
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

174 Chapter 1 Functions and Graphs 

 At 8 a.m. your temperature is 101!F and you 
are not feeling well. However, your temperature 
starts to decrease. It reaches normal (98.6!F)
by 11 a.m. Feeling energized, you construct the 
graph shown on the right, indicating decreasing 
 temperature for    {x ! 0 6 x 6 3},    or on the interval 
(0, 3).   

 Did creating that fi rst graph drain you of 
your energy? Your temperature starts to rise 
after 11 a.m. By 1 p.m., 5 hours after 8 a.m., your 
 temperature reaches 100!F. However, you keep 
plotting points on your graph. At the right, we 
can see that your temperature increases for 
   {x ! 3 6 x 6 5},    or on the interval (3, 5). 

 The graph of    f     is decreasing to the left of 
x = 3    and increasing to the right of    x = 3.    Thus, 
your temperature 3 hours after 8 a.m. was at its 
lowest point. Your relative minimum temperature 
was 98.6!.   

 By 3 p.m., your temperature is no worse than 
it was at 1 p.m.: It is still 100!F. (Of course, it’s no 
 better, either.) Your temperature remained the 
same, or constant, for    {x ! 5 6 x 6 7},    or on the 
interval (5, 7). 

 The time-temperature fl u scenario illustrates 
that a function    f     is increasing when its graph 
 rises from left to right, decreasing when its graph 
falls from left to right, and remains constant when 
it neither rises nor falls. Let’s now provide a more 
precise algebraic description for these intuitive 
 concepts. 

Hours after 8 A.M.

Temperature decreases on (0, 3),
reaching 98.6° by 11 A.M.

0 1 2 3 4 5 6 7

y

x

102

101

100

99

98

f(0) = 101

Decreasing

f(3) = 98.6

Hours after 8 A.M.

0 1 2 3 4 5 6 7

y

x

102

101

100

99

98 Increasing

Relative
minimum

f(5) = 100

Temperature increases on (3, 5).

Hours after 8 A.M.

0 1 2 3 4 5 6 7

y

x

102

101

100

99

98

Constant

f(x ) = 100

Temperature remains constant
at 100° on (5, 7).

Increasing, Decreasing, and Constant Functions 
1.  A function is  increasing  on an open interval,    I,    if    f(x 1) 6 f(x 2)    whenever    x 1 6 x 2     for any    x 1     and    x 2     in the interval.    
2.  A function is  decreasing  on an open interval,    I,    if    f(x 1) 7 f(x 2)    whenever    x 1 6 x 2     for any    x 1     and    x 2     in the interval.    
3.  A function is  constant  on an open interval,    I,    if    f(x 1) = f(x 2)    for any    x 1     and    x 2     in the interval.       

y

f(x 1)

f(x 2)

x 1

I

x 2
x

Increasing

For x 1 < x 2 in I,
f(x 1) < f(x 2);
f is increasing on I.

(1)

        

f(x 2)

f(x 1)

x 1

I

x 2

y

x

Decreasing

For x 1 < x 2 in I,
f(x 1) > f(x 2);
f is decreasing on I.

(2)

        

x 1

I

x 2
x

y

Constant

For x 1 and x 2 in I,
f(x 1) = f(x 2);
f is constant on I.

(3)

f(x 1) and f(x 2)
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    EXAMPLE 1  Intervals on Which a Function Increases, Decreases, 
or Is Constant 

 State the intervals on which each given function is increasing, decreasing, or 
 constant. 

 a. 

−1

1
2
3
4
5

−2
−3
−4
−5

1 2 3 4 5−1−2−3−4−5

y

x

f(x ) = 3x 2 − x 3

 b. 

−1

1

4
5

−2
−3
−4
−5

1 2 3 4 5−1−2−3−4−5

y

y = f(x )

x

(0, 2) belongs to the graph
of f ; (0, 0) does not.

            SOLUTION 
a.    The function is decreasing on the interval    (- ! , 0),    increasing on the  interval 

(0, 2), and decreasing on the interval    (2, !).     
b.    Although the function’s equations are not given, the graph indicates that 

the function is defi ned in two pieces. The part of the graph to the left of the 
y @axis    shows that the function is constant on the interval    (- ! , 0).    The part 
to the right of the    y @axis    shows that the function is increasing on the interval 
   (0, !).    ● ● ●

Check Point 1    State the intervals on which 
the given function is increasing, decreasing, or 
constant.    

