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Abstract

The generating function for py(n), the number of partitions of n into at most IV parts, may be written
as a product of N factors. In part I, [O’S], we studied the behavior of coefficients in the partial fraction
decomposition of this product as N — oo by applying the saddle-point method to get the asymptotics of
the main terms. In this second part we bound the error terms. This involves estimating products of sines
and further saddle-point arguments. The saddle-points needed are associated to zeros of the analytically
continued dilogarithm.

1 Introduction

The generating function for py (n), the number of partitions of n into at most IV parts, and its partial fraction
decomposition may be written as

oo N [N/k]

n 1 Chre(N)
> pv(mg" =[] 1—g > > (q — e2mih/k)E 1.1
n=0 j=1 0<h<k<N (=1

(h,k)=1
for coefficients Ch,i¢(N) € Q(e?"/*) by [0’S12, Prop. 3.3]. Let woy ~ 0.916198 — 0.182459i be the solution to
Lig(w) — 2milog(w) =0 (1.2)
where Li; denotes the dilogarithm, and set zp := 1 + log(1 — wy)/(27i) ~ 1.18147 + 0.255528¢. With
ysz{h/k L 1<k<N,0<h<k, (h,k)zl}

denoting the Farey fractions of order NV in [0, 1), we claimed the asymptotic result

e <'w§V'3N> (13)

—-N
— iz ) Wy

N2

(—22p€

Z Chkl(N) = Re

h/k€F100

in [O’S, Thm. 1.2]. This resolves an old conjecture of Rademacher in [Rad73, p. 302] by showing that the
limit of Cie(N) as N — oo does not exist in general since |1/wg| > 1, see [O’S, Cor. 1.3].
Equation (1.3) is a special case of the more general theorem, [O’S, Thm. 1.4], which we state next.
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Theorem 1.1. There are explicit coefficients ¢ o, ¢¢,1, . . . so0 that

COIZ(N)+ Z Z 2mih/k Z 7Ohkg( )

0<h/kEF100 J=1

—-N
_ Wo Ce1 Clm—1 |wo
= Re | 3 (cro+ G 4+ Sat) |+ 0 (bers ) (19
where cpo = —2zpe ™0 (2mizo) 1 and the implied constant depends only on ¢ and m.

We introduce some notation and results from [O’S, Sect. 1.3] to describe the proof. Define the numbers

eZﬂ'zUz

Qnko (N) := 2mi ZES% (1 — e2miz)(1 — ¢2mi2z) ... (1 — e2Zmilz)’ (1.5)
The Rademacher coefficients Ch¢ (V) are related to them by
Ny .
Chie(N ; (U B 1> TN Qg (N) (1.6)
and for o a positive integer they satisfy
> Quie(N)=0 17)
h/ke Fn
for N(N +1)/2 > o. Put
A(N)::{h/k;N/2<k<N,h:1 orh:k—1}g32N (1.8)
and decompose (1.7) into
> Quie(N)+ > Quie(N)+ > Qure(N) =0. (1.9)
h/keF100 h/k€FN—(F100UA(N)) h/k€A(N)

Theorem 1.1 breaks into two natural parts. The first is proved in [O’S]:

Theorem 1.2. With by = 220~ ™" and explicit by (o), b2(0), ... depending on o € R we have

wy Y bi(o bm_1(c wal=N
Z Qhka( )— N2 (b0+ ](\7)++NT1(1)> _,’_O(|N?7|1+2)
h/ke A(N)

for an implied constant depending only on o and m.
The proof of the second part is only sketched in [O’S]:
Theorem 1.3. There exists W < U := — log |wo| =~ 0.068076 so that

> Qnko(N) = O (")
h/k€FN—(F100UA(N))

for an implied constant depending only on 0. We may take W = 0.055.

Theorem 1.1 follows from combining Theorems 1.2 and 1.3 with (1.9) and (1.6). This is done in [O’S, Sect.
5.4].



1.1 Main Results

In this paper we give the details of the proof of Theorem 1.3. This therefore completes the proof of Theorem
1.1 and (1.3). The work in this paper and [O’S] will also be useful in describing the asymptotics of Sylvester
waves and restricted partitions; this corresponds to o < 0 as discussed in [O’S, Sect. 6.2]. Some natural
extensions and possible generalizations of our results are given there as well.

