;“ THE RAMANUJAN JOURNAL, 7, 241-267, 2003
'~ (© 2003 Kluwer Academic Publishers. Manufactured in The Netherlands.

Estimating Additive Character Sums
for Fuchsian Groups

DORIAN GOLDFELD* goldfeld@columbia.edu
Columbia University, Department of Mathematics, New York, New York 10027

CORMAC O’SULLIVAN CO’Sullivan@gc.cuny.edu
Bronx Community College of the City University of New York, Department of Math & Computer Science,
University Ave. at West 181 St., Bronx, New York 10453

In memory of Robert A. Rankin

Received January 14, 2002; Accepted June 13, 2002

Abstract. In the usual construction of non-holomorphic Eisenstein series, for a general Fuchsian group, a
multiplicative character may be included. The properties of these series are well known. Here we instead include
an additive character and develop the properties of the resulting series. We pay particular attention to additive
characters that are non-cuspidal, i.e., that are not zero on some parabolic generators. These series may be used to
estimate certain additive character sums. For example, asymptotics for a weighted sum over group elements that
counts the number of appearances of a fixed generator of the Fuchsian group are obtained.
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1. Introduction

We begin with a brief review of some background material (see [14, 27], for example, for
more details). Let I' denote a Fuchsian group of the first kind, i.e., I' < PSL,(R) acts
discretely on the upper half plane $§ = {z € C | Im(z) > 0}, and every point on 35 is
the limit of some orbit. The most important examples of such groups for arithmetic are the
congruence groups. If we fix a fundamental domain § for I' then § will not, in general, be
compact, and will have cusps a, b, ¢, ... where the closure of § meets R=RU {o0}. We
assume, without loss of generality, that co is one of these inequivalent cusps with stability
subgroup ', = {£ ((1, )| m € Z}. At each other cusp a we introduce local coordinates
via the scaling matrix o, € SLy(R) so that 6,00 = a and

Faz{yeF|ya=a}=anmau’1.

We choose § so that it contains the upper part of the vertical strip between —1/2 and 1/2.
Near each cusp a the domain § looks like the above strip scaled by o.
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Next,let x € Hom(I", C*)and A € Hom(I", C) be multiplicative and additive ‘characters’
for I'. If x and A are trivial on I', then we can define the non-holomorphic Eisenstein series

Eiz,s,0) = Y x(Wm(o,'yz)", ze89, (1.1)
y€la\l'

Eu(z,5,A) = Z A()Im(o; 'yz2)", zeh. (1.2)
y€la\I

The series E,(z, s, x) with |x| =1 and y trivial on all parabolic group elements has been
understood since the work of Selberg [26]. Initially defined for Re(s) > 1 it has a mero-
morphic continuation to all s € C. It satisfies a functional equation relating values at s to
those at 1 — s. In addition, for Re(s) > 1/2 it is holomorphic in s except perhaps for simple
polesin (1/2, 1]. If x is trivial, then it has a simple pole at s = 1 with residue Vol(l"\.@)’l.
The importance of this series comes from, among other things, its role in the spectral theory
of automorphic functions [14] and its usefulness in deriving the analytic continuation of
various L-functions.

The series E,(z, s, A) is less well understood and is the focus of this paper. We show
that the series in definition (1.2) is absolutely convergent for Re(s) > 3. Note that while
E.(z, s, x) satisfies the automorphy relation

Eo(yz,s.x) = x(y")Ea(z,s,x) forall y €T, (1.3)
the corresponding relation with x being replaced by A is
Ei(yz,s, A) = Eo(z, 5, A) + A(y")Eu(z,s) forally €T, (1.4)

where E.(z,s) is the Eisenstein series with trivial chazracterzl. They are, however, both
eigenfunctions of the hyperbolic Laplacian A, = yz(;? + 3"’7), for z = x + iy, with the
same eigenvalue —s(1 — s).

Conjecture 1.1 The series E,(z, s, A) has an analytic continuation to Re(s) > 1 — €
for some € > 0. In this region there is only a simple pole at s =1. For |s — 1| > € and
Re(s) > 1 —e we have E (z, s, A) < (1 + |[Im(s)|)€ for some constant C = C. < 1 where
the implied constant may depend on z, A and T".

Conjecture 1.1 is now known in many cases. We need to distinguish between those
homomorphisms A that are cuspidal, meaning they vanish on all parabolic group elements,
and those that are non-cuspidal homomorphisms.

For A cuspidal it has been shown in [10, 19, 20] that E,(z, s, A) has a meromorphic
continuation to all s in C with a simple pole at s = 1. Furthermore, in this case, Petridis
[21] has just recently proved that, for z in a compact set, E,(z, s, A) is bounded on the
vertical line Re(s) = o for fixed 0 > 1/2, and |Im(s)| sufficiently large.

For A non-cuspidal, we do not yet have these results. In Section 6 we use the theory of
Selberg-Kloosterman zeta functions to obtain the continuation of E,(z, s, A) slightly to the
right of Re(s) = 1.



ESTIMATING ADDITIVE CHARACTER SUMS FOR FUCHSIAN GROUPS 243

A simple example of a homomorphism A in Hom(I", C) is the function that counts
the appearances of a certain generator in reduced words of the group. More precisely let

Y1, V2, - - -, ¥n b€ a set of generators for I' and suppose y in I" equals a product of powers
e €m :
of these generators yl.]' Y forej, ..., e, in Z. Then set
Log, (v) = > e
1<k<m
ir=j

This function is well defined provided it vanishes on the relators of the group, and it will
then be a homomorphism from I' to Z.

LetI" = I'g(11)/{=£1}. In Section 9 we will see that I" is generated by hyperbolic elements
A, B and parabolic elements Py, P,, satisfying the single relation ABA~'B~'PyP,, = I.
Explicitly we have

-7 -1 4 1 1 0 1 1
A: ,B: ,P(): aPOO: .
<22 3 ) <—33 —8) (-11 1) (0 1)

It may be seen that Log4 and Logg are in Hom(T", Z) and we will show in Section 9 that

Res Exo(z, 5, Log,) = Re(C/ n(w)zn(llw)zdw>,

= 00

where n is Dedekind’s eta function, and C ~ 0.171 4 0.394i. As a consequence of
Theorem 7.3 (which utilizes Petridis’ bound [21]) we obtain.!

Theorem 1.2. Let I = To(11)/{£1}, A = (3] '), C = 0.171 +0.394i. Then for fixed

z€Hand T — o0,

a b T z 2 2 1
Z Log, = —Re C/ n(wyn(1lw)* dw | + 0(T2).
c d y )
(4 0)ere\r

lez+d|*<T

This example is an illustration of the more general case where I" is a congruence group
and A is cuspidal. We have been able to derive formulas similar to that given in Theorem 1.2
with the product n(w)?*n(11w)? being replaced by a suitable modular form for the group
(see Theorem 7.3). If I" is not a congruence group or A is not cuspidal, we can still prove
some weaker statements (see Theorem 7.2).

