8.5. Dividing radical expressions. Rationalization. Professor Luis Fernandez

Dividing radical expressions.

Recall: As we saw in section 8.2, the quotient property for roots is

f== or =1/ —.
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So to simplify the radical of a fraction,

e Simplify the fraction in the radicand, if possible.
e Use the Quotient Property to rewrite the radical as the quotient of two radicals.

e Simplify the radicals in the numerator and the denominator.
o 45
Example: Simplify o
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Let us first simplify the fraction: divide numerator and denominator by 5 to get — = =-.

40 18
Therefore\/g \/2 \/%/\g/i = 2—\3&
Example: Simplify ;2i§
7
Let us first simplify the fraction: ;gi; = M;S:?—?» = 7?; = 18% Therefore 18% :\[9\\7% = ?:/f%
18

If instead of having a fraction inside the radical you have a fraction of radicals of the same index, one method is to

first rewrite it under the same radical sign, simplify the fraction, and then split them again into radicals.
If the radicals have different index, it is easier to use rational exponents as in section 8.3.

Example: Simplify 20"
Xample: mpli1 .
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V4024 40z*
Write it under a single radical sign first: Oz =4 Oz .
V27026 2702°
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Then simplify the fraction (divide numerator and denominator by 5):

27025 2% T 54 Bda?’
4

Therefore V40 o8 _ V8 = 2 = 2

/27026 542 {54z V27222 3¥/242
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When dividing radicals, we have learned to first simplify the fraction and then simplify the radicals. But we could
do it the other way around: first simplify the radicals in the numerator and denominator and then simplify the

fraction (with radicals) that you obtain. Which of the two methods is better depends on the exercise.

For now, let us do the last example again simplifying radicals first and then simplifying the fraction:

Example: Simplif V40
Xample: lmp 1 y —_—.
V27026

Notice that 40 =8 -5 and 270 = 27 -2 - 5. Then
1
VA0zt VB3 VE Y 2f 5 Yr 29
V27006 V27059295 332 V25 3aV2

It may seem that we got two different answers for the same exercise. Which one is correct?

In fact, the two answers are actually equal, and they are both correct, but to see that they are we need to learn

about rationalization:

Rationalizing denominators that have only one term

The goal of rationalizing is to rewrite the expression without any radicals in the denominator. Every expression
can be written this way in a unique way, so it gives the possibility of comparing rational expressions.
The idea is to multiply numerator and denominator of the fraction by the same quantity in such a way that the

radicals in the denominator can be simplified.

5
Example: Rationalize —.
V3

Multiply numerator and denominator by /3. Then simplify:

5 5/3  5/3 5V3
VERRRVERVE VO I I
That’s it! As you can see, we have rewritten the original expression without radicals in the denominator.
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Example: Rationalize ——=.
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Thus, when the denominator has a square root, in order to rationalize the expression we only have to multiply

Multiply numerator and denominator by /5. Then simplify:

numerator and denominator by that square root and simplify. Note: this only works for square root; for higher

index we will see it below.
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Example: Rationalize ——.
5V Tz
Multiply numerator and denominator by +/7z. Then simplify:

V3 _ V3VTz _ V2lx 21z
57z 2VT7xTx 27Tz l4z

Exercises: Rationalize. Simplify when possible.
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So far we have only rationalized expressions that have square roots in the denominator. What if the index is not

27 Let us do an example:

2
Example: Rationalize —.
2 2V 2V 2V
Multiply numerator and denominator by v/72. Then simplify: ——= = = = .
ply \Y Plify: = = mym = g -
Notice that the point is to multiply numerator and denominator by something which lets us simplify the radical in
the denominator. In the last example we multiplied by v/72 because /7 - V72 = V73 = 7.
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Example: Rationalize ——.
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2 2v/53  2v/53  2/53
Multiply numerator and denominator by v/53. Then simplify: —— = = = .
Py Y P 5T v vt 5

Thus, multiply numerator and denominator by whatever you need to make the radicand in the denominator a

multiple of the index. For example, if we had vz7 in the denominator, we would multiply by v/z3, because
27 2% = 210 and 10 is a multiple of 5, so V27 vz3 = V210 = 22, which has no radicals.

Exercises: Rationalize. Simplify when possible.
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Rationalizing denominators that have two terms

Here we learn how to rationalize when the denominator has only two terms and these terms involve only square

roots, for example,
3 4

— or ——.
VB+3 VT -6
Again, the idea is to multiply by some appropriate quantity so that the radicals in the denominator disappear.

Recall from the previous section that, using the formula (a + b)(a — b) = a? — b2, we have, for example
VIT+VT)(V1I1 = VT) = (V11)? = (VT)? =11 - T = 4.

Thus, by multiplying by the same binomial but changing the sign of one of the terms, we get rid of all the radicals.

Given a binomial, the binomial obtained by changing the sign of one of the terms is called the conjugate. For

example,
e The conjugate of V5+3 is /5-—3.
e The conjugate of 2 —+Tis V2+V7.
e The conjugate of 8+ 7v/51 is 8 — 7v/51.

Thus, to rationalize a radical expression that has a binomial with square roots in the denominator

one only needs to multiply numerator and denominator by the conjugate of the denominator.

5
Example: Rationalize .
443
The conjugate of 4 + /3 is 4 — v/3. Multiplying numerator and denominator by 4 — v/3 we get

5 5(4 —/3) 5(4—+3)  5(4—+3) 5(4-+3)

14V3 T (VR VE) @2 - (VB 16-3 13




Example: Rationalize L
e VLG

The conjugate of (v/11 — v/6) is (v/11 4 v/6). Multiplying numerator and denominator by (v/11 4 v/6) we get

5 _ 5(v/11 + v/6) _ SWILHVE) sV VE) _ BVITHVE) e
VII-V6 (VII-VE)(VIL+V6)  (VID)? - (V6)? 11-6 5 '

Exercises: Rationalize. Simplify when possible.
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Simplified form of a radical expression

All the methods that we have learned in Chapter 8 allow us to simplify a radical expression completely. A radical

expression is considered simplified if
e No factors in the radicand have perfect powers of the index.
e There are no fractions in the radicand.
e There are no radicals in the denominator.

Each radical expression has one and only one simplified form. Writing expressions in simplified form is useful in

order to compare expressions.