Define the sine product

[1,.(0) := [ 2sin(rj0) (1.10)
j=1

with [],(6) := 1. In Section 3 we show
Proposition1.4. For 1 <k < N,oc € Rand s := |[N/k]|

3 2+ log (1+ 3k/4 o _
QuaV)] < 5 exp (NEHEC LI ) ]

In Section 2 we find sharp general bounds for H;Il (h/k). This requires the interesting sum

Stmih k)= m(%;w (1.11)
(BA)EZ(h,R) 7
for
Z(h, k) = {(6,7) €ZxZ :1<|f <k, 1<~<k fh=~mod k} 1.12)

Combining a refinement of Proposition 1.4 with our bound for H;nl (h/k) allows us to prove Theorem
1.3 except for h/k in the following sets

C(N) := {h/k : g<k<N,kodd,h:2 or h:k—2}, (1.13)
D(N) := {h/k : g< k<N, kodd, h = % or h= %} (1.14)
E(N)::{h/k::%<k<%,h:10rh:k—1}. (1.15)

For the next results we need a brief description of the zeros of the dilogarithm; see [O’S, Sect. 2.3] for a
fuller discussion. Initially defined as

o0 n

. z
Liy(z) := Z_; — forlz| <1, (1.16)
the dilogarithm has an analytic continuation given by — [, () 10g(1 —u) 4u where the contour of integration

C(z) is a path from 0 to z € C. This makes the dilogarithm a multi-valued holomorphic function with
branch points at 0 and 1. See for example [Max03], [Zag07]. We let Liy(z) denote the dilogarithm on its
principal branch so that Liz(z2) is a single-valued holomorphic function on C — [1, c0). It can be shown that
the value of the analytically continued dilogarithm is always given by

Lig(2) + 47* A + 27iBlog (2) (1.17)

for some A, B € Z.

Let w(A, B) be a zero of (1.17). It turns out that for B # 0, a zero w(A, B) exists if and only if —|B|/2 <
A < |B|/2 and is unique in this case. We already met wy = w(0, —1) and we also need the two further zeros
w(l,—3) =~ —0.459473 — 0.848535¢, w(0, —2) ~ 0.968482 — 0.1095317 and the associated saddle-points

z3 =3+ log(1 — w(1, —3))/(2mi), 21 1= 2+ log(1 — w(0, —2))/(2mi).

Theorem 1.5. With ¢}, = —z3e~ ™3 /4 and explicit ¢; (o), c5(0), ... depending on o € R we have
w1, =3)"" (., cilo) n-1(9) w1, =3)[""
Z Qhko‘(N) = Re |: N2 <CO + 1N + -4 NT];]. + 0] W (118)
h/kEC(N)

for an implied constant depending only on o and m.



Theorem 1.6. Let N denote N mod 2. With

do (V) = 201 /2emi=0 (e=m0 4 (~1)V) (1.19)

and explicit d1 (0, N), d2 (0, N), ... depending on o € R and N, we have

qu/2 — di(o, N dm—1(0, N
3\72 dO(N)-I—%‘F'“‘F%

|w0|—N/2
Z QhkU (N) =Re + O (W) (120)

h/kED(N)

for an implied constant depending only on o and m.

(By waN/Q we mean (/W) ™ Where /g is chosen as usual with Re(y/wo) > 0.)

Theorem 1.7. With eq = —3z1e~™*1 /2 and explicit e1(0), e2(0), ... depending on o € R we have

-2)~N o —1(o —2)|=N
> Quro(N)=Re [“’(O’N? (eo + 61]5] - e]”z]Tl(l))] +0 (%) (1.21)
h/keE(N)

for an implied constant depending only on o and m.

The above three estimates are the final elements required for Theorem 1.3, and its proof is given near
the end of Section 8. Theorems 1.5, 1.6 and 1.7 above are proved using the techniques developed in [O’S]
for Theorem 1.2, though they each present new challenges. These techniques use the saddle-point method
described in the next subsection.

