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Abstract

A harmonic map of the Riemann sphere into the unit 4-dimensional sphere has area
4nd for some positive integer d, and it is well-known that the space of such maps
may be given the structure of a complex algebraic variety of dimension 2d+4. When
d less than or equal to 2, the subspace consisting of those maps which are linearly
full is empty. The twistor fibration from complex projective 3-space to the 4-sphere
has been used to show that, for d = 3,4, 5, this subspace is a complex manifold.

These methods are used here to extend this result to d = 6.

1 Introduction

Every harmonic map from the Riemann sphere S? into the unit 4-sphere S* has area 4md
for some integer d. It has been known for some time [6, 7, 12] that the space Harmgy(S*)
of such maps may be studied in terms of the twistor lifts of the elements to horizontal
holomorphic curves of degree d in complex projective 3-space CP3. It follows from this
that Harmgy(S*) may be given the structure of a complex algebraic variety, and a detailed
study of this space has been carried out in [13, 17, 18, 19], where, in particular, it is
shown that the complex dimension is 2d + 4. This result is a special case of the recent
verification in [10] of the conjecture in [2] that the moduli space of harmonic maps of S?
into S?™ of degree d is a complex algebraic variety of dimension 2d + m?.

A natural topology to put on Harmgy(S*) is the compact-open topology, and it is shown
in [5] that this topology coincides with that coming from the complex algebraic variety

structure. Using the twistorial approach mentioned above, it was also shown in [5] that, in
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this topology, the open subset Harm’* (S*) of Harmgy(S*) consisting of linearly full maps
has no singular points for d < 5, so that Harm5" (S*) is a manifold.

We were encouraged to use the approach of [5] to consider the case d = 6, since it
seemed possible (and even likely) that Harmi”' (S*) would have singular points. Indeed,
non-linearly full elements of Harmy(S*) which are the limit of linearly full harmonic 2-
spheres are singular points of Harmg4(S*), and, when d > 6, there are linearly full harmonic
2-spheres in S* of degree d which are the limit of linearly full harmonic 2-spheres in higher-
dimensional spheres (see [11] for some results on collapsing in higher dimensions, and see
[16] for a study of the related problem of when all Jacobi fields along a harmonic 2-sphere
are integrable). However, in this paper we show that the moduli space Harm$™(S%) is a

manifold. Specifically, we prove the following theorem.

THEOREM 1.1. For 3 < d < 6, the space HarmdLF(S4) equipped with the compact-open
topology, is a complex manifold of complex dimension 2d + 4. For d < 2, HarmdLF(S4) 18
empty.

Unfortunately, it seems unlikely that our methods will enable us to draw conclusions
for higher values of d. Firstly, it is not clear how to extend Proposition 4.3 to degree
greater than 6, and, secondly, the ad hoc mathematica calculation of the rank of the map
d®,; carried out in Section 5 is likely to be considerably more complicated. It may be,
however, that there is a more systematic way of carrying out this calculation using, for
example, the notion of discriminant. As remarked above, Theorem 1.1 was proved in [5]
for d <'5.

Similar questions for the space of harmonic maps from S? to CP? have been studied in
[8] and [14]. In fact, the components of this space consist of the +-holomorphic maps of
degree d, together with harmonic maps of degree d and energy 4w E, where E = 3|d|+4+2r
for some non-negative integer r. It is shown in [14] (see also [15]) that these components
are smooth manifolds of dimension 6|d| + 4 in the £-holomorphic case and 2F + 8 in the

other cases.

2 The twistor fibration

We begin by recalling the twistor fibration © : CP®> — S* Regarding H? as a left
quaternionic vector space, this is obtained by composing the Hopf map p : CP3 — HP!
given by

p([21, 22, 23, 24]) = [21 + 227, 23 + 24]],
with the canonical identification of HP' and S* ¢ H@® R = R® given in the usual way by
stereographic projection from (0,0, 0,0, —1) onto the equatorial 4-plane H in R® which is



included in HP! by [¢] — [q, 1]. Specifically, this identification is given by

20192, |1]? — |g2/*)
@1 + |q2|?

