THE DIMENSION AND STRUCTURE OF THE SPACE OF
HARMONIC 2-SPHERES IN THE M-SPHERE

LUIS FERNANDEZ

ABSTRACT. We prove the conjecture, posed in 1993 by Bolton and Woodward,
that the dimension of the space of harmonic maps from the 2-sphere to the
2n-sphere is 2d + n?. We also give an explicit algebraic method to construct
all harmonic maps from the 2-sphere to the m-sphere.

1. INTRODUCTION

A harmonic map is a map ¢ : M — N between Riemannian manifolds which
extremizes the energy functional [, |dp|?d vol over compact domains D in M; this
functional generalizes the Dirichlet integral. Examples of harmonic maps include
harmonic functions, geodesics and minimal surfaces. Harmonic maps have been
used to prove important results in geometry, including rigidity results (see, for
example, [16]).

In this paper we study the space of harmonic maps from S? to S™. Since a
harmonic map from a 2-sphere is automatically weakly conformal (see, for example,
[26]), a map from a 2-sphere is harmonic if and only if it is a minimal branched
immersion [12].

Following the twistor lift approach initiated by Calabi in [6], the moduli space of
harmonic 2-spheres in S™ was studied, among other sources, in [1, 2, 10, 11, 17, 20,
21, 23, 24, 25]. Tt is known that the space of linearly full (i.e. not lying in a proper
sub-sphere) harmonic maps from S? to S?" of degree d is isomorphic to two copies
of the space SO(2n+1,C) when d = n(n+1)/2, and it is empty if d < n(n+1)/2.
Apart from these remarkable results, not much is known for arbitrary d and n. The
dimension was only known when n = 2 [20, 23, 24, 25] and n = 3 [9].

In [3] Bolton and Woodward conjectured, using heuristic arguments, that the
dimension of the space of linearly full harmonic 2-spheres of degree d in S?" is
2d + n2. In this paper we give a proof of this conjecture. To this end, we first find
a completely explicit algebraic method to construct any harmonic map from S? to
S2". The idea is to generalize the methods used in [2, 4, 5, 20, 23, 24, 25|, where
harmonic maps from S? to S* are constructed, via the twistor lift approach, using
holomorphic maps from S2 to CP? satisfying a differential system; this is possible
because the twistor space of S* is biholomorphic to CP*. Hence, a completely
explicit algebraic construction is obtained, allowing the study of the dimension and
structure of the space of harmonic maps from S? to S*.

In the case n > 2 the twistor space of the 2n-sphere is certainly not biholomorphic
to any complex projective space. Nevertheless, these two spaces are birationally
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equivalent and it turns out that this is sufficient in order to do a local study. In fact,
the moduli space of harmonic maps from S? to S?" of a given degree d is locally
isomorphic to a space of holomorphic maps from S2 to CP"("+1)/2 of degree d and
satisfying a particular differential system, namely equation (7). This differential
system, in a different form, also appears in [5, 13].

The next step is to study the space of solutions of this differential system. As a
space of maps from the 2-sphere to complex projective space, we can restrict our
work to tuples of polynomials, as in [20]. The naive approach—mnamely to use the
standard basis for polynomials and convert the differential system into a large set of
quadratic equations on the coefficients of the polynomials—does not work because
the system is too big. However, a different kind of basis for the space of polynomials
leads to a description of the set of solutions essentially as a determinantal variety
on a set of parameters that determine the polynomials, or alternatively, as the set
of integral elements of an exterior differential system in the space of parameters.

With this description, and using elementary intersection theory, we find that
2d 4 n? is a lower bound for the dimension of the space of harmonic maps from S2
to S2".

To prove that 2d + n? is also an upper bound, we introduce the concept of
extendable harmonic map. A similar concept also appears in [18] (as ‘maps with
extra eigenvalues’) and [19] (as ‘collapses of maps’). A harmonic map from S? to
52" is extendable if, after embedding S2” into S2("*1) geodesically, the map can
be obtained as a suitable deformation through linearly full harmonic maps whose
codomain is S2("*t1) . These deformations provide a local projection from the set of
harmonic maps into S2"*1 to the set of harmonic maps into S2. This projection
is used to produce an inductive procedure to show that 2d + n? is an upper bound
of the dimension of the space of harmonic maps from S2 to S2".

It is worth noting that the proof implies that the dimension of the set of linearly
full harmonic maps from S? to S?" is pure, i.e. all irreducible components have the
same dimension.

The paper is organized as follows. In Section 2 we review Calabi’s twistor con-
struction. Section 3 describes how to translate the problem into the study of maps
into complex projective space. To prove that this translation is good enough for
our purposes is highly technical, so for expository reasons we postpone it to Section
7. In Section 4 we give an explicit algebraic recipe to construct all harmonic maps
from S? to spheres. Finally, in Section 5 we use this construction to prove Bolton
and Woodward’s conjecture for the linearly full case, and in Section 6 we consider
the non-linearly full case.

Acknowledgements: 1 would like to express my gratitude to Professors Q.-S.
Chi, J. Bolton, A. Rodriguez, J. C. Wood and M. C. Cuéllar for their guidance,
comments, inspiration and support, as well as to the referees for many useful ob-
servations. A good part of this work was done while employed at Universidad de
los Andes in Bogotd, Colombia.

2. PRELIMINARIES

Recall ([7], for example) that a map ¢ : S? — S™ C R™"! is harmonic if
Aszgp = Ay for some function A : S? — R. Such a map is called linearly full if its
image does not lie in a proper geodesic sub-sphere of S™. Using the topology of
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S2, Calabi showed in [6] that for ¢ : S2 — S™ to be linearly full, m must be an
even number 2n.

We do a quick review of the twistor construction in [6]. The twistor space of the
S2" sphere, denoted Z,, (or Z,(C?"*1)), is the complex manifold of n-dimensional
linear subspaces of C2"+! that are isotropic with respect to the complex bilinear
product

2n-+1

(1) (z,w) = (21, 2an41), (W1, Wang1)) = D Zpwy.
k=1

In other words, Z,, is the submanifold of the Grassmannian of n-planes in C2"+1!
given by
Z, ={P € Gr(n,C* ") : (v,w) =0 for all v,w € P}.

We will use (z,w) := (z,w) to denote the Hermitian product in C2"*! and the
word ‘perpendicular’ will always mean perpendicular with respect to this Hermitian
product.

The manifold Z,, is a complex submanifold of Gr(n,C?**1), so we can restrict
the Pliicker embedding P1: Gr(n, C2"*1) — PA"C?"*! to Z,,. This restriction (also
denoted by Pl) has degree 2 [1, 21]. The tangent plane of Z,, at a point P is the
subspace of the tangent plane to the Grassmannian at P—which can be described
as TpGr(n, C*"*+1) = Hom(P, P+)—given by [21]

TpZ, = {L € Hom(P, P*) : (Lu,u) =0 Yu € P}.

There is a projection 7 : Z,, — S?" defined as follows: For P € Z,, n(P) is
the unique real unit vector in C?"*! such that {w(P),P,...,P,, Pi,...,P,} is a
positively oriented basis of C2"*1 where {P,..., P,} is a basis of P. Note that in
[10], 7 is denoted by 74, and 7_ is used to denote the map —7 (i.e. m composed
with the antipodal map).

Given a linearly full harmonic map ¢ : S? — S?" and isothermic coordinates
(2, %) in S?, Calabi defined v : S? — Z,, by

w::Span{asD Bcp}

%7-.-7@

and proved that ¢ is well-defined and is holomorphic and horizontal (i.e. perpen-
dicular to the fibers of 7). In other words, 0v)/0z belongs to the subspace [21]

(2) HpZ, ={Le€TpZ,: L(P) L P}.

In addition, 1 satisfies m o1 = ¢ or —p and it is linearly full, in the sense that the
image of v is not contained in any submanifold of the form

(3) ZE=(WeFeZ, WeZ(FoF)'}2z,

where F is an (n — r)-dimensional subspace of C*" ™1 with r < n (see [10]).

Conversely, if 1 : $2 — Z,, is holomorphic, horizontal and linearly full then 7o
and —mo) are harmonic and linearly full. Therefore we have a 2 to 1 correspondence
between linearly full harmonic maps from S? to S?* and linearly full holomorphic
horizontal maps from S? to Z,.

Since Hy(Z,,7Z) = Z [1, 21], the homology class induced by ¢ is a positive
multiple d = deg(y) of a generator of Hy(Z,,Z). The number d is called the
twistor degree of ¢; since the Pliicker embedding has degree 2, we have that the
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degree of the curve Plo) in PA™C?"*+! is twice the twistor degree of ¢, and so the
number d can also be characterized as Area(p(S?))/4m [21].

