PROPERTIES OF EISENSTEIN SERIES FORMED
WITH MODULAR SYMBOLS

CoORMAC O’SULLIVAN

Abstract. In this work a new kind of non-holomorphic Eisenstein series, first
introduced by Goldfeld, is studied. For an arbitrary Fuchsian group of the first kind
we fix a holomorphic cusp form and consider Eisenstein series constructed with the
modular symbol associated with this cusp form. We develop the theory analogously
with that of the usual Eisenstein series starting with its meromorphic continuation
to the entire complex plane. A functional equation is then obtained relating the
values at s to those at 1 — s.

Introduction

Let H = {z € C : Im z > 0} be the upper half plane and let I' C SLy(R)
be a fixed non co-compact Fuchsian group of the first kind, (for example I'(IV),
['o(N)), acting on H. For simplicity assume that I' has a unique cusp at infinity

with stability group
1 m
e e (1 M) mes).

For each v in I'" we shall label its matrix elements <7ya ’Zb> . Let f(z) be an
d

element of Sy(I"), the space holomorphic cusp forms of weight 2 for I". Following
[Go] we define a modified Eisenstein series

(0.1) E*(z,5)= > (7. f)Im(yz)°, z€H,
YET o \I

where for v € I' the modular symbol is given by

(v, [)=—2mi h f(r)dr,

w

the definition being independent of w € H. Note that since (172, f) = (71, f) +
(72, ) the series is not automorphic. The transformation rule is

E*(vz,8) = E*(2,8) = (7, [ ) E(z, 9),

for all v € I" where E(z,s) is the usual Eisenstein series for I'.

This new type of non-holomorphic Eisenstein series was introduced by Goldfeld
in order to study the distribution properties of modular symbols (~, f ) as  ranges
over the group I'. The series (0.1) converges for Re(s) > 2 and Goldfeld hypoth-
esised that it should have an analytic continuation and a functional equation. In
this paper Selberg’s method, (described in [Iw], [He]), is extended to establish the
following results.
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Theorem 0.1. The FEisenstein series E*(z, s) defined by equation (0.1) for Re(s) >
2 has a meromorphic continuation to the entire complex s-plane.

E*(z,s) can also be expressed using its Fourier expansion. This will be built up
from a number of parts:

e a generalized Kloosterman sum

* mi(nle 4mld
S(m,n,f;c): E <7af>62 (ng+m=)
YEL o \T'/Too
Ye=¢C

deﬁnedforcGC':{c>O: (i :) EF},

e the K-Bessel function

1 [ - 1
Ky(z)= e WFu)yv =L du  for Re(z) >0,
2 Jo

e lastly the Whittaker function (from now on z =z + iy, 2’ =2’ + iy’ ...)
Wa(nz) =2n|y2 K, 1 (2n|nly)e* .

Then, using Bruhat’s double coset decomposition, we have that

(0.2) E*(z,8) = ¢*(s)y' ™ + Z 6" (n, 5)Wa(n2),
n#0
(0.3) with  ¢*(s) :\/Er(lf(;)i) Z S*(O;S; VE 0)7
CEC

(0.4 o) =pglal' ™t 5 =t 0 fi)

where ¢*(s) and ¢*(n,s) are meromorphic for s € C by Theorem 0.1 since they
occur as Fourier coefficients of E*(z,s). The conventional functions F(z, s), ¢(s)
and ¢(n, s) are defined similarly - just replace each occurance of the modular symbol
by 1. Now we are in a position to state the functional equation

Theorem 0.2. E*(z,s) satisfies,
O(s)E™ (2,1 = 5) = E*(2,5) — ¢"(s)p(1 — s)E(z, 5)

for all s € C and
P(s)p*(1 —s) = =™ (s)o(1 — s)
where ¢*(s) is defined by (0.3) for Re(s) > 2

These results are first steps in developing the theory of these series. As discussed
in [Go2], estimating sums of the form

(0.5) > w)( f)
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with weighting factor w and f in So(I") allows us to uncover information on Gold-
feld’s conjecture, see [Go3], which is equivalent to Szpiro’s conjecture on elliptic
curves and implies a version of the abc conjecture.

In a further paper I will describe the behaviour of E* on the critical line Re(s) =
1/2. Tt has infinitely many simple poles on this line at points corresponding to the
discrete spectrum of the Laplacian A on the space L?(I'\H). The residues of these
poles are Maass forms. These ideas should lead to precise estimates for series such
as (0.5).

The method we use to prove Theorem 0.1 generalizes naturally to more general
series of the form

(0.6) E™(zs) =Y (v, f)"{(7,9) Tm(y2)*,
YET o \I'

for example, with f, g in So(T"). It can be shown using the same ideas and induction
on m + n that E™"(z,s) has a meromorphic continuation to the entire s-plane.
It also satisfies a (complicated) functional equation relating values at s and 1 — s.
This allows us to consider higher moments of (0.5).

Acknowledgement: This work was done as part of my Ph.D. thesis under the
guidance of Dorian Goldfeld. T would like to express my deep thanks to him for
introducing me to such a stimulating area and for his continuing help and support.