Let S,(I") denote the space of holomorphic cusp forms of weight 2 for I'. If f(z) € S»(I")
then f(z)dz is a holomorphic differential form on I'\ $ and we define

vz
(v, f) = f(w)dw (1.5)

to be a modular symbol. It does not depend on z € § and clearly A = (-, f) € Hom(T", C).
For each cusp a we have A ;(y) = 0 for all y € I'; by [16, Proposition 11.1]. This shows
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that modular symbols are cuspidal. In the next section we see that modular symbols generate
all cuspidal homomorphisms.

It has been established in [10, 19] that for these special homomorphisms (modular sym-
bols) the series (1.2) is absolutely convergent for Re(s) > 2, has a meromorphic continuation
to all s € C, and a functional equation similar to that of E,(z, s, x). The continuation is
obtained by extending a method of Selberg based on Fredholm theory. These results are
expanded upon by Petridis [21] using the technique of expressing E,(z, s, A) as linear
combinations of

d
_EOt 59 Oy
7e (2,5, xe) .

for xe(y) = €7 with A ; the real and imaginary parts of A, j = 0, 1. Further references
are [8, 11].

2. Basic properties

Let I" be a Fuchsian group of the first kind acting on . Its elements are classified as hy-
perbolic, parabolic or elliptic according to their fixed points in £ U R. Hyperbolic elements
have two fixed points on IR, parabolic elements have just one and elliptic elements have one
fixed point in £).

If I'\$ has genus g, r elliptic fixed points in I'\$) and m cusps (the parabolic fixed
points) on F\R then by a result from [9], (see also [15]), we can describe I' as a group in
terms of 2g + r + m primitive elements. Explicitly there are 2g hyperbolic elements A;, B;,
1 <i < g, relliptic elements £, 1 < j < r and m parabolic elements P;, 1 <[ < m that
generate I'. For [A, B] = ABA~'B~! the relations are

[A1, Bi]...[Ag. BJE...E,P\...P, =1, EY =1

for 1 < j <r andintegers e¢; > 2.

Set V(I') = Hom(T", C) the C-vector space of functions A : I' — Csatisfying A(y1y») =
A(y1) + A(y») for all yy, y» € I'. Denote the subspace of functions that are zero on I'; by
Vu(I') and set

W) = () Va(D),

the cuspidal homomorphisms. We have seen that A ; € W(T") for f € S(I'). On our set of
generators A € V(I') must satisfy A(E;) = 0 and ), A(P;) = 0. Thus the dimensions of
V(I), Vo(I') and W(I') are 2g +m — 1, 2g + m — 2 and 2g, respectively, for m > 2. For
m = 0, 1 they all have dimension 2g.

Let M,(I") denote the space of holomorphic, weight 2, modular forms for I'. As be-
fore we call the subspace of cusp forms S,(I"). From [27, Theorems 2.23, 2.24] we have
dim(S,(T")) = g and dim(M, (")) = g if m = 0 and g + m — 1 otherwise.

Now, we shall restrict our attention to Fuchsian groups of the first kind with at least one
cusp,i.e.,m > 1.For A € V,(I') we define E,(z, s, A) using (1.2). A fundamental question
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arises: where does this series converge? To answer this question it seems necessary to express
A in terms of integrals of modular forms around closed curves in '\ . If f(z) € My(I")
then it has a Fourier expansion at each cusp a, namely

J(00, D)7 f(002) = ) calm)e™™ ™. 2.1)
n=0

If each ¢,(0) = O then f is a cusp form. The space M, (I") = S>(I") @ & (I") where & (T) is
generated by Eisenstein series. In fact we may choose a basis g1, . . ., g,—1 for &(I") where
each g; has constant term ¢,(0) = 1 at one cusp a, constant term ¢,(0) = —1 at another
cusp b and zero constant terms at all remaining cusps. We will prove this in Section 4.

In what follows we extend the definition of modular symbol (1.5) to include integrals
of modular forms, not just cusp forms. For g € M,(I") define (y, g) = fzyz g(w)dw. As
before, this makes sense for z € §) and is independent of the base point z.

Proposition 2.1. Let fi, ... f, be a basis for S»(T') and g, ... gm—1 the basis for (")
described above (we require the constant terms in the Fourier expansion of each g; to be
real at each cusp). Define A;, B;, C; € V(') as follows

Ai(y) =Im{y, fi), Bi(y)=Re(y, fi), C;(y)=Re(y,gj),

forl1 <i <gandl < j <m — 1. Then this is a basis for V(I').

Proof: Since the dimension of V(I') is 2g + m — 1 we need only prove these elements
are linearly independent. Suppose, to the contrary, that

(D @i+ Y biBi+ Y e,Ci) ) =0

for all y in I". By considering the real and imaginary parts of the above sum separately
we may assume a;, b;, ¢c; € R. By setting g,(w) = > a; fi(w), gy(w) = >_b; fi(w) and
ge(w) = > c;g;(w) we see that Im(y, g,) + Re(y, ¢») + Re(y, g.) = 0. Now for y,
generating I, we have Im(y,, q,) + Re(ys, g») = 0, therefore, Re(ys, g.) = 0 and the real
constant term of g, in its Fourier expansion at b must be zero. Repeating this argument
at each cusp we find that g. € S,(I") and hence ¢; = 0 for each j. We are left with
Im(y, q,) + Re(y, q») = 0. Set ¢ = —ig, + g5 so that Re(y, g) = O for all y € I'. This
implies that ¢ = 0, (see [16, Proposition 11.13], for example). Therefore, iq, = ¢, and
since a;, b; are real they must all be zero. |

We deduce that for any A € V(I') there exist p in M,(I") and ¢ in S,(T") so that

A)=(v.p+q9)+{v.p—q).
Thus we have proven a special case of the Eichler-Shimura isomorphism

MH(T) & S(I') = Hom(T', C)
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as R-vector spaces. For simplicity we set py = p + g and g5 = p — g then

A(y) =y, pa) +{V.qa), Wwith pr,gr € My(I). (2.2)

If A € W(T") then we have py, ga € Sa(T). Also if A € V,(I") then we can choose pj, ga
with zero constant terms in their Fourier expansion at a. This means that we can define

Pu(ZvA)Zf pa(w)dw, Qa(ZaA)Z/ ga(w)dw. (2.3)