Hence both harmonic and holomorphic and horizontal maps are graded by the
degree. Let

Harmg(SQ, S?") = {Linearly full harmonic maps from S? to S?" of area 4wd},
HHZ; (8%, 2,,) = {Horizontal, holomorphic, full maps from S? to Z,, of degree d},
and let

Harm’ " (S2,5%") = {ro4: ¢ e HH(S? 2,)},

Harm’ = (S%,8%") = {—woy:¢ e HHL(S?, Z,)}.
The results discussed above then imply
Theorem 1. [6, 1, 10]

Harm§(52, Sy = Harm£’+(52, Sy U Harmg’_(SQ, S2m),

For most of the remainder of this paper we will study the properties of
HHé(SQ, Z,). First we translate the condition of horizontality into a differential
system in projective space. This will be done in the following section.

3. TRANSLATION OF THE PROBLEM

In [8] a birational map from CPY» (where N,, := n(n +1)/2) to Z, was con-
structed. Composition with the inverse of this map translates the problem of finding
holomorphic and horizontal maps into Z,, to solving a system of differential equa-
tions on CPY". We review here some of the main results, referring to [8] for some
of the proofs.

Let 3= {FEo,E1,...,E,, E1,...,E,} be a basis of C2"*! such that

(4) (Eo,Eo) =1, (Eo,E;)=(Eo,E;) = (Ei,E;) = (E;, E;) =0, (Ei,Ej) =6,
i.e. [ is a unitary basis where 2n of the vectors are pairwise conjugate. In this
paper, these bases will be called isotropic bases.

Let E be the isotropic n-plane spanned by the vectors F;, 1 <7 < n, and let Ug
be the open subset of Z,, consisting of planes whose orthogonal projection over FE

is onto. Then every P € Ug can be written as the graph of a map from E to E*.
Namely, P can be written as the span of n vectors of the form

n
o; Eo + E; + Zcikfk, 1<i<n,
k=1
where «;, ¢;; are complex numbers. Since P is isotropic, we have
Oél'Oéj—FCij—FCji:O, 1 S’L,] Sn
which implies that ¢;; = —(c;a; + 745)/2 for some 7;; € C satisfying 7;; = —7;.
This defines a bijective, holomorphic map from an affine open subset of CP"
onto Ug, which can be extended to a birational map bg : CP"" — Z,,. We use the
subscript 8 to emphasize the dependency on the basis 8 chosen. Explicitly, using
homogeneous coordinates in CPM~, bg : CPY» — Z, is the birational map that
takes
[stap i iQp:Tig: -+ Tip:Tog: " Tn—ln)
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to the n-plane generated by the vectors

o " sy T\ =
?EO+EZ—Z(2S2 +E)Ek’ 1<l<n
k=1

where, by definition, 7;; = —7;; for 1 <4 < j < n. Using matrix notation in the
basis 3, bg is therefore the n-plane spanned by the rows of the matrix

2
a1 0 --- 0 4 _ax T2, _Q1Q%n _ Tin
s 252 252 , 28 252 2s
Qg o _Q20q 4 Tip — Q3 c..  _Qoan _ Tap
s 0 1 0 252 + 2s 252 252 2s
(5) A : . . : ;
2
Qn _GnQy Tin  _ QOnQ2 T2n .., _ %
s 0 0 1 252 + 2s 252 + 2s 252

or in shorter notation,
(6) (a/s, In, —(aa+sT)/257),

where the superscript * on the left denotes the transpose, o = t(al, coyap),and T
is the skew-symmetric matrix whose ij-entry is 7;;, 1 <¢,j < n.

This map is just a common way to parametrize Z, (see for example [15, p.
235]). An alternative way to see this map appears in [13]: Z,, is the quotient of
SO(2n + 1,C) by the isotropy subgroup (G.)o at a point of Z,. If (g.)o is the
Lie subalgebra of this subgroup, the vector space so(2n + 1,C) can be written as
the direct sum of (g.)o and a nilpotent subalgebra n parametrized by the complex
quantities «;, Tjx, with the property that £ = 0 for all £ € n. The map shown
above is just the equivalence class in SO(2n+1,C)/(G.)o ~ Z, of the exponential
map restricted to n.

Given v € HHé(SQ, Z,), we would like to define 1) := bgl o1, thus translating

the problem from maps to Z, into maps to CPV"| as in the following diagram:

CPN-

bs

LA

FicURE 1. Lifts of harmonic maps.

There is, however, an initial problem: bgl is only birational, so it is not defined
in the whole of Z,,, so it may not be defined in the image of ¢ at all. Due to the
fact that v is linearly full it turns out that this never happens:

Lemma 1. Ifvy € HHZ;(S’?, Z,,) and (3 is an isotropic basis then the image of ¢ is
contained in the image of bg except for finitely many points.

Proof. See [8], Lemma 2.4.
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Thus, given ¢ € HHg(SQ, Z,), the birational map bEl o1 is well defined except

at finitely many points, and therefore it can be completed to give a map 1/3 192 =
CPM». Tt is clear that 7,/; is holomorphic. The condition of horizontality for
translates into a system of differential equations on the functions s, a;, 7j3. To find
this system, let us first recall how to describe 1/’(z) as an element of Hom(P, P+),
where P = 1(z) and the dashes denote derivatives with respect to the variable z:
if ¢ is a curve in C?"*! such that c(z) € 1(z), then ¢’(z) takes the vector ¢(z) € P
to the perpendicular projection of ¢/(z) into P+.

In our case, 1 can be described as the span of the rows of the matrix
(a/s, I, —(a'o+5sT)/2s%). To simplify the notation, let v = o/2s and R = T'/2s.
Then we can write the curve ¢(z) as

b (2v, In, =2y %+ R))

where, for our purposes, z € C™ can be taken as constant. The linear map 1’(2)
takes this vector to the projection of

b (27, O, =2 Y +295 + R))
on P1, where O,, denotes the zero n x n matrix. Since 9(z) is in the horizontal
subspace HpZ,, of TpZ, defined by expression (2), we must have
. t —
projp. (& (29, On, —=(29' Y +2v5 + R))) L P,

where the symbol ‘L’ means perpendicular with respect to the Hermitian product
(z,w) := (z,w) for z,w € C>"*! with (, ) defined by formula (1). This implies
that for all v € P,

(brojps (v (27, Ony (2 5 +27Y + R))), v) =0.

Since P is isotropic, the projection operator in the last equation is irrelevant. On
the other hand, v can be written as % (2v, I,, —(2v% + R)) for some y € C", so
the condition of horizontality of v is equivalent to the condition

(% (27, On @ 5 +20 5 +R)) Y (2, Lo =27 H+R)) =0
for all z,y € C™. Computing this product—remember that each row vector on the
left hand side of the last expression is written in terms of an isotropic basis 8 as in
(4)—we obtain (27 % —2y %' — R)y = 0 for all &,y € C™. This implies
2y -2v% =R,
or in terms of the original functions,

¢
odov—ae =sT' —§'T.

Thus we have the following

Proposition 1. Let ) € HH§(52,ZH). Then ) =B op =[s:01::ay:
Ti2 t -+ Tp—1,n] Satisfies

WVa— ha =sT' —§'T,
or in components

7 ! . . ! / / -
(7) QO — QO = ST;; — S Tij.
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In addition, linear fullness of ¢ translates into the condition

a1\’ an\’
(8) W<(?),...,(?)>¢o,
where W denotes the Wronskian.

Conversely, Zf1/~) : 52 — CPM" is holomorphic and satisfies conditions (7) and
(8), then ¢ :=bg o is linearly full, holomorphic and horizontal.

Proof. For the Wronskian condition, see [8], Proposition 2.2 and Theorem 2.3. Note
that for notational convenience the 7;; used in this paper differ from the ones defined
in [8] by a factor of 2 in order to get rid of the annoying factor of 2 appearing in
Equation 2.17 of [8].

O
Definition 1. Let
PDZIC(S’Q,(C]P’N") = {[s SOt i TI2 e Th—1,n] algebraic maps of degree d
N/
satisfying ajoy — a;a); = s7j; — s'7i;, and (%) , 1<i<n, independent}
s

Then we have well defined maps

Bs : PD}(S*,CP"™)  — | JHHL(S? Z,)
k=0
Y — Y=bgoy

and

oo
Cs: HHJ(S% 2,) — | JPDL(S*CP"™)
k=0
v — P=bgloy
These maps are algebraic, and clearly BgoCs and Cg o Bg are equal to the identity
in their respective domains.

We would like these maps to preserve the degree d, but this is not always the
case (see [8]). However, it turns out that a slightly weaker result holds. First note
that all the functions s,a; and 75, 1 < 7,5,k < n can be considered as coprime
polynomials in one complex variable z of maximum degree d. For reasons that will
become clear in Section 4, we define the following subvariety of PDf; (52, CPN).

Definition 2. Let
PD£70(52,CPN”) = {[S SOt i TI2tct  Th—1m] € PDg(S’z,CPN")

d
with s = H(z —z¢0), 2z € C distinct, and «a1(z¢) # 0, Vﬂ}.
=1

Then PD£7O(S2, CP™") is open in PDg(SQ, CP™), and the following important
result holds.

