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THE SPACE OF ALMOST COMPLEX 2-SPHERES
IN THE 6-SPHERE

LUIS FERNANDEZ

ABSTRACT. The complex dimension of the space of linearly full almost complex
2-spheres of area 47d in the round 6-sphere is calculated to be d + 8. Explicit
examples of these objects are constructed for every integer value of the degree,
d > 6,d # 7. Furthermore, it is shown that when d = 6 this space is isomorphic
to the group G2(C), and when d = 7 this space is empty. We also show that
the dimension of the space of non-linearly full almost complex 2-spheres of
area 4md in the round 6-sphere is 2d 4+ 5

1. INTRODUCTION

Octonionic multiplication in R® induces a cross product in the vector space,
isomorphic to R7, of imaginary octonions, by defining

x x y = Im(xy)

where octonionic multiplication between x and y is understood and Im( ) denotes
the octonionic imaginary part. In turn, this defines an almost complex structure in
S6 c Im(0): if p € S and X, € T;,S®, define

Jp(Xp) =p x Xp.

Then J is an orthogonal almost complex structure in S°. Furthermore, it is a nearly
Kdhler structure in S° in the sense that (VxJ)X = 0 for any X € T'S®, where V
denotes the Levi-Civita connection in S° [15].

A smooth map f from any almost complex manifold (M, JM) to S% is almost
complex if it is a morphism from (M, JM) to (S8, J), i.e.

df o JM = J o df.

The particular case of almost complex maps from 52 2 CP! to S% has been studied
by several authors (see for example [8, 7, 10, 15, 22, 23]). In particular, explicit
examples of these maps were found in [23], and a Weierstrass-like representation
was given in [8].

On the other hand, a map f : S? — S8 is harmonic if A52f = \f for some
function A\ : S? — R (see [9] for example). A simple computation shows that
almost complex maps from S? to S are, in particular, harmonic (see Section 2).
This has several implications. The area of a harmonic map f : S? — S is graded
by the degree: Area(f(S?)) = 4rd, where d is a positive integer [1], and the space
of linearly full (i.e. whose image does not lie in a proper subsphere of S¢) harmonic
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maps of degree d from S? to S® can be given the structure of a complex projective
variety [10, 16] of dimension 2d + 9 [13, 14]. Therefore, the set of almost complex
maps from S2 to S® of a given degree can be furnished with the structure of a
projective subvariety of the space of harmonic maps from 52 to S¢, and the following
questions arise naturally: What is its dimension? Are there examples of linearly
full almost complex maps from S? to S® for every value of the degree?

In this paper we use standard techniques in the study of harmonic maps to show
that the set of linearly full almost complex maps from S? to S® is nonempty with
dimension d + 8 for d > 6, d # 7, and is empty otherwise. Furthermore, when
d = 6, this space is isomorphic to G2(C). In addition, explicit examples of linearly
full almost complex maps are found for every value of d > 6, d # 7. We also find
that the dimension of the space of non-linearly full maps is 2d + 5.

The paper is organized as follows: in Section 2 we give a quick introduction of
the tools that will be used in subsequent sections. In Section 3 we find criteria to
determine when a harmonic map from S? to S% is almost complex, and we show
that two almost complex maps are SO(7,C)-congruent (in the appropriate sense,
see for example [1]) if and only if they are G2(C)-congruent. This fact will be used
in Section 4 to prove the statements regarding dimension explained above. Finally,
in Section 5 we construct explicit examples of linearly full almost complex maps
from S? to SS.

Acknowledgment: The author would like to thank Dr. John Bolton for the key
to the proof of Theorem 4.2, as well as for many inspiring conversations.

2. PRELIMINARIES

2.1. The octonions. Let {1,i,j,k, ¢, i€, je,ke} be an orthonormal basis of RS.
The (real) octonions, denoted by O, are the (nonassociative, noncommutative)
algebra over R with multiplication table, given in terms of this basis, by

j k € ie je ke
-1 i j k € ie je ke
i k —j ie —e —ke je

i

j -k -1 i je ke —e —ie
k j —-i -1 ke —je ie —ke
e —ie —-je —-ke -1 i j k

ie | ie e -ke je -1 -1 -k j

je | je ke € —ie —-j k -1  —i
ke | ke —je ie € -k —j i -1

M R e e

Similarly one defines the complex octonions as O ® C with the multiplication table
above. The real part of a real or complex octonion is the term involving 1; the
imaginary part is the sum of the remaining terms.

Let Im(0Q) and Im(0Q) ® C denote the real and complex span, respectively, of
{i,j, k, €, i€, je, ke}. Then the formula

x x y = Im(xy)

defines a cross product in Im(0Q) = R” or Im(Q) ® C = C” with the following
properties: for u, v, w in @ or O ® C,

(2.1) uUXv= 5(1“} —vu) and (u,v) = —%(uv + vu),
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where (, ) denotes the standard inner product of R7 or its bilinear extension to
C7, ie.

7
((ul, ce ,U7), (’Ul, ce ,’1}7)) = Z’u]"l}j
i=1

for u;,v; in Ror C, 1 <4 < 7. We will use (, ) to denote the hermitian inner
product in C7, i.e.

7
((ugy ... ur), (v1,...,07)) = Zuj{)j
i=1

for u;,v; € C, 1 <4 < 7. Other important properties of the cross product are

(2.2) ux (vxw)+ (uxv)xw=2u,wv—(u,v)w— (w,v)u,
(2.3) u X (u xv) = (u,v)u — (v, u)v,
(2.4) (u,v x w) = (v,w x u) = (w,u X v).

The group of automorphisms of the octonions and complex octonions are Go
and G3(C), respectively, i.e. (gu)(gv)) = g(uv) for all g in G and G2(C) and all
u,v in O and O ® C, respectively. For a very clear and beautiful exposition of the
octonions and their properties, see for example [19, 20].

2.2. Almost complex maps from the 2-sphere to the 6-sphere. A map
f: 8% — 86 is almost complex if J o df = df o JS2, where J denotes the almost
complex structure in S® defined by

Jp(Xp) =P x Xp

for p € S% € Im(0) and X, € T,S% C TpIm(O).
The standard complex structure of §2 22 CP* can be defined, similarly, using the
cross product in R3:

2
Iy (Yy) =ax Yy,
where ¢ € 5% and Y, € T,S?, and the cross product is given by
z x y =Im(zy)
where in this case quaternionic multiplication and imaginary parts are used. In
fact, this gives the simplest examples of almost complex maps from S* to S%: if
f:58% = S? C R® = Im(H) is any holomorphic map, and if h : H — O is any linear
homomorphism of algebras, then h(Im(H)) C Im(Q) and h(x x y) = h(x) x h(y) for
2,y € Im(H), which implies that f := ho f will be an almost complex map since
Jodf = Jodhodf
dhoJ% od f because h is a linear homomorphism

= dho df o J5° because f is holomorphic

= dfoJS.
We will often identify (52, .J5”) with CP* (or with C U {oc}) via a bi-holomorphic

map, for example an appropriate stereographic projection.
In general, let z = = + iy be a local holomorphic coordinate in S2. Then

2 (0 0 2 (0 0
(9 _ 9 s(Y9)__9
d <6:v> Oy and (8y> oz’
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Therefore f: $? — S C R” 22 Im(0) is almost complex if and only if

o (0 (3)) = (35) e 900 (0 (5)) =0 ()

Using subscripts to indicate differentiation, this equation can be written as

fxfa=1f and fx f,=—fs

Differentiating again, and using 2.1,

I X fox = foy and [ X fyy = —fya,

and adding these two equations we obtain

X (fex + fyy) = 0.