1. Preliminaries

More generally let I' C PSLs(R), (or —1 € I' C SLy(R)), be any fixed non
co-compact Fuchsian group of the first kind. I' has a finite number of inequivalent
cusps. By conjugation we may assume oo is a cusp and that its stability group is
I'o as defined earlier. We shall denote by F the Ford fundamental domain for T
This consists of the closure of all points z in H exterior to the isometric circles of
elements of I" and contained in the vertical strip {z € H : 0 < Re(z) < 1}. See
[Ka], Chapter 3. The finite set F N R gives us inequivalent representatives for the
remaining cusps. For each cusp a,b,c, ... introduce scaling matrices o4, 0y, ... .
These are elements of SLo(R) that satisfy

0,00 =a and a[lFaaa =T.

It shall be useful to break up F into cuspidal zones labelled F(Y") for each cusp
a and a central, compact region F(Y):

FoY)={z€F:Imz>Y},
Fo(Y) = 0Foo (Y),

F(Y)=F — | JFa(Y)

where the union is taken over all cusps.

Note that each scaling matrix o, is determined up to translation on the right,
so they can be chosen to ensure that F,(Y) C F for large Y. The invariant height
of z will be denoted y(z),

(1.0) u(2) = max max {Im o 1~z)
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and we see that
FY)={z€eF:y(z) <Y}

In other words, the closer z is to a cusp, the larger the height.
Define j(v, z) = 7.z + 74. Let x be a one dimensional unitary representation of
I', singular at every cusp, i.e. with

1 1\ _
X<0a<0 l)aal)zl for each a.

Let f(z) be a fixed holomorphic cusp form of weight 2 for I". Define the generalized
Eisenstein series

Ei(z,s,x) = > xX()(v, f)Im(o,'y2)*, z€H.
YET\T

As a concrete example, think of E} (z,s) = EX (z,s,1) for I' = T'o(N). It equals

* % y°
(2 ) ) et

where f € S3(I'g(N)) and the sum is over all coprime integers ¢, d, with 0 < ¢ and
N | e
These series transform with a shift: for all y € T’

Ey(vz,8,x) = X() Eq(2,8,x) = X7, f)Ea(2,8,X)-

E(z,s,x) is absolutely convergent for Re(s) > 2 and holomorphic in s there. This
can be seen with the following result.

Lemma 1.1. For ally €T, z € H and any cusp a

(v, f) < Im(o;ty2)"t + Im(aglz)_l,

where the implied constant depends only on I' and f.
Proof:

Yz

(v.fr==2mi [ f(z')d

oL vz
=— 27m'/ g(z")d2'

1
a R

where g(2') = J(oaz)

= J(0a,2)? is a cusp form of weight 2 for o To,. We have the Fourier

expansion

g(Z/> _ i bn627rinz/
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and by an elementary result [Sh]|, Lemma 3.62, b,, < n. Therefore
Uglfyz 0
_ . 2minz’ /
(7. f)= 27”/1 [ane ] dz
a % n=1
oo Ugl’yz
=—2mi Y b, / 1
n=1 o
- _ i b_n <e27rina;1'yz . eZwina;12>
n
n=1

oo
< Z <6—27rn Im(o;tvz) + e—2mn Im(a;12)> .
n=1

. ’
/
eQﬂ'znz dz

a R

. -z 1
Using 1= < . completes the proof. M
i
| [vel
(7, f) < |7Ve|]- This can be improved to |y.|21¢ for congruence groups, see [Go].

Remark. In particular, for a« = oo and z = —Yy—d + we obtain the bound

We know that the usual Eisenstein series

Ba(z,5,x) = Y x(MIm(o;'y2)°
YET AT

is absolutely convergent (and uniformly convergent on compacta) for Re(s) > 1.
Thus Lemma 1.1 gives us immediately

Corollary 1.2. The modified Eisenstein series E}(z,s,Xx) converges absolutely and
uniformly on compacta for Re(s) > 2.

Next, to describe the Fourier expansion of E}(z,s, x), we need the Kloosterman
sum

* — — mi(nde +mld
Sab(m7n7X7f;C): Z X(O‘a’yab 1)<0'a'70'[,1,f>€2 (nigE+m-g)
Y€l \o 7 T0p /Too

Ye=C¢C

defined for ¢ € Cyp = {C>O: (z I) Eaa_lFab}.

For Re(s) > 2 we can write the Fourier expansion of E¥(z,s, x) explicitly

(1.1)
E:(szv S5, X) = QSZB(S?X)yl_S + Z ¢§b(n7 S, X)WS(TLZ),

n#0
(s — L . _
(1.2) with  ¢%, (s, x) :ﬁ% 3 Sab(o,gésx,f,c)’

ceClap

* _71'_5 s—1 S:b<n7O7X7f;C)
(13) gbab (na S, X) _]—\(g\ |7’L| Z :

~28
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By comparision,

(14) Eﬂ(o-bza S, X) = 6abys + (bub(sv X)yl_s + Z Qsllb(na S, X)WS(TZZ)
n#0

where, as before, ¢qp is obtained from ¢7, by replacing the modular symbols in S},
with 1s. The analytic continuation of this series, for general I', was first demon-
strated by Selberg, see [Se|, Theorem 7.3 for example. The following statement is
based on [Iw], Prop 6.1:

Theorem 1.3. Given ¢ > 1 define the vertical strip
S={seC:1—-c<Re(s) <c}.

