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THE DIMENSION OF THE SPACE OF HARMONIC 2-SPHERES
IN THE 6-SPHERE

LUIS FERNANDEZ

ABSTRACT

Using the twistorial approach and some previous results, we prove the conjecture that the di-
mension of the moduli space of harmonic maps of area 4nd from the 2-sphere to the 2n-sphere is
2d 4+ n? for the particular case n = 3.

1. Introduction

Recall ([3]) that a harmonic map from S? to S?" can be written as the compo-
sition of a holomorphic, horizontal map from S? to Z,, = SO(2n + 1)/U(n) (the
‘twistor lift’), with plus or minus the natural projection from Z,, to S?". The main
invariant of these harmonic maps is the degree, defined as their area divided by 4.

We will denote by Harmg(SQ, S2) the space of harmonic maps from S? to S?"
of degree d not lying in a lower dimensional subsphere, and by HH§(S2, Z,) the
space of linearly full horizontal holomorphic maps from S? to Z,, of degree d. Using
the twistorial approach it follows that Harmf; (52, 52?") is isomorphic to the disjoint
union of two copies of HH(J; (82, 2,) (see [7] for details).

While the dimension and structure of Harmg (52, 5%) has been thoroughly studied
([10], [11], [12], [13]), the only case that is completely understood for n > 3 is
when d = n(n+1)/2 ([1]). However, it is known that Harmg(SQ, S?7) is connected
([9], [8], [6]), and the fundamental group of these spaces was calculated in [7].

Based on heuristic arguments, in [2] it is conjectured that the dimension of
Harmf; (52, 52") is equal to 2d + n?. This figure is correct for all the known cases,
but the conjecture has been open since. In this paper we will use the results in [6]
to prove this conjecture for the particular case n = 3.

Our proof makes use of the following. In [6] it was shown that HHg(SQ, Z,) is
birrationally equivalent to the moduli space of holomorphic maps

e S2 (C]P)n(nJrl)/Q
of degree d, with
Y(z)=1[s(2) ra1(z) t ...t an(z) 1 mi2(2) 1o T (2) s Ta3(2) s s (2)],
satisfying
ajoy — aia; = STZ-/j — '), (1)

and the additional condition given by

()0
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which guarantees that the corresponding harmonic map from S2? to S will be

linearly full. Note that, for convenience, we have absorbed the constant factor ap-

pearing in equation (2.13) of [6] in the functions 7;;. We also take 7; = —Tjp.
We use the notation

P1 D2 ... Pk
Pioopy - b
w (p13p23"'7pk) = : : ) (3)
k k k
ORI

and where convenient, we drop the argument ‘(z)’ in all the functions involved.
The moduli space of maps 1) as above satisfying (1) and (2) will be denoted by
PD/ (52, Cpn(1)/2),

We will show that the dimension of PD/, (52, CP%) is equal to 2d+9, which implies
that HHZ;(SQ,Zg), and therefore Harmf(SQ,Sﬁ), also have dimension 2d + 9, as
conjectured.

2. A Lower Bound on the Dimension of the Moduli Space

We will regard the functions s, ;, 7j, involved in equation (1) as polynomials
of degree less than or equal to d in one complex variable z and without common
factors. The vector space of polynomials of degree less than or equal to d will be
denoted by C[z]4.

In this section we show that there is a 2d 4+ 10-dimensional set of polynomials
{(s(2), a1(2), a2(2), a3(2), T12(2), 723(2), T31(2))} C (C[z]a)” in one complex vari-
able z, of degree less than or equal to d with s having degree d, and without a
common factor to all of them, that satisfy (1) and (2). After projectivising this
proves the inequality dim(PDg (52, CP%) > 2d + 9.

This was shown in [6] for d > 7. Essentially the same proof works for d = 7; we
outline the proof for d > 7 for the sake of completeness.

Equation (1) is equivalent to

N/
ozjoz;faia;-:,SQ(Ti), 1<i<j<3, 4)
s
which is equivalent to
ajal — ool
J 5 "7 has no residues (5)
s
and
aja; — ol ) )
Tij = 8 J' ——— = dz is a polynomial of degree < d. (6)
s
Let
!
: (2 = sm)"(q;(2)ai(z) — ai(2)aj(2))
Elas, aj)(sm) := lim < ()2
If s has only simple zeroes at the points {s1, $2,..., 54}, then equation (5) is
equivalent to

E(oi,o)(sm) =0, 1<4,j<3, m=12,...,d—1, (7)

and (6) is implicitly satisfied. Note that equation (7) implies that (oo — a;af)/s?
has no residues at s,,, 1 < m < d — 1, so this function cannot have residues at all.
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Let

Flai)(sm) := Hm [(%) a;(z) + (Z(S(%r;g)aél(d :

and note that, if F(a;)(sm) = 0 and a;(sy,) = 0 for some ¢ and some m, then
E(a;,aj)(sm) =0 for all j.