Thus (frz(2)+ fyy(2)) is orthogonal to f(z) for all z € S?, and hence f is harmonic.
Using Harm(S?, %) and Ac(S?,5%) to denote the set of harmonic maps and
almost complex maps, respectively, from S? to S%, we therefore have

Ac(S?, 8% c Harm(S?, S%).

Recall [1] that the area of the image of a harmonic map from S? to S?" is
4md, where d is a positive integer called the degree of the harmonic map. We
will use Harmg(S?2, S¢) and Acy(S2, S®) to denote the subsets of Harm(S?2, S¢) and
Ac(S?,S%), respectively, of maps of degree d. Also, we will use Harmg(SQ,SG)
and Acg(S2, S6) to denote the subsets of linearly full maps, i.e. whose image is
not contained in any proper geodesic subsphere of S% and Harml(ik) (52,85) and

Acl(f) (52,59) to denote the subsets of those maps whose image is contained in a
k-dimensional subsphere but not in a (k — 1)-dimensional subsphere of S®. It is
known [9] that k has to be an even number. In addition, it is proved in [7, Lemma

4.3] that Acl(;l)(SQ, S6) is empty. Therefore
Acy(S?,5°%) = ACSQ)(SQ, SOy L Acg(Sz, S (disjoint union).

The set Harmg (52, S®) can be furnished with the structure of an algebraic variety
[16]; the dimension of Harm?/ (52, S%) is 2d + 9, and dimc(Harmg%) (52,89)) =
2d +9 — (3 —k)(2 — k) for k = 1,2 [13, 14]. Since The set Acy(S?,S%) is an
algebraic subvariety of Harmy(S52, S%) [10], to find the dimension of Acy(S?,S%) we
can use some of the common machinery in the study of harmonic maps into spheres
and projective spaces—namely harmonic sequences (see for example [24, 6, 7)),
singularity type (see [17, 4, 1, 6]) and twistor lifts (see [9, 1]). We now give a quick
introduction to these techniques.

2.3. Harmonic sequences. We describe the harmonic sequence of a harmonic
map for the specific case of linearly full maps from S? to S¢. Details and proofs
can be found, for example, in [6, 3, 11], and a more general description appears in
[24].

The idea is simple: given a linearly full harmonic map f : S? — S¢ c C7, differ-
entiate it and project the result over the space orthogonal to f to obtain the next
element of the sequence. This procedure is independent of the chosen coordinate
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modulo scalar multiplication, so it produces a sequence of smooth functions from
52 to CP®. More precisely, let f, : S — C7 be given inductively by the conditions

(2.5) fo = f

0 1 0
(2.6) o1 = $_|f |2 <£7fp>fpa —3<p<2
42 0
(2.7 fr = =l O —2<ps3
p

where (, ) and | | denote the hermitian product and associated norm, respectively,
in C7. Since f is assumed to be linearly full, the maps fps =3 < p < 3, are not
identically zero, and their definition, away from the points where any of the f, is
zero, is independent of the holomorphic coordinate z chosen, modulo multiplication
by scalars. Thus, the maps ¢, := [fp], =3 < p < 3, are well defined in an open
subset of S2; furthermore, their definition can be extended over the points where
any of the f, is zero, giving maps ¢, : 5% — CP®. 1t is not hard to check that they
are harmonic [11].

The sequence of maps ¢,, —3 < p < 3, is called the harmonic sequence of
f. Additionally, ¢_3 is holomorphic and ¢3 is antiholomorphic. Although the
sequence of functions f, defined above consists only of local representatives of the
harmonic sequence ¢, by a slight abuse of language we will also refer to it as ‘the
harmonic sequence of f’. Note that, although the functions ¢, do not depend on
the coordinate z used in the definition of the f,, the functions f, certainly do.

The maps f, satisfy the following properties (see, for example, [3]):

(2.8) fo = (DIl
(2'9) |fp||f—p| =1
(2.10) (for o) = (=1)Pd_pq,

where d;; is the Kronecker delta. Together with (2.7), this implies that f_3 is
holomorphic.

The map ¢_3, which is usually called the directriz curve of f, is characterized
by being totally isotropic, i.e. for every local representation f_s of ¢_3z,

Dif_g df_g
0zt 7 0z

Furthermore [1], every holomorphic, linearly full, totally isotropic map = : S? —
CP® uniquely determines a harmonic map f : S — S¢ (defined using (2.6)) up to
composition with the antipodal map of S6. This implies that much of the study of
the set of harmonic maps (or, in particular, of almost complex maps) from S? to
S6 can be translated to the study of totally isotropic curves in CP®. A very useful
tool in the study of these curves is the notion of singularity type, which we describe
in the next subsection.

):o, 0<i,j<2.

2.4. Singularity type. We briefly describe the notion of singularity type of holo-
morphic curves in CP". For details, see [4, 17]. Let ¥ be a Riemann surface and
let

G:¥ — CP"

be a linearly full holomorphic curve. Locally, write G = [g(z)] = [go(2), - - ., gn(2)],
where z is a holomorphic coordinate in ¥ and where the g;, 0 < i < n, do not
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vanish simultaneously. Then, for 0 < k < n — 1, the k" associated curve of G is
the map o, : ¥ — P(AFHIC 1) = cp(ii)-1 locally defined by
og otg
g 9 VANRERA 92k
A higher singularity of G is a point p where the derivative of any of the associated
curves of G is zero.
Writing o (z) = [0k (2)] locally, let ri(p) be the nonnegative integer defined by

ri(p) = Order of vanishing of (ak A %) at z = p.