Then there exist functions Aq(s,x) Z0 on S and Aq(z,s,x) on H xS such that the
following hold:

(1) Aa(s,x) and Aq(z,s,x) are analytic in s of order <8,
Aa(S,X)Ea<Z,S,X) = Aa(Z,S,X) fO’l" 1< R'e(‘S) S G
(B: + (1= s))Aa(z,8,x) =0,

)
)
) Aa(vz,8,X) = X(7)Aa(2,8,x) for ally €T,
) Aa(z,8,Xx) is real analytic in (z,s),

)

where the implied constant depends on n,s and I'.

So we see that (ii) allows us to represent Eq4(z,s, x) as the quotient of analytic

functions % on an arbitrarily wide strip S. Our goal is to develop similar

results for the new series E*.

2. Constructing an Integral Equation

We begin with some growth estimates that we shall need to establish equation
(2.1), the main result of this section.

Lemma 2.1. For z € H and 0 = Re(s) > 1 we have
Eq(062,8,X) < ia +y°
Y
the implied constant depending on o and T.
Proof: First, for y > 1, using the Fourier expansion (1.4) we see that
Ea(opz,8,x) <y’
For z = x 4 1y define Z = x + 4. Then it’s easy to show that
Im(2)Im(yz) < Im(y2)
when y <1 and v € SLy(R). Thus, for y <1,

’Ea(abz7SaX)yU| S Ea(Ubé,O') <1. i
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Lemma 2.2. For z € H and 0 = Re(s) > 2 we have

Ei(opz,8,X) < + ot

ya+1

the implied constant depending on o, I' and f.

Proof: We’ll use the result of Lemma 1.1:

(v, f) < Im(a;lfyabz)_l + Im(o;labz)_l.

’Ea(abz>3>X>’ < Z ‘(’y,f>|1m(0';1’7052)0

’yEFu\F
I —1 o
< > (Im(a{lvabz)"_“r T(U“_YUBZ) )
eTT m(oy 0p2)

E
= Eq(0p2z,0 — 1) + —a(a_blz,a)
Im(oy "0p2)

Finally with Im(o;'052)"' < y~! +y one obtains the lemma. B

The Laplace operator on the hyperbolic plane is given by

0? 0?
8= (g2 57)

If p(z,w) is the hyperbolic distance between two points z and w in H we define

(cosh p(z,w) — 1),

1
u(z,w) = 3

and we can derive the simple formula

( ) |z — wl|?
ulz,w) = ——.
’ 4Im zImw

This metric is more convenient to work with. We need the Green function

1
 Ar

o) /O (H(1 — )" (¢ + u) =" dt

for u,a > 0. This function is discussed in [Iw], §1.7. It is smooth except for a
logarithmic singularity at 0,

Go(u) = ;—; log(u) +O(1) as u—0

and we have easily that G,(u) < u™® for a > 1. The analytic continuation of

/7 N *11 1. 1 41 e 4T g T Y
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Theorem 2.3. If 6(z) : H — C is an eigenfunction of /N with eigenvalue X\ that
satisfies 0(z) K y7 +y~7 for o >0 then, when a > o + 1,

—0(w)

m:/HGa(u(w,z))Q(z)d,uz

where from now on duz will mean the hyperbolic invariant measure dxdy/y>.

Proof: The condition a > o + 1 ensures the integral is absolutely convergent; use
the bounds

1
Ga(u(z,w)) EGi
R =

Yy
EREs

assuming that z is not close to w, the implied constant depending on w. Thus

(A+a(l—a)) / Gao(u(w, 2))0(z) duz

H

= /HGG(u(w, 2))(A+ a(l — a))0(z) duz
_ /HGa(u(w,z))(Az +a(l - a))0(z) dpe.

As in the last part of [Iw], Theorem 1.17 we divide H into a disc U and its comple-
ment V. The integral over U disappears as we let its radius go to zero. Applying
Green’s formula to V' and using the equation

(A, +a(l—a))Galu(z,w)) =0

proves that

—0(w) = /HGa(u(w, 2) (A2 + a(l — a))b(z) duz. |

In fact a stronger result (which we won’t use) may be proven.

Theorem 2.4. If0(z) : H — C satisfies 0(z) < y”+y~7 for o > 0 and has partial
derivatives up to order 2 with similar bounds then, when o < a,

—(Aw +a(l - a)) /HGa(u(w, 2))0(z) duz = 6(w).

Now we can exploit the fact that E¥(z, s, x) is an eigenfunction of the Laplacian,
N E(z,8,x) = s(s —1)E%(z,8,X),
along with Lemma 2.2 and Theorem 2.3 to write

_E;(Z737X)
(a(1—a)—s(l—s

= [t B s

for 2 < Re(s) < a — 1. The next Lemma will be used to break this integral up into
pieces.
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Lemma 2.5. Let I" be a discrete subgroup of SLa(R) with fundamental domain F.
If f is any integrable function on H with [ |f(2)|duz < co then

/f duz—/nyz duz.

el

Proof: Use Lebesgue’s theorems on monotone and dominated convergence. W

Since

/ Galulz, ) B2 (5, )] duz’ < oo
H

for Re(s) <a—1

—E7(z,s,
(Cl(l _ CL)(— S iC_ S /ZG Z PYZ (72/787X) dMZ/

/ZG u(z,72" ) )XV (Bi(2',8,X) — (7, f ) Ea(Z, 5, X)) dpz’.

