(x) shifted c units vertically 
downward. 

y 

EXAMPLE 1 Vertical Shift Downward 
Use the graph of f(x) = lxl to obtain the graph of g(x) = lxl - 4. 

SOLUTION 
The graph of g(x) = lxl - 4 has the same shape as the graph of f(x) = lxl. 
However, it is shifted down vertically 4 units. 

Begin with the greph or 
f(x) = lxl. We've ' 

three points on the greph. 

y Graph g(x ) = lxl - 4. 
Shirt f 4 units down . 
Subtract 4 rrom each 

The greph or 
g(x) = lxl -4 

••• 
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E) Use horizontal shifts to graph 
functions. 

hlxl = lx + 2) 2 

y 

-5-4-3-2-11 2 3 4 5 
-2 Jlx) =x2 

FIGURE 1.57 Horizontal shifts 

GREAT 
Using my intuition, it seems that 
f(x + c) should cause a shift to 
the right and j(x - c) should 
cause a shift to the left. Is my 
intuition on target when it comes 
to these horizontal shifts? 
No. On a number line, if x 
represents a number and cis 
positive, then x + c lies c units 
to the right of x and x - c lies 
c units to the left of x. This 
orientation does not apply to 
horizontal shifts: f(x + c) causes 
a shift of c units to the left and 
f(x - c) causes a shift of c units 
to the right. 

Q5 Check Point 1 Use the graph of f(x) = lxl to obtain the graph of 
g(x) = lxl + 3. 

Horizontal Shifts 
We return to the graph of f(x) = x2, the standard quadratic function. In Figure 1.57, 
the graph of function f is in the middle of the three graphs. By contrast to the vertical 
shift situation, this time there are graphs to the left and to the right of the graph off 
Look at the blue graph on the right. The equation of this graph, g(x) = (x - 3)2, 
subtracts 3 from each value of x before squaring it. What effect does this have on the 
graph of f(x) = x2? It shifts the graph horizontally to the right by 3 units. 

g(x) = (x - 3)2 = f(x - 3) 

The traph of g shifts the tr•ph off 3 units to the ritht. 

Does it seem strange that subtracting 3 in the domain causes a shift of 3 units to 
the right? Perhaps a partial table of coordinates for each function will numerically 
convince you of this shift. 

!J.x) = x2 g(x) = (x - 3 1 

(-2)2 = 4 (1 - 3)2 = (-2)2 = 4 
-1 (-1f = 1 2 (2 - 3)2 = (-1? = 1 

0 02 = 0 3 (3 - 3)2 = 02 = 0 
1 12 = 1 4 (4 - 3)2 = 12 = 1 
2 22 = 4 5 (5 - 3)2 = 22 = 4 

Notice that for the values of f(x) and g(x) to be the same, the values of x used in 
graphing g must each be 3 units greater than those used to graph f For this reason, 
the graph of g is the graph off shifted 3 units to the right. 

Now, look at the red graph on the left in Figure 1.57. The equation of this graph, 
h(x) = (x + 2)2

, adds 2 to each value of x before squaring it. What effect does this 
have on the graph of f(x) = x2? It shifts the graph horizontally to the left by 2 units. 

h(x) = (x + 2)2 = f(x + 2) 

The 9r1ph of h shifts the 9r1ph of [2 units to the left. 

In general, if cis positive, y = f(x + c) shifts the graph off to the left c units and 
y = f(x - c) shifts the graph off to the right c units. These are called horizontal 
shifts of the graph off 

Horizontal Shifts 
Let f be a function and c a positive real number. 

• The graph of y = f(x + c) is the graph of y = f(x) shifted to the left c units. 
• The graph of y = f(x - c) is the graph of y = f(x) shifted to the right c units. 

y 
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The graph of f(x) = x2 

with three points identified 

y 

0 Use reflections to graph 
functions. 

y 

FIGURE 1.58 Reflection about the 
x-axis 

EXAMPLE 3 Combining Horizontal and Vertical Shifts 
Use the graph of f(x) = x2 to obtain the graph of h(x) = (x + 1)2 

- 3. 

SOLUTION 

Graph g(x) = (x + 1)2• 

Shift f horizontally 1 · 
unit left. Subtract 1 

from each x-coordinate. 

The graph of g(x) = (x + 1)2 

Graph h(x) = (x + 1)2 - 3. 
··. ·· ' Shift g vertically down 
·· ·· ' 3 units . Subtract 3 from · 

each y-coordinate . .... 
The graph of h(x) = (x + 1)2 - 3 

y 

• •• 

Work Example 3 by first shifting the graph of f(x) = x2 three units down, graphing 
g(x ) = x2 - 3. Now, shift this graph one unit left to graph h(x) = (x + 1)2 

- 3. Did you 
obtain the last graph shown in the solution of Example 3? What can you conclude? 

.q$ Check Point 3 Use the graph of f(x) = Vx to obtain the graph of 
h(x) = -2. 

This photograph shows a 
reflection of an old bridge 
in a Maryland river. This 
perfect reflection occurs 
because the surface of the 
water is absolutely still. A 
mild breeze rippling the 
water's surface would 
distort the reflection. 