Note that all the r;(p) are zero except at a finite subset of X. The singularity type
of the original map G : ¥ — CP" is defined to be the set

{(p;ro(p)s--.,mn-1(p)) | p is a higher singularity of G}.
The total ramification degree of oy, is defined by
rE = Z ri(p).
peEXS

If 6 denotes the degree of oy, and writing 6_1 = J§, = 0, we have the Pliicker
formulas
Og—1 — 20k + 041 =29—2—1, 0<k<n-1,
where g is the genus of the surface X.
When G is the directrix curve of a linearly full almost complex 2-sphere in S,
the Pliicker formulas greatly simplify. Let f : S? — S% be a linearly full harmonic
map, and let ®), —3 < k < 3, be its harmonic sequence. Then ®_3 : 2 — CP°

is holomorphic and linearly full. Let oy, : S2 — CP(:i1)=1 0 < k& < 5, be the
k™ associated curve of ®_s, let d), be the degree of oy, and let r;, be the total
ramification degree of 0. The fact that fj is real implies [1]

6571@ = 6k7 b= 07 15 25

and then the Pliicker formulas read

20+ = —(2+470)
(2.11) 0g — 261+ 62 = —(2+T1)
01— 0y = —(2+T2).

This implies, in particular
(2.12) 0o = 12+ 1rg + 2r1 + 3rs.
On the other hand if f;, —3 < j < 3, is the harmonic sequence of f, then
equations (2.6) and (2.7) imply that
(2.13) or=f_3Nf oA A fp_3

is a local representation of 0. Hence the degree of oy can be calculated using the
formula

1 0?
7 omi [ 0202
Using (2.13) and (2.10), we have

low|? = | =3[ f=2]? - | fus]?

(2.14) log |ok|* dz A dz.
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and (2.6) and (2.7) imply, for 0 < k < 5, that

2
———log(|fs*|f=2|” - [ fu=s]?)

0 | fr—2l?
0z0z

=

so if we let
v = /12 —83<i<2,
then equation (2.9) implies that v; = v—;_1, and therefore, for 0 < k < 2,

1 1
Op = — Ye—3 dZ Ndz = — Yok dZ Ndz
2mi Jg2 2mi J g2

(see [6] for details). In the particular case when f € Ac}(S2, %), Lemma 5.2 of [7]
gives 9 = 292 (which also follows from the equality | f1|2|' f2]? = 2| f3|* obtained in
the proof of Proposition 3.1 below). Therefore, if f € Acé(SQ, S6),

(2.15) 25p = 02,
which, using (2.11), gives

(2.16) ro = ro,

and hence

(2.17) So =6+ 2rg +11.

The last three equations have particular importance in what follows. On the one
hand, equation (2.15) states that the degree of a linearly full almost complex map
from S? to S® is equal to the degree of its directrix curve, which is peculiar. On
the other hand, as we will see in Section 4, a map f € Acg (52, 5%) is essentially
determined by its singularity type, which is restricted by equation (2.17). This fact
will be used to find an upper bound on the dimension of Ac£ (82,55). A lower bound
on the dimension of Acg(SQ, S6) is implicit in [10], where a different approach is
used, as described in the next subsection.

2.5. Twistor lifts. We give a quick description of the twistor construction started
by Calabi in the 60’s. For details, see [9, 1]. Given a linearly full harmonic map
f 8% — S2n_its twistor lift is the map v : S% — Z,, C Gr(n, C?"*1) defined by

0] am
w(z):SPan<faa_;---787_£>a

where z is a holomorphic coordinate. The set Z,, is the submanifold of the Grass-
mannian of n-planes in C?"*! consisting of isotropic m-planes, i.e. the set of
P € Gr(n,C?**1) such that (u,v) = 0 for all w,v € P. It is a Kihler mani-
fold isomorphic to the homogeneous space SO(2n + 1,R)/U(n) [1].

There is a projection 7w : Z, — 52" that can be defined as follows: given a
subspace P € Z,, define 7(P) as the unique real unit vector in C*"*! such that
{m(P), Py, Py, P3, P, P,, P3} is a positively oriented basis of C?"*1, where the set
{P1, P2, P5} is a basis of P. This map is a Riemannian submersion with the metric
in Z, induced by the standard metric of Gr(n,C?"*1).

If f:82 — 52" is harmonic and linearly full then its twistor lift is holomorphic,
horizontal (i.e. its derivative is perpendicular to the fibers of 7) and linearly full (in
the sense explained in [16]); conversely, if ¢ : S? — Z,, is a holomorphic, horizontal
and linearly full map, then +7 o1 are harmonic. The degree of a holomorphic
map v from S? to Z, is defined as the image under ¥, of 1 € Ho(S% 7Z) = Z
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in Hy(Z,,Z) = Z. Note that if ¢ is the twistor lift of f € Harm?(S2, $%") then
deg(y) = d [1].

If we let

HHg(S2, Z,) = {Holomorphic, horizontal, full maps v : S — Z,, of degree d}
and

Harm!* (52, 52") = {704 : ¢ € HHL(S?, Z,,)},
then the last paragraph can be summarized by
Harm§(52, Sy = Harm£’+(52, S2™) U Harml; ™ (52, 52™).

n(nt1)

In [10, 12, 14] birational maps bg : CP~ 2 — Z, were constructed which

translated the problem of finding holomorphic, horizontal, linearly full maps into
n(n+1)
Z, into finding solutions of a differential system in CP~ 2. More precisely, for

the particular case n = 3, let E = {Ey, E1, Eo, E3, E1, Es, E3} be a basis of C7
satisfying

(E07E’I‘) = (E07E’I‘) = (EraEs) = (EruEs) =0, and (EruEs) = 67"57 r,s=1,2,3.
Define the birational map bp : CP® — Z3 that takes

[s:al:a2:a3:712:723:731]

to the 3-plane in C? spanned by the vectors

3
Qy Qo Tk \ =
SR+ E- Y (5F+5;) Be 15023,
k=1

where it is understood that 7j; = —7;;.

Under this birational map the horizontality condition translates as follows [18,
10, 13, 14]. A map 1 : S? — 23 is holomorphic, horizontal and linearly full if and
only if the map

-1
Yi=bg o =[s:ai a3 T2 o3t T31)
satisfies

!

(2.18) ooy — oy = s7; — s’y 1<14,5 <3,

plus the open condition

(2.19) W ((ﬂ)’, (%) (%)’) £ 0,

s s s
where W denotes the Wronskian, and the dashes denote differentiation with respect
to a holomorphic coordinate in S2. In addition, the image of ) € HH§(52,Z3)
misses the subspace generated by {E1, Eo, E3} if and only if 7,/; has degree exactly
d. Tn other words, if we define PD/ (52, CP®) c P(C[2]4)7 by

PD/(52,CP%) = {1 : 2 — CP® of degree d satistying (2.18) and (2.19)},
then [10, Theorem 2]
{w € HH(S2, 24) : spanc { By, Bs, By} ¢ w(s%} =~ PD/ (52, CPY).
Now let let {i,j, k, €, i€, je, ke} be an orthonormal basis of R” = Im(0) satisfying

k=ix]j ie=ixe je=jxe ke =k x €
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(this is the standard basis of Im(Q)) and let E = {Ey, Ey, Es, E3, By, Es, E3} be
the basis of Im(0) ® C defined by

i+ e j—je k — ike
Ey=€¢ Fi=——— Ey= By =
020) 0 1 NG 2 NG 3 NG
. Elzi_iie B :j+ije E3:k+ike

NI

Then the basis E satisfies the properties above. If we let

N

HHg(SQ, Z3)pe =100 € HHZ;(SQ, Z3) : wo 1 is almost complex},

then [10, Proposition 6] (note that the constraint there does not have the factor
‘v/2” due to a different choice of the basis (2.20) and the ;)

(2.21) {¢ € HH/(S?, Z5)ac : spang { By, By, B3} ¢ 1/)(5*2)}
= {4 € PD/(S?,CP°) : iv2a; = 3}

This last statement immediately gives a lower bound on the dimension of the variety
Acg (52, 85) which will be used in Lemma 4.1 below.