Theorem 2. Given ¢ € HH£(S2, Z,,) there exists a basis B and an open setUg > 1
such that Bg : PD'Z;O(SQ,(C]P’N") — Up 1is an algebraic isomorphism.



8 LUIS FERNANDEZ

The proof of this theorem is complicated and technical, so we will postpone it to
Section 7. Now we continue translating the problem of describing harmonic maps
from S? to 52" into a suitable ‘parameter space’ via a simple algebraic construction.

4. EXPLICIT ALGEBRAIC CONSTRUCTION

In this section we analyze the system of equations (7) given by
vy — oy = 57 — 'y, 1<4,j<n

and the condition (8) given by

() () 0

where the functions s, «;, 7j3 are polynomials in one complex variable z of maximum
degree d and without common factors.

This analysis will lead to an explicit algebraic construction of any linearly full
harmonic map from S? to S?*. The approach is quite simple: solve system (7) for
the polynomials 7;; and find a smaller more compact condition on the remaining
polynomials.

System (7) is equivalent to the conditions
Tij

(9) a .

2

!
), 1<i<j<n,

which is equivalent to

/ /
Q05 — QG0

(10) : . has no residues, and

52

ajay — oo .
(11) Tij =8 | ———5—= dz is a polynomial of degree < d.
s

It is not easy to translate condition (10) into a simple formula unless we assume
something about the zeros of s. This is actually the motivation for the definition
of PD£7O(S2, CP™"). From this point on we will assume that s has d distinct
complex zeros located at {z1, ..., z4}. This requirement allows us to find a simple
formula for the residues of (a;jaf — a;j)/s?, as follows.

Lemma 2. The function (oo — aia;)/s2 has residues only at z¢, 1 < £ <d, and

/o 7 PV AN
;0 — a0 1 (oo o0
re§s —————=— | ——=

zZ=2zp s2 s’ rd

lozsy

Proof. Tt is clear that the residues of (aja; — a;j)/s are only at the z. To find

the value of the residue at zy, use the formula
I

/ ! / !
o0y — aiaj s 2 Q0 — aiaj
res ———— = lim | (z2—2)" ————] .
zZ=2zy 82 z—2zyp 32
The right hand side gives
! I\ 2 I\
i — ol z—2p)? oLy — oAl
. J g . L J ?
lim ((2 — 2)? 4) = lim (s’ ( ) ]>

22 52 z2—rze s? s

2\ / PN I oA
— b (& (z — z0) Q0 — Q500 n 1 (o0 — osq;
z— 2 52 s’ s! s!

lezny

!’

lozsy
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It is elementary to show that the first term of the last expression is 0. This proves
the lemma.
O

The following lemma translates system (7) into a completely algebraic condition.
Lemma 3. The polynomials s, o, T are solutions of the system (7) if and only
if s divides W (s, a;, ;) and 1;; is given by formula (11), 1 <4,j < n.

I e

, , . . .
Proof. Suppose that oja; — oy = s7;; — s';;. Differentiating, we obtain
" "o " "
o aj — ) = 8T — 8Ty
This implies
” / / / " " _ N S NN N S/
s"(aia — ajay) — s' (i) —ajlay) = §"(s'mij —sT;) — 8" (8" Ty — sTY)
o ' "1
= s(s'r; —s"7).
Thus,
_ N7 "1 SN N meooor
W(s,ai,aj) = s(aiaj —af aj) —s (azaj aj o)+ s (azaj ;)

= s(ogaf — oy + 5’7 —s"'7]).
This proves the ‘only if’ part. Note that it holds in general, i.e. without the
restriction that s has simple zeros.
Now we prove the ‘if” part. If s|W((s, o, o)), then s|(s” (ofja; — o
a;af)). Since

I.

j)—s'(af o=

1 [daj; — !
s"(jaj — ;) — s'(of a; — ;) = —(s')?’? (%

and since §'(z¢) # 0, 1 < £ < d, we have that the function

N A
i ;0 — 0G0y
s s
/.

must vanish at the points z;, 1 < ¢ < d. Therefore, by Lemma 2, (o/jc; — aiaj)/s2
has no residues at the zeros of s, so it cannot have residues at all. Hence,

N A
Q0 — oGOl
52

is a rational function whose poles are simple and at the zeros of s. Furthermore,
an elementary calculation shows that the functions

ajoy — aia;
Tij = tijQS + s =

S

!/

where t;j0 are arbitrary integration constants, are polynomials of degree less than
or equal to d.
O

Now we analyze the condition s |[W (s, v, o) further. This condition is satisfied
if and only if W (s, o;, ;) = 0 at the points z¢, 1 < £ < d, which happens if and
only if the three vectors

t(s(zl)v 011(2:[), SRR O‘n(zl))v t(sl(zl)v O/l (Zf)a LR O‘;L(Zf))v t(S/I(Zl)v O/ll(zl)v R OLZ(ZZ))
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are linearly dependent for each ¢. Or equivalently, if and only if for each ¢, 1 < ¢ < d,
there exist complex numbers py, g¢, 7¢ not all equal to 0 such that

(12) pes(ze) + 1o’ (20) + qes” (ze) =0
(13) pea(zg) + recd (20) + e’ (z¢) = 0
where « := (a1, ag,...,a,) € (C[z]q)", as before.
Since s(z¢) = 0 and s'(z¢) # 0, equation (12) is equivalent to r, =

—qes"(z0)/s'(z¢). Renaming the constants, solving equations (12) and (13) is there-
fore equivalent to solving

(14) pea(ze) — qo(s” (z0)d! (z0) — 8" (20)a”" (2¢)) =0, 1<£<d.
Since s is monic with distinct roots at 21, ..., zq € C, the polynomials {s, s/(z —
21),...,8/(z — zq4)} form a basis of C[z]q, and we can write

d

d
(15) s= H(z —zp), @ =ajps+ Zaig
(=1

{=1

d
S

T‘th‘koS-i—E tike
» Tj J = L

S

zZ— zy

for some complex numbers a;¢, t;xe, with 1 <i¢,5,k <nand 0 < ¢ <d.
The idea now is to introduce expressions (15) into equation (14). But first we
translate condition (8) in terms of the quantities z¢, air, tjxe.

Lemma 4. Suppose that d > n. Then

ail a1 an1
o ! o / a12 a22 ... an2
W (—)(—") £0 < Rank | | —n.
S S :
a1q a4 .- - QAnd

Proof. Since all the functions involved are rational, the vanishing of the Wronskian
implies linear dependence [22]. Notice that «;(z¢) = a;¢ s’(2¢). Thus

w((2) o (22)) =0
s s
n Ny
— Zbl(%) =0, for some by,...,b, € C not all 0
i=1
— Zbiai:cs, bi,...,b, € C not all 0, some c € C
i=1
= > bioi(z) =0, 1<<d, by,...,by € Cnot all 0

i=1

— Zbiaigs’(zwzo, 1<¢<d, by,...,b, €Cnotall 0

i=1
ail a1 . an1
12 Q22 e An2
<= Rank| . <n.
a14 agq . And
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The following proposition provides an explicit way to construct maps in
PD§0(52, (CIP’N") in terms of the quantities s, air, tjke-

Proposition 2. Let ¢ : $2 — CP™" be a holomorphic curve of degree d, and write

1;:[820412"'2047127'122"'27'"_17"],

where s, oy, T are coprime polynomials in z € C. Suppose that s has only simple
roots at z1,...,zq € C, and write

d d d

S
§= (Z_Zf) ai:ai05+zailz_ Tjk:tjk05+ztjkfz
£=1 =1 /=1

Then ) € PDf (5’2 (C]P’N") if and only if the following conditions hold.
i ; A, 1<i,j<
i) aw Z e zu) —ajey (ZZ — ZU)Q i,j <m.

S

_Zé.

u#l uFl
.. AjeQkr — AkeQjr
J J
(ii) Qu—am%e—%WM+§ —, 1<jk<n.
20 — Zr
r#L

(iil)  a#£0, 1<<d.

aill ag1 e an1
. 12 G292 NN an2
(iv)  Rank| . =n.

ald asq . And

Proof In view of Lemma 4 and the discussion leading to equations (12) and (13),
Yp=[s:ap:-:Tip:---] € PDZICO(S’2 CPY") if and only if (iii) and (iv) hold, 7
is given by equation (11), and for each ¢, 1 < ¢ < d, there are complex numbers
De, ge not both zero such that equation (14) holds, i.e.

pea(ze) — qe(s" (z0)a! (z0) — 8'(20)a” (2¢)) =0, 1 << d.

Note that if g, = 0 for some £ then a;(z¢) = 0, which is false by assumption.

