6.5. Polynomial equations Professor Luis Fernandez

Polynomial equations

A polynomial equation is an equation that involves a polynomial. For example, 22 + 3z — 4 = 0 is a polynomial

equation.

The degree of a polynomial equation is the degree of the polynomial involved. For example, 22 + 3z — 4 = 0 is an

equation of degree 2.
e Equations of degree 2 are also called quadratic.

e Equations of degree 3 are also called cubic. Thus, 22 + x = 5 is a quadratic equation and z3 + 5z — 5 = 22

is a cubic equation, whereas x* 4+ 523 — 4z = 7 is an equation of degree 4.
In this course we will learn how to solve quadratic equations. The first method we will learn involves factoring.

The idea is a property of numbers:

If a- b =0, then either a = 0 or b = 0 (or both).

Thus, if we have an equation where the left hand side is a factored polynomial and the right hand side is 0, to find

the solution we only have to set each factor equal to 0 and solve the simple equations we get. For example
Example: Solve 22 — 5z + 6 = 0.

Let us factor the polynomial: we have 2 — 5z + 6 = (z — 2)(x — 3). Thus we can rewrite the equation as
(x—2)(z—3)=0.

But then this implies that either xt —2 =0 or x — 3 = 0. Solving these two equations gives x = 2 or x = 3. Thus,

the solutions of 22 — 52 4+ 6 = 0 are z = 2 and = = 3.

One can check that these are solutions: 32 —5-3+6=9—-154+6=0and 22 - 5-24+6=4—10+6 = 0.
NOTE: The zero product property only works when the right hand side is 0!! If it is not 0, move all
the terms to the left hand side using the usual rules.

Example: Solve 22 — 10 = 3z.

First, we need to write the equation with 0 on the right hand side. To do this, subtract 3z from both sides to get

22 —3x—10 = 0. Now let us factor the polynomial: 2% — 3z — 10 = (x —5)(x +2). Thus we can rewrite the equation
as (x —5)(x+2) = 0. This means that either x —5 = 0, which gives x = 5, or 42 = 0, which gives x = —2. Thus

the solutions are x = 5 and © = —2.

Let us check if z = 5 and & = —2 are solutions of 2 — 10 = 3z. For « = 5, the LHS equals 52 — 10 = 25 — 10 = 15,
and the RHS is 3-5 = 15 also, so z = 5 is a solution. For z = —2, the LHS equals (=2)? — 10 =4 — 10 = —6, and
the RHS is 3+ (—2) = —6 also, so x = —2 is a solution.

Summarizing, to solve a quadratic equation by factoring,
1. Write the quadratic equation in standard form, az? + bz + ¢ = 0.
2. Factor the quadratic expression on the left.
3. Use the Zero Product Property (that is, set each factor equal to 0).
4. Solve the two linear equations you obtained in 3.
5. Check. Substitute each solution separately into the original equation.

This method also works with equations of any degree as long as the polynomial is factored.



Example: Solve the equation (x + 3)(z — 4)(22 — 3)(4z + 1) = 0.

Since the polynomial is factored, we can use the zero product property immediately: one of the four factors of the
polynomial has to be 0. Thus we have

x+3=0 or r—4=0 or 20 —3=0 or 4r+1 =0,

which, solving the equations, gives

__3 _ 4 3 1
T = or T = or T=3 or T=-7

Thus the equation has four solutions: —3,4,3/2 and —1/4.
Practice exercises: Solve the following equations.

1. 22-62x+8=0 2. 22492 +18=0 3. 22-52+6=0

4. 22 -10=3x 5. 22 +4r =12 6. 22="Tx+38

7. (z+2)(x—-3)Bz—5)=0 8. 22=9 9. 4z' — 2023 42422 =0
10. 1223 + 1222 = 24z 11. 100z% =9 12, 22 +152+36=0
13. 522 +2lx+4=0 14. 822 +80x+200=0 15. 62> =24z

16. 222 —27x —45 = 17. 5224+4=09x 18. 422+ 162 +15=0