We need one last observation regarding twistor lifts of maps f € Acg (52,89). If
Z: 8% — CP° is the directrix curve of f, and if g : §2 — CP** denotes the 24
associated curve of Z, then oy = Plo 1), where Pl : Z5 C Gr(3,C7) — CP* is the
Pliicker embedding, which has degree 2 [21]. Therefore

0y = deg(o2) = 2deg(v)).
Using (2.15) this implies that if Z is the directrix curve of f € Ac/(S2,59), then
(2.22) deg(Z) =d.

3. CROSS PRODUCTS AND CONGRUENCE

In this section we state and prove some results that will be needed in the next
sections and have an interest of their own. The first proposition gives a convenient
criterion, in terms of cross products, to check whether a harmonic map from S2 to
S6 is (4)-almost complex (we call a map f ‘(—)-almost complex’ if —f is almost
complex). As a byproduct we obtain all the cross products of elements in the
harmonic sequence of a (+)-almost complex map. In the second proposition we
show that if two almost complex maps are SO(7, C)-congruent, then they are G3(C)
congruent. Again, as a byproduct we obtain the cross products of the derivatives
of the directrix curve of an almost complex map.

The proofs are computational in nature. We will make extensive use of the
properties of the cross product given by (2.2), (2.3) and (2.4).

3.1. Cross products. This section is motivated by the following question: What
is a simple property that characterizes twistor lifts of almost complex maps? In
other words, HHZ; (52, Z3)ac is the subvariety of HH£(52, Z3) of maps that satisfy
which condition? Such a condition, namely the vanishing of the torsion ‘III’, was
found in [8, Theorem 4.7] (see also [7, Remark 4.1]). We find a slightly more general
criterion here.
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Proposition 3.1. Let f: S? — S% be a linearly full harmonic map and let z be a
holomorphic coordinate in S*. Then f is (£)-almost complex (i.e. f x f, = +f.)

if and only if
of 0%f 03f
SPAC 920 9220 928
1s closed under x.

af 8%*f 8%f

K4 ok .
I f):0,0Sj,k§2, SOSpanC{E,W,ﬁ

BDz7 ) BzF
is a totally isotropic subspace, and it has dimension 3 because f is linearly full.

. af 2°f *f\ _
Let fi, —3 <k < 3, be the harmonic sequence of f. Then spang =

0z 0227 023
Spallc {f17 f27 f3}
If f is (£)-almost complex, then it is of type (I) in the classification of almost

complex curves in [7], so it satisfies (see equations (4.3), (4.4) and (5.1) of [7])

Proof. Since f is harmonic, (

f X f1 = :l:lfl
(31) f X fQ = :l:lfg
[Xfs = Fifs

Differentiating (3.1) and using (2.6) it is easy to obtain
Ji X fa = %2ifs, Jix f3=0, fax f3=0,

which proves the ‘only if’ part of the lemma.

The converse is not difficult to prove but it is long. The idea is to use the
properties of the cross product and of the harmonic sequence. Suppose that f;x f, €
spang { f1, f2, f3}, 1 < j,k < 3. Note that fi x fa # 0 since otherwise, using (2.7)
and (2.3),

ofrx fo) _ AP _ AP
0z |fol2"" fol2'*

which is not possible since f1, fo # 0. Write f1 X fo = a1 f1 + asf2 + asfs. Then
(2.3) implies

0= fox x (fox f2)

0= f1 % (f1 X fa) = azf1 x fa +asf1 x f3
0= fax(f1x fo) =—arfi X fa+asfa x f3
Since f1 X fa # 0, az # 0. Therefore, writing

a a
H:= fi1 X fa, iy = ——, dos == —
a3 as
we have
(32) fl X f3 = dlgH and f2 X fg = d23H.
Now use (2.7) to find
ddas OH _ 0(f2 x f3) | fo]? |f2I?
B + d23 B B |f1|2f1><f3 e 1341,

which implies

. do 2
(3:3) %79z FERRRTAL

2
8H <8d23 |f2| d13> H
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Similarly,
Ody3 OH _ 9(f1 x f3) |f1l? |f3?
3.4 —H+d =— X H
GO g e = T e TR R
and
OH  O(fi x fa) |f1
Therefore

dasfo X f2=0 (mod H) and dszfox f3=0 (mod H),
so cross-multiplying these equations by fy and using (2.3) we obtain
dasfo=0 (mod fo x H) and dezf3s =0 (mod fo x H),
which implies do3 = 0 since fo and f3 are linearly independent, and then equation

(3.3) implies dy3 = 0. Therefore a; = as = 0, and using (3.2), (3.4) and the fact
that |fo| = 1, we have

2
f1 X fa =asfs, f1x fz=0, fa x f3 =0, foxf3——%asf3-

Next, use (2.3) to find

—f3=fox (fox f3) = (7“03'2 )202f3
| f11%[f2]? 3
1|f212

which implies a3 = h‘fl‘f Bt with h = £i. Therefore, so far we have

11212

foch =g

ED Jix f3=0, fa x f3 =0, Jox fs=—hfs,
and using (2.8),
Jo1 X foo=—hf_s, f-1 X fo3=0, fo2 X f-3=0, Jox f-3="hf_3.
Now, (2.2) implies

—2fo = f-3 % (fo x f3) + (f-3 x fo) X fa = =2hf_3 X f3,
and therefore f_5 x f3 = —hfy. Differentiate and use (2.7) to obtain

|f0|2 p9fo _ Nfsxfs) _ |

|f7 |2f—1_ 85 - 82 - |f2|2f—3><f27

then use (2.9) to find f_sx fo = ~hLUEEE ) anduse (2.8) to find f3x f_y = hfy.
Also,

0=f-2x(fsx fo2)=hf-2Xfi,
and therefore f_o x f1 = fo x f_1 =0.
Next, use (2.2) to obtain

2fs—fzx<fsxf2>+(fzxf3>xfz—h|fl||f|if22| foaxfo= h2|fl||f||€2| fos
This implies

2 2
et

and therefore H := f; X fo = 2hfs.