Is it possible for 
graphs to mirror-like 
qualities? Yes. Figure 1.58 

shows the graphs of f(x) = x2 and g(x) = -x2• The graph of g is a reflection about 
the x-axis of the graph of f. For corresponding values of x , they-coordinates of g are 
the opposites of they-coordinates of f . In general, the graph of y = -j(x) reflects 
the graph off about the x-axis. Thus, the graph of g is a reflection of the graph off 
about the x-axis because 

g(x) = -x2 = -J(x) . 

Reflection about the x-Axis 
/ 

The graph of y = -j(x) is the graph of y = f(x) reflected about the x-axis. 

(-8, -2) 

Section 1.6 Transformations of Functions 221 

EXAMPLE 4 Reflection about the x-Axis 
Use the graph of f(x) = Vx to obtain the graph of g(x) = -Vx. 
SOLUTION 
Compare the equations for f(x) = ...yx and g(x) = -Vx. The graph of g is a 
reflection about the x-axis of the graph off because 

ne tr•ph of flxl = 
with three poiwtr idutlfied 

y 

5 
4 

· 3 

g(x) = -Vx = -J(x). 

The traph of g(xl =-
Graph g (xl = -

Reflect f about the 
x-uis. Replace each 
y-coordinlle with itr 

opposite. 
5 
4 
3 

y 

3 4 5 6 7 8 4 5 6 7 8 

-4 -4 
(8, -2) 

-5 -5 

••• 
,q5 Check Point4 Usethegraphoff(x) =txt toobtainthegraphofg(x) =-txt. 

It is also possible to reflect graphs about the y-axis. 

Reflection about the y-Axis 

The graph of y = f(-x) is the graph of y = f(x) reflected about the y-axis. 

For each point (x , y) on the graph of y = f(x) , the point (-x , y) is on the graph of 
y = J(-x). 

EXAMPLE 5 Reflection about they-Axis 
Use the graph of f(x) = Vx to obtain the graph of h(x) = V-X. 

SOLUTION 
Compare the equations for f(x) = Vx and h(x) = V-X. The graph of h is a 
reflection about they-axis of the graph off because 

h(x) = V-X = J(-x) . 

The traph of f (xl = vX 
with three poiwtr idutified 

y 

5 
4 
3 

flxl =Yx 

1 

- 5-4 -3-2-l_l v 2 3 4 5 
-2 ' 
-3 (0, 0) 
-4 
-5 

Graph h(xl = 
Reflect f about the 

y-uis. Replace each 
x-coordinate with 

itr opposite. 

The traph of 

y 

-4 
-5 ' 

••• 
,q5 Check Point 5 Use thegraphoff(x) = Vxtoobtain thegraphofh(x) = V-X. 
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e Use vertical stretching and 
shrinking to graph functions. 

g(x) = 2x2 

y 

-5-4-3-2-11 1 2 3 4 5 
-2 
-3 

FIGURE 1.59 Vertically stretching and 
shrinking f(x) = x2 

GAE 
Does vertical stretching or 
shrinking change a graph's shape? 
Yes. A vertical stretch moves a 
function 's graph away from the 
x-axis. A vertical shrink 
compresses a function 's graph 
toward the x-axis. The other 
transformations we have 
discussed (vertical shifts, 
horizontal shifts, and reflections) 
change only the position of a 
function's graph without changing 
the shape of the basic graph. 

Vertical Stretching and Shrinking 
Morphing does much more than move an image horizontally, vertically, or about an 
axis. An object having one shape is transformed into a different shape. Horizontal 
shifts, vertical shifts, and reflections do not change the basic shape of a graph. Graphs 
remain rigid and proportionally the same when they undergo these transformations. 
How can we shrink and stretch graphs, thereby altering their basic shapes? 

Look at the three graphs in Figure 1.59. The black graph in the middle is the graph 
of the standard quadratic function, f(x) = x2. Now, look at the blue graph on the 
top. The equation of this graph is g(x) = 2.x2, or g(x) = 2f(x). Thus, for each x, the 
y-coordinate of g is two times as large as the corresponding y-coordinate on the graph 
off The result is a narrower graph because the values of yare rising faster. We say that 
the graph of g is obtained by vertically stretching the graph off Now, look at the red 
graph on the bottom. The equation of this graph is h(x) = !x2, or h(x) = !f(x) . Thus, 
for each x, they-coordinate of his one-half as large as the corresponding y-coordinate 
on the graph of f The result is a wider graph because the values of y are rising more 
slowly. We say that the graph of h is obtained by vertically shrinking the graph off 

These observations can be summarized as follows: 

Vertically Stretching and Shrinking Graphs 
Let f be a function and c a positive real number. 

• If c > 1, the graph of y = cf(x) is the graph of y = f(x) vertically stretched 
by multiplying each of its y-coordinates by c. 

• IfO < c < l,thegraphofy = cf(x)isthegraphofy =f(x)verticallyshrunk 
by multiplying each of its y-coordinates by c. 