LEMMA 1. Letd > 7. If s(z) is any polynomial of degree d with simple zeroes at
the points s1,82,...,54, then there exist polynomials ai(z),aa(z),as3(z) of degree
less than or equal to d, and not simultaneously vanishing at any of the points S,
that satisfy conditions (7) and (2).

d
Proof. Let s(z) = H(z — 5;). Let a1(z) be a solution of the system
i=1
a1(sm) =0, m=1,2,3
F(ai)(sm)=0, m=1,2,3
which is not a multiple of s(z) (note that s(z) is also a solution of this system) and

such that aq(s;) #0 for 4 < j <d.
Now find independent polynomials as(2), a3(z) of degree d satisfying

E(ag,a2)(sm) =0, 4<m<d-1 (8)
E(ag,a3)(sm) =0, 4<m<d-1 (9)
E(OQ; 053)(5771) = 07 m = 2’ 37 (10)

which are independent from s(z) and «;(z) and do not vanish simultaneously at
any of the points s,,, m = 1,2,3. Note that equation (10) is an intersection of
two quadrics in the 5-dimensional space of solutions of equations (8) or (9); this
guarantees the existence of these polynomials.

Using the relation

a1(8m) Elag, a3)(sm) + a2(sm) E(as, a1)(sm) + a3(sm) E(aq, a2)(sm) =0, (11)

for 1 <m < d, it becomes clear that this construction gives a solution of (7).

By construction, the polynomials a1, as and a3 do not all vanish simultaneously
at any of the points s,,; thus the polynomials s, a1, aa, ag have no common factors.
Also by construction, the set {s, a1, s, a3} is a linearly independent set in C[z]4,
so condition (2) is satisfied. O

Now that we know that the set of solutions of (1) and (2) with s having simple
zeroes is nonempty for d > 7, we only have do a simple count to find a lower bound
for the dimension of this set.

PROPOSITION 1. For d > 6, the dimension of the moduli space of linearly full
harmonic maps from S? to S® of degree d is at least 2d + 9.

Proof. For d = 6, [1] gives dim(Harm/ (52, 5%)) =26 +9.
For d > 7, define the open subset of C%¥*+4 given by

S = {(s,a1,a9,0a3) € (C[z]4)* : s has d distinct roots}.
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Let

li
R={(s,a1,2,a3) €S: W ((%) ) # 0 and E(a;, a;)(sm) =0,
1<i<j<3,1<m<d-1,where {s1,S$2,...,84} are the roots of s}.

Using relation (11) and the fact that the sum of the residues of a meromorphic
function is 0, we have d + 3 relations between the equations of the system (7), so
this system has no more than 2d — 3 independent homogeneous equations and 4d+4
variables. The set R is the intersection of the variety given by equations (7) with
the open set given by condition (2). By Lemma 1, R is not empty. Therefore its
dimension is at least 2d + 7.

Finally, define

A= {(s,01,2, 3, T12, 723, 731) € (C[z]a)" : (5,1, 0, 03) € R

. /7 . /
and T"—CL"S—FSJ'MCLZ 1<i<j<3}
i — ig 52 = J =95

where a;; are arbitrary complex numbers (integration constants).

The elements of A are solutions of (1) satisfying (2). Its dimension is the di-
mension of R plus the three extra degrees of freedom given by the integration
constants. Thus, dim(A4) > 2d+ 10, and therefore we have PA C PDZ;(SQ, CP°) and
dim(PA) > 2d 4 9.

Since dim(Harm/ (S2, %)) = dim(HH/ (52, Z3)) = dim(PD/($2, CP®)) > 2d + 9,
the result follows. O

REMARK 1. In the proof of Proposition 1 we have used that birrational trans-
formations preserve the dimension. However, we do not really need to use this fact
since the set A is contained in the regular part of the birrational transformation
given in [6].

Of course we understand dimension as the top dimension of the irreducible com-
ponents, as we do not know whether any of the varieties involved has pure dimen-
sion.

3. An Upper Bound on the Dimension of the Moduli Space

Using the notation o = (a1, a2, a3) and t = (723, 731, T12), equation (1) can be
written as

axao =st' —s't, (12)

where x denotes the cross product in C3.