12 LUIS FERNANDEZ

Finally, equation (3.5) gives fo X fa = hfs, and differentiating,

| fol? | f2|? CO(fox f2a) L |f2l?
T gl h= T = e

which implies fo x fi = hf1 = £if1, as desired.

O

The following condition will be very useful when we compute examples in Section
5.

Corollary 3.2. Let E: S? — CP° be a linearly full holomorphic map and let &(2)
be a local holomorphic representation of =. Then = is the directriz curve of an
almost complex map f: S? — SO if and only if € x & = 0.

Proof. Suppose that = is the directrix curve of an almost complex map f : S? — S,
and let {f_3, f—2, f-1, fo, f1, f2, f3} be its harmonic sequence. If £ is any local
representation of Z, then £ is a multiple of f_3, and £’ is a linear combination of
f-s and f_o. Therefore £ x & is a multiple of f_3 x f_o, which was computed to
be 0 in the proof of Proposition 3.1.

Conversely, suppose that £ x £ = 0 for a given local holomorphic representation
. Since Z is holomorphic, the same will be true for any local holomorphic represen-
tation, so we can assume that £ x £’ = 0 for every local holomorphic representation
¢. Differentiating we obtain & x £” = 0. Then we can use equation (2.3) to obtain

0=Ex(ExE)=(£8)E~(69¢
0=¢"x(Ex&")=—(¢)" +(¢".¢")¢
0=¢x(Ex&)=-(£&)E+ (¢,
Since £ is linearly full, £, &" and £ are linearly independent except at a few points,
and therefore (£,¢®) = 0, for i = 0,1,2. Differentiating these expressions we
find
(3.7) €D, D)y =0 for0<i<j<3

which implies that Z is totally isotropic. Therefore = is the directrix curve of some
harmonic map f : S? — S% [1]. Note that, by the definition and properties of the
directrix curve,

of 0%f 03f af 0°f 03f
spanc {6.€.¢') = spne { g 50,58 b = {35250

so in view of Proposition 3.1 it suffices to show that spang {€, &', "} is closed under
x. Since £ x &' = Ex " = 0, it only remains to show that &' x &” € spang {£,¢',¢"}.
To this end, note that equations (2.4), (2.3) and (3.7) imply
(5,6’ X 5”) — (6’,5/ X é—l/) _ (5”,5/ X é—l/) — O
and
(€ x "¢ xg") =~ x(x")=0
which implies that spang {&, £, £", €’ x ¢} is a totally isotropic subspace of C”, and
as such it must have dimension at most 3. Since spang {¢, ¢, £} has dimension 3,

it follows that & x ¢ € spang {£,¢',¢"}.
O



ALMOST COMPLEX 2-SPHERES IN THE 6-SPHERE 13

Most of the cross products of elements of the harmonic sequence were computed
in Proposition 3.1. For future use, we find the remaining ones in the following
lemma.

Lemma 3.3. Let {f_s, f—2, f-1, fo, f1, f2, f3} be the harmonic sequence of f €
ACZ;(SQ,SG). Then the table of cross products (f; x fj)i; is given by

N -1 fo fi f2 /3
f-s| O 0 0 —if-s —2if_2 =2if-1 —ifo
J—2| 0 0 if -3 if-a 0 —ifo —ifi
fa 0 —if-3 0 if 1 ifo 0 —if2
fo | if-3 —if2 —if 0 if1 ifa —if3

f1 | 2if-2 0 —ifo —if1 0 2if3 0
fol2iry ifo 0 —ifs —2fs 0 0
I3 ifo ifi ifo ifs 0 0 0

Proof. Many of the cross products were found in the proof of Proposition 3.1. We
find the remaining ones here. Use formulas (2.7) and (2.9) to find

| f2]? _O(fsxfo) .0 fal?
TR =T T T

which gives f_3 X fi = —2if_o. Then use (2.8) to find
\f=slPIf1l?fs X fo1 = fo1 X f3 = 2if—5 = 2i|f_o| fo.

Using (29) and (36) we obtain f,1 X f3 = —ifQ, f,Q X fo = Z.f,Q, f,1 X fo = Z.ffl.
To find f_; x f1, differentiate fo x f; = if; and use (2.7) to obtain

_ 1fol? _O(fox 1) _0fr A
e = "oz = TRP

=2

f_27

9z 0z Jo
which, using (2.9), gives f_1 x f1 = ify. Finally, differentiate f_o x f1 = 0 and use
(29) to find f_2 X f2 = —ifo.

O

3.2. Congruence. The motivation is the following: if the directrix curves of two
linearly full harmonic maps from S? to S% are SO(7, C)-congruent, then they cer-
tainly have the same singularity type. Moreover, the set of directrix curves of
linearly full harmonic maps from S? to S with a given singularity type is a finite
union of SO(7,C) orbits [4]. Is this also true when we substitute ‘harmonic’ with
‘almost complex’ and ‘SO(7,C)’ with ‘G2(C)’?

This fact will be implied by the following: does SO(7,C)-congruence of twistor
lifts of almost complex maps imply G2(C)-congruence? Intuitively it seems that
this should be true. On the one hand its real counterpart is clearly true in view of
Proposition 3.1. On the other hand, if g € SO(7,C) and ¢ is the twistor lift of an
almost complex map with directrix curve expressed locally by [¢], then [g€] is the
directrix of the almost complex map whose twistor lift is g, and it is easy to see
that, if £ is suitably normalized,

¢ x&"=if and (g¢') x (9€") =i(g€) = g(¢' x &").

This implies that g preserves all the cross products of the form &'(p) x £”(p), p € S2,
which should include all possible cross products within a basis of C7.
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This heuristic idea is not easy to translate rigorously. Instead, we prove this
fact by calculating the cross products of the derivatives, up to order 6, of the
directrix curve. The proof is, surprisingly, an easy but lengthy computation using
the properties of the cross product.

Lemma 3.4. Let f,, =3 < p < 3, be the harmonic sequence of a map f €
AC£(SQ,SG), and let € = f_3. Then the table of the bilinear products ((€%),£0)));
of the derivatives of € has the form

(e ¢ ¢ ¢ v & 9

1o o o0 0 0 0 -1
& 10 0 o0 0 0 1 0
¢ 1o 0 0 0o -1 0 2b44
(38) o0 0 1 0 —2byy —3by
Do 0 -1 0 2bas Yy, 2bss
€410 1 0 2y by, o 2bss i
€6 | —1 0 2byy —3b), 2bss bis  2bgs

where b;; = (f(i),f(j) /2, and the table of cross products (§(i) X §(j))ij has the form

)

x | ¢ ¢ Y Y (OB (ORI 0
0
0

¢ 0 0 —i¢  —2i¢’  (C% (o6
¢ 0 it ie —ibué  C¥ 16
5// 0 —Zf 0 23 024 25 26
5/// Zf —Zf/ _023 0 034 035 036
5(4) 21-5/ ib44§ _0% o34 0 45 46
5(5) _COS _015 _025 _C35 _045 0 056
5(6) _COG _016 _026 _C36 _046 _056 0

where C¥ = 22:0 szﬁ(’“), and the complex functions sz depend only on the‘pmd-
ucts bi; and their derivatives. (Although we explain below how to find the C"7, we
omit their explicit formulas as they are not relevant for the remainder of the paper.)