  Relative Maxima and Relative Minima 
 The points at which a function changes its increasing or decreasing behavior can be 
used to fi nd any  relative maximum  or  relative minimum  values of the function.     

 GREAT QUESTION! 
 Do you use    x@coordinates    or 
y@coordinates    when  describing 
where functions increase, 
 decrease, or are constant? 
 The open intervals describing 
where functions increase, 
decrease, or are constant 
use    x@coordinates    and not 
y @coordinates.    Furthermore, 
points are not used in these 
descriptions. 

−5

5
10
15
20
25

−10
−15
−20
−25

1 2 3 4 5−1−2−3−4−5

y

x

f(x ) = x 3 − 3x

!   Use graphs to locate relative 
maxima or minima.  

 Defi nitions of Relative Maximum and Relative Minimum 

1.  A function value    f(a)    is a  relative maximum  of 
f     if there exists an open interval containing    a
such that    f(a) 7 f(x)    for all    x ! a    in the open 
interval.     

2.  A function value    f(b)    is a  relative minimum  of 
f     if there exists an open interval containing    b
such that    f(b) 6 f(x)    for all    x ! b    in the open 
interval.   

 The word  local  is sometimes used instead of   relative
when describing maxima or minima.   

(b, f(b))

ab

(a, f(a))

y

x

Relative
minimum

Relative
maximum

4.[9] Use the graph of the function f given below to find

a) f(3) =

b) f(−3) =

c) (f ◦ f)(5) =

d) The domain of f .

e) The range of f .

f) The interval(s) where f is increasing.

g) The interval(s) where f is decreasing.

h) The relative maxima of f .

i) The relative minima of f .

-8

-7

-6

-5

-4

-3

-2

-1

1

2

3

4

5

6

7

8

-8 -7 -6 -5 -4 -3 -2 -1 1 2 3 4 5 6 7 8

y

x

5.[10] The graph of the function h is given below. Sketch the graph of h−1 in the same coordinate axes.

-6

-5

-4

-3

-2

-1

1

2

3

4

5

6

-6 -5 -4 -3 -2 -1 1 2 3 4 5 6

y

x



	

	
	

	
	
	

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

MATH 30 - Precalculus, Sec. 2497

First test. Time allowed: two hours. Professor Luis Fernández

NAME:

1.[15] Answer whether each of the following statements is true or false, and justify your answer.

NOTE: answers without justification will not receive any credit.

a) There is a function whose graph is the vertical line given by x = 1.

b) The function f(x) =
4x

x2 + 2
is an even function.

c) The number 6 is in the domain of the function h(x) =
√
5− x.

2.[12] Use the graph of the function f given below to find

a) f(2) =

b) f(−6) =

c) (f ◦ f)(−5) =

d) The domain of f .

e) The range of f .

f) The interval(s) where f is increasing.

g) The interval(s) where f is decreasing.

h) The relative maxima of f .

i) The relative minima of f .

-8

-7

-6

-5

-4

-3

-2

-1

1

2

3

4

5

6

7

8

-8 -7 -6 -5 -4 -3 -2 -1 1 2 3 4 5 6 7 8

y

x



	

	
	
	
	
	
	
	

176 Chapter 1 Functions and Graphs 

 If the graph of a function is given, we can often visually locate the number(s) at 
which the function has a relative maximum or a relative minimum. For example, the 
graph of    f     in   Figure   1.29     shows that 

• f     has a relative maximum at    
p

2
.

   The relative maximum is    f ap
2
b = 1.

• f     has a relative minimum at    - p
2

.

   The relative minimum is    f a- p
2
b = -1.

 Notice that    f     does not have a relative maximum or minimum at    -p, 0,    and    p,    the 
x@intercepts,    or zeros, of the function.   

Even and Odd Functions and Symmetry 
 Is beauty in the eye of the beholder? Or are there certain objects (or people) that 
are so well balanced and proportioned that they are universally pleasing to the 
eye? What constitutes an attractive human face? In   Figure   1.30    , we’ve drawn lines 
 between paired features and marked the midpoints. Notice how the features line up 
almost perfectly. Each half of the face is a mirror image of the other half through the 
white vertical line. 