LEMMA 2. If[s: a1 : 9 :as:Tig: T3 : T13] i a solution of degree d of (12)
satisfying (2), where all the components are polynomials, then

S T23 T31 Ti2
! / / ! ! 1 2
s Ty Ty o (det(a,d’,a))
Wi(s,t):=| , 1" 1 v = 2
8 Toz T31 Ti2 S
n " " "

s T2z T31 Ti2
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(so it is a perfect square) and
st/ x t" —s't x t" + 8"t x t/
W (s, t)

o =

Proof. We have
ax o =st' —s't
Differentiating this equation we obtain
axa =st"—s"t,
and differentiating again,
axad” +ad xa" =st" - "t + 't — "

Taking the cross product of the first two equations and using the formula (u x
v) X (u x w) = det(u, v, w)u we get

det(a, ;0" = s(st’ x t" — 't x t" + 5"t x t'),
and taking the cross product with the third equation we get
(det(a, o/, a))? = s*W (s, ).
Condition W((«/s)") # 0 implies that det(a,a’,a”) # 0, and we obtain the
desired formula. O
The previous formula asserts that the elements of PD§(S2, CP°) are completely
characterised by the polynomials s, 72, 713 and 723. Consider the map

= : PDJ(S?,CP%) — Gr(4,C[2]a)

given by
E([s:on:az:as Tz T23]) = (8,23, 31, T12),
where Gr stands for the Grassmannian and (v, ve, ..., vg) denotes, in general, the
subspace spanned by the vectors vi,va, ..., V.
Let

IT: Gr(4,C[z]q) — P(C[2]4d-12)
be the map given by

1({91, 92, 93, 94)) = [W((g1, 92, 93,94))],

where W((g1, 92,93, 94)) is the Wronskian of the polynomials g1, g2, g3, g4, as de-
fined in (3). Lemma 2 asserts that the image of II o Z lies in the submanifold Q
of P(C[z]4d—12) defined as the projectivisation of the set of non-zero polynomials
in C[z]44—12 that are perfect squares. In other words, the image of = lies in the
subvariety II71(Q) of Gr(4,C[z]q).

Let

L : A'C[2]q — C[z]4a—12
be the linear map defined in basic elements g1 A g2 A g3 A g4 by

L(g1 A ga A gs A ga) =W((g1, 92,93, 94))-
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Taking the usual basis {zF}¢_, of C[z]4 it is a straightforward computation to
show that, for 0 <1< j <k < <d,

L(=' A 27 AR A2 = (= R)(E =)= i) (k = j)(k = §)(j — i)2"TFHH0,

This shows, in particular, that L is onto.
Let K C A*Clz], be the kernel of L, and let

Il : P(A'C[2]q — K) — P(C[2]4d-12)

be the projectivisation of L.

Let Pl : Gr(4,C[z]q) — P(A*C[2]q4) denote the Pliicker embedding. Note that
P1(Gr(4, C[z]q)) is disjoint from PK (the projectivisation of K), and we have II =
Mo P1, giving the following diagram:

= II
PD/(52,CP%) —— TI-1(Q) C Gr(4,Clz]s) —= P(Clzlaa_12) D Q
Pl{ i
P(AYClz]q — K)
The following result appears in [5], pp. 127-128, and in the references cited

therein, for the case Gr(2, C[z]4). We include a proof for Gr(4, C[z]4); essentially the
same argument would work for the corresponding (Wronski) map in Gr(n, C|z]q).

LEMMA 3. For all ¢ € P(Clz]sg—12), the set II71(q) is finite.

Proof. 1f ¢ € P(Clz]4a—12), then II71(q) is the set of points in Gr(4,C[z]q)
whose image under the Pliicker embedding lies in II=1(q). Now, II=(g) is an affine
subspace of P(A*C[z]q) whose closure is a projective subspace of codimension (4d —
12) of the form [Cp+ K]. Note that [Cp+ K] = I17!(¢) UPK . Since the dimension of
Gr(4, Clz]a) is 4d — 12, and since P1(Gr(4, C[z]4)) N PK is empty, P1(Gr(4,C[z]4)) N
I171(q) must be nonempty for all ¢ € P(C[z]44-12)-

If V' were an open subvariety of dimension greater than 0 contained in the intersec-
tion of P1(Gr(4, C[z]4)) and I171(g), then the closure of V would contain points lying
in both P1(Gr(4, C[z]4)) and PK . This is impossible since P1(Gr(4, C[z]4)) "PK = 0.

Therefore the set

I~ (q) =PI (PU(Gr(4, Clz]a)) N T (q)
is a subvariety of dimension 0, so it must consist of a finite number of points. [

This implies, in particular, that the dimension of the subvariety II=1(Q) is the
same as the dimension of ), which is 2d — 6, and we have the following result.

PROPOSITION 2.  The dimension of Harmg(S?, S%) is less than or equal to 2d+9.

Proof. Since the fiber of the map = : PDZ;(SQ,(CIP’ES) — Gr(4,C[z]q) has di-
mension less than or equal to 15, and since = (PDg(SQ, CP?%)) lies in a variety of
dimension 2d — 6, it follows that dim(PDg(SQ, CP%)) < 2d + 9. Therefore,

dim(Harm/ (52, §9)) = dim(HH/ (52, Z3)) = dim(PD/ (52, CP®)) < 2d + 9
O
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THEOREM 1. The (top) dimension of the moduli space of harmonic maps of
area 4md from S? to S is 2d + 9.

Proof. Immediate from Proposition 1 and Proposition 2. l
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