Therefore, for 2 < Re(s) < a — 1 we get

—E¥(z,8,X)

(2.1) (a(l—a) —s(1 —3)) /G 2,2, X)Ei (7, s, x) duz’

+/GZ(2,Z’,X)Ea(2’,8,X) dp’
F
where, for z # z/(mod T)

Ga(2,2,%) =D X(7)Galu(z,72))
zix(v)G (u(yz,2")),

Gi(z,2',X) Zx Ga(u(z,77"))
zgx M F)Galul(yz, 2)).

Proposition 2.6. Let ', = {y € I" : vz = z}. Then, for a > 1, the function
Go(z,7',x) : HxH — C is continuous except on the diagonal z = z'(mod I") where
we have, for some fized v € T,

-1 _
Ga(z,2',x) = 5 log |v'z — 2'| x(?") Z x(v)+0@1), asz —~'z
YEL:

For a > 2 the function G%(z,2',x) : HxH — C is continuous except at pairs (z, z")
where we have 2z’ =~"z and (7', f) # 0, in which case

* _ 1 I o—( 1 / / /
Gi(z2,x) = 5= log |z = 2'IX(V)(7, [) D x() +0(1),  as 2’ =7z
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Proof: Start with any zp,z{ € H. Let D,(2) = {w € H : u(z,w) < r} denote
an open hyperbolic ball. By [Sh], Prop 1.7 we can choose ¢ > 0 such that if
(Y20, 20) < 2¢ for any v € I then in fact vz = 2o (and the same for z{). Fix an
ordering of I' = {~; };eny with u(7izo, 2) < w(¥it+120,2}). From [Iw], Lemma 2.11
there exists a C' so that

(22) #{v €T 1 u(y20,29) < R} < C(R+1).

Let ® be the finite set {v1,72,...,7n} C I' with u(vi20, 2;) < 2¢. Consider the

series
[ee) [0 @}
1

Z ‘Ga(u(7i207zé)))’§ Z W for a > 1.
1~0y <0

. . u
i=N-+1 i=N+1

It is absolutely convergent for a > 1 by (2.2). Now for any z € D./s(20), 2’ €
D, /2(zy) we have

N oo
Ga(z,2',x) = ZG“ u(viz, 2')) + Z Go(u(riz, 2"))
=1 i=N+1

= S1(z,2") + Sa2(2,2'), say.
The terms in Sy are continuous and converge uniformly because

|Ga(u(viz, 2'))| < u(viz,2') ™% < (u(yizo, 25) — €)™
< 2%u(viz0, 7)) ¢

so Sa2(z,2") is continuous at (2o, 2(,). S1 can have a discontinuity at (2o, 2;) only if
there is some 7" € I with 4'2p = 2{,. In that case 'T",, = ®. So

Si1(20,2') = > X(7)Galulyz0,7"))

’YE’Y/FZO
-1
= D XM leglu(v'z0, )+ 0(1) as 2 — 2 =720
’YE’Y/FZO
—1
=5 log |y 20 — 2')] Z X(7) +0(1) as 2" — 2, =72

YEY'T 20

as required. The result for G* is proven similarly. W

3. Applying Fredholm Theory

We must carry out some modifications to equation (2.1) before we can use the
next result.

Theorem 3.1 (Fredholm). Assume [, duz’ =V < oo and that K(z z) is

7 71 1 71 °* 3 7171 MY ..M 41 f£ 1T N o—= N g1 YN T I
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entire in X with the following property. If f(z) is any bounded integrable function
on IF and if g(z) (defined on IF) satisfies

9(2) -I-)\/Kzz "Yduz'

then g(z) is uniquely determined and given by the formula

g(z) = /DA 2,2 ) f(2') duz’
when D(X) # 0.
Proof: See [Iw] A4. W

Our situation is slightly complicated by dependence on a parameter s that will
be contained in a compact set S C C. K(z,2') = Kq(z,2") so D(A) and Dy(z,2')
vary with s. Also f(z) = f(z,s) and A = A(s), where f, A and K are analytic
functions of s on S. If g(z, s) is analytic in some neighborhood S’ C S and satisfies

(3.1) g(z,8) = f(z,8) + )\/Ks(z,z’)g(z',s) duz' Vse§
F
then by the theorem
0(2.8) = (2.5 + 55 [ Dale ()

for all s € §', where D(\) # 0. (We have assumed that K(z, 2’) and f(z, s) are uni-
formly bounded in S.) But the right side of this last equation will be meromorphic
in the larger domain S. This is how we shall achieve the analytic continuation.