If j(0y, 2) 2 pa(02) = Y ey Pe(n)e*™ "%, then

Z

Py(0,z, A) = f (00, w) 2 pa(oaw) dw
a‘;lu
7z o .
— pu(n)eZTrznw dw
X p=1

- i pa(n)ehinz.
=1

1
2mi ‘ n

Similarly Qq(0.z, A) = 5 Y00 2a® ,2minz_Quppose that the Fourier coefficients of py,

2mi n=1 n

g satisfy

Pa(n), qa(n) < n** (2.4)

for some R, then

2niM(y) = 2mi(Pa(y2) — Po(2) + Qa(y2) — Qu(2))
_ Pa(n) 2rinog'yz _ 2minog'z @ 72ninﬂ _ 727rinau_71z
D R e e E o D G )

n>0 n>0
&« |n|RA—1(e—2n\n\Im(ag‘yz) +e—2n\11\lm<ag‘z))
&, Im(a;lyz)f(RAﬂ) + Im(aa’lz)i(Rﬁs).
Therefore, if Re(s) = o,
Eiz.5.8) = Y AWIm(o,'yz)'
y€lg\l'
< Y oy m(e ) Y Im(os )
yelg\l' yela\lI'
= Ez,0 — Ry — &)+ Im((fa’lz)iRAigEu(z, o),
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which is absolutely convergent for o > 1 + Ry + ¢ and 0 > 1. So we have proved the
following result.

Theorem2.2. For A € V,(I")define ps, ga asin(2.2)and Ry asin(2.4). Then E,(z, s, A)
is absolutely convergent for Re(s) > max(1, Ry + 1).

If the nth Fourier coefficient (in the expansion at any cusp) of an element of some space
S is bounded by a constant times n’ we will use the notation B(S) < [.
Let k be an even integral weight. When I' is a congruence group Deligne proved that

B(S((T) < '%1 te

For the Eisenstein series in & (I") we can explicitly write their Fourier coefficients as divisor
sums, see [25] and [24]. Therefore, it can be shown that

B&EM) <k—1+e.

For I a general Fuchsian group of the first kind we have Hardy’s trivial bound

k
B(SuI) = 5.

This has been improved by A. Good [12] who obtained

k1
B(Si(I')) < 576

for k > 2. The same bound should be valid for & = 2 also. Finally, the analog of the trivial
bound for elements of & (") yields

B(&(M) < k.
These cases for k = 2 give us the next result.

Proposition 2.3. We have

if A e W), T acongruence group

+ €

+€ if A eV(T), I' acongruence group
if A e W), T a Fuchsian group of the first kind
if A e V), I' a Fuchsian group of the first kind,

Ry =

N = =) =

where the first two bounds are sharp.

Corollary 2.4. For any Fuchsian group I and any A € V(') the Eisenstein series
E.(z, s, A) is absolutely convergent for Re(s) > 3.
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Proposition 2.5. For any T" and any positive even integer k we have
B(M(I)) < k.

In other words the nth Fourier coefficient of a modular form of weight k is < n~.

Proof: Let Foo = {x +iy € 9 | % > |x|} and F the Ford fundamental domain for
'\$. Consequently, F = {z € Foo | 1 < |j(y,2)| forall y € T' — I',}. By the Fourier
expansion of f in M(T") (similar to (2.1)) we see that there exists Cr such that, for any
a, | f(042)] < Cry* as y — oo. Also, in a neighborhood of co f is bounded. Thus, for
w € F we have

f(w) <« max(1, Im(w) ™) (2.5)

for an implied constant depending only on I" and f.

Next, let z be any element of Fo, — F. Thereisa y € I' — 'y, such that z = yw for
w € F. By the construction of F we know that Im(z) < Im(w). We may also bound Im(w)
from above as follows. By [17, Lemma 4] we have (for any ¢, d € R)

y2

cz+dP? > (P +dH———.
| F=( )1+4|Z|2

Also, observe that since I' is discrete, the absolute values of bottom left entries of elements
of I' — 'y, are bounded from below, by Dr say (see [27, Lemma 1.25]). Therefore,

2
y o _yd+dz) 1

Im(w) =
() lj(y.2)I> = Dy? y

since |z| is bounded.
Noting that y*/2| f(z)| is " invariant we have, for z in F, — F,

V2@ = Im(w)?] f ()] < Im(w)*/> max(1, Im(w) ™)
< max(Im(w)*'?, Im(w) /%)
& y k2,

This proves that (2.5) is true for any w in $). Then for f(z) = Ziio a,e¥ "% we have

1 .
a, = e—2n/ f(x 4 l_>e—2ﬂinx dx < nk’
0 n

for n > 1. Finally, to show that the Fourier coefficients at another cusp a have the same
bound, use the fact that j(o,, z) 7 f(0.2) is an element of M (I") for I'" = o, 'T'o, and
apply the same reasoning. O
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3. Fourier expansions

WesetCop ={c >0 (% %) € aa’lFah} and label the elements of y by(%f{ J{z ). Forc € Cg

we define the Kloosterman sum

; a Ya
Swlm,n,e)= Y D), 3.1)

y€lo\og 'Top/ T
Ye=c

We shall also need the sum

_ i(nYa Yd
Sap(m, n,c, A) = > Aogyo, ) ePrietms), 3.2)
yelo\og 'Top/ Too
Ye=¢

The Selberg-Kloosterman zeta function is defined as

Sap(m, n, c)
CZS .

Zowm,n,s) = Z

ceCub

(3.3)

Replace Sqp(m, 1, ¢) by See(m, n, ¢, A) in (3.3) to define Z,,(m, n, s, A). These functions
occur naturally in the Fourier expansions of E,(z, s) and E,(z, s, A).

Ateach cusp E (0yp(z + 1), s) = E.(04(2), s). By the Bruhat decomposition we have the
following expansion

Eq(002,8) = 803" + Gas()y' ™ + Y du(k, )W, (k2), (3.4)
k50

where as before z = x +iy, W, (kz) is the Whittaker function 2+/[k[y K;—1,2(27 |k|y)e?™ik*,
and K is the Bessel K-function. Also 8,, = O unless a = b when it is 1. The coefficients
@qp are given by

Pan(s) = ﬁr(s)—lr<s — %)zahm, 0, s), 3.5)
Gas(k, ) = T () k" Zo(k, O, 5). (3.6)

See [14] Section 3.4 for these results.

As already mentioned, E,(0yz, s) has a simple pole at s = 1 with residue Vol(I'\$) .
Therefore, when k # 0, ¢up(k, s) and Zy,(k, 0, 5) are analytic at s = 1. Also ¢,p(s) has a
simple pole at s = 1 with the above residue.