Proof. First notice that if {f_s, f—2, f-1, fo, f1, f2, f3} is the harmonic sequence of
the almost complex map f, then

(3.9) €9 = fi_s mod (f_s, fo,..., fi_s).

Using (2.10), this implies that (€@, ¢0)) =0 if i +j < 6 and (€@, £0)) = (—1)"+!
if i + j = 6. Then notice that 0 = (¢3),£®3)) = 2(¢6) ¢®)) and use the formula
(€@ €Wy = (€041 ¢ 4 (£@) €U+ to find the remaining bilinear products.

To find the cross product table, notice that if £ x £€6+1) is known for 0 < i < k,
then £ x £U) can be easily found, for 0 < i + j < 2k + 2, using the formula

(5(1’) > 5(]’))/ — §(i+1) > 5(]’) _|_§(i) % §(j+1).

Hence it suffices to find € x €0+ for 0 <4 < 5.
Lemma 3.3 and equation (3.9) imply that € x & = ¢ x &’ =0, & x &' = i,
& x " =ig & x " =—ig, and L3 = 0 for k > 3. Therefore,

5// ~ 5/// _ L(2)3§ 4 L%sgl + L%Sg//'
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Use (2.3), (2.2), and (3.8) to find
0= 1" % (51/ % 5///) _ _L%Sg % 5// _ —iL%3§
0=

5 % (5// % 5///) (5/ % 51/) % §HI _ L%3§/ % 51/ +i§ % 5/// _ Z'ngf—l—f

which gives L33 = 0, L3* = i. On the other hand,
i€ = (€ x &) =" x g +& x e
and therefore & x £ = —[.23¢. Hence, using (2.2) and (3.8) again, we obtain
2baa€’ = €W x (€' x W) = LiPe x €W = —2L¢’
since & x €W = (€ x &) — ¢ x ¢" = —2i¢’; this gives L2 = ibyy, and therefore
€ % € = ibu +i€"

which, differentiating and using (2.14) gives &’ x €4 = it/ & + ibyu&’ + " and
€ x €W = —ibyé. To find £ x €W = 24 L3¢™ | proceed similarly to obtain

0 = Ex (&7 xEW)+(Ex ") x W = —iL3% - 2iL}¢ - 2¢,

0 = &x(&"xEW)+ (& x ") x W =il +iL3¢ — ibgy LI + baul
=W = x (¢ x €W) = iL{e — L' — L3 (ibua +i€")
LI LY'E + LY + L3 + L3¢ + L'¢™)
244" = €W x (€7 x €W) = 6L +ibyu L3 — L3 (ibl),€ + ibaal’ +i€"”)

—L3NL3'e + LY + L3¢ + L3¢ + L'€™)
which leads to
"o €W = ib2,€ + 2ibl & + 2ibys” + i@
To find £€*) x £0) = ZZ:O L5¢™) it is easier to use (2.4) as follows:
—Lg® = (6,69 x €)= (60, x W) = ~2i, s0 L = 2i.
3= (€W %O = (9, ¢ x W) =0, soLF =0.

—L4° 4 dbygi = (6", 6@ x €0)) = (€O " x €M) = ibyy — 2ibyy, so LI® = Hibyy.
L3 — 6blyi = (€7,6W x ) = (€©),6" x €W = 2ibly, + iblyy, so LY = 9ibly,
—L¥ +10ib3, + 4ibsg = (€@, W x 5)) =0, so L5 = 2i(5b3, 4 2byg).

LI — 13ibyably, 4 2iblsd = (€O, 6@ x €)Y =0, so L = i(13bysbly, — 20%s).
Finding Lg® is trickier: first find &7 x £€©) = (&7 x €®)) — ¢@ x ¢6) and then

calculate £(9) x (& x ¢(9)) as above. The result is
€W 5 €0) = i(=3b3, 4 2bgs — THZ, + 11bagb'), )& + i(Thaablyy + 2674)E’
+2i(2b34 + 3b],)€" + 9iblyy€” + 5ibaal™® + 2ig©.

Finally, finding £®) x £ is easy: compute £€®) x (€ x £0)) and solve for
£6) x £0) The long result is

€0) 5 €O = (1103, — 6basbes + 19baabZ — 3262,b7, — 302 + 26, b74)€E
+i (1563 4bly, + 9, bY, + 3bagbl))E 4 i (1103, — 2b6 + 25077 + basb))E"
+i(28bgably — UE" +i(1162, + b1,)EW + 5ib], €O + 5iby©®
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This result—mnamely that the cross products of the derivatives of the directrix
curve are completely determined by their bilinear products—has the following im-
mediate consequence.

Proposition 3.5. If ), x € HHf;(SQ, Z3)ac and x = g, where g € SO(7,C), then
g e GQ(C)

Proof. Let {fi}?__5 and {g;}3__5 be the harmonic sequences of 7 o1 and 7 o x,
respectively (see Section 2), and let £ := f_3 and ¢ := g_3. Then ¢ = g£. Write
€0 %@ =30 Lk and ¢ x ¢ =30 MI¢®). Then Lemma 3.4 implies
that the L} and the M,;’ depend only on the products (£, &) and (¢, ¢W).
Since () = g¢@ i >0, and g is in SO(7,C), (€@, £0)) = (¢, ¢W)) for all i, > 0,
and therefore sz = M,ij for 0 <i,j,k < 6. Hence

6 6
€W x g€ = ¢ x ¢0) = ZM]ijC(k) - ZLngﬁ(k) - 9(5(“ ~ g(j))'
k=0 k=0
Since £ is linearly full, this implies that g preserves all the pairwise cross products

of a basis, and therefore is in G2(C).
O

Corollary 3.6. If nonempty, HHg(S’Q7 Z3)Ac 18 isomorphic to G2(C).

Proof. Since G2(C) preserves cross products, Proposition 3.1 implies that G2(C)
acts on HHg(SQ, Z3)ac. This action is free since HHg(SQ, Z3) Ac consists of linearly
full maps. On the other hand, any two elements of HHé(SQ, Z3)ac are SO(7,C)-
congruent [1], and therefore G5 (C)-congruent by Proposition 3.5. Hence G2(C) acts

simply transitively on HHg (82, Z3) ac, and therefore these spaces are isomorphic.
O

4. DIMENSION
From Section 2 we know that
Acy(S?,5°%) = Ac§2)(52, SOy L Ac£(52, S (disjoint union).

Using the tools from the previous sections, we will now find the dimension of each
one of the components.