To get (2.1) into the right form we first eliminate the singularity at z = 2’ of
Gu(z,2',x) by taking the difference

Gup(2,2',x) = Gulz, 7', X) — Gy(2, 2, X), b<a

and similarly set G, = G, —G}. With Lemma 2.6 we can see that these new series
are continuous on H x H. We obtain

E; (2,8, X)Vab(s) /Gab 2,2\ X)Ei(Z, s, x) duz’
(3.2) +/G2b(272/7X)Ea(Z/737X) dpz’,
F

when vg(s) = (a(l —a) —s(1 — )7t — (b(1 —b) — s(1 —s))~! and 2 < Re(s) <
b— 1. The kernel Gy(z, 2/, x) can be estimated in cuspidal zones using its Fourier
expansion, see [Iw], Lemma 5.4:
Gab(o-uza szla X)—(2CL - 1)_1(y/)1_aEb (0-1127 a, X)
+(2b = 1)1 (y)! " Bo(oaz,byx) < e WY

c ! < < xr
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Following [Iw] we replace Gau(z, 2’, x) by a truncated version
GY(z,2,x) :HxF —C

which is bounded in 2’. If 2/ € F(Y) then set GY, (2, 2', %) = Gab(z, 2’, x) otherwise
if 2/ € Fu(Y) then

(3.3) Gapr(2,2',X) = G5 (2,2, X)+(2a — 1) ' Im(oy '2/) "B (2, a, )
—(2b— 1) Mm(o, ') T By (2, b, X).

Consequently

GV (0az, 007", x) < 27 =) for v/ >y>Y
and, (using the symmetry Gap(z, 2, x) = Gan(Z',2,X))
GY (0qz,0072', x)+ [ small things ]
—(2a— 1) () By (0az,a,x) < e TWTY) for y>yf >Y
implying that
(3.4) GY (0az, 007, X) < yre 2 max{y’ =y 0b  for ol S,

To see how this changes (3.2) we compute

/ Gap(z, 2, X)Ei (2, s,x) dpz’ = / GY(z,2 , X)EX (2, s5,x) duz’
Fu (V) Fe(Y)

+(2a — 1) Ey(2, a, X)/ Im(oy, '2/) " Ei(2, 5, X) du?’
Fp (Y)

—(2b— 1)1 Ey (2,0, X)/ Im(o, 2/ ) P EL (2, s, x) duz'.
Fp (Y)

Now

1 [e'e)
/ Im(oy 1) B (2, 8, x) djiz = / / Im(2) B2 (02, 5, X) djiz
Fu (Y)

s dzdy
/ / Upup(s, X))y +--) )2

— 6% (5.X) /Y s gy

Yl—a—s
a+s—1

:¢:b<57 X)
So

_Vab(S)E:(Z7S7X) I/ng(z,Z/,X)E:(Z/,S,X) d/J,Z/
F

Yl—a—s
TR D(ars_1) Y S(sX)Bolz,a,x)
bEcusps
Yl—b—s
S @2b—=1D(b+s—1) Z Pan (8, X) Eb (2,0, X)
becusps

4 /th(z, 2 NE (2. s. %) duz'.
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and we’ll denote the right-hand side of the last equality R(Y). Next, to remove the
appearances of ¢%, (s), we take a linear combination of the last equation with Y
replaced by Y, 2Y and 4Y. To be precise we use

R(Y) — 2°71(2942°)R(2Y) 4 2257 2Fa b R(4Y)
=271 =125 = 1) (—van(5) By (2,5, X))

:/G(z,z’,x)Ei(Z’,s,x) dp?'
F
+ (207 (2 ) / Gan(z: 2, X) Eal2, 5, ) dps?’
F

where G(z,2',x) = (GY, — 25712 + 2°)G2Y + 2257 2Ha+bGaY) (2,2, x) and YV is
a fixed large number. This implies that

(271 = 1)@ = Dvan(s) Eg (2, 5, X)

B -1 / G(Z7Z/7X>
~ vap(s) Jp (2571 — 1)(257 1 — 1)
X (25710 1)(257 M0 _ )uyy(s) BE (2, 5, X) dp’

4 (25710 — 1y (257 ) / Gz, 2", X)Ea(2, 8, %) duz'.
F
This can be rewritten neatly as
(3.5) zvs) = £(209) + A(s) [ H (b 5) d’
F

when 3 < Re(s) + 1 < b < a with, (suppressing dependence on Y, a,b)

h(z,5) = (227119 = 1)1 = Dvay(s) By (2,8, %),

As) = -1 (a—s)a+s—1)(b—s)(b+s—1)
Vab($) (b—a)(a+b—1) ’
G(z,2',x)

(23—1+a _ 1)(23—1+b _ 1)’

f(z,s) = (257 1Fe —1)(257 10 — 1) / Gz, 2, X)Ea(Z, 8, %) duz’.
F

H(z,2) =

Compare (3.5) with equation (3.1). To control the growth of H in the z variable
we use Selberg’s trick. Multiply through by 7(z) = e~™(*) with 0 < 1 < 27 where
y(z) is the invariant height of z. It is not hard to see that n(z) is continuous. Our
restriction on 7 ensures that the term (n(z)n(z')"'H(z,%’)) appearing in (3.6)
below is bounded, (see inequality (3.4)).

Define

B, ={seC:|s| <r}.

Then Theorem 1.3 tells us that E,(z,s,x) is meromorphic for s € C and can be
written A
E(z.5v)= M
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with both A4(z, s, x) and A4(s, x) analytic for s in some ball, B. . Thus, multiplying

(3.5) through by Aq(s, x) should eliminate the poles of f(z,s) for s inside this ball.
Set f(z,8) = Aa(s,x)f(z,8) and h(z,s) = Aq(s,x)h(z,s). Choose ¢ < b— 1,

then for 2 < Re(s) and s € B,.