In fact, Theorems 1.5, 1.6 and 1.7 are more than is needed for Theorem 1.3, but their asymptotic expan-
sions point the way to further results and a better understanding of relations in the left side of the identity
(1.7). Examples of these relations, from [O’S, Sect. 6.2], are

Qui(N) ~ — > Qua(N), (1.22)
h/kEA(N)

Qin(N) ~ — > Qua(N) (1.23)
h/kED(N)

where by (1.22) and (1.23) (and (1.24)) we mean that, at least numerically, the asymptotic expansions of both
sides seem to be identical. With Theorems 1.5 and 1.7 we discover another asymptotic relation. To describe
it,let C'(N) be all h/k € C(N) with 2N/3 < k < N, so that C’(N) is about half of C(N) . Then

3> QueN) ~ Y Quo(N). (1.24)
h/keC’'(N) h/ke&E(N)

See the end of Section 8 for more about (1.24).

1.2 The saddle-point method
The next result was used in [O’S, Sect. 5.1] and is a simpler version of [Olv74, Theorem 7.1, p. 127].

Theorem 1.8 (Saddle-point method). Let P be a finite polygonal path in C with p(z), q(z) holomorphic functions
in a neighborhood of P. Assume p, q and P are independent of a parameter N > 0. Suppose p'(z) has a simple zero at
a non-corner point zo € P with Re(p(z) — p(z0)) > 0 for z € P except at z = zy. Then there exist explicit numbers
ags depending on p, q, zo and P so that we have

S—1
_N-p(z —N-p(z a2s 1
/Pe N-p( )q(z)dz:2e N-p(20) <ZF(S+1/2)W+O<W>> (1.25)

s=0

for S an arbitrary positive integer and an implied constant independent of N.



Write the power series for p and ¢ near z( as
p(z) = p(20) + po(z — 20)> + p1(z — 20)* + - -, (1.26)
q(z) = qo + q1(z — 20) + q2(z — 20) + - - . (1.27)

Choose w € C giving the direction of the path P through zy: near 2o, P looks like z = 2o + wt for small t € R
increasing. Wojdylo in [Woj06, Theorem 1.1] found an explicit formula for the numbers as;:

1/2 ZQZS zzpis J( 1/2)sz(plap2,..-) (128)

ag2s = p)
W po

where we must choose the square root (w?pg)!/? in (1.28) so that Re((w?pp)!/?) > 0 and B; ; is the partial
ordinary Bell polynomial. The first cases are

= — — v ¢ 3piq+p2q0 | 15pig (1.29)
T 2(wipy) 2 LT 2wp0) 2 \pe 2 1 8 py ) '
agreeing with [Olv74, p. 127].
We will be applying Theorem 1.8 to functions p of the form
— Liz (€2™) + Lig(1) + 472d
pa(z) = 2 (2777 + Lia(1) + dm*d (1.30)

2miz

Recall that Liz (2) is holomorphic on € — [1, 00). Hence p4(z) is a single-valued holomorphic function away
from the vertical branch cuts (—ioco, n] for n € Z. (We use (—ioo, n] to indicate all points in C with real part
n and imaginary part at most 0.) The next result is shown in [O’S, Sect. 2.3].

Theorem 1.9. Fix integers m and d with —|m|/2 < d < |m|/2. Then there is a unique solution to p);(z) = 0 for
z € Cwithm —1/2 < Re(z) < m+1/2and z ¢ (—ioco, m|. Denoting this saddle-point by z*, it is given by

= oy 08— w(d —m)) (1.31)

2mi

and satisfies
pa(z*) = log(w(d, —m)). (1.32)
2 The maxima and minima of [], (h/k)

Recall the set Z(h, k) from (1.12). We will also need Clausen’s integral,

0
Clz(0) == —/ log |2 sin(z/2)| dz (0 €R). (2.1)
0
The maximum value of Cly() is Cly(7/3) & 1.0149416.
Theorem 2.1. Forallm, h, k € Zwith1 < h <k, (h,k) = 1and 0 < m < k we have

Cla(2mm~yoh/k) n (log k>
27| Bool Vk

where (Bo, Y0) is a pair in Z(h, k) with | Bo~yo| minimal. The implied constant in (2.2) is absolute.