(1, 2] € HP' — c s
We recall [4, 6] that 7 is a Riemannian submersion when CP? is given the Fubini-Study
metric of constant holomorphic curvature 1.

Now consider the vector space C[z]4 of polynomials of degree less than or equal to d,
and let V; be the subset of (C[z]4)* consisting of those quadruplets of coprime polynomials
with maximum degree equal to d for which the map z — [fi(2), fa(2), f3(2), fa(2)] is
linearly full in CP3. Then Vj is a projective subset of (C[z]4)* \ {0}, and we identify its
projectivisation P(V;) with the space of linearly full holomorphic maps of degree d from

S? to CP? in the usual way via

(1) Lf1 fo f3, fa] —— 2 [f1(2), f2(2), f3(2), fa(2)].

Here, and subsequently, we use the complex coordinate z on S? defined by sterographic
projection from the south pole of S? onto the equatorial plane so that, in the usual sense,
we may identify S? with CU{oo}. If ¥ : S — CP? is holomorphic then we call the above

representation
U(z) = [f1(2), f2(2), f3(2), fa(2)]

with (f1, fa, f3, fa) € Va a reduced form of 1.

We give (Clz]4)* its natural topology as a vector space, and P((C[z]4)*) the identi-
fication topology. Then Vj is an open subset of (C[z];)*, and P(V}) is an open subset
of P((C[z]4)*). Subsets of any of these spaces are then given the induced (subspace)
topology.

A holomorphic curve ¥ = [f1, fo, f3, f1] in CP3 is horizontal if it intersects each fibre
orthogonally. It is well known [6] that this holds if and only if

fifa = fifs + f3fa = fsfi =0,
or, alternatively, if and only if
(2) (f', Jf) =0,

where £ = (fy, fa, f3, f1) € Vi, (1, ) denotes the complex bilinear extension to C* of the

standard real inner product on R*, and

J(f1,f2,f37f4) = (_f2>f17 —f4,f3)-
Thus, if we define @, : Vy — C[z]aq_2 by
o4(f) = (£, JI),
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then ®;'{0} is a projective subset of V, and, using the identification (1) above, P(®;'{0})
is identified with the space of linearly full horizontal holomorphic maps of degree d (and
hence area 47d) from S? to CP3.

The space Harm%*'(S*) is the union of two connected components, Harm} (S*) and
Harmj (S*), with post-composition by the antipodal map of S* giving a homeomorphism
between them. Each element of Harm} (S*) has a unique lift to an element of P(®;'{0}),

so that post-composition by 7 gives a bijective correspondence
T, 1 P(®;1{0}) — Harm} (S*).
The following lemma is proved in [5].

LEMMA 2.1. Harm} (S*) is a closed subset of Harm5* (S*), and the map 7, : P(®;'{0}) —

Harm (S*) is a homeomorphism.

We note that the final statement of Theorem 1.1 follows immediately from Lemma

2.1, since Vj is empty for d < 2.

3 Higher singularities and the Pliicker formulae

We first recall the definition of singularity type of a linearly full holomorphic curve ) :
S?2 — CP™ ]9, 2, 3. We may write such a curve in reduced form (z) = [f(z)] =
[f1(2),..., fur1(2)], where fi,..., fui1 are polynomials in z with no common zeros. In

fact, f can be written in the following normal form about a point z,
f(2) = ho(2)ag + (z — 20)°CH hy(2)ay + ... 4 (2 — oo HFmaaGotny ()a,

for some suitable choice of (unitarily orthonormal) basis ay, ..., a, of C"™', non-negative
integers 7r9(20), - -.,7Tn-1(20), and polynomials hg(z), ..., h,(z), each non-zero at z,. The
point zq is a higher singularity of ¥ if ri(zy) # 0 for at least one k =0,...,n — 1, and we
let Z(1) denote the isolated set of higher singularities. The singularity type of ¢ is then
defined to be the set

[(z70(2)s s (2) | 2 € Z)}.

For each k = 0,...,n—1 the k-th osculating curve (or associated curve) of ¢ is defined
for all z in the domain of v, and, away from Z(v), is given by [f A ... A £f®], where ¢
denotes the j-th derivative of f with respect to z. If 74(29) > 0 then the derivative of the
k-th osculating curve has a zero of order 74(2g) at 2o.