(3:6) n@)h(zs) = n(2)f(z5) 0 [ () Helz2) (o)) di

F

Our plan of attack is to use Fredholm’s Theorem to express h as an integral de-
fined on the entire disc B, and then to show this integral is in fact meromorphic.
Increasing the size of the disc will give the continuation to the whole plane.

Proposition 3.2. The function f(z,s) is bounded for (z,s) € F x B, and contin-
uous.

This will require several lemmas. To begin with we need to study G, by com-
puting its Fourier expansion. Let c¢(a,b) = min{C,,} for Cyp as defined in section
1.

Lemma 3.3. If 6 > c(a,b)72, yy’ > 6 and € > 0 then
GZb(UClZ7O-bZ/7X) < (yy/)l_b fO’I“ 2+e<b<a
with the implied constant depending on 6,€ and b, (along with T, f).

Proof: By employing techniques described in [Iw]|, Chapter 5 we find that for
y' >y with yy’ > 6 > c(a,b)™2 and o = Re(s) > 2

(25 — 1)G%(0az, 002", X) = dhp(s,x)(yy/)' ~*

(3.7) +y Y Gy (m, s, X)We(m2')
m=#£0
+ (y/)l—s Z th (nv S, X)Wg(TLZ)
n#0
+ (25— 1) Y Zi(m,n, x)Ws(mz ) Ws(nz),
mn#0
where ¢, (m, s, x) is defined by (1.3) and similarly

* o 7TS s—1 S;b(07n7X7 f,C)
¢ab(n7 87X) - mhﬂbl Z 25 :

ceClyup

Also
2¢/|mn|ZZ(m,n, x) =

4
Jos—1 (—Tr\/mn> mn >0
c

> ' Si(mn, x, fic) o
ceClyup [23_1 (— ]mn\) mn < O
C

where Io5_1(y) and Jos_1(y) are the standard Bessel functions. We must show that
the first term on the right of (3.7) dominates.
Choose a constant C' such that for all y > 0 we have (s = o +it),

[ Ls—1(y)], [J2s—1(y)| < Cy*7 e,

xXxr7. 1. _ s
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Lemma 3.4.
Z c_2sS:b(m, n,x, f;c) =0() for c>2+e,
Cecuh
the implied constant depending on €, f and I'.
Proof: Consider the series
Ef(z,s:)= > (7 f)Im(ogy2)".
yEL N\

This series is absolutely convergent for Re(s) > 2 giving a holomorphic function of
s. EX(z+1,s;f) = Ef(z,s; f) so we can develop its Fourier expansion. We are
interested in the constant term:

' D(s— 1 - .
/ Ei(?ﬂﬂy,S;f)d:c:\/%yl—SM > M,
0

28
P(S) CGCab ¢
where
S;b(0,0,f;c): Z |<Ua’YUb_1,f>|-
Y€l o \o, Top /T
Ye=C

Thus, for o0 > 2+ €

* : F2
Z ‘Sab(m7z7x’f76)|< +6 / E+:1:+z 2+ ¢ f)
el c2° F(2+e— ST

because the left side is a decreasing function of . W
Now we can see that

gbzb(maSvX) < |m|su
Yap(n, 8, x) < |nf?
and Z:(m7n7x) << ec(illtrh) V ‘mn|

With the additional estimate Wy (mz) < e 2™ we have

3 G (mas, ) We(mz') < e,

m##0
> i(n, s, ) Walnz) < e,
n#0
Z Z;k <m7 n, X)Ws (mZ/)Wg(nz) < 6—27T(y+y/) .
mn#0

Combining our estimates proves that, for Re(s) > 2,

Gi(oaz, 002", x) < (yy')'™°
when y' > y and yy' > 6. For G, we can remove the restriction ¢y’ > y by using
the fact that G%(w,w’,x) = —G%(w',w,X) and noting that G, is continuous at

YA e nl R DY Y Y o 2 2 ) -
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Lemma 3.5. The product

GZb(wv wla X)AG(S, X)Ea(wlv S, X)

is bounded for (w,w’,;s) EF xF x B. when 3 <c+1<b<a.

Proof: First define

yr = Hllny( )
zeH

where y(z) is the invariant height of z, see (1.0). Clearly yr > 0 and we can put
T = §/yr, (the same ¢ as in Lemma 3.3). There are three cases:

Case 1: (w,w',s) e F(T) x F(T) x B..
Giy(w,w', x)Aa(s, x)Ea(w', s, x) is bounded on this set since the set is compact
and this function is continuous on it.

Case 2: (w,w’,s) € Fo(T) x F x B,.
Let 0p2z = w. We have that Im(z) > ¢/yp. For each w’ € F we can choose a cusp 7
such that 0,2’ = w’ and Im(2’) > yr. By Lemma 3.3, G, (0p2,0,2", X) < (yy')} .
As op2" approaches the cusp b, Eq(062’,8,X) = dar (y')° + dar (s, X)(y' )}~ and the
product is bounded. Also A,(s, x) cancels any poles of E,; so we’re done.