The expansion for E,(z, s, A) is very similar to Egs. (3.4)—(3.6), but only for A in V, NV,
do we have E (0yx(z + 1), s, A) = E.(0p(2), s, A). In that case

E(042,5, A) = (s, My ™ + ) u(k, s, MW, (k2), 3.7)
k0
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for Re(s) > Ry + 1. Also

Gap(s, A) = ﬁr(s)—1r<s — %)zah(o, 0,s, A), (3.8)
Gk, s, A) = 7°T($) k"' Zep(k, 0, 5, A). (3.9)

We shall extend the domain of E.(z, s, A) in Section 6 by analytically continuing these
Fourier coefficients.

4. Constructing holomorphic Eisenstein series of weight 2

In this section we construct the basis mentioned before Proposition 2.1. The Eisenstein
series of even weight k > 4 is given by the absolutely convergent series:

Ea@= Y. jlo;'v.2)™" 4.1)

yelg\I'

For k = 2 the above convergence is only conditional. Given our knowledge of E,(z, s) we
may construct Eisenstein series of weight 2 in a straightforward manner. Set

d
Ea(z) = 2i lim — Eq(z, $), 4.2)
s—1 dZ

where % = l(% — idiy). This will clearly have weight 2 since dizyz = j(y,z)72. At the

2
cusp b
) - ... d
J(ou, 2) " Eq2(0p2) = 2i lm} aEa(sz, s). 4.3)

Recall Eq. (3.4). Differentiating the constant term of E, we get

Sapsy* 4 (1 — $)ap(s)y ™

which has limit §,, — i Vol(F\Sﬁ)’1 ass — 1.
For the other terms, with n # 0,

d d
2 lim - guy(n. $)Wy(n2) = Zid_z< lim ges(, $)W,(12))
d
= 2i (@, Wi (12))
Z
d . :
— 2i¢ah(nv l)_eZTrlnx—Z?T\n\y
dz

and this derivative is 0 if n < 0 and —4wne® " if n > 0. Putting these results together

1 > ,
7 (05, 2) Eq2(062) = 8ap — ;Vol([‘\ﬁ)’l — 47y nZy(n, 0, D (4.4)

n=1
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Any difference E,2(z) — Ep 2(z) will be holomorphic with constant term 8§, — &g, at
the cusp ¢. If I" has m cusps then m — 1 of these differences will form the basis for £(I")
required in Proposition 2.1. Also, note that any bound

Za(n,0,1) < n'*

for € > 0 would improve Proposition 2.3.

5. The residue of E,(z,s,A)ats =1

Assume for the moment that E,(z, s, A) has a meromorphic continuation to Re(s) > 1 — ¢
for some ¢ > 0. We will see that this can be justified for A € W(I"). Ats = 1 we necessarily
have a pole, see Remark 5.6 below. Let R,(z, A) = Res;—1 Ey(z, s, A). From (1.4) we have
Ri(yz, A) = Ro(z, A) + Vol(T\$H) 'A(y " forall y € I and all z € §. Also R,(z, A)
is harmonic with AR,(z, A) = 0. Now Vol(I'\$)) "' (= P.(z, A) — Qu(z, A)) has the same
properties so that P, + Q, 4+ R, is automorphic and harmonic.

To show that P,(z, A) + Q.(z, A) is bounded for z € § is not hard. Each of P, and Q,
are linear combinations of integrals of cusp forms, which are certainly bounded, and terms
of the form h(z) =Refaz g(w)dw for g € M;(y) with Fourier expansions as in (2.1). Thus

op(2)

op (i)
h(opz) = Ref gw)dw + Ref g(w)dw
a op (i)

Z
=M, + Re/ Jj (o, w)_zg(obw)dw

z OO
= M, +Re f Zcb(n)ezni”w dw
i p=0

o0
cp(n) o
= N, + ¢,(0)x + Re E — e
— 2min

where M,, N, are constants. The last line follows since ¢,(0) € R. Therefore h(oyz) is
bounded as y — o0o. This shows that P, 4+ Q, is bounded on §. Note that the only functions
that are automorphic, harmonic and bounded are the constant functions. We have proved
the following.

Proposition 5.1. If E,(z, s, A) is meromorphic at s = 1 then it has a pole there and
ResEa(z, s, A) = —Vol(T\$) ™ (Pu(z, A) + Qa(z. A) + Ua(z, A))

for Py, Q, as defined in (2.2), (2.3) and U,(z, A) an automorphic and harmonic function.
Furthermore, U,(z, \) is constant if the residue R, is bounded on §.

When A € W(I') we can find the residue exactly. In [19] the case A = A ¢ for f € S(I")
is treated. There it is shown that E,(z, s, A) has a meromorphic continuation to all s € C
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with Fourier expansion (3.7) at each cusp. At s = 1 the Fourier expansion of the residue
shows thzﬂt is bounded on § (see also [20]). For A ; the same theory applies since we may
consider E (z, 5, A). We obtain:

Proposition 5.2. For A € W(D') the Eisenstein series E,(z, s, A) has a meromorphic
continuation to all s € C. At s = 1 it has a simple pole with a residue that is bounded on §.

It follows that U,(z, A) is constant. By letting z — a we can show that it is actually zero
with the following lemma.

Lemma 5.3. We have ¢q.(s, A) = 0.

Proof: The Kloosterman sum S.,(0, 0, ¢, A) is zero since if ¢ € Cy, ¥ € cru“Foa and
Ye =ctheny~! € 0, 'To, and (y 1), = c also and they both contribute a total of 0 to the
sum. Similarly if y is its own inverse. Hence, recalling Section 3, we have ¢,,(s, A) = 0
for Re(s) > 3 say and the lemma follows by analytic continuation. O

We have proved the following.

Proposition 5.4. For A € W(I') the Eisenstein series E.(z, s, A) has a simple pole at
s = 1 and (see (2.2), (2.3)),

ResEq(z, s, A) = —Vol(M\9) ™ (Pa(z, A) + Q(z, A)).

Note also that E,(z, s, A) has a functional equation similar to that of Theorem 4.1 in [19].
For A ¢ W(I') complications arise because we cannot take advantage of a simple Fourier
expansion at each cusp.

Remark 5.5. Lemma 5.3 gives the entries on the diagonal of the ‘scattering matrix’
®ap(s, A). In [6] it is shown that

b 2is dxdy
Pab(s: Ap) = —Pap(s) /a fydw — —— /r " Y F@E_ka(z $)Ep(z, D=5

for

o k

yET@\T |j(au_l7/’ Z)

see (3.5) and (3.8). This corrects an earlier formula in [5]. How does this generalize to all
AeVgn Vb?