Introduce the expressions (15) into equations (11) and (12). Long and straight-
forward computations then show that equation (11) is equivalent to (ii), and that,
for 1 <j<m,

s (20)x (Z[)—S(Zg "(2¢ —22 Ju

uFL

MJ_E <(S”(§e))2 S’(Zz);)’”(w)> _

Hence equation (14) is equivalent to
(16)

(s'(20))? +aﬂ((8”(§é))2 s'(Zé)i"'(Z@)) _o

pgajgsl(zg) —q 2Z(Ijum
-y, 14 u
Now we simplify this expression. Since g, and s'(z¢) are nonzero for 1 < ¢ < d, we
can divide equation (16) by —2qg(s'(z ))? to obtain
/\gaﬂ—kz 5 =0, 1<j<n, 1<(<d,
u;ﬁf Z¢ — Zu

where Ay, 1 < £ < d, are suitable constants.
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Up to this point every step is reversible, so it only remains to prove that the last
equation is equivalent to () Thus let 1 < 4,5 < n. Then we have

Qg Z z . )\éazzagé = Qjy Z 2_72)2
—y, 4 u Iy 14 u
as desired. Conversely, suppose that
a; =a; 1<4,5<n.
u;ﬁf u;él
Since a1y # 0 for all ¢, defining

e T

a1e ZZ - Zu

we have
/\laal"‘Zm:O, 1<j<n,1<¢<d

uFL
O

Remark: Equation (i) of Proposition 2 can be written, in matrix notation, as

by 1 .. 1

11 (z1—22)2 120 a1 a1 ... Qpl

[ =rnE A2 G2 a2 a .oa

—)2 22 12 G22 n2
(17) (22 .Zl) (22 'zd) _o

L ! E Ad aig G2d ... Gnd

(za—z1)*  (2a—22)
Note that the definition of Ay is implicit in the previous formula. This essentially
describes equation (i) of Proposition 2 as a determinantal variety. We will use this
description when we calculate the dimension of PD d_O(SQ, CPNm).
An alternative and interesting way to think of e(juation (i) of Proposition 2 is
the following. Let Z = {(z1,...,24) € C?: z; # z; if i # j}. Consider the exterior
differential system in Z generated algebraically by the forms

1
wp 1; o= 22 dzy Ndzg, 1< /£ <d.
Then the columns of the matrix (a;);¢ form a basis for the integral elements of this
exterior differential system. It may be interesting to explore this point of view in
order to understand more deeply the structure of Harm£(52, S2n).

Note that the construction above provides the following ‘recipe’: to construct
every linearly full harmonic map from S% to S?" of a given degree d,

1) Find a meromorphic function g : S? — S? bounded at oo (g corresponds to

a1/s above) with only simple poles at 21, 22,...,24 € C and with residue
a1¢ # 0 at zy such that
1
S R e
D Ao 1
— 2 _ 2 —
dim ker (=2 .zl) (2=24) > n, where \p = Z %.
: : . : iy, all(zu - ZE)
1 1
(za—21)2  (Ga—22)® Ad
2) Find vectors ‘(a;1,...,a;q) € C? 2 < i < n, in the kernel of the matrix

above such that the set {*(a;1,...,a:q), 1 <1i < n}, is linearly independent.
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3) Choose arbitrary complex numbers a;o, 1 < ¢ < n, and t;j0, 1 <i < j < n,
and write s, a4, T, as in expression (15), with the ¢, given by expression
(ii) of Proposition 2.

4)  Choose an isotropic basis 3 and let ¢ : S — Z,, be given by the span of the
rows of the matrix (5).

5) Let ¢ = o). Then 7 is harmonic, linearly full, and has degree d.

Using this recipe one can construct completely explicit examples of harmonic
maps. Note that the main difficulty is to find the function g of item 1). In fact,
once this function is found, the rest of the procedure is essentially linear. Exact
(i.e. not approximate) examples of such functions g can be found for given values
of d, n and the distinct complex numbers z1,...,z4. In fact, for n =2, d = 3 it
is possible to find a formula that gives all such functions g: if the (3 x 3 in this
case) matrix in condition 1) above has nullity 2, then it is easy to first find the A,
and then a vector t(all, ...,a14) with nonzero entries in the kernel of that matrix.
Then let g(z) = Z?:l ai¢/(z — z¢). This gives a family of functions depending on
two nonzero complex parameters cq, ca:

9(z) =1 <(22 —23)* (22— Z1)2> e <(23 —2)? (- 21)2> |

zZ— Z3 zZ— 2z zZ — Z9 zZ— 2z

For d = 4, n = 2 one can obtain a similar, yet more complicated, formula. For
higher values of n and d (of course with d > n(n + 1)/2), given distinct numbers
21,...,24 one strategy is to solve equation (17) (which is quadratic in the A, and
a;¢) by giving arbitrary values to some of the variables—so some equations become
linear—and solving for the others. With this procedure and the help of a computer
one can find examples, for instance, when n = 3, d > 8 and when n = 4, d > 12.
The formulas, however, generally involve very large numbers.

We do not know the meaning of the condition on the meromorphic function
g in 1) above. It is interesting that much of the information about the space of
harmonic maps from S2 to S?" is encoded in this function. The function g is, in
the terminology of the next section, extendable in the sense that from it, using the
process above, one can generate harmonic maps into higher dimensional spheres.

Now we define the parameter space that we will analyze in the next section.

Definition 3. Let PSS c CAt@+Untdtn(n=1/2 pe the quasi-affine variety
given, in the coordinates

(21, 2d, @10, "+ Q1dy @205 -+ 5" 5 And> £1205 > E12d5 81305 5 Ene1,m,d),

by the conditions

Z1,...,2q distinct.
are #0 for1 <0 <d.
aio and tjro arbitrary for all i, j, k.

b
A T
1 (z1—22)2 (Z1—1zd)2 a11 a2 ... Gnpl

1
(z2—21)2 /\2 (z2—24)2 aig a2 ... An2

¢ . . . . . . . . =0, N\ eC.

a a ce a
(Za—21)2 (2a—22)2 Ad 1d 2d nd
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ail a1 . an1
a12 ag9 e an2

e Rank| . . ) . =n.
a1q a4 .- - QAnd

AjpQkr — AkLAjy
20 — Zp '
For convenience, we will use the short notation (z,a,t) to denote an element of
PSSy.

® ik = akoQje — ajoake + ZT#

Although PSS} and PD£70(52, CcPV ™) are not algebraically equivalent, there is
an algebraic map from PSS} to PD£7O(S2, CP™"). Thus we have

Theorem 3. The space PSS} has the same dimension as PDgO(SQ,C]P)N”).

Proof. Proposition 2 implies that the algebraic map
PSS; — PD] (8% CPY")

(18) (z,a,t) — [s:a1:--ap:Ti2: - Tho1n)
d d d
s
where s = H(z —z), @ =a;ps+ Zaig —, Tjk =tjk0S + thkg )
=1 —- T =1 e

is onto and finite-to-one (the inverse image of any point in PDg (52, CPY") is given
by all the possible permutations of the ‘¢’ index in expression (18)). Therefore the

two spaces have the same dimension.
O

To prove Bolton and Woodward’s conjecture on the dimension of Harmf; (82,5°%m)
it only remains to find the dimension of PSS]j, which is what we do in the next
section.

5. STUDY OF SOLUTIONS IN PARAMETER SPACE

We will first find that the dimension of PSS is at least 2d + n?. The methods
used are elementary intersection theory. For convenience we will use the notation

1
)\1 (z1—22)2 o (z21—24)?
(22—21)2 )\2 (Zz—zd)2
Yo =
1 L,

(za=21)?  (2a—22)°
Proposition 3. The dimension of PSS)) is at least 2d + n>.
Proof. Let Z ={z = (21,...,24) € C?: z; # z; if i # j}, and consider the maps
PSST 5 Z x C4 2 Symy,(C),
given by

1 - U - U
n(z a,t) = z,—ZL... —Z B ] ma(zA) = Saa.

(20 — 21) ara £ (2u = za)?
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The image of 5 o v is the open subset of the quasi-affine variety
{Z2x:(2,2) € ZxC*} N {M € Sym,(C) with nullity at least n}

consisting of matrices that have an element in the kernel whose components are all
different from 0 (note that this is needed so that (aj1,...,a14) has this property).
The dimension of the set of matrices of the form X, x is 2d—1, and the codimension
of the set of symmetric matrices with nullity at least n is n(n+ 1)/2. The set PSS}
is not empty, so vy o 11 (PSS}) is not empty, so

nin+1)

dim(vg o4 (PSS))) >2d — 1 — —

The fiber of the map o over ¥, » has dimension 1 everywhere (namely

VQI(EZ,A):{(Zl+u7"'azd+u7)\17"'7)\d):UEC})asO

dim(i (PSS?) > 2d — @

The fiber of the map vy over any point (z,A) € Z x C? consists of all tuples
(z,a,t) such that the n vectors *(a;1,...,a:q), 1 < i < n, span ker (X, ), aio,
1 <4 < nand t o, 1 <i <l <n are arbitrary complex numbers, and the rest
of the t;;, are given by expression (ii) of Proposition 2. This set is isomorphic to
an open subset of C" x C" x C*("=1/2 g0 it has dimension n? +n + n(n — 1)/2.
Therefore

nn+1)

dim(PSS};) > 2d — +n?+n+n(n—1)/2=2d+n’

O

The opposite inequality, namely that dim(Harmg(S?,5?")) < 2d + n?, appears
at the end of [18]. Before this came to our knowledge, a proof of this fact was
found, so we include it here for the sake of completeness. It seems also that this
fact was essentially known by Bolton and Woodward, at least for some particular
cases.