Case 3: (w,w',s) € F(T) x Fo(T') x Be.
Similar proof to case 2. W

Therefore f(z,s) is bounded on F x B, since the volume of F is finite. Lastly
Lebesgue’s theorem on dominated convergence can be applied to establish continu-
ity. This completes the proof of Proposition 3.2. H

We are now in a position to apply Fredholm’s theorem to (3.6). The result is:

n(z)h(z,5) = n(2) f(z, /DA 2,2 () f(2, s) du?,

thus

(39)  h(zs) = f(zs) + ﬁ / n(2)"'n(<')Da(z, ) (', 5) dp

for each s € B, such that D()\) # 0. Recall that h(z,s) is just the product of a
meromorphic function and E}(z,s,x). Our final task is to demonstrate that the
right-hand side of (3.9) is meromorphic in s. We need a proposition giving criteria
for the analyticity of the types of integrals we're encountering. The next result is

based on [G], Theorem 8-1-5.

Proposition 3.6. Let F be a region in C with f]F duz =V < oo. Letr and R be
the radii of closed balls B, and Br with r < R. Assume ¢ : F x B — C has the
following properties:
(i) for fized s, ¢(z,s) is a continuous function of z (except perhaps for z in a
set of measure zero),
(ii) for fized z, ¢(z, s) is analytic in s,

feeeN\ 4 - 7 7 71 Y .. 1T
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Then (s) = [z (2, s)duz is analytic on B, and F-1(s) = [z ¢s(z, s) duz where
os(z,8) = ds o(z, 3).

Remark. The proposition remains true if the condition V' < oo is dropped.

Corollary 3.7. For each z, f(z,s) is analytic for s € B..

Proof: Let ¢(z,s) = G, (w, 2, x)Aa(s, X)Ea(2,s,x). Then G, is continuous in z
by Prop. 2.8 and E, is continuous in z by Theorem 1.3. So condition (i) holds.
We know that A, (s, x)Fa(z,8,X) = Aa(z, 8, x) on B, with A4(z, s, x) analytic in s,
(Theorem 1.3), so condition (ii) holds. Finally condition (iii) is Lemma 3.5. W

It remains to prove that [ n(w)~n(z)Dx(w, 2)f(z,s)duz is analytic in s. Since
n(z) and f(z, s) are both continuous in z, analytic in s and bounded, to apply Prop.
3.6 we need only check that Dy (w, z) has these properties.

D(X) and Dy (w, z) are constructed from the kernel

K(w, z) = n(w)n(z)~" Hs(w, 2)

occuring in equation (3.6) as follows. Define

KS (wh ce 7wn> = det(Ks(winj))’

Zly-e-9”n

for 1 <1,7 <n and put
Zlyeeesy”
n!d,( / /K ( > duzy -+ - duzy,,
21y
Wy 21,y 2
where the multiple integrals are over [ and let

A) =1+ dn(s)(

Di(w,z) = Ky(w,2) + ) dn(w, z,8)(=\)".

n=1

Recall that K, (w,z) is bounded by K, say, for (w,z,s) € F x F x B.. We use
Hadamard’s inequality

[det(aij))* < [T | D laisl? |
i J
to bound the coefficients

x (wo e\ o mr
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implying that n!|d,(s)| < (VrKV)" (where again V is the volume of F). Thus
D() is analytic in s and D(A\) < exp(3|A\|KV)?. Similarly we can see that

n!|dy(w,z,8)] < (Vn+ 1K)n+1V".

This inequality shows that the series converges uniformly and is bounded. Each
term in the series is analytic in s for s € B. and continuous in z except on the set

U {op(x 4+ 1Y), 00(x +i2Y),0p(x +i4Y) : 0 <z < 1}

bE&cusps

where we truncated Gqp in (3.3). Therefore D(A)A(z, s), by the last proposition, is
analytic on B, for any fixed z.

Theorem 3.8. Let I' be a Fuchsian group of the first kind with cusps. For each
cusp a the Eisenstein series E(z,s) has a meromorphic continuation to the entire
s-plane. More precisely for any ¢ > 0 with ¢ +1 < b < a there exist non-zero
functions A%(z,s,x) : F x B, — C and A%(s,x) : B. — C such that the following
hold:

(i
(ii

(iii

A%(s,x) and A%(z,s,x) are analytic in s of order < 8,
Ax(s,x)Ei(z,s,x) = AL(z,s,Xx) for s € B, and 2 < Re(s),

(B + (1~ 5)) Ak (z,5,%) =0,

A*(vz s,X) = X(7) [45(2,8,x) — (7, f ) Ea(z,8,x)] forally €T,
A*

(Ez “(z,8,x) 1s real analytic in (z,s),
(vi) A%(z,8,%) < e for anyn >0,
where the implied constant depends on n,s and of course I' and f.
Proof: We set
Ay(s,x) = (2271 = 1)(2° 1P — 1) D(A) Aa(s, 1)
and  A%(z,5,x) = —AD(A\)h(z, s)

)
)
)
)
) A
i)

where h(z,s) is given by (3.9). Parts (i) and (ii) have been shown. Parts (iii)
and (iv) are true by analytic continuation. Part (vi) can be seen by noting that,
for a fixed s, the only unbounded term occuring in A%(z,s,x) is n(z)~1. Part (v)
is harder to prove. It follows from the theory of partial differential equations, in
particular the theorem on the analyticity of the solutions of an elliptic operator
with dependence on a parameter. To see that A¥(z,s,x) is at least continuous in
(z,s), use equation (3.9), Proposition 3.2 and that K;(z,2’) is continuous in (z, s).