 Did you know that graphs of some equations exhibit exactly the kind of  symmetry 
shown by the attractive face in  Figure   1.30    ? The word  symmetry  comes from the 
Greek symmetria , meaning “the same measure.” We can identify a function whose 
graph has symmetry by looking at the function’s equation and determining if the 
function is even  or  odd . 

GREAT QUESTION! 
 What’s the difference between where a function has a relative maximum or minimum 
and the relative maximum or minimum? 

     •  If    f(a)    is greater than all other values of    f     near    a,    then    f     has a relative maximum at 
the input value, a. The relative maximum is the output value,    f(a).    Equivalently,    f(a)    is a 
relative maximum value  of the function.  

    •  If    f(b)    is less than all other values of    f     near    b,    then    f     has a relative minimum at the input 
value,    b.    The relative minimum is the output value,    f(b).    Equivalently,    f(b)    is a relative 
minimum value  of the function.   

(−q, −1 )

(q, 1 )

−q q
−1

1

2

3

−2

−3

p−p

y

x

Relative
maximumGraph of f

Relative
minimum

x -intercept
or zero of f

x -intercept
or zero of f

FIGURE 1.29           Using a graph to locate 
where a function has a relative maximum 
or minimum   

!   Identify even or odd functions 
and recognize their symmetries.  

FIGURE 1.30           To most people, an 
 attractive face is one in which each half 
is an almost perfect mirror image of the 
other half.   

Defi nitions of Even and Odd Functions 

 The function    f     is an  even function  if 

f(-x) = f(x) for all x in the domain of f.   

 The right side of the equation of an even function does not change if    x    is replaced 
with    -x.    

 The function    f     is an  odd function  if 

f(-x) = -f(x) for all x in the domain of f.   

 Every term on the right side of the equation of an odd function changes sign if    x
is replaced with    -x.    

 EXAMPLE 2 Identifying Even or Odd Functions 
 Determine whether each of the following functions is even, odd, or neither: 

 a. f(x) = x3 - 6x b. g (x) = x4 - 2x2  c. h(x) = x2 + 2x + 1.      

178 Chapter 1 Functions and Graphs 

Even Functions and y@Axis  Symmetry 

 The graph of an even function in which    f(-x ) = f(x )    is symmetric with respect 
to the    y @axis.    

 Now, consider the graph of the function    f(x ) = x 3,    shown in   Figure   1.32    . The 
function is odd because 

f(-x ) = (-x )3 = (-x )(-x )(-x ) = -x 3 = -f(x ).   

 Although the graph in   Figure   1.32     is not symmetric with respect to the    y @axis,    it is 
symmetric in another way. Look at the pairs of points, such as (2, 8) and    (-2, -8).    
For each point    (x , y )    on the graph, the point    (-x , -y )    is also on the graph. The points 
(2, 8) and    (-2, -8)    are refl ections of one another through the origin. This means that 
the origin is the midpoint of the line segment connecting the points.  

 A graph is  symmetric with respect to the origin  if, for every point    (x , y )    on the 
graph, the point    (-x , -y )    is also on the graph. Observe that the fi rst- and third-
quadrant portions of    f(x ) = x 3    are refl ections of one another with respect to the 
origin. Notice that    f(x )    and    f(-x )    have opposite signs, so that    f(-x ) = -f(x ).    All odd 
functions have graphs with origin symmetry.      

−1

1
2
3
4

8
7
6
5

−2
−3
−4

−8
−7
−6
−5

1 2 3 4 5−1−2−3−4−5

y

x

(−2, −8)

(2, 8)

(x , y )

(−x , −y )

f (x ) = x 3

FIGURE 1.32           Origin symmetry with 
f(- x ) = - f(x )      

!   Understand and use piecewise 
functions.  

Odd Functions and Origin Symmetry 

 The graph of an odd function in which    f(- x ) = -f(x )    is symmetric with respect 
to the origin. 

Piecewise Functions 
 A cellphone company offers the following plan: 

•  $20 per month buys 60 minutes.  
•  Additional time costs $0.40 per minute.   

 We can represent this plan mathematically by writing the total monthly cost,    C,    as a 
function of the number of calling minutes,    t.      

20+0.40(t-60) if t>60
C(t)=

20 if 0 ! t ! 60

$20 for
first 60
minutes

$0.40
per

minute

times the number
of calling minutes

exceeding 60

The cost is $20 for up to and
including 60 calling minutes.

