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Gray codes are named after Frank Gray, who invented them in the 1940s at AT&T Bell
Laboratories to minimize the effect of errors in transmitting digital signals. ◂

Exercises

In Exercises 1–8 determine whether the given graph has an
Euler circuit. Construct such a circuit when one exists. If
no Euler circuit exists, determine whether the graph has an
Euler path and construct such a path if one exists.
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9. Suppose that in addition to the seven bridges of
Königsberg (shown in Figure 1) there were two addi-
tional bridges, connecting regions B and C and regions
B and D, respectively. Could someone cross all nine
of these bridges exactly once and return to the starting
point?

10. Can someone cross all the bridges shown in this map ex-
actly once and return to the starting point?

11. When can the centerlines of the streets in a city be painted
without traveling a street more than once? (Assume that
all the streets are two-way streets.)

12. Devise a procedure, similar to Algorithm 1, for construct-
ing Euler paths in multigraphs.

In Exercises 13–15 determine whether the picture shown can
be drawn with a pencil in a continuous motion without lifting
the pencil or retracing part of the picture.
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15.

∗16. Show that a directed multigraph having no isolated ver-
tices has an Euler circuit if and only if the graph is weakly
connected and the in-degree and out-degree of each ver-
tex are equal.

∗17. Show that a directed multigraph having no isolated ver-
tices has an Euler path but not an Euler circuit if and
only if the graph is weakly connected and the in-degree
and out-degree of each vertex are equal for all but two
vertices, one that has in-degree one larger than its out-
degree and the other that has out-degree one larger than
its in-degree.

In Exercises 18–23 determine whether the directed graph
shown has an Euler circuit. Construct an Euler circuit if one
exists. If no Euler circuit exists, determine whether the di-
rected graph has an Euler path. Construct an Euler path if one
exists.
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∗24. Devise an algorithm for constructing Euler circuits in di-
rected graphs.

25. Devise an algorithm for constructing Euler paths in di-
rected graphs.

26. For which values of n do these graphs have an Euler cir-
cuit?
a) Kn b) Cn c) Wn d) Qn

27. For which values of n do the graphs in Exercise 26 have
an Euler path but no Euler circuit?

28. For which values of m and n does the complete bipartite
graph Km,n have an
a) Euler circuit?
b) Euler path?

29. Find the least number of times it is necessary to lift a
pencil from the paper when drawing each of the graphs
in Exercises 1–7 without retracing any part of the graph.

In Exercises 30–36 determine whether the given graph has a
Hamilton circuit. If it does, find such a circuit. If it does not,
give an argument to show why no such circuit exists.
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37. Does the graph in Exercise 30 have a Hamilton path? If
so, find such a path. If it does not, give an argument to
show why no such path exists.

38. Does the graph in Exercise 31 have a Hamilton path? If
so, find such a path. If it does not, give an argument to
show why no such path exists.

39. Does the graph in Exercise 32 have a Hamilton path? If
so, find such a path. If it does not, give an argument to
show why no such path exists.

40. Does the graph in Exercise 33 have a Hamilton path? If
so, find such a path. If it does not, give an argument to
show why no such path exists.

∗41. Does the graph in Exercise 34 have a Hamilton path? If
so, find such a path. If it does not, give an argument to
show why no such path exists.

42. Does the graph in Exercise 35 have a Hamilton path? If
so, find such a path. If it does not, give an argument to
show why no such path exists.

43. Does the graph in Exercise 36 have a Hamilton path? If
so, find such a path. If it does not, give an argument to
show why no such path exists.

44. For which values of n do the graphs in Exercise 26 have
a Hamilton circuit?

45. For which values of m and n does the complete bipartite
graph Km,n have a Hamilton circuit?

∗46. Show that the Petersen graph, shown here, does not have
a Hamilton circuit, but that the subgraph obtained by
deleting a vertex v, and all edges incident with v, does
have a Hamilton circuit.
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47. For each of these graphs, determine (i ) whether Dirac’s
theorem can be used to show that the graph has a Hamil-
ton circuit, (ii) whether Ore’s theorem can be used to
show that the graph has a Hamilton circuit, and (iii )
whether the graph has a Hamilton circuit.
a) b)

c) d)

48. Can you find a simple graph with n vertices with n ≥ 3
that does not have a Hamilton circuit, yet the degree of
every vertex in the graph is at least (n − 1)∕2?

∗49. Show that there is a Gray code of order n whenever n
is a positive integer, or equivalently, show that the n-
cube Qn, n > 1, always has a Hamilton circuit. [Hint: Use
mathematical induction. Show how to produce a Gray
code of order n from one of order n − 1.]

Fleury’s algorithm, published in 1883, constructs Euler cir-
cuits by first choosing an arbitrary vertex of a connected
multigraph, and then forming a circuit by choosing edges suc-
cessively. Once an edge is chosen, it is removed. Edges are
chosen successively so that each edge begins where the last
edge ends, and so that this edge is not a cut edge unless there
is no alternative.
50. Use Fleury’s algorithm to find an Euler circuit in the

graph G in Figure 5.
∗51. Express Fleury’s algorithm in pseudocode.

∗∗52. Prove that Fleury’s algorithm always produces an Euler
circuit.

∗53. Give a variant of Fleury’s algorithm to produce Euler
paths.

54. A diagnostic message can be sent out over a computer
network to perform tests over all links and in all devices.
What sort of paths should be used to test all links? To test
all devices?

55. Show that a bipartite graph with an odd number of ver-
tices does not have a Hamilton circuit.