Remark 5.6. If E,(z, s, A) with A € W(T") has a pole of order n > 1 ats = 1 then

Eo(z, 8, A) = A_(z, A)(s = D"+ A pa(z, A)s — )" -
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and A_,(z, A) is automorphic, harmonic and, by examining its Fourier expansion, bounded.
It is, therefore, constant, and by letting z — a as before, this constant must be zero. This
shows that the pole at s = 1 must be simple. Since E,(z, s) has no poles in Re(s) > 1/2,
except perhaps in (1/2, 1], a similar argument to the above shows that E,(z, s, A) is also
analytic for all values of s in Re(s) > 1/2 except for possible poles in (1/2, 1].

6. Analytic continuation using Selberg-Kloosterman zeta functions

Theorem 2.2 may be improved by using results for the Selberg-Kloosterman zeta function
that was defined in Section 3.

Proposition 6.1. For A € V,(I'), Py, Q. as in (2.2), (2.3) and R, as defined in (2.4)
the Fourier coefficients of the series E.(z, s, A) have analytic continuations to Re(s) >
RA /2 + 1. For congruence groups this can be improved to Re(s) > R /2 + 3/4.

Proof: Recall the notation from the beginning of Section 3. For y in I with ¢ =y, > 0
and z = =% 4 * we have yz = % 4 . Therefore,

2niA(oayo, ") = 27i(Pu(0ay2) — Pa(042) + 0a(00y2) — Qa(042))
Z Pa(k) zmk(Vﬂ+ ) _ p2mik( gl ))

k>0
9a(K)  orik(Ey D) omik(ii)
+ Z T(@ ¢ ¢/ — e ¢ ¢ )
k>0
— Z pa(k) =2 72715@ 27'[1"”’)
2 k] ’
20

where, for convenience, we define p,(—k) = ¢q.(k) for —k < 0. Then, from (3.2) we
have

i(nYe 4 Y
2miSqa(m, n, c, A) = ZZJTZA o’ayo—;l)eZﬂt(n%+de)

_ pu(k) —er\k\ o 7kyd+n?/1,+myd 2niky¢1+ny{,+llzyd
kT e

k20 y

Z pa(k) =2zl (Sea(m — k,n, c) — Sea(m, n + k, ¢)).
iz Ikl

Use the representation
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where the integral is from u — ioco to u + ioo with u > 0, to write

Zau(mv ns Sv A)
Pa(k) Z 2l <Saa(m —k,n,¢)  Seua(m,n+k, C))
= _— e c —_
i Ikl c® c®
_ L[y 0y Y (S kO Suma ko),
271 ) |k| c2s—w c2s—w
#0 ceCqq

1 r ok
= — (W) Zp( )<Zau<m—k,n,s— E) —Zau<m,n+k,s— E))dw.
2mi Joy Qm)v =z |k|kw 2 2

Now for I" an arbitrary Fuchsian group of the first kind we have by elementary estimates that
Zqaw(m, n, s) is absolutely convergent for Re(s) > 1, see [15]. In fact Z,,(m, n,s) = O(1)
for Re(s) > 1 4 ¢ where the implied constant depends only on I" and ¢ > 0. Therefore,

|T'(w)| 1
Zao(m,n, s, A) <</ dw
a @ (zﬂ.)u g{: |k|u+l—RA

forRe(s) —u/2>1+¢e¢andu + 1 — Ry > 1. In other words Z,,(m, n, s, A) = O(1) for
Re(s) > Rp/2+ 1 + & with the implied constant depending only on I" and ¢ > 0 as before.
For congruence groups we have that Sg, (1, 1, ¢) < ¢!'/?>*¢ by Weil’s bound. Therefore,
Zyw(m,n,s) = O(1) for Re(s) > 3/4 + ¢. This gives the improvement Z,,(m, n, s, A) =
O(1) forRe(s) > 3/4 4+ Rx/2 + €.
These results show that the Fourier coefficients ¢qq(s, A), @ua(k, s, A) of E (0.2, s, N),
given by (3.8), (3.9), are analytic functions for Re(s) in the above ranges. O

These estimates may also be used to show that E,(z, s, A) is of slow growth for s in
vertical strips.

Proposition 6.2. Let

|k|s—1
X(z,8) = Wi (kz).
(2 9) ; o) xi(5)Wi(kz)

Suppose s = o + it is in the half plane 1/2 < oy < o and y > 0. If |x;(s)| < C for this s
and for all k then we have

X(z,8) <y (14 y oV + 1))

with the implied constant depending on o, C and ¢ > 0.
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Proof: The Bessel K-function K, (y) for y > 0 and w € C has the following integral
representation

1 o0 -y 1
K, (y) = 5/ e (D=1 gy 6.1)
0

and it can be seen to be an entire function of w. Using (6.1) we can show that for w = u +iv
and u > 0 we have

Ky < T +2)2+y e, (6.2)

For Re(w) > —1/2 we also have the expression

Koo = ——raw (2 [T oW, 6.3
w()’)—ﬁ(w+/); A W[. (6.3)

Consequently, we obtain

1 2\" [ 1
IKw(WI < ﬁ“‘(w + 1/2)|<;) /0 mdl
2)“ I'(u)

1

Therefore, for y > 0,0 < ¢ < Re(s) and s = o + it we have the two estimates

Ko 10 lkly) < 24 Qrlk|y) 7~ 12)e2m Ky,
Ky 1pQ2mlkly) < |T(s)| k|27 yl/2=e,

the implied constants depending on € and o . The first has exponential decay as y — oo and
the second has exponential decay as |f| — oco. We employ a combination of these bounds
depending on the parameter 0 < r < 1. We have

|k|s—l |k|a—l

1/2—0 1/2—c1—r
I xk($)Ws(kz) K oY kI y[IT(s)I1k] y el

x [+ @rlkly) ™"~ )e 2y
— yl—a—r/2+ra|1—~(s)|—r|k|—r/2+r<7(2 + (27T|k|y)—0'—]/2)r e—27r\k|yr.

Note that 2 + Q2 |k[y) """ <2+ y™*"2and ), , [k[“e™* « v 'T'(u + 1) for
u, v > 0 so that

2(2 + (27.[|k|y)—a—l/2)r|k|—r/2+r(re—2n|k|y
k0
<A+ y 'y Qryry?7r(A = /2 + r0),

for 0 < r < 1. This means that

el
2

X(z,8) < Q)" 'T(r(o — 1/2) + Dy (1 + y o2y |t 71D,
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Now for [t| < e choose r = . It follows that

X(z,8) Ky O (1 4y o 1/2E,

wltlr e, .
For || > esetr = % < ¢ and note that |[f|" < e and e I =e7 implying

X(z,8) <y O (1 +y o V8.