In the next section we will use group actions to obtain canonical forms for linearly full
horizontal holomorphic 2-spheres in CP3. We now move towards this by considering the

natural action on CP? of the complexified symplectic group

Sp(2;C) ={A:C"' — C* | (JAv, Aw) = (Jv,w) ¥v,w € C'}.
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In fact, the projectivisation PSp(2;C) of this group acts on CP? as the group of holo-
morphic diffeomorphisms which preserve the horizontal distribution, with PSp(2) =
PSp(2;C) N PU(4) being the subgroup of holomorphic isometries which preserve the
horizontal distribution [4]. This induces a natural action of Sp(2;C) on V;, and hence on
P(V,) via (Af)(2) = A(f(2)), and this action preserves the set ®,'{0}. We also note that
if 41 is a Mobius transformation, and if 1) = [f] is a holomorphic curve in CP3, then vy is

also holomorphic. Moreover, 1 is horizontal if and only if 1 is horizontal.

LEMMA 3.1. Let g : C"** — C"™ be a non-singular linear map, and p(z) a Mobius
transformation. If ¢ has singularity type {(z;70(2),...,mn_1(2)) | 2 € Z(¥)} then giu
has singularity type {(n="(2);r0(2), ..., rn1(2)) | 2 € Z(¥)}.

The following proposition is proved in [3]. Here, v(f) denotes the order of vanishing

of a holomorphic function f(z) at z = 0.

PROPOSITION 3.2. Let ¢(z) be a linearly full horizontal holomorphic curve in CP3.
Then

ro(2) = ro(2).
Also, if 1(z) has a higher singularity at z = 0 then there exists A € Sp(2;C) such that
A(0) = [1,0,0,0] and if Ay = [f1, f2, f3, f4] is in reduced form then v(f3) < v(fs). In

this case,

A (2) = [ho(2), 22172 hg(2), 2M by (2), M2 hy(2))],

where k1 =19(0) + 1 =12(0) + 1, ks = r1(0) + 1 and hi(z), k = 0,1,2,3, are polynomials
each of which is non-zero at z = 0.

As shown in [3], the Pliicker formulae [9, 1] for a linearly full holomorphic curve
Y S% — CP™ imply that if ¢ : S — CP? is a linearly full horizontal holomorphic curve
in CP? then

(3) 27“0 +r = 2d — 6,

where d is the degree of 1, and

Tk = Z re(p)-

pEZ(Y)

4 Canonical forms

The method of proof of Theorem 1.1 is to show that, for 3 < d < 6, the zero polynomial is

a regular value of ®4. It will then follow that ®;'{0} is a submanifold of V; of dimension



4(d+1) — (2d — 1) = 2d + 5, from which the theorem will follow by projectivising and
using Lemma 2.1.

We begin by writing down the derivative d®4|¢ of ®4 at a point f = (fi,..., fi) of
V3. The unusual indexing on the left hand side is to facilitate the writing down of the

derivative.

] =

(4) d®qle(ha, hiy hay hs) = D (1P (fohy, — fyhw)-

1

p

As mentioned earlier, Theorem 1.1 has already been proved in [5] for d < 5, so from
now on we consider the case d = 6. In order to simplify the calculations we extend to
d = 6 the results of [3], where natural group actions are used to obtain canonical forms
for elements of P(®;'{0}) for 3 < d < 5. We recall from the previous section the action
of the complexified symplectic group on V; and on the space of holomorphic horizontal
curves in CP? via (Af)(z) = A(f(2)). Tt is shown in [5] (and is easily checked) that

LEMMA 4.1. If ¢ = [f] and if App = [f], where A € Sp(2;C) and p is a Mdbius
transformation, then the rank of d®ql¢ is equal to the rank of d®gl;.

We now produce our canonical form for an element ¢ = [f] in P(®5'{0}). It will be
convenient to recall the following definition from [3]. If 2y, 2o € S? then we will say that
{21, 2} is a W-null pair if (¥(z1), Ji(z)) = 0, that is, if 1(z) is unitarily orthogonal to
J(z5). We note that if {z1, 25} is a ¢-null pair, then it is also an Aw-null pair for any

A € Sp(2;C), while {p=(21), u™ (22)} is a Yu-null pair for any Mobius transformation p.