1og‘ - h/k)’ (22)

We prove Theorem 2.1 in the following subsections, assuming throughout that m, h, k satisfy its assump-
tions. Define D(h, k) to be the above minimal value |Gy7o|- For example, it is easy to see that

D(h,k)=1 < h=+1modk (2.3)

and if D(h, k) # 1 then
D(h,k) =2 <= horh ' =+2mod k (2.4)



with k necessarily odd. Since (1,h) € Z(h, k) we have D(h, k) < h < k. We will see later in Lemma 2.8 that

there is a unique (8o, ) € Z(h, k) with |Bo~yo| minimal if |Boyo| < /k/2.
The corollary we will need, Corollary 2.10, says there exists an absolute constant 7 such that

Cly(7/3) log k

‘log|H h/k”\2 R (2.5)
For example, Figure 1 compares both sides of (2.5) with £ = 101, 7 = 0 and
1
W(h/k) = max {E‘log} Hm(h/k)}’} . 2.6)
0.08
012(71'/3)
0-06 27D(h, 101)
0.04
— W(h/101)
0.02
h
Figure 1: Bounding ¥(h/k) for 1 <h < k—1land k = 101
2.1 Relating []_'(h/k) to S(m;h, k)
By (2.1) we have
log‘ H;l(h/k)‘ =3 Cly(2njh/k). 2.7)
j=1
With the sum S(m; h, k) defined in (1.11), our first goal is to prove:
Proposition 2.2. For 1 < m < k and an absolute implied constant
ch (2mjh/k) = —S(m;h, k) + O (log” k) .
Jj=1
Let
L
_ Z cos(nx) (2.8)
n=1

and define ||z|| as the distance from x € R to the nearest integer, so that 0 < |lz|] < 1/2.

Lemma2.3. For L > land x € R, x & 7 we have

Cly(2mz) = fr(2mx) + O <m) .

Proof. Let A, (2mz) := Y 1, €2™"*. Then this geometric series evaluates to
i e?ﬂ'i(erl/Q)m _ T

Ap(2mz) = —=

2 sinmx




and the inequality |sin x| > 2 ||z|| implies |A,,(27x)| < 1/(2||z||). By partial summation

M

eQﬁirm AM
2. r M Z d d+ 1

r=L+1

Taking real parts, using the bound for A; and evaluating the telescoping sum shows that

M

cos(2mrx
3 (27ra)

r

_ 1
= L]

r=L+1
for z ¢ Z. It follows that Y2 | cos(27rz)/r converges to Cl,(27z) for these z and we obtain the lemma. O

Corollary 2.4. We have

Zcr (2mjh/k) = fu(2mjh/k) + O (logk).
Jj=1

Jj=1

Proof. Use
m k—1 k/2 1 k/2 k
2 <R = A T 2T
2 i 2 1||yh/k|\ 2 TG/M S22
Wlthz7 11/5 <1+logk we get
—~ 1
T < logk
2. T/
and the corollary now follows from Lemma 2.3. O

We next apply Euler-Maclaurin summation, in the form of [IK04, Corollary 4.3], to find

m

Z (2mih/k) = Z/ fe(2mah/k)e*™ " da

j=1 =L
™ | fL(2nah/k)2mh k|
1+ L |z

4 % Fo(2mmh/k) — % f1(0) + 0 ( /O d:v) (2.9)

where the implied constant is absolute. Clearly we see |fi(z)| < 1+ logk and |f;.(z)| < k. To bound the
error term in (2.9) note that

/m dx </’“ da %/1/2 dr  2k(1+logL/2)
o L+Ll|x| ~Jo 1+Llx| ~Jy 1+Lz L '

Hence, on choosing L = k2, (2.9) implies

Z fe(2mjn/k) = Z / fe(2mzh/E)e*™ ' dz + O(log k). (2.10)

l=—L

Use the definition of f to evaluate the integrals in (2.10). By rearranging and combining with Corollary 2.4
we have now shown

Lemma2.5. For1 < m < kand L = k?,

L
201’ (2mjh/k) = % >

Jj=1 l=—Ln=1

= sin(2rm(nh + 1k)/k)

n(nh + k)

+ O (logk). (2.11)



To simplify the right of (2.11) set
H(d) = H(d,L: h, k) := #{(l,n) cnh+lk=dl<n<k—1-L<I< L}.

Then the double sum equals

sin(2rmd/k)
H(d)———F 2.12
Z dh ' mod k)d @12)
deZ

where we exclude ds that are multiples of k, since H(d) is necessarily 0 if k|d, and we understand here and
throughout that 0 < (* mod k) < k — 1.

Lemma 2.6. Recall that L = k*. For all d € Z we have H(d) = H(d, L; h, k) equalling 0 or 1. Also
Hd) = 1 