By (3.7)—(3.9) we have

I'(s —1/2)

Eu(UaZ, s, A) = ﬁ F(S)

Zaa(0,0, 5, A)y'™*

|k|371
$Zaa(k, 0,5, NYW(kz).
+ k%éo O (k,0,s, A)W;(kz)

Proposition 6.1 demonstrated that Z,,(m, n, s, A) = O(1) when Re(s) > R for a particular
constant R depending on I". Thus

IT(s = 1/2)|

Eo(042, 5, A) € ————=y'"7 + X(z, 5)
IT(s)|
1 1- - —o—1/2
K ———=y"T +y (L 4+ y A + ).
1+t

Putting all this together we obtain:

Theorem 6.3. For A € V,(I") the Eisenstein series Ey(z, s, A) has an analytic continua-
tion to Re(s) > R and in this domain we have

Ei(0az,5, A) < Y7 +y (L + y AL + e (6.5)

with s = o + it and ¢ > 0. The implied constant depends only on R and ¢, for R any
constant satisfying

{ RA/243/4 forT' acongruence group,

(6.6)
Ra/2+1 for general T’

where R, is defined in (2.4).

To make things clearer we combine (6.6) with Proposition 2.3 and get, for I'; a congruence
group and I'; an arbitrary Fuchsian group of the first kind

. { 1 if A e W(I')) R- {3/2 if A e W(I') 6.7)

5/4 ifA eV’ 2 ifA e V(I).
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7. Estimating additive character sums

From Theorem 6.3 we know that E,(z, s, A) < [t|® as t = Im(s) — Foo for Re(s) > R as
in (6.7), the implied constant depending on z and R. Thus
R+ioco Ts 1
I(ZvR’T) = 5. Eu(Z, S7A) s ds
271 Jr—ico Im(acflz) s(s+1)

(7.1)

is absolutely convergent. Now E,(z, s, A) as defined in (1.2) is absolutely convergent for
Re(s) > Ry = R + 1 by Theorem 2.2. We have

1 Ro+ioco T5 1
-1 K
— Im(o, 'yz2) 5 ds
270 JRy—ico Im(o;'z)" s(s + 1)
1 Ro+ioco Ts 1

= 5 2s ds
270 JRy—ico |j(a;1y%’0;12)| s(s+1)

_, il yow o9’

or 0,
T
depending on whether T > |j(o, 'y 0,, 0, '2)|? or not. Set
Ju(z. T, A) > am(t li(osvow o) (7.2)
a Za £ - )’ T .

yela\l
lj(og ' you.0q ' D)2 <T

the sum we are trying to estimate. Then J,(z, T, A) = I(z, Ro, T). Since I(z, R, T) =
1(z, Ro, T) by moving the line of integration, (see Remark 5.6), we obtain

Ja(0az, T, A) = 1(002, R, T) < (v' 72K 4y )1 F
by substituting (6.5) into (7.1). So we have proved
Theorem 7.1. For A € V,(I") and J,(z, T, A) as defined in (7.2) we have
Ja(0az, T, A) < (v 720 4 y )T *
for R as in (6.7).

Thus, for example, if I" is a congruence group we may take R = 5/4 + ¢ and in that
case

Ju(0az, T, A) K (y73/37¢ 4y 13/4=e) /4t (7.3)
This is improved to
Jo(0a2, T, A) K (y7' 70 4+ y 77T, (74)

for A € W(I") where the implied constants in (7.3), (7.4) depend only on ¢ and A.
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With Conjecture 1.1 we can move the line of integration to Re(s) = 1 — € and get

ja(z, T’ A) = Ru(z3 A)ZI + I(Zv 1 - €, T)

_r
m(o;'z)

This gives

Theorem 7.2. If we assume Conjecture 1.1 then

-T

Tz, T, A) = 2Im(0,~1z) Vol(I'\$))

(Pa(z. A) + Qu(z. A) + Ua(z. A)) + O(T' ),

as T — oo where the implied constant depends on z, A and U". The functions P,, Q. and
U, are as in Proposition 5.1.

If A is cuspidal and T is a congruence subgroup then we may use Petridis’ bound [?] to
obtain a much stronger unconditional result.”

Theorem 7.3. For A cuspidal and T" a congruence subgroup

z : -T 7 1
A = Pa y A a s A 0 T§+e
yera\r ) Im(UJIZ)VOKF\fJ)( @A)+ Qulz, A+ O(T*™)

lj(og ' vou.0q ') <T

as T — oo where the implied constant depends on z, A and . The functions P, and Q,
are as in Proposition 5.1.

Proof: We use the well known integral transform [1, p. 243] [6]

1 c+iY ys
~_ . _dS:(S(y)_I_g(Y’yvc)
270 Jo_iy S
where ¢ > 0,
0 if0<y<l,
1
s(y)y=4{= ify=1,
6)) 5 by
1 ify>1,
and the error £(Y, y, c) satisfies
n_lL ify #1,
&,y ol < Yllogyl
c
= ify=1.

Y
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It follows that

2+ TS ds
E.(z,s, N)—————
o N Ty

— Z 5(1/, - T 2).

yeTa\r j(o7 0w o 12) P

Aly) = E

T
> o+ )
yerar \j(o7you 0,712)]

2—-iY

We will later choose Y to be approximately T*. Shift the line of integration in the above
integral to the line Re(s) = % + € for some small € > 0. Since E,(z, s, A) is bounded for
Re(s) > % + € (by Petridis [20, Theorem 5]) it follows that the horizontal integrals are
bounded by O(T?/Y) while the vertical integral on the line % + € satisfies the bound

1 I+et+iy Ts ds
~_ - Eu(Zssv A)Iis_
2

1
T:*logY.
27Tl l+€7iY m(o'u_l ) S << g

The residue of the pole at s = 1 gives the main term in Theorem 7.3. To deal with the error
sum Zyef‘u\l" EY, ——L—— 2) we break up I',\I" into three subsets:

T T
ljog ' yoa.0q ' D>’

T
SI(T) =3y e\’ =1y,
1 i (o5 1y ow o 12) [ }

T
$2(T) = yy € T\’

€ (0,e U e, oo)},

i (07 0w o 12) |

T
S3(T) = yy € T\l

e, Hu, e)}.

\j(a{lyﬂu» OL;IZ)|2

In order to get some control on the size of the above sets we use the following lemma.

Lemma 7.4. For any Fuchsian group of the first kind T and any z in $) there exists a
constant C = C(I', 2) so that for any T > 1 we have

#ly € To\T' | |log (T - Im(o, 'yz))| = C} < log T

with the implied constant depending only on T" and z.