4.1. Linearly full maps. Recall [16] that Harm/(S2, S%) has two disconnected
components, denoted Harm£’+(52, 5¢) and Harm’ ™ (5?2, 59). Since the varieties
Harm£’+(52, S6) and HHZ;(SQ,Zg) are isomorphic as sets [1], we transfer the al-
gebraic structure of HHY(S?, Z3) to Harm’" (52, §6) making these two sets alge-
braically isomorphic. Similarly, since Acf; (S2,8%) c Harmf;’Jr(SQ, S6), we assume
throughout that Acﬁ; (52, S89) is algebraically isomorphic to HHZ; (82, Z3)ac by trans-
ferring the algebraic structure of the latter to the former via the isomorphism above.
Therefore, to find the dimension of Acg(S 2.55) we only need to find the dimension
of HHZ; (52, Z3)ac. It is very easy to get a lower bound, as follows.

Lemma 4.1. If nonempty, the dimension of Acg(SQ, S) is at least d + 8.
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Proof. Use (2.21): The dimension of the variety PDZ;(SQ,(C]P’G) is 2d + 9 [13, 14].
Since a; and 723 are polynomials of degree at most d, the condition V201 = Tog
imposes d + 1 additional (not necessarily independent) equations Therefore, the
left hand side of (2.21), which is an open subset of HHg(SQ, Z3)Ac, has dimension
greater than or equal to d+ 8. Hence, if HHZ; (52, Z3) ac is not empty, its dimension
must be at least d + 8.

O

To find an upper bound we use the following idea, which appears at the end
of [4]. Every harmonic map from S? to S® is determined, modulo SO(7,C) and
a finite number of choices, by its singularity type [2]. Thus, up to the action of
SO(7,C) and a finite group, every element of Harm£’+(52,5’6) is determined by
ro + 1 + r2 complex numbers, where rg,r1, 7 satisfy d — 12 = rog + 2r1 4 3r3 (see
equations (2.12) and (2.22)). The maximum of ro + r1 + 72 is then achieved when
r1 =19 =0, 7o = 2d — 12. Since the dimension of SO(7,C) is 21, the dimension of
Harm£’+(52, S6) should therefore be 2d — 12 + 21 = 2d + 9, which is correct.

The same idea was suggested by Bolton for the almost complex case: if Z is the
directrix curve of f € Acg (82, 5%) then, using (2.22), equation (2.17) reads

(41) d—6:2’l”0—|—7”1,

where 1o and r; are the total ramification degrees of = and the ﬁrst'associated
curve of Z, respectively. Hence, assuming that every element of Acé(SQ,SG) is
determined, modulo G2(C) and a finite number of choices, by its singularity type,
then we have ro +r; complex parameters, where rq, r; satisfy (4.1). The maximum
of ro +ry is then attained when ro = 0, 11 = d — 6. Since the dimension of G2(C) is
14, the dimension of Ac/ (52, $%) should be d — 6 + 14 = d + 8. We will now make
this idea more rigorous.

If b € HH/(S?, Z3)ac, let Z¥ : S2 — CP® denote the directrix curve of f =
7w o). Note that Z¥ is the only curve such that &,&,¢” € 1), where £ is a local
representation of Z¥. This implies that the map that takes 1) to Z¥ is algebraic; it
is in fact an isomorphism, but we do not need it here.

Let
Yap = {(201,--,20d0) € (S)% 1 205 # 20k, 1 < j < k < do}
Yo, = {(z11,...,214,) € (52)d1 c21 #F 2k, 1 <j<k<di}
and let ¥4, 4, = Xa, X Xq,. Let mg = (mo1,...,Mod,) and my = (m11,...,Mmiq,),
where the m;; are positive integers satisfying
(4.2) 2(mo1 + -+ + mog,) + m11 + -+ +mig, =d— 6.

Consider the subsets of ¥4, 4, X HHZ; (52, Z3)ac given by

Humg,m, = {(201, 3 20dgs 2115 - - -5 Z1d1s W) € Bdg,dy X HH£(527Z3)AC

Jo Jo
< ¥ A —9 ) Zmojzoj, (‘71 A —1> Zmlkzlk}
0

for any local representations 0'0 and 01 of the zeroth and first associated curves
ag’ and 011/’ of E¥, respectively, and where the parenthesis ( )o denotes the divisor of



18 LUIS FERNANDEZ

zeros, and 7 is any holomorphic coordinate in S%. Since the maps 1) — Z¥ and Z¥ —
0;-/’ are both algebraic, Hm,,m, is an algebraic subvariety of X4, 4, X HH£(S2, Z3) Ac-

If m; and 7o denote the projections over the 1%% and 2nd factors of Ydg,dy X
HHé(SQ,Zg)AC, note that mo(Hmg,m,) is the variety (actually, it is just a con-

structible set) of maps 9 € HH(J; (52, Z3)ac such that the zeroth associated curve

of Z¥ has dy singularities of orders mg1, ..., moq,, and the first associated curve of
ZY has d; singularities of orders mi1, ..., mo4,. Therefore
HH} (5% Za)ac = |J m2(Hmg.m:)
mo, M

where mg, m; satisfy (4.2), so the union is finite. Hence the dimension of the
variety HH(J; (52, Z3)ac is the maximum of the dimensions of the m2(Humg.m, )-

Theorem 4.2. When nonempty, the (pure) dimension of Acf;(SQ, S6) is d + 8.

Proof. In view of Lemma 4.1 and the paragraph before it, we only need to prove
that the dimension of HH£(52, Z3)Ac 18 at most d + 8. First we find the dimension
of Hmgy,m,- The dimension of 71 (Hmg,m,) C Lay,d, 15 at most do + di. Each fiber
of 71 is isomorphic to the set of maps ¢ € HH£(S2, Z3) Ac such that Z¥ has a given
singularity type. Since the set of maps ¢ € HHg(SQ7 Z3) with a given singularity
type is a finite union of SO(7,C) orbits [2], Lemma 3.5 implies that the fiber of
71 is a finite union of G2(C)-orbits, and therefore has dimension 14. Hence the
dimension of Hyny,m, is at most dp + dy + 14. On the other hand, the fibre of m
consists of all the permutations of the zg; and zy;, so it is finite, and therefore the
dimension of 72 (Hmy,m,) is at most do + dy + 14.

The maximum of dy+d; + 14 subject to the condition (4.2) happens when dy = 0
and all the my;, 1 < j < dy, are 1. In this case, di = d—6, so do +d; +14 = d+ 8,
as desired.