Finally, by increasing ¢, the continuation can be extended to the entire complex
s-plane. W

We can deduce a number of results from Theorem 3.8:

e The Fourier coefficients ¢%, (s, x) and ¢%,(n,s, x) can be meromorphically
continued to all of C.

e The Fourier expansion (1) is valid for all s with A% (s, x) # 0.

e We have the bound

Ey(062,8,X) = ¢ap (s, X)y' 5+ 0(e™>™)
as y — oo when A’ (s, x) # 0, the implied constant depending on s.
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4. The Functional Equation

Define £(z,s,x) to be the column vector (Ea(z,s,x)) as a varies over all in-
equivalent cusps. Similarly £*(z,s,x) = (E;lk (z, S,X)) and we have the ‘scattering’
matrices

(I)(5>X) = ((:bub(S?X))a q)*<57X> = (¢$b(S7X))'

Two more pieces of notation: define A(T'\H, x) to be the set of all functions f on
H satisfying f(vz) = x(7)f(z) for all ¥ € I". The set of such f that also satisfy

(A+s(1—s))f=0

we’ll call A4(T'\H, x). Now, assuming the meromorphic continuation of £ and £*
to the entire s-plane, we can show the following

Theorem 4.1. £*(z,s,x) satisfies,

D(s,x)E (2,1 = 5,x) = E(2,8,x) — @"(5,X)P(1 — 5, x)E(2, 8, X)

for all s € C and
D(s,x)" (1 = 5,x) = =@ (5, X)®(1 = 5, %)
Proof: For Re(s) > 2 we know that

E;(vz,8,x) = X(7) (Es (2, s,x)— < 7, f > Ea(2,8,X))

and (A+s(1—s))EX(z,s,x) =0, so by analytic continuation they remain valid for
all s € C. Assume, for the remainder, that Re(s) > 2. Consider

f(ZvaX) = S*(Z757X) - (I)(37X)€*(Za 1-— S,X)-

We compute

Flyz,s,x) = € (v2,8,x) — B, X)€" (72,1 = 5,X)
X [(€7(z,8,X)— <7, f > E(2,5,x))
—@(s,x)(é’*(z,l —s,X)— <7, f>E&(z,1— s,x))]
(M [E7(2,8,x) — (s, X)€" (2,1 — s, X)
— < f> (S(z,s,x) —O(s,x)E(z,1 — s,x))]
X(V) [F(z,8,x)— <7, f >0 = X(0)F(z5,x)

I
=|

(We used the functional equation for £(z, s, x), [Se|,Theorem 7.3). Therefore we’ve
shown that

Fa(z,8,xX) = Ei(z,8,X) Z(’b“b (s,x)E5(2,1—=s,x) € AT\H, X).

Also

Y ay N A | \\N T /  \ n 1 941 4 T4 N - A AT\ TT —)\
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Falz,5,%) < eV for € > 0 by Theorem 3.8 so, invoking [Se], Lemma 7.1, it must
be a linear combination of Eisenstein series,

5920 = 2 a0 ) Bules5. ).

Hence
(¢ac(8 X)y - ) _Zﬁbab(S»X) (¢zc(1_57X)ys+"')
b

- Z Tap (s, x) (5bcys + oc (s, X)yl_s +- ) :
b

Equating coefficients of * and y' =% we get

- Z¢ab(87X)¢zc(l - 37X) = ZTab (57X)6bc = Tac(57X)
b

b

and ¢} (s,X) an $,X) e (5, X)-
We know, (because £(z,s,x) = ®(s,x)E(z,1 — s,X)), that

O(s,x)P(1 —s,x) =1I.

Consequently we arrive at the following formulas

- ®<37X)(I)*(1 - SvX) = T(S7X) = (I)*(SaX)q)(l - 37X)a
E*(z,8,x) — P(s,x)E" (2,1 — s, x) = Y(s,x)E(2, 8, X)-

Therefore
(s, X)€% (2,1 = 5,x) = E7(2,8,x) — 7 (5, ) (1 = 5,X)&(2, 5, x),
or perhaps more simply,
E'(z,1—5,x) =P(1 —s,X)E(2,8,x) + 2" (1 — s,x)E(2, 8, X)-

These equalities are true for Re(s) > 2 but extend to all s € C by analytic contin-
uation. M

The scattering matrix ®*(s) plays an important role in the theory. We already
know that ®(s) is symmetric.

Proposition 4.2. For I' a Fuchsian group of the first kind, I' C PSLy(R) or
—I € T' C SLy(R), the scattering matriz ®*(s) with character x = 1 is skew
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Proof: Recall that Cy, = {c >0: (Z :) €o;'Toy } If v € o, Top then

v le Ub_lFaa. Also note that ~, = (—I ’y_l)c implying that Cyp = Cyq. Then, by
a simple calculation,

S;.(0,05¢) = > (oud0t, f)
§€l\oy 'Toa /T
de=cC
= > (o6(=107Nog ', f)
§€l o \o ;' Top /Too

b.=cC

-1
= Z —(0aboy, ", f)
S€l o \o ' Top /Toe
de=c

= — 57,(0,05¢).

Thus, for Re(s) > 2, ®*(s) = —'®*(s). The Proposition then follows. W

Corollary 4.3. For T as above, ¢ (s) =0, for each cusp a.
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