The proof uses the hyperbolic geometry of ) and we postpone it until the end of this
section. For now we just need to know that the hyperbolic distance between z, w in §) is

lz —w|+ |z — w]
lz—w| — |z —w|

p(z, w) = log
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See [14, chapter 1] for example. This implies that p(i A, i B) = |log(A/B)| for A, B > 0.
We shall need the following equivalent formulations of Lemma 7.4:

#ly e TAT | [log (T]j(0, yoe 0,'2)| %) < €} < log T, as)
# {y eI\l ’p(%, iIm(a;‘yz)) < C} < logT,

where C = C(T, z) as before.
It is now clear that S; has O(log T') elements and thus

T log T
> e(r- 7)< 2L
yeSy|(T) ](UJIVUa, U(ll)

Alsoif y € (0, e~']1U [e, 0o) we have |log y|~! < 1 so that

T T2 T?
E Ely, 2K —E(2,2) € —.
Y —1,)? Y Y

yESNT) jlos'yoe, 07 12)]

The sum over y in S; can be large if T|j(0, 'y o, 0, '2)|7> ~ 1. We replace T by U so
that this expression is bounded away from 1. Precisely, by (7.5), there exists a U with

i i C
P<7a U) = T (7.6)

such that for all y € T',\I" we have

0 L ilm(o; 'yz) ) > ¢ (7.7)
U’ ¢ TlogT’ '

Note that (7.6) implies that |T — U| < C < 1 and (7.7) implies that

log< v )
li(o7 vow 07 2) [

for all y in T';,\I". Therefore,

) g(x
yeSz(U)

Assembling these results we have demonstrated that for large 7 we may find U within a
bounded distance of T so that

U
> 8( : 2)A(y)
}/EFQ\F ’](Ou_1y0a7 O—a_lz)}

= v 0. (z. M) %+e
B Im(aa—lz)vol([‘\f))(Pﬂ(Z’ A)+ Qu(z, A) + O(U=*) (7.8)

-1
L TlogT <« UlogU

U U3logU

Y

U3logU
2,2> < T E(2 ) <

jlow!yoe 0712
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where we chose Y = U*. Now replacing U by T on the left-hand side of (7.8) introduces
O(log T') extra terms in the sum by (7.5), (7.6). From Section 2 we have

7RA7£

A(y) < Im(o; 'yz2) & TRate,

For A cuspidal and I" a congruence group we have Ry = 1/2. Thus
> Ayy= ) ¢

yelg\I' yelg\I' (‘j(%_ll/am Ua_lz)‘

lj(og ' yoa.0q ' DP<T

2>A<V>+0<T%+€>.

Finally, replacing U by T on the right of (7.8) introduces only a bounded constant and we
obtain the theorem.

It only remains to prove the lemma. Recall the fundamental domain F C F, introduced
in Proposition 2.5. We simplify the exposition by replacing the cusp a by co. Take z in the
interior of F. Choose a radius 2C so that the hyperbolic ball centered at z of this radius
(denoted B(z, 2C)) is also contained in F. Since I" acts by isometries on the hyperbolic
space $) we have

U Bwz20) c 7.
Y€l \I'

a disjoint union. This observation already leads to an elegant proof of the absolute conver-
gence of E(z, s) for Re(s) > 1, see [24, Section 1.4].
If we look at the horizontal line segment L = [—1/2+i/T,1/2+i/T]in Fo we see
that any y in T'oo\I" with p(7, ilm(o !y z)) < C musthave B(y z, 2C) intersecting L. The
. . 2
hyperbolic length of L is log(1 + W) <K logT so

i, _1 logT
#1y € Too\I|p ?,llm(ooo yz) <(Ci <K T K logT,

establishing (7.5) as required.

8. Application to I'y(4)

Let I' = I'p(4)/{£1} be the image of the Hecke congruence group of level 4 in PSL,(Z).
Then I'\ $ has genus g = 0, no elliptic fixed points and m = 3 cusps which we may take
to be 0o, 0, 1/2. Their stability groups are I's, I'g and I'y o which are generated by

p 11 P 1 0 4P 1 -1
oo—Ol,o—_41,an 1/2—4_3,

respectively, and we may take oo = () ), 00 = (3 ~¢/*)and oy, = (5 ).
Also I' is generated by these three elements with the single relation Py, PyP;» = 1. So,
in effect, I is freely generated by two of these, say Py, and Pj. Define A, Ag so that
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Aoo(Poo) = Ao(P()) =0 and AOO(P()) = AO(Poo) = 1. Also set A1/2 = Aoo — Ao. Then,
for each cusp a, V,(I") is one dimensional and we may take the basis element to be A,.

Since g = 0 there are no weight 2 cusp forms but M;(I") is 2 dimensional. A basis may
be found as in Section 4. It is simpler in this case to use a holomorphic function G,(z) that
almost transforms as a weight two function on the full modular group,

Gy(2) = ﬁ + Za(n)ebrmz’
n=1

where o(n) = de d. This is described for example in [28]. It turns out that fi(z) =
G1(z) — 2G1(22) and f2(z2) = Ga(z) — 4G4(4z) are two linearly independent modular
forms for I'g(4). The constant terms in the Fourier expansions of f; and f; at oo are 1/24
and 1/8, respectively. For the expansion of f; at the cusp O we need to calculate

700, )72 fi(002) = (22) 72 (G2(002) — 2G2(2002)) .

IfS = (§ ') thenweknow [28] that G2(S2) = j(S, 2)*Ga(2)— (S, 2)/(4ni) = 22Ga(2)—~
z/(4mi). Also o9z = S(4z) and 200z = S(2z) so we obtain

G2(002) — 2G2(2002) = G2(S(42)) — 2G2(S(22))

= (42)’G,(4z) — 2(22)*G1(22)

and j(00, 2)"> f1(002) = 4G2(42) — 2G2(22). Similarly j(00, 2) fa(00z) = 4Ga(4z) —
G1(2). The constant terms of f; and f, at O are —1/12 and —1/8. Thus, if we set

Jo =241 =8f2, fo=-24f1 +16/,

then the constant terms of f, (and fj) at the cusps o0, 0, 1/2 are 0, 1, —1 (and 1, 0, —1),
respectively.

By Proposition 2.1 we know that A is a linear combination of the real and imaginary
parts of the modular symbols (y, fx), (v, fo). We must have po, = foo/2 = qa., and
Aso(¥) = (¥, foo) /2 4+ (¥, foo) /2 where

fo) =16 ) am)e™.

n>1,nodd

Therefore,

Pales A) = O ) = [ ftwy2du =5 3 T

n>1,nodd

Theorem 7.1 implies that

- |j(y,z>|2>

I ToA) = 3 Aoo(y)<1 .

y€l\I'
lj(r.P<T

<<6 (y73/276 + y715/478)T5/4+8. (81)
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Theorem 7.2 (depending on Conjecture 1.1) implies

_ B l—¢
Joo(2, T, Axo) = 2yV01(F\.‘7J)(POO(Z, Ax) + Qoo(z, Ao) + Us(2, Axo)) + O(T )
= _zT ( Z we_z’”‘“V sin(2rnx) + ZUOO(Z, Aoo)> + O(T'™),
Yy n>1,no0dd 8

(8.2)

where Uy (z, Ax) has yet to be determined. The result for Jy(opz, T, Ag) is similar.
We conclude this section by giving two more proofs of the fact that F'(z) = Pxo(z, Aco)+
O0(z, Aco) has the correct transformation property when z — Poz = — 17,

F(Poz) = F(z) = Aoo(Po) = 1.