O

4.2. Non-linearly full maps. As explained in Section 2, if f € Holy (52, 52) and

h : H — O is a homomorphism of algebras, then ho f € Ac§2)(52,5’6), where
Hol, (52, 5?) denotes the variety of holomorphic maps of degree d from S? C Im(H)

to itself. It is easy to see that all the elements of Acl(f)(Sz, S6) have this form: let

fe AC;2)(S2, 56), and let V; be the smallest subspace of R” containing the image
of f. Then, if 2z = = + 4y is a holomorphic coordinate in 52, using subscripts to
denote derivatives, we have

Vf = Spanp {fv fza fy}
Since

X fa :fy7 I x fu = —fz, and f; X fu = faz % (f X fm) = (fmafw)f_ (fmaf)fma
the subspace Vy C Im(Q) is closed under x and therefore there is an isomorphism
of algebras h : H — R-1® V; € O. Then f = h™'o f € Holy(S? 5?) and
f = ho f. In particular, the set {V; : f € ACEIQ)(SQ,S’S)} is isomorphic to the
space of subalgebras of Q@ that are isomorphic to H. This is the homogeneous space
G2/S0(4), which has real dimension 8. Although we do not know whether the

space Acl(f)(S 2/59) is a complex variety, we will use complex dimension instead of
real in order to have a more compact statement.
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Theorem 4.3. The dimension of Ac((f) (52,85) is 2d + 5.
Proof. By the observations above, the map

p: AcP(S%,8%) — Go/SO(4) C Gr(3,R")
defined by

p(f) = 3-dimensional subspace where f(S?) lies
gives a fiber bundle with fiber Holy(S?,5%) (see also [14]). Therefore

dime (Ac? (52, 5%)) = dimg (Holy(S?, 5%))+dime (G2/SO(4)) = 2d+1+4 = 2d+5
O

It is worth noting the following curious fact: as opposed to the harmonic map case
(see [14]), the space of nonlinearly full almost complex maps has greater dimension
than the space of linearly full almost complex maps.

5. EXISTENCE AND EXAMPLES

In this section we construct examples of linealy full almost complex maps from
S? to SO of any degree d > 6, with d # 7. This is done by giving explicit formulas
for their directrix curves as in [1]. There cannot be linearly full, almost complex
maps of degree 7 because if d = 7, formula (4.1) gives o = 0, r1 = 1, so the map
would be one-point ramified, which is impossible by [5].

Let {Ey, Ey, Ea, E3, Ey, Eo, E3} be the basis described in (2.20). For reference,
we give the cross product table in this basis.

X | EO El EQ E3 El EQ Eg
E 0 iF, —iFs —iEs —iFy iFsy iFEs
Ei | —iE; 0 0 0 iEy V2E; —V2E,
E> | iFE, 0 0 V2E, —V2E; —iE, 0
Es; | iFE; 0 —V2E, 0 V2E, 0 —iEy
E, | iEy  —iBEy 2E; —2E, 0 0 0
E, | —iEy —\2E3; iE, 0 0 0 V2E,
Es | —iEs  V2FE, 0 iE 0 —V2E, 0

In [1], Barbosa finds examples of totally isotropic curves of the form
5 = aoEl+az,22€_2E2—I—a[,1?/_1E3+CLgZ€E0+CLg+1Zé+1E3+a[+226+2E2+a2g22éE1,

where z is a holomorphic coordinate in S?. Note that all of these examples have
higher singularities only at 0 and oo, and at these points ro = ¢ —3,r; =r2 =0, so
they cannot be almost complex because they do not satisfy (2.16). In fact, equation
(4.1) says that the generic almost complex curve has ro = 0 at every point. This
suggests that we try solutions of the form

5 = CL()El + aleQ + a[,12£71E3 + CLEZEEO + az+1zl+1E3 + a2[,122£71E2 + aggZQEEl.

This in fact works and gives solutions for even d = 2¢. By Corollary 3.2, it suffices
to solve the equation & x ¢ = 0, which gives an underdetermined system of 7
equations. One can actually take ag11 = az2¢—1 = ag¢ = 1 and solve for the other
a; to obtain

(¢ —2)%(L—1) (-2 (¢ —2)(t—1) iv2(0 —2)

Ty ) M 107 M e 7 s

ao W+ 1)
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Note that these examples have higher singularities only at 0 and oo, and ry = 0,
rp = £ — 3 at these points.

Finding examples for odd d = 2¢ 4 1 is trickier. The idea is to keep the singu-
larities at 0 and oo and create a single one at another point. This is achieved by
trying solutions of the form

&(z) = (bo + coz) E1 + (b1 + c12)z Eo + (be—1 + CE,lz)zPl Es+ (be + czz)zlEo
+(bg+1 + Cg+1z)zl+lE3 + (bzg_l + ng_lz)zzeflEg + (b% + ngZ)ZME_'l.

Again, the equation £ x & = 0 leads to an underdetermined system of equations in
the b;, ¢;. One can take by = by = ¢; = 1 and solve for the other variables to obtain

_ =3+ (e+1) =3+ D(+2)
CT Ty 0 YT T YT TS —ne
be=—iV2(L+1), ¢ = %G _;WJF D b= (- 1),

o (e—1)? . B 0+ 1)* (=32 (e +1)?
B Y L 7 () 1 Y D
U (A V[ (s VR (B[ e V(R V)

20—-1 L+2)(2¢—1)
Note that in the case d = 7 (so £ = 3) the coefficient ¢g is 0, and the solution
obtained has degree 6.

For d odd, the examples above have higher singularities at 0 and oo, with rg = 0,
r1=4£€—3,and at £/(3 —{), with ro =0, 1 = 1.

Theorem 5.1. Ford > 6, d # 7, the maps [¢] : S? — S© defined above are directriz
curves of linearly full almost complex spheres in S® of degree d.

Proof. 1t is clear that all the curves are linearly full and have degree d, so it only
remains to check that they are solutions of the equation & x & = 0. The expression
for £ x ¢’ in the even dimensional case is as follows: If

E=aoF1 4+ a1z LBy + ag— 12 1B+ agzeEo + z”lE + 22 LBy + zzeEl,
then
Ex& = (2ilag —i(20 — Day +iay +i(f — ag_y —i(£ + 1)ag_1) 2 Ey
\/5([ —1Darae—1 — V2aiap_1 — zfaoag) =1

+
+ ( V2ao(0 +1) +z€a1ag—m1a4) 2y

+ (\/5 (20— 1)ag — (€ — V)ag—_1as + ilay— 10%) 2w-2p,

+ (mitac+ V20 1)~ VR 1))

+ ( 200 — Dag_1 + 2v20ag_y — ilag +i(20 — 1)a ) B2

+ (—2\/_€CL1 + \/_Cbl —ilay + ’L(g + l)a[) ZzeEg.

It is straightforward to check that the solution does work.
We omit the much-lengthier odd-dimensional case.
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Corollary 5.2. The space Acg(SQ, S6) is empty if d < 6 or d =7, and nonempty
otherwise. Its pure dimension is d + 8.

Proof. For d < 6, the set Harm/,(S2, $%), and therefore Ac/(S2, S%), is empty [1].
The case d = 7 was explained at the beginning of this section. The remaining cases
are immediate consequences of Theorem 4.2 and Theorem 5.1
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