LEMMA 4.2. If ¢ has degree d = 6 then there exist a pair of higher singularities that

do not form a -null pair.

PROOF. We assume that z = 0 is a higher singularity of ¢, and that ¢(0) = [1,0, 0, 0].
In this case, it follows from Proposition 3.2 that, modulo the action of Sp(2,C),

Y(2) = [f1(2), 24 (ba + bsz + bez?), fa(2), fa(2)].

Since J(a, b, ¢, d) is unitarily orthogonal to (1,0,0,0) if and only if b = 0, we see that
at most two other points of S? are 1-null pairs with z = 0. In particular, the lemma is
proved if ¢ has four higher singularities.

If ¢ has exactly three higher singularities then the Pliicker formulae (3) show that at
least one of them, say z = 0, does not have r4(0) = 0,71(0) = 1. Assume one of the other
singularities is at z = oo and that {0, 00} form a ¢-null pair. Then, writing f(z) in the
form of Proposition 3.2, we have 2k; + ko > 5, so that

U(2) = [ho(2),b52°, 2¥1hy(2), 2F1772 Ry (2)]
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so that the third higher singularity doesn’t form a t-null pair with z = 0. Finally, as
obseved in [3], it follows from Theorem 4.1 of that paper that if ¢ is 2-point ramified then

the two higher singularities do not form a ¢-null pair. O

PROPOSITION 4.3. Let v : S? — CP3 be a linearly full horizontal holomorphic curve
of degree 6. Then there exists a Mobius transformation p and an element A of Sp(2,C)
such that either

(5)  AYu(z) = lag + a1z + ag2?, byz* + bs2® 4+ bg2®, c12 + 22 + cy2t 4 52, ds2?,

with agbgds # 0 and with certain relations between the coefficients (which we will not need)
given by the horizontalilty condition (2),
or

(6) App(z) = [ag + a1z + asz®, byz® + b52” + be2%, c12 + ca2® + c32°, d32® + dy2* + d527),

with agbg # 0 and the following horizontality conditions

(7) 2a0by + c1d3 = 0,

(8) S5agbs + 3aiby + 3cidy + cadsz = 0,

9) 3aobs + 2a1bs + asby + 2¢1d5 + cody = 0,
(10) 5a1bg + 3asbs + 3cads + c3dy = 0,
(11) 2a9bg + c3ds = 0.

ProoF. It follows from Lemma 4.2 and Lemma 4.2 of [3] that there exists a Mdbius
transformation y and A € Sp(2,C) such that

1. App(0) = [1,0,0,0],
2. z =0 is a higher singularity of fl@/}p,
3. Adp(o0) = [0,1,0,0],

4. z = oo is a higher singularity of Avpu.



In this case, it follows from Proposition 3.2 that there exists A € Sp(2,C) such that
AYp(2) = [ag+. .. +asz”, byzt +b52° + 0625 crz+. . +es52”, dsz® +dyzt +ds2®],  aghs # 0.

Case 1: deg(ciz + ...+ c5z°) > deg(dsz® + dyz* + dsz°).
Let ¢(z) = BAYu(1/z), where B € Sp(2,C) is given by

B(f1, fa, f3, f4) = (= fas J1, 5, f4).

Then
gzNS(z) = [—bg — bsz — by2? a5z 4+ ... + a2’ cs5z + ...+ 127, dsz 4+ dy2? + ds2?]

has a higher singularity at z = 0, and ¢(0) = [1,0,0,0]. Moreover, the order of vanishing
at z = 0 of csz + ...+ c12° is less than that of dsz + dy2% + dsz®. Hence, by Proposition
3.2, it follows that a5 = a4 = a3 = 0, d5 = dy = 0. Hence d3 cannot be zero so we may
use a further element of Sp(2,C) to assume that ¢ = 0. This give us the canonical form
(5).

Case 2: deg(ciz + ...+ c5z°) < deg(dsz® + dyz* + dsz°).