The methods we use are actually very similar to those in [18] (namely doing
induction on n), and the concept of ‘k-extendable maps’ defined below turns out
to be a particular case of the concept of ‘maps with k pairs of extra eigenfunctions’
used in [18]. It may be, in fact, that these two definitions are equivalent.

Definition 4. An element (z,a,t) € PSS is ‘k-extendable’ if dim(ker(X; x)) =
n+ k. The set of k-extendable elements in PSS} will be denoted by 57(5;).

The term ‘k-extendable’ comes from the fact that an element of PSS] can be
extended to an element of PSSZHC. A different way to say this is the following.
Consider the projections

+1
(Z, aip, " ,An+l,ds--- ,t12ds - - - ,tn,nJrl,d) S PSSZ
1L pn
(z,a10, - ,an,d,-- - ti2ds - s tn_1na) € PSSy

given by deletion of all the components anyi1¢ and 410, 1 <€ <d, 1 <5 < n.
Then £} = ppik o+ 0 pn (PSS ).
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The corresponding objects in PD(J;O(SQ, CP"") are as follows. The projections
Pp, correspond to

[S:ap i iQn:Qpy1iTi2 " Tintl S T23 5 " Tnntl] € PD£7O(SQ,CPN"+1)
N
[stap:c o iap:Ti2 i TiniT23: " Tno1n) € PDQO(SQ,CPN")

given by deletion of all the components that have n + 1 as subscript. It is well
defined since « is not zero at the zeros of s, and s has degree d. Then an element
in PD£7O(S2, CP™") is k-extendable if it is in the image of k consecutive projections.

The projection p, : PSSZJrl — Efj) C PSS} is onto. Therefore, by computing
the dimension of the fibers of p,, and the dimension of Effj) we will be able to find
a relation between the dimensions of PSS} *" and PSS].

Lemma 5. The variety £°) has codimension at least 1 in PSS}.

Proof. Suppose not. Then €7}’ would contain some open subset of PSS}, and then

there would be a point ¢ € 57(5;) such that every continuous curve ¢* in PSS} with
¢° = ¢ would be contained in Efj) for u in a neighborhood of 0.

We will prove that this is not the case. Let ¢ = (z,a,t) € £7,”. Then the
corresponding matrix ¥, x has nullity greater than or equal to n+1. Tet qg:=d—n
and let ¢ be the rank of ¥, x, so £ < ¢q. By reordering the indexes we can assume
that the first £ columns of ¥, » are linearly independent. Consider the matrix

0 0 0
Ez))‘ = Ez7)\ + 0| u qul 0
0 0 0

obtained by adding v € C to the diagonal entries of ¥, x from ¢ + 1 to ¢. The
nullity of this matrix is at least d—¢ =n. For 1 <4,j,k <n, 1 < £ <d, let (aly)e,
be a continuous family of matrices of rank n whose columns are in the kernel of
Y7 and such that ady = aj, let aly = ajp, let tise be given by the formula in
Proposition 2 (ii) and let ¢}, = tjx0. Then the curve ¢* = (z¢,ajj,t};) € PSSy
constructed this way satisfies ¢ = ¢, and for u # 0 it is not hard to see that the
matrix X7 5 has nullity n. Therefore ¢* ¢ 87(5;) for w # 0. This proves the lemma.

O
Proposition 4. The dimension of PSS} is less than or equal to 2d + n?.

Proof. We proceed by induction. The case n = 1 is straightforward since
PDgO(SQ,(C]P’l) is an open subset of the set of meromorphic functions of degree
d from S? to CP!, and therefore it has dimension 2d + 1. The cases n = 2 and
n = 3 were proved in [20, 23, 24, 25] and [9] respectively.

Suppose that the dimension of PSS} is less than or equal to 2d + n?. Consider
the projection

pn s PSSIT 5 £3).

Note that, p, (€37 ;) = €4 Thus p,, restricts to

n+1,d
n+1 (=1) (=1) (22)
PSS \5n+17d—>5n_’d \En_’d .

This restriction is onto, so we can find the dimension of PSS;H'1 by adding the

dimensions of £7) \ €77 and the dimension of the fiber.
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Let ¢ = (z,a,t) € 7))\ €7 C PSS;. Then p,'(¢) consists of those
(20, ai0,tjke) € PSS!, where 1 < 4,5,k < (n+1) and 0 < ¢ < d, obtained
by inserting an41.¢, tjnt1,, 0 <€ < d, 1 < j < n, in the appropriate slots in the
original (z, a,t), where

° t(anJrLl, An41,25- - - an+17d) S ker(Ez,A).

o tint1e, 1 <j<mn,1</{<dare given by Proposition 2 (ii).

® ayi1,0 and ¢ 41,0, 1 < j < n, are arbitrary complex numbers.
Therefore p;; ! (¢) is isomorphic to an open subset of ker(3; x), which has dimension
n + 1 since ¢ € 87(5;) \Effdz), times C x C", and therefore p,'(¢) has dimension
n+1+1+n=2n-+2.

On the other hand, Lemma 5 implies that the dimension of p,, (PSS; \&iia) =
£ \EZD is less than or equal to dim(PSS}) — 1, and that PSS; ™! and PSS!\

51(51-11) 4 have the same dimension. Putting it all together, we obtain

dim (PSS ) dim(PSS; )\ &3 4

dim(Image of p,,) + dim(Fiber of p,,)
(dim(PSS;) — 1) +2n+ 2

2d +n® +2n+ 1

2d + (n +1)2.

IAN NN

Theorem 4. The space Harm§(52, S2™) has pure dimension 2d + n?.

Proof. In each irreducible component, Theorem 3 and Propositions 3 and 4 show
that PDZ;)O(SQ, CP"") has pure dimension 2d + n?. Then Theorem 2 shows that
every element of HHg(S 2/ Z,) is contained in an open subset of dimension 2d + n?,
so HHg(SQ, Z,) has pure dimension 2d + n?. Finally, use Theorem 1 to identify
Harm£’+(52, S21) and Harmg’_(52, S21) with HHg(S’Q7 Zn).

([

6. THE NON-LINEARLY FULL CASE

In order to complete the study of the dimension of the moduli space of harmonic
maps from S? to S™ we need to consider the set Harmgy(S?, S™) of all (full and
non-full) harmonic maps from S? to S™. Evidently,

Harmgy(S?, 8™) = Harm/(S2, S™) U HarmY (52, S™),

where Harmsf (82,5™) denotes the set of non-full maps. Note that when m is odd,
the set Harm£(52, S™) is empty [6]. So it is clear that the properties of these sets
are quite different depending on the parity of m.

The variety of all holomorphic and horizontal maps from S? to Z,, will be denoted
HH4(S?, Z,,), and HHZf (52, Z,,) will denote the subvariety of non-full maps.

It is convenient to split the space of non-full harmonic maps into pieces cor-
responding to the dimension of the sphere where the image of the map lies, as
follows.
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Definition 5. For { <m, let
Harm (5’2 5™) = { € Harmgy(S?, S™) : ¢(S%) € S™ NV,
for some V € Gr(¢ + 1,R™" 1)},
and let
Harm?" (52, ™) = Harm{=**) (52, §™) \ Harm{=*"*~1) (2 g™,
The corresponding objects in HHZf (S2,Z,) are
HHEY (52, 2,) = {w € HHY (82, 2,,) : (S%) C 2F
for some F € Gr(n — k,C***1)}
and
HH{Y (52, 2,) = HH "M (52, 2,) \ HH (82, 2,),
where, for F € Gr(n —r,C>"t1) ZF .= (W@ Fe Z,:We Z(FaF)?*)}.

These definitions also appear in [10]. Note that the set Harmffk) (82,8™) consists
of maps that are linearly full in some 2k-dimensional geodesic sub-sphere of S™.
The map 7 : Z,, — S?" induces surjective maps

I+ : HH,4(S?, Z,) — Harm;* (52, $2") U Harm?Y (52, 52”)

defined by IT*(¢)) = 47 o1). Note that II* map the variety HH (5’2 Z,) onto
Harml(fk)(SQ,SQ") for k < n, and take HH((i" (S, 2,) = HH)(S?, Z,,) bijectively
onto Harmg’i(52, S21) (Theorem 1).