Stretching : c > 1 Shrinking : 0 < c < 1 

y 

EXAMPLE 6 Vertically Shrinking a Graph 
Use the graph of f(x) = x3 to obtain the graph of h(x) = !x3. 

SOLUTION 
The graph of h(x) = !x3 is obtained by vertically shrinking the graph of f(x) = x3. 

The graph of f(x) = x1 

with three points identified 

y 

(-2, -8) 

Graph h(x ) = 4x1• 
'lertically shrink the 
graph of f. Multiply 

each y-coordinate by 4. 

The graph of 
h(x) = 4x1 

y 

h(x) = 

5 

••• 

• Use horizontal stretching and 
shrinking to graph functions. 

GREAT Q.UESTLON! 
How does horizontal shrinking 
or stretching change a graph's 
shape? 
A horizontal shrink compresses 
a function's graph toward the 
y-axis. A horizontal stretch moves 
a function 's graph away from the 
y-axis. 

-3 (2, -2) 
-4 
-5 

FIGURE 1.60 
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.Q5 CheckPoint6 Usethegraphoff(x) = lxl toobtainthegraphofg(x) = 2lxl . 

Horizontal Stretching and Shrinking 
It is also possible to stretch and shrink graphs horizontally. 

Horizontally Stretching and Shrinking Graphs 
Let f be a function and c a positive real number. 

• If c > 1, the graph of y = f(cx) is the graph of y = f(x) horizontally shrunk 
by dividing each of its x-coordinates by c. 

• If 0 < c < 1, the graph of y = f(cx) is the graph of y = f(x) horizontally 
stretched by dividing each of its x-coordinates by c. 

Shrinking : c > 1 Stretching : 0 < c < 1 

y 

EXAMPLE 7 Horizontally Stretching and Shrinking a Graph 
Use the graph of y = f(x) in Figure 1.60 to obtain each of the following graphs: 

a. g(x) =f(2x) b. h(x) =f(!x). 

SOLUTION 
a. The graph of g(x) = f(2x) is obtained by horizontally shrinking the graph of 

y = f(x). 

(-4, 0) 

The graph of y = f(xl 
with five poiRII i4ntifie4 

y 

(-2, 4) 5i 
4 
3 y=f(x) 

- 3 (2, -2) 

Graph g(x) = f(tx). 
Horizontally shrink 

the graph of y = f(x). 
Divide each x-coordinate 

by 2. .... 
The graph of 

g(xl = f(tx) 

-4 -4 
-5 -5 

3 4 5 
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f) Graph functions involving a 
sequence of transformations. 

b. The graph of h(x) = J(tx) is obtained by horizontally stretching the graph 
ofy = f(x). 

The sreph of y =fix) 
with five poiRit idutified 

4 5 

Graph hlx) =!I! x). 
Horizontally stretch 

the graph of y =fix). 
Divide each x-coordinale 
bd, which it the ume · 

u multiplying by 2. 

The sreph of hlx) = fl!xl 

y 

-8-7 -{j -5-4-3-2 -ll 8 
-2 
-3 
-4 

hlx) =fltxl 

-5 

••• 

.q5 Check Point 7 Use the graph of y = f(x) in Figure 1.61 to obtain each of the 
following graphs: 

a. g(x) = f(2x) b. h(x) = ). 

Sequences of Transformations 
Table 1.4 summarizes the procedures for transforming the graph of y = f(x). 

Table 1.4 Summary of Transformations 
In each case, c represents a positive real number. 

To Graph: 

Vertical shifts 
y = f(x) + c 
y = f(x)- c 

Horizontal shifts 
y = f(x +c) 
y = f(x- c) 

Reflection about the x-axis 
y = -J(x) 
Reflection about the y-axis 
y = f(-x) 

Vertical stretching or shrinking 
y = cf(x) , c > 1 

y = cf(x), 0 < c < 1 

Horizontal stretching or shrinking 
y = f(cx), c > 1 

y = f(cx) , 0 < c < 1 

Draw the Graph off and: 

Raise the graph off by c units. 
Lower the graph off by c units. 

Shift the graph off to the left c units. 
Shift the graph off to the right c units. 

Reflect the graph off about the x-axis. 

Reflect the graph off about they-axis. 

Multiply each y-coordinate of y = f(x) by c, 
vertically stretching the graph off 
Multiply each y-coordinate of y = f(x) by c, 
vertically shrinking the graph off 

Divide each x-coordinate of y = f(x) by c, 
horizontally shrinking the graph off 
Divide each x-coordinate of y = f(x) by c, 
horizontally stretching the graph off 

Changes in the Equation of y = f(x) 

cis added to f(x). 
cis subtracted from f(x). 

xis replaced with x + c. 
xis replaced with x - c. 

f(x) is multiplied by -1. 

x is replaced with - x. 

f(x) is multiplied by c, c > 1. 

f(x) is multiplied by c, 0 < c < 1. 

x is replaced with ex, c > 1. 

x is replaced with ex, 0 < c < 1. 