Let ¢(z) = JAYu(1/z). Then

(2) = [—bg — bsz — by2® a5z + ... + ap2®, —dsz — dyz* — d32®,c5z 4 ..+ 127

has a higher singularity at z = 0, and ¢(0) = [1,0,0,0].

Hence, by first applying an element of Sp(2, C) which fixes elements of C* of the form
(a,b,c,0), we may assume that deg(ciz + ... + ¢52°) < deg(dzz® + dyz* + d52°). It now
follows from Proposition 3.2 that a5 = ay = a3 = 0, ¢5 = ¢4 = 0, so that Ayu has the
form given in (6).

The horizontality conditions (7), (8), (9), (10), (11), follow immediately from (2). O

5 Proof of Theorem 1.1

As mentioned earlier, we prove the theorem by showing that the zero polynomial is a
regular value of ®g : V5 — Clz]19. By Lemma 4.1 and Proposition 4.3, we may show this
by showing that, for each f in ®;'{0} taking one of the two forms (5) or (6), the rank
of the derivative d®g|¢, given in (4), is equal to 11. The method we use is a brute-force
calculation using Mathematica. It would be gratifying to find a more elegant, geometrical
proof.

We first fix bases of (C[z]¢)* and C|z]yo in the obvious way, using the standard basis
{1,2,...,2"} of C[z],,. For f € V5 we then let D¢ be 11 x 28 matrix of d®s|s with respect

to these bases.



LEMMA 5.1. If f has the form of (5), then d®g|¢ has rank 11.

PRrROOF. The result here is staightforward. It is easy to identify an 11 x 11 minor of
D¢ which may be made lower-triangular by a permutation of the rows and a permutation
of the columns, and whose determinant is then easily seen to be a non-zero scalar multiple
of ag®bs*ds°. O

LEMMA 5.2. If £ has the form of (6) with any of ag, by, c1,c3,ds,ds being zero then
d®gl¢ has rank 11.

PROOF. By considering the map ¢(z) = [Jf(1/z)], we see that we only need to show
that the lemma is true if any of by, c¢1, d3 are zero.

Case 1: by =0. We first note that if b5 is also zero, then it is easy to pick out an
11 x 11 minor of D¢ which may be made lower-triangular by a permutation of the rows
and a permutation of the columns, and whose determinant is then easily seen to be a
non-zero scalar multiple of ay%bg”.

So, we now assume that by = 0 but b5 # 0. In this case, it follows from Proposition
3.2 that 2k; + ks = 6 and so either k&1 =1, and ky = 3, or k1 = 2, and ko = 1. If k1 = 1,
and ky = 3 then, by Proposition 3.2 again, ¢; # 0, d3 = 0 and dy # 0. We may then pick
out an 11 x 11 minor of D¢ which may be made lower-triangular by a permutation of the
rows and a permutation of the columns, and whose determinant is then easily seen to be
a non-zero scalar multiple of ao®bs2d,®. On the other hand if &k = 2, and k9 = 1 then
c1 =0, o # 0 and d3 # 0. We may then pick out an 11 x 11 minor of D¢ which may be
made lower-triangular by a permutation of the rows and a permutation of the columns,
and whose determinant is then easily seen to be a non-zero scalar multiple of agbs®cy?ds>.

Case 2: ¢c; = 0. Here, we have that k& > 2, so that 2k; + ky > 5. Hence by = 0
and we are back in Case 1.

Case 3: d3 = 0. Here, we have that ki + ks > 4, so that 2k; + ky > 5. Hence

by = 0 and we are again back in Case 1. O]

So, from now on we assume that f has the form of (6) with all of ag, as, by, bg, ¢1, 3, d3, ds
being non-zero. For subsequent cases we will need to consider further 11 x 11 minors of
Dg. It turns out that there is a minor whose determinant is a non-zero multiple of
a25b4b6203(3a003 + asc; — ajey), so that Dy has rank 11 unless this expression is equal to
zero. Consideration of another two suitable minors shows that D¢ has rank 11 except

possibly when the following three equations hold

(12) 3@003 + a9C1 — A1Cy = O,

(13) bads — bsdy + 3bgds = 0,

9



(14) —561d5 + 2(32d4 — 3(33d3 = 0.