Directly from the definition, and using the fact that Harm&QkJrl)(S’Q,Sm) =
Harm <2k)(52 S™) [6], we have [10]

Harmgy(S?, S2") = Habrmf’Jr(S2 S2m) I_IHarmd (5%, 8%m)
U Harm(z(" 1))(5’2 S%m) L Harm(2 n=2)) (52 S*yu---u Harmf)(sa, 52,
and
Harmgy(S?, 5’2"+1) = Haurm(m)(S’2 g2ntl)
L Harm(2 (S2 Sy ..y Harm((f)(SQ, G2ty

Now we address what is meant by the dimension of these sets. For the linearly full
case this was clear: we implicitly assumed that Harmf;’i(S 25?7 had the structure
induced by the bijective maps IT*. In the non-linearly full case, if k& < n—1 the maps
I+ : HH&k)(SQ, Z,) — Harmé%) (52,58%") are onto but not bijective; furthermore,
when m is odd we need to discuss the structure of Harmé%) (52, 8™) before being
able to study its dimension.

A natural topological structure for the sets Harmgy(S?,S™) and HH,(S?, Z,,)
is the compact-open topology. On the other hand, since Z, is a subvariety of
degree 2 [1] of P(A"C?"*1) ~ CPM" (where M, = (**/') — 1) via the Pliicker
embedding, the space HH,(S?, Z,) is a subvariety of the space of holomorphic
maps of degree 2d from 52 to CPM", which is regarded as the projectivization
of the set of (M,, + 1)-tuples of coprime polynomials in z with maximum degree
exactly 2d. Therefore HH,(S?, Z,,) is a quasi-projective subvariety of P(C[z]57 ™),
and in particular each irreducible component is a topological manifold, maybe with
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singularities (in fact this topology coincides with the compact-open topology). It is
shown in [10] that the maps IIF : HH,(S?, Z,,) — Harmgy(S2, 5?") are continuous

and closed. Further, IT* : HHl(ik) (82, 2,) — Harml(fk)(S’Q,S%) is a fiber bundle
with fiber SO(2(n — k),R)/U(n — k). For any m we also have the fiber bundle
pr. : HarmM (82, 9™)  —  Gr(2k 4 1,R™)
¢ — (2k+ 1)-subspace where p(S?) lies,
with fiber Harm£’+(52,5’%). Hence the sets Harm&zk)(52, S™) are finite dimen-
sional topological manifolds away from possible singular points. This is all the
structure we need in order to calculate their dimension.
In addition, the space HH,(S?, Z,) has an analytic structure as a subvari-
ety of P(C[z]3*™), and so does Harmg(S?,S™) as a subvariety of the manifold
C>(S52,8™). With these structures, the maps IT* are real analytic submersions,

and the bundles described above are real analytic, of course away from the (possible)
singular locus (see [19] for the n = 2 case; for n > 2 it is similar).

Further, for £ > n—1 the complex structure of HHElk) (82, Z,,) can be transferred
to Harm&zk)(52,52") via the diffeomorphisms II*. However, for k < n — 1 we

do not know if the spaces Harm&zk)(52, S$21) admit a complex structure; we use
complex instead of real dimension in the theorem below just to have a more compact
statement.

Now we find the dimension of Harml(fk) (82,5™) using the fiber bundle given by
pr explained above.

Theorem 5. When m = 2n is even,

dimC(Harmé%) (S%,8%)) =2d +n* — (n —k)(n — k —1).
In particular,

dimc (Harmg(S?, $*™)) = 2d + n”.
When m = 2n + 1 is odd,
dimg (Harm{™ (82, §2%+1)) = 2[2d +n? — (n — k)(n — k — 1)] 4 2k + 1.
In particular,
dimg (Harmg(S?, S*" 1)) = 2(2d + n?) + 2n + 1.
Proof. The fiber of the surjective map py : Harmg(S?, S2¥) — Gr(2k + 1,R™*1) is
Harm£’+(52, S?F)) at every point. Therefore
dimg (Harm ™ (52, 5™)) = dimg(Harm? " (5%, 5%*)) + dimg (Gr(2k 4 1, R™1))
= 2(2d + k*) + (2k + 1)(m — 2k),
so for m even
dimg (Harm ™ (52, 52")) = 2[2d + n? — (n — k)(n — k — 1)),

and therefore

dimC(Harm;%) (8%,5%™") =2d+n*— (n—k)(n —k — 1),
and for m odd,

dimg (Harm{? (82, §2"+1)) = 2[2d + n? — (n — k)(n — k — 1)] 4 2k + 1.
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It is an interesting fact that dime(Harm'Y (S2,52")) is 2d + n?, i.e. equal to
dim@(Harmg(SQ, S2Y).

7. PROOF OF THEOREM 2

We fix the following notation.

e If S is a subset of a vector space, we will use (S) to denote the span of S.

e For an isotropic basis 8 = {Ey, F1,. .., En, E1, ..., E,} of C2"! the subspaces
(Er,y...,E,) and (Eq,..., E,) will be denoted by Es and Eg, respectively.

e Given two subspaces V1, Va of CVV we will denote (‘ISO’ refers to ‘isotropic’)

Homyso (V1, V2) := {L € Hom(V3,Va) : (L(v1),v1) =0 Yo € V1 }.

o Let ¢ € HHg(SQ, Z,) and let B be an isotropic basis of C2"*1, The components
of Cz(¢) corresponding to s and «; in homogeneous coordinates (i.e. the first
and second components) will be denoted by (Cg(¥))s and (Cp(%)))a, respectively.
In other words, writing Cg(y)) =[s: a1 : 1@y 1 T12: -+ : Th—1,n], define

(Cs(¥))s :=s and (C3(¢))a, = au.
The proof of Theorem 2 goes as follows:
(i) Show that Bs(PD} (S, CP")) C HH(S2, Z,). This is done in Proposition 5.
(ii) Show that B,@(PDQO(SQ,CPNT‘)) is open in HHg(SQ,Zn) and that every ¢ €
HH(J; (82, Z,) is in the image of Bg for some basis 8. This is done in Lemma 9,
after preparing it with several lemmas.
Since Bg is algebraic and has algebraic inverse Cg, this will prove the theorem.
The following proposition asserts that Bg(iy) has the same degree as ¢ when
¥ e PDQO(SQ, CPM). Its proof is unexpectedly simple.

Proposition 5. Let 3 be an isotropic basis of (Civn.
(i) Ify € PD(J;(SQ,(C]P’N") then the degree of Bg(1)) is at least d.
(ii) Bs(PD (2, CPN")) € HH)(S?, Z,,).

Proof. Let ¢ = [s:a1 - tap T2 Tho1n] € PDg(SQ,(C]P’N") and let
P = B(i;) =bgo @[NJ We need to prove that the degree of ¢ is d, or equivalently,
composing with the Pliicker embedding, that the degree of Plo ) is 2d.

In a suitable basis of A"C2"*1, the map Ploy = Plobgos) : §2 — PAPC?"*! is
given by the projectivization of the vector whose components are the n x n minors
of the n x (2n + 1) matrix

(a/s, I,, —(a o+ sT)/25%)

(notation as in expressions (5) and (6)). To study the degree of Plo ¢ we will
multiply the components of the vector formed by the n by n minors of this matrix
by a suitable homogenizing factor h so as to obtain a vector whose components are
polynomials without common factors. Since all the minors of the matrix above are
homogeneous rational functions of degree 0, and since one of them is 1, the degree
of Plo ¢ must be equal to the degree of the homogenizing factor h.

Note that the expressions af/s2, 1 <i<n, and szk/sz, 1 < j,k < n, appear
as minors of the matrix (a/s, I,, —(a o+ sT)/2s?). Since s,q; and 7 cannot
vanish simultaneously, h must be a multiple of s2. This implies that the degree of

Bs(v) is at least d, proving (i).
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If v € PDZ;O(SQ,(C]P’N") we can use the assumption that s has simple zeros

21,22, .-.,24 and ai(zm) # 0, 1 < m < d. Since the denominators of all the
minors divide a power of s, the homogenizing factor h can only have roots at the
Z€108 21, 22, - - - , 24 of 5. Performing row operations on the matrix (a/s, I,, —(a ‘o +

sT)/2s?) does not alter the map Plo. So to row i, 2 < i < n, let us add the first
row times the factor
—Q oy + 8T
a? ’
so as to obtain zeros in the n + 2 column, rows 2 to n.
Then, for 2 < ¢ < n, the (i,1)-entry of the new matrix becomes 71;/a1, the
(7, 2)-entry becomes
—Q oy + 8T
a? ’
the (i,n 4 2)-entry becomes 0 and the (4, j)-entry, n + 3 < j < 2n + 1 becomes
1Ty + Q;T1j + QT _ T1iT1j
25y 203

Here is where the magic appears: since ¢ € PDg (5%, CP™"), the equations

ro r /A S
Q0 — oo = STy; — ST
/ L A _ VRN P
a0 — oy = ST — S Ty
! / ! !
o0 — 00 = ST — S Tyl

must hold for 1 < 4,5 < n (when ¢ = j, define 7;; = 0). Multiplying the first
equation by o, the second by oy, the third by «a;, and adding, the left hand side
cancels, and we obtain the equation

/ ’ / /
S (Oleji + a;7115 + OéjTil) = S(OélTji + QT + OéjTil)-

Therefore, the matrix obtained after doing these row operations and multiplying
the first row by 2s? is given by

(19)
2 ' 2
2501 2s 0 0] —af, (—anaj — s715)y;
______________ S
T —ara;tsTy ! I 0 D (eamiitaiTtay T Ty
. 2 | n—1 | 23/ 202 .
1 71 o 2, , son 1 17

As before, multiply the components of the vector formed by the n X n minors
of this matrix by a suitable homogenizing factor h to obtain a vector whose com-
ponents are polynomials without common factors. The same argument as before
shows that h can only vanish at the zeros of s’ and «a;, which by hypothesis are
different from those of s.