The cost is $20 plus $0.40
per minute for additional time

for more than 60 calling
minutes.

e

 A function that is defi ned by two (or more) equations over a specifi ed domain 
is called a piecewise function . Many cellphone plans can be represented with 
piecewise functions. The graph of the piecewise function described above is shown 
in  Figure   1.33    .  

 EXAMPLE 3 Evaluating a Piecewise Function 
 Use the function that describes the cellphone plan 

C(t) = b20 if 0 … t … 60
20 + 0.40(t - 60) if t 7 60

 to fi nd and interpret each of the following: 
 a. C(30)        b. C(100).      

80

60

40

2001601208040

20

C(t) =  20
if 0 ≤ t ≤ 60

C(t) =  20 + 0.40 (t − 60)
if t >  60

C(t)

t

FIGURE 1.33 
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Even Functions and y@Axis  Symmetry 

 The graph of an even function in which    f(-x ) = f(x )    is symmetric with respect 
to the    y @axis.    

 Now, consider the graph of the function    f(x ) = x 3,    shown in   Figure   1.32    . The 
function is odd because 

f(-x ) = (-x )3 = (-x )(-x )(-x ) = -x 3 = -f(x ).   

 Although the graph in   Figure   1.32     is not symmetric with respect to the    y @axis,    it is 
symmetric in another way. Look at the pairs of points, such as (2, 8) and    (-2, -8).    
For each point    (x , y )    on the graph, the point    (-x , -y )    is also on the graph. The points 
(2, 8) and    (-2, -8)    are refl ections of one another through the origin. This means that 
the origin is the midpoint of the line segment connecting the points.  

 A graph is  symmetric with respect to the origin  if, for every point    (x , y )    on the 
graph, the point    (-x , -y )    is also on the graph. Observe that the fi rst- and third-
quadrant portions of    f(x ) = x 3    are refl ections of one another with respect to the 
origin. Notice that    f(x )    and    f(-x )    have opposite signs, so that    f(-x ) = -f(x ).    All odd 
functions have graphs with origin symmetry.      
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1 2 3 4 5−1−2−3−4−5

y

x

(−2, −8)

(2, 8)

(x , y )

(−x , −y )

f (x ) = x 3

FIGURE 1.32           Origin symmetry with 
f(- x ) = - f(x )      

!   Understand and use piecewise 
functions.  

Odd Functions and Origin Symmetry 

 The graph of an odd function in which    f(- x ) = -f(x )    is symmetric with respect 
to the origin. 

Piecewise Functions 
 A cellphone company offers the following plan: 

•  $20 per month buys 60 minutes.  
•  Additional time costs $0.40 per minute.   

 We can represent this plan mathematically by writing the total monthly cost,    C,    as a 
function of the number of calling minutes,    t.      

20+0.40(t-60) if t>60
C(t)=

20 if 0 ! t ! 60

$20 for
first 60
minutes

$0.40
per

minute

times the number
of calling minutes

exceeding 60

The cost is $20 for up to and
including 60 calling minutes.

The cost is $20 plus $0.40
per minute for additional time

for more than 60 calling
minutes.

e

 A function that is defi ned by two (or more) equations over a specifi ed domain 
is called a piecewise function . Many cellphone plans can be represented with 
piecewise functions. The graph of the piecewise function described above is shown 
in  Figure   1.33    .  

 EXAMPLE 3 Evaluating a Piecewise Function 
 Use the function that describes the cellphone plan 

C(t) = b20 if 0 … t … 60
20 + 0.40(t - 60) if t 7 60

 to fi nd and interpret each of the following: 
 a. C(30)        b. C(100).      

80

60

40

2001601208040

20

C(t) =  20
if 0 ≤ t ≤ 60

C(t) =  20 + 0.40 (t − 60)
if t >  60

C(t)

t

FIGURE 1.33 



	
	
	
	
	
	

7.[15] The following is the graph of the function f . In the coordinate axes given below, sketch the graph of the indicated

functions. (As a reference, the graph of f is given in each coordinate axes in light gray.)

This is the given original graph of f .
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a) Graph g(x) = f(x)− 3.
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b) Graph g(x) = f(x− 1).
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c) Graph g(x) = f(x+ 2) + 3.
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d) Graph g(x) = f(−2x).
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e) Graph g(x) = −2f(x).
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