LEMMA 5.3. Iff has the form of (6) with ag, as, by, bg, c1,cs,ds, ds all being non-zero,
but a; = bs = 0, then d®s|s has rank 11.

PROOF. In this case, we can use (7), (11) and (13) to write ag, as and ds in terms of

b4, b6, C1, C3 and d5. In fact,

d501 d5c3 b4d5
ag=——, Gy =——— =——.
76 0 2060 0 3bs
If we substitute these into (9) and (14) we find that
b
02d4 =0 and b4 = 501 6 .
]

By replacing [f] by the map ¢(z) = [Jf(1/2)] if necessary, we may assume that dy =0
in which case (10) shows that ¢, = 0 also.

It now follows that the following two matrices

ao —b4 5(10 301
a9 —3b3 ’ 3@2 C3

have non-zero determinant, these being non-zero scalar multiples of ¢1ds and ¢;c3ds/bg
respectively.

Using this, we may then find an 11 x 11 minor of D¢ which, by a permutation of the
rows and a permutation of the columns, may be exhibited as the direct sum of a lower-
triangular matrix and the above two matrices. The determinant of this minor is then easily
seen to be a non-zero scalar multiple of the product of ag2as2bsbg® and the determinants
of the above two matrices. This shows that D¢ has rank 11 if a; = b5 = 0. O

Using the usual argument involving ¢, it remains to prove that D¢ has rank 11 when
bs # 0. In summary, then, Lemmas 5.2 and 5.3 show that D¢ has rank 11 whenever f has

the form 6 with any of as, by, b5, ¢1, c3, d3, d5 being zero.

LEMMA 5.4. If £ € Vg has the form of (6) with ag,as, by, bs,bg, c1,c3,ds, ds all being

non-zero, then d®gl¢ has rank 11.

Proor. We first note that by using projective equivalence and by replacing z by Az
if necessary, we may assume that b5 = c3 = 1.

Assuming that 1 — 2bgco and 3 — 2b,bg + 10bg%c; — 12bges + 12bg2% o2 are both Nnon-zero,
we may use (7)-(11), (12)-(14) to write aq, as, by, ¢1, 2, ds, dy, ds in terms of a; and bg. We
then find that

[f] = [ay(1 + 2206)2, 2*(1 + 22b6)?, 2(1 + 22b6)?, 22°b6 (1 + 22b6)?],
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so that f has a non-trivial common factor and hence is not in V.
We now consider what happens when 1 —2bgco = 0. Then this, together with (7)-(11),
(12)-(14) enables us to write ag, a1, by, 2, dy, ds in terms of ay, bg, ¢1, d3. Mathematica now

lets us pull out two 11 x 11 minors of D¢ with determinants non-zero multiples of
ds(1 — 18bs°c1) + 60agbs’c;  and  3ay — 10asb6%c; + 3bgds.

Thus, if either of the above expressions is non-zero then Dy has rank 11. We now consider

what happens when
dg(l - 18b6201) + 60a2b6301 =0 and 3(12 - 10a2b6261 + 3b6d3 =0.

Then 1 — 18bs%¢; # 0 and and we may solve the above two equations for ds and ¢; in
terms of ay and bg. We then find that

[f] = [a2(3 4 82b6) (9 + 402bg), 5bgz* (3 + 82bg) (5 + 8zbg),
52(3 4 82b6) (1 + 82bg), —10agbg 2> (3 + 82bg) (9 + 8zbg)],

so that f has a non-trivial common factor and hence is not in V5.

Finally we consider the case when 1 — 2bgco # 0, but 3 — 2b4bg + 10bg%e; — 12bges +
12b5°c,> = 0. In this case we use this equation together with (7)-(11), (12)-(14) to
write ag, by, ds, dy, ds in terms of ay, ay, bg, c1, ¢;. Substituting in (10) then gives aibg(1 —
2bgca) = 0, so that a3 = 0. At this point, (7) gives agci(1 — 2bgca) = 0, which is a

contradiction. O

The lemmas in this section show that the rank of Dy is maximal for every f € ®;{0},
that is to say 0 is a regular value of ®¢. As noted at the beginning of this section, this is

enough to complete the proof of Theorem 1.1.
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