But then the component corresponding to Eg (i.e. the minor of columns 2 to
n+1) is, on the one hand equal to the homogenizing factor h (which has zeros only
at the zeros of s), and on the other hand equal to 2s2h. Since this last expression
only vanishes to order 2 at the zeros of s, the homogenizing factor A must be a
constant multiple of s2. Since s has degree d, h has degree 2d, and we conclude
that the degree of Plo ) is 2d, which implies that the degree of ¢ = Bg (1/3) is d.

O
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Now we must prove two things: first, that Bg(PDglo(Sz,(C]P’N")) is open in
HH£(52, Z,), and second, that every ¢ € HHﬁ;(S’Q7 Z,) is in the image of
B@(PDQO(SQ, CPY")) for some B. What we will actually do is, given ¢ €
HHg (82, Z,), describe an open subset of HH(J; (52, Z,) containing 1) (essentially
the set of those 9 so that dim(¢(z) N Eg) < 1 Vz) and show that it equals
By(PD] (52, CPY™)).

First we need some tools. Note that the ‘trouble’ for z/NJ = Bg(¢) only happens
at the zeros of its first component s. These points correspond, for the map ¥, to
incidence with the n-plane Ejz. This motivates the following definition.
Definition 6. For F € Z,,, let

IZY = {PeZ,:dm(FnP)>k},
Y = {PeZ,:dm(FNP)=k}

The relationship between the vanishing of s and the variety I%ﬁl) is clarified in

the following lemma.

Lemma 6.
(i) Let ¢ € HHg(SQ,Zn) and B = {Ey,F1,...,E,, E1,...,E,} an isotropic basis
of CN». Write Cs(W)=[s:a1: - :tan:Tig: - :Tu_1n]. Then
P(z) € Igﬂ” = s(z) =0.
(ii) Let ) = [star: - tan:Tig: -+ Tho1n] € PDg(SQ,C}P’N’"‘). Then, if s has

only simple zeros (in particular if e PDglo(S’Q, CPN)),
s(:)=0 = (Bald))(z) € I

Proof.
(i) If s(z) # 0 then () is the span of the vectors

v " ragar | T\ =
?EO+EE_Z(2S2 +Z)E’“’ 1<¢<n,
k=1

with s, a; and 7j; evaluated at z. This implies ¢(z) N Eg = {0}, and therefore
v) £ 157,
(ii) As in the proof of Proposition 5, if s(z) = 0 and a1(z) # 0, Bs(¢)) can be
expressed as the subspace spanned by the rows of the matrix (19)

0 0 (0 0] —a?, (—a1ey),;

T14 —ay I | OtlT{,LJrOLiTI v+aj7'i' T1iT1j
(0‘_11>11 (0‘_1>12 ' I . l ( v " e )ij
where all the functions involved are evaluated at z (note that since s has only simple
roots, s'(z) does not vanish). This implies that (Bg(1)))(2) N Es = (—a1 (a1 By +
oo+ anEy)), and therefore (B(1))(2) € IE;.

If 5(z) = 0 and o (z) = 0, note that since v satisfies equation (7), and since s
has only simple roots, not all the «;, 1 < ¢ < n, can vanish simultaneously at any
of the zeros of s, for otherwise equation (7) would imply that the 7,; also vanish
at that point, which is impossible. Therefore we can proceed as in the proof of




THE SPACE OF HARMONIC 2-SPHERES IN THE M-SPHERE 23

Proposition 5 to obtain an expression similar to (19) using «; instead of a3 and
then use the same argument as in the last paragraph.

O

Now the idea is the following. The variety I;il) generates the codimension 2

homology of Z,,. Therefore a map ¥ € HHg(S2, Z,) will intersect Ig;) at exactly
d points, counted with multiplicity. If we are able to choose a basis 8 so that
intersects ISEZ” transversely and only in IJ%;, it will do so at d distinct points, and
therefore s will have d distinct roots; with some additional light conditions on £,
this will imply that Cs(v) lies in PD} ,(S2,CPN").

It is for this reason that we now study some properties of the sets ISEZ;). The
following is well known.

Lemma 7. Let F € Z,. The set I\Z" is a subvariety of Z, of codimension
k(k+1)/2 and 1Y is an open subvariety of I3=" .

Proof. Let {F1, Fs,...,F,} be a basis of F. Then I;Z" can be expressed as

IV ={PeZ,:PUP)ANFy, NFjy A---NFy =0, 1<i1,... i g1 <}

Thus ;7" is a projective variety. This description also shows that, for all k, I;="*"
is a proper closed subvariety of Ii=". Hence, since IZ" = I¥ U I3Z*"", I must
be an open subvariety of I}Z’“).

To compute the dimension of I;,?k) consider the incidence correspondence

U, ={(T,P):T C P} C Gr(k,F) x Z,.

The projection into the first factor is onto with the fiber over I' € Gr(k, F') being the
set of pairs (I', T @ W) where W is an isotropic (n— k)-plane lying in ([ @ T')*. This
set is isomorphic to Z,_j and hence irreducible of dimension (n — k)(n — k+1)/2.
Hence Wy, is irreducible of dimension k(n—k)+ (n—k)(n—k+1)/2 =n(n+1)/2—
k(k +1)/2 (see for example [14], Lecture 11). Since the variety Ii=" is the image
of U under the second projection, which is one-to-one except in the closed subset
I C I we have that 12" is also irreducible with codimension k(k + 1)/2.

]

The following lemma gives a criterion for transversality. It is also proved that
IIE?I) generates the codimension 2 homology of Z,,.

Lemma 8. Let F' € Z,, and let P € I}l). Write P = (P,) & P’, where P, € PNF

and P' L Py. Let 0 # Py € (P @ P)* with Py = Py. Then

(i) PL=(R)®(P)®(P+F)nPL

(ii) TpZ, =Hom((P,), (Py)) ®Hom(P’, (Py)) ®Homso (P, (P,)® (P+F)NPL).
(Recall that Hom;so(V7, V2) was defined at the beginning of Section 7).

(i) TplIy = Hom(P',(Py)) ® Homyso (P, (P1) & (P + F) N PL). Therefore I} is
regular.

(iv) (Criterion for transversality). Let v : S* — Z, be a holomorphic curve such
that P = ~(z) € I for some z € S?. Let 0 # P, € PN F and suppose that
v (2)(P1) € (P @ P):. Then vy intersects Iy transversely at P if and only if
Y(E)(P) £0,
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(v) The variety 17" intersects a generator of Ho(Z,,Z) = Z [21] transversely
in a single point. Therefore a curve in Z, that intersects I}Zl) transversely
and only at regular points of 1= has degree equal to the number of points of
intersection.

Proof. (i) It is clear that P D (Py) + (P1) + (P + F) N P*. In addition, since
P + F has dimension 2n — 1, (P + F) N P+ must have dimension at least n — 1, so
we only have to prove linear independence.

Suppose that agPy + a1 Py + vp + vg = 0, where ag,a; € C, vp € P, vp € F,
and vp +vp € (P + F)N PL. Since (P, Py) = (P1,vp) = (P1,vp) = 0, we must
have 0 = (Pl,aopo + alpl +vp + ’UF) = a1 (Pl,Pl), so a; = 0.

Therefore agPy + vp = —vp, so since (Py,vp) = (vp,vp) = (vp,vrp) = 0, we
must have a (Py, Py) = (aoPo + vp,aoPy + vp) = (vp,vr) = 0, so ap = 0 and
therefore vp +vp = 0.

(ii) Let L € Hom(P, P+). Then L can be written as L = Lo + L; where Ly €
Hom(P, (Py)) and Ly € Hom(P, (P1) ® (P + F) N PL).

The map Lo+ L is in TpZ,, if and only if, for all u € P, (Lo(u)+ L1 (u),u) = 0.
Since (Lo(u),u) =0 for all uw € P, (Lo(u)+ L1 (u),u) = 0 if and only if (L1 (u),u) =
0, i.e. if and only if Ly € Hom(P, (Fy)) = Hom({P1), (P)) ® Hom(P’, (Fy)), L1 €
Homyso (P, (P1) & (P + F) N PL).