Our justification is that these proofs are independently interesting and may also prove
valuable in extending our ideas as we shall see in the next section.

Note that F'(Pyz) — F(z) is independent of z. Instead of examining F' near the cuspz = 0
we take z = (—1 4+ i)/4. Then Pyz = (1 +1i)/4 and

F(Pyz) — F(z) = ;—6 Z ?eﬂ”"/“ sin(wrn/2).

n

Lemma 8.1. We have

where x(n) = sin(ztn/2) is zero unless n is odd, in which case x(n) = (—1)%.

Proof: Define the Dirichlet L-function

o)

L= X’E”).

N

n=1

Then

1
L(s, OLGs + 1, 0) =Y X(:l) >

" dm
and we obtain

1 r ad —n
() L(s, x)L(s + 1, x)ds = Z ?eTx(n),

n=1

2mi ) (]T/Z)S
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where we integrate along the line Re(s) = 2. To evaluate this integral we employ the
functional equation for L:

() (3 o= (2) r(33)
-\r Lis,x)=|— r L —s, x),
T 2 T 2

and the duplication formula to get

2\°T 1
E(s) = (;) #L(s, OLG + 1, %)

2\ Tl — )
= —<—) TL(—S, XL =5, x) = —&(—s).

T

Moving the line of integration to Re(s) = —2 we pick up the residue of £ at s = 0,

1 1 L, x? =«
5= | £(6)ds = SResot(s) = —L(o, OLA, ) = — 22 = %
i 2 2 T 16
We used the fact that L(1, x) = 7, see [7]. O

It was pointed out to us by Bruce Berndt that Lemma 8.1 also follows quickly from a
result of Ramanujan. Part of entry 15 in chapter 14 of Ramanujan’s second notebook [2,
pp- 262-263] gives

Z n )sech(an) +Z n )sech(,Bn) /4 (8.3)

n=1 =1

for o, B > 0 with «f = 7%/4. To derive Lemma 8.1 from this observe that

sech(nyr /2) Z e /2
—Z )
n(1+ e

00 7)17'[/2 o

Z( l)m —mnw

— i Xf/ln) i X(m)efmnnﬂ
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The lemma now follows from (8.3) with « = B = 7/2. The first published proof of (8.3)
appears in [18]. A proof in [3, Proposition 4.5] which generalizes (8.3), and may be used
to deduce a wide class of interesting identities, comes from the transformation formula of
the generalized Eisenstein series

o0

G(z, 83 X1, X251, 12) = Z

m,n=—o0

x1(m)x2(n)
((m+rp)z+n+nr)

as z goes to yz for y in I'g(1). Here x, x» are primitive characters of modulus k, the
numbers ry, r, are arbitrary reals and z is in $. Also Re(s) > 2 initially but G may be
analytically continued to all s in C. The above sum excludes m = —r) and n = —r,.

To prove (8.3) Berndt uses the special case x; = x = x,r1 =1 =0,s =0andz = %
mapping to ’71 = % See [3].

9. Application to I'y(11)

For I' = T'g(11)/{£1} the Riemann surface corresponding to I'\$) has genus g = 1. For
generators we may take

-7 -1 4 1 1 0 I 1
A= ’ B= 9 P0= 9 POO= 9
22 3 —-33 -8 —11 1 0 1

and they satisfy the relation ABA~'B~'PyP,, = 1 as in the description at the start of
Section 2. We have m = 2 cusps at 00 and 0. Set 0o, = (3 ) and 09 = (_fig _'/(;/ﬁ).

The dimensions of V(I"), Vo(I"), Vo (I') and W(I'") are 3, 2, 2 and 2, respectively. We may
take basis elements of these spaces to be A4, Ap and A, where Ay = Log,, Ap = Logy
and A satisfies Ayo(A) = Ago(B) = 0 and A(Ps) = —Ax(Py) = 1. (Recall our
definition of Log from Section 1.)

The space M,(I") contains the Eisenstein series g(z) = G2(z) — 11G,(11z) and the
newform f(z) = YAQR)A(I1z) = n(z)*n(11z)* for A the discriminant function and 7
Dedekind’s eta function. The Fourier expansions of g and f are

5 = 2min
g() = §+2dzde : ©.1)
n= n
11td
o a4 11(c?4d?
f(Z) — Z X(abcd)627nz(4+b 2141( I ))’ (92)
a,b,c,d>1

where x is a primitive character defined by

1 forn = +£1(12)
x(m)={—1 forn==+5(12) (9.3)
0 otherwise.
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The formula (9.2) follows directly from Ramanujan’s expression for the Dedekind eta
function

o 2
N2 =Y x(me ),
n=1

which, in turn, may be proved using the Jacobi triple product formula [4, p. 29]. It can
be seen that (P, g) = 5/12 = —(Py, g) and (P, f) = (Py, f) = 0. The values of
(A, ), (B, ), (A, g)and (B, g) are not as easy to find. Using (9.1), (9.2) their values may
be computed to arbitrary precision. It would be interesting to find them exactly, perhaps
using ideas from the proofs of Lemma 8.1. We find (see also [16, (11.6)]) that (A, f) =
u + vi = —(B, f) where, approximately,

u +vi = —0.23217787565035 + 0.10100046729715i.

Employing Proposition 2.1 as in the last section we have py, = g, = (ﬁ - 4%) f and

Res Eoo(z, 8, Ag) = —Vol(T\9D) ™ (Poo(2, Aa) + Qoo An))

-1 1 [ ‘
“atel(a ) L)

yielding Theorem 1.2. Similarly ps, = ga, = —(ﬁ + ﬁ)f‘
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Notes

1. Since writing this paper an error has been found in Petridis’ bound. The correctresult [22, 23] proves E(z, s, A)
has polynomial growth in [Im(s)| for 1/2 < Re(s) and z in a compact set. Let ¢ be a smooth, compactly
supported function on R*. By standard contour integration techniques, (see [6], for example)

2 z o]
S tog ((“0)) (1) Z Tke Cf n<w>2n<11w)2dwf Y(rdr + O(TH),
cd T y 0

oo
(@ byersrr

With the appropriate choice of 1 theorems 1.2 and 7.3 may be recovered but with error term O(T 7€), see
[22,23].
2. See the above note.
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