(iii) The geometric idea is the following: given a curve in I}Zl), any curve in C?7+1
tracing the intersection between the given curve and F' must have derivative con-
tained in F', which essentially implies the claim.

More algebraically, the variety Ii=" C Z, is the zero locus of f(Q) = P1(Q) A
PI(F). Thus TpIy consists of those L € TpZ, such that dfp(L) = 0. We need to
prove that L(P;) € (F + P)n P+.

Solet L € TpZ, and let { P, ..., P,} be a basis of P’. Take curves c;(t) in C>"*!
such that ¢;(0) = P; and ¢;(0) = L(P;) € P+, 1 <i <n. Then, since P, € F,

dfp(L) = %‘ CL(t) A Acn(t) A PI(F)
t=0
AO)YANPyA--- AP, ANPI(F)

= L(P)APyA--- AP, NPI(F).
The last expression is 0 if and only if L(P;) € (F 4 P)N P~+. This proves the claim.

(iv) Since TpI}’ has codimension 1 in TpZ,, proving transversality is equivalent
to showing that 0 # +/(z) € Tply'. Using the hypotheses on v and part (iii),
v'(z) € TpIy if and only if 7/(2)(P1) € (P + F)NnP+)n (P& P)* = {0}.

(v) The curve G : CP' — Z,, given by

2
G([’wo : wl]) = <w0w1Po + wgPl — %p1> EBP](P/)

is a generator of Ho(Z,,Z) [21]. This curve intersects I;7" only at P, i.e. when
wo = 1, w1 = 0.

Let g(2) € G([1 : 2]) be the curve g(z) = 2Py + P — z?P;. Then g(0) = P,
and ¢'(0) = Py # 0, which implies that 0 # G'([1 : 0])(Py) = Py € (P @ P)*, and
therefore, by (iv), the curve G intersects TplI}’ transversely at a single point.

O
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Suppose that ¢ € HHg(SQ, Z,). In view of the previous lemma, our goal is now

to find a basis 8 such that v intersects Eg = (E1, ..., E,) transversely at d points,
and with some additional properties. This is what we do in the following lemma.

Lemma 9. Given ¢ € HHg(S’Q,Zn) there exists a basis B such that the image of
Y intersects Igﬂl) only at IJ%; and transversely, such that (Cg(v))a, is not 0 at the

points of intersection, and such that (Cz(1))s is not 0 at the point oo € S?.

Proof. The idea is to show that the set of elements E € Z, that are ‘bad’ (meaning
that 1 intersects Igz), or intersects Igl) non-transversely, etc) is a proper closed
subset of Z,, so its complement is nonempty.

To this end, consider the following subvarieties of Z,,:

A1 ={E € 2, :¢(z) e IZ" for some z € §?
and ¢'(z)(Py) = 0, for some Py € ¥(2) N E},
Ay ={E € Z,, : ¢ intersects 1"}
To study Ay, consider the incidence correspondence

Uy ={(2,P,E) € S? x (C*"™\ {0}) x Z,: P, € EN(2) and ¢'(2)(P) = 0}.
Then A; = 7w3(¥1), where 73 denotes projection on the third factor. We calculate
the dimension of 73(¥) as follows. Consider the incidence correspondence

Uy ={(2,P1) € 82 x (C*"1\ {0}): P, € ¢(2) and ¢/(2)(P)) = 0}.

Projection in U, into the first factor is clearly onto 52, and the fiber over z € S
is the set of pairs (z, P1) such that P, # 0 is in the kernel of ¢/(z) : ¢¥(z) —
(¥(2))*+. Since v € HHZ;(S’?, Z,), ¥'(z) is horizontal, so the image of ¢’(z) lies in
(¢¥(2) ®1(2))*. Hence the kernel of 1’(z) has dimension n — 1 except at the finite
set of points where 9 is singular, where it has dimension n. This implies that \/1\11
has dimension n. N -

Now look at the projection o : U3 — Wy defined by ma(z, P1, E) = (2, Py).
This projection is onto and its fiber over a point (z, P,) € Uy is given by {(z, P\, E) :
E > Pi}. Given 0 # P, € C?"*! isotropic, we have

{EcZ,:EsP}={PoFE :E czZ(PoP)")},

which is isomorphic to Z,,_1 and therefore has dimension n(n — 1)/2. This implies
that ¥y has dimension n 4+ n(n—1)/2 =n(n+1)/2.

Finally consider the projection 73 : ¥1 — Z,, on the third factor. The fiber of
this projection over E € Z,, consists of the triples (z, Py, E) such that 1 (z) € Igl),
and 0 # P, € ENker(¢/(2)). The set of 2 € S? satisfying the first condition is
finite (because v is linearly full) and, for each z in this set, the set of P; satisfying
the second condition has dimension at least 1. This implies that A4; = m3(¥4) is a
subvariety of Z,, with codimension at least 1.

To study Ao, use the incidence correspondence given by

Uy ={(2,E) € S* x Z, :9(2) € I="1.

Note that Ay = m2(¥s), where m denotes the projection on the second factor.
Projection over the first factor in Wy is onto and the fiber over z € S? is the

set of pairs (z, E) such that E € If(?), which has codimension 3 in Z,. Hence
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dim(¥3) = dim(Z,,) — 2, which implies that 7m2(¥2) = A2 must be a subvariety of
Z, of codimension at least two.

Therefore we have that A; and A, are proper subvarieties of Z,,. If £ is any basis
such that E@ € Z, is outside of these two sets, then v does not intersect Ig;) , SO
1) intersects Igﬂ” only in IE;, and by Lemma 8 (iv), ¢ intersects IE; transversely.

Now we have to deal with the remaining constraints. Let

Az = 11(;()00) N(Z,\ (41 U A)).
The quasi-algebraic variety As has codimension 1, and if 3 is any basis such that
Eg ¢ As, then Lemma 8 (v), together with Lemma 6 (i), implies that (Cz(¢))s
has only d simple zeros, located at the points z where ¥(z) € IJ%;. Since ¥ € As,
P(o0) & Ig;, so Lemma 6 (ii) implies that (Cg())s is not 0 at infinity.

Finally, let 8 = {Eo, E1,...,En, E1,...,E,} be a basis such that Es € Z, is
outside of Ajz. For convenience, write (Cg(¢)) = [s : a1 : --- t @ T12 1 -+- ¢
Tn—1,n]. Since s has only simple zeros, equation (7) implies that at least one of
the «;, 1 < i < n, must be nonzero at the zeros of s. Therefore we can find a
matrix (a;j);; € U(n) such that aj1a1 + - -+ 4+ a1,y is not zero where s vanishes.
Then the basis ﬁ/ = {Eo, Z?:l ali_Ei, ceey Z?:l ani E;, Z?:l dliEiu e Z?:l dm'Ei}
is isotropic and satisfies Egr = Eg & Az and (Cp (¥))ay = a1101 + -+ + A10.00p,
which by hypothesis does not vanish at the zeros of s.

O

We restate Theorem 2 here and complete its proof.
Theorem 2. Given ¢ € HH£(52,ZW) there exists a basis B and an open set

Us C HH£(S2, Z,) containing v such that
Bs : PDJ ((S%,CP"") — Uy
is an algebraic isomorphism.

Proof. Let 8 be a basis with the properties of Lemma 9. Then consider the set
Uz = (€ HHg(Sz, Z,) : Im(¢) N I%;) =), 4 intersects Ig; transversely,

(C5(1)))s(00) # 0, and (Cs(1))a, (2) # 0 at the points of intersection}.
The set Ug C HHg(SQ, Z,) is defined by open conditions and it is nonempty since
Y€ Z/{Q.
So let 711\ € Ug and write Cg(&)\) =[s:ap: - iQpiTi2: : Tpo1p). Since 711\ in-
tersects [ gﬂl) transversely and only in 1 J%;, which by Lemma 8 (iii) is regular, Lemma

8 (v) implies that ¢ intersects Ig; only at d distinct points {&(zl), . ,z//)\(zd)}.
Now Lemma 6 (ii) implies that s(z) = 0, 1 < ¢ < d. Since s(oc0) # 0, zp € C

for 1 < ¢ < d. Also, since ¢ € Ua, a1(z;) # 0, and therefore the degree of Cg(v))
is at least d. But on the other hand Proposition 5 (i) asserts that this degree
cannot exceed d. Therefore C,@(’Q/AJ) has degree d, s has d distinct roots z,, € C and
a1(ze) # 0 for 1 < ¢ < d. This implies that Cg(Us) C PDg_’O(S’z,(C]P’N”).

On the other hand, from Proposition 5 (ii) and Lemma 6 (ii) it follows that
Bg(PDQO(SQ, CPY")) C Up. Since Cs is, by definition, the inverse of Bs and they
are both algebraic, the proof is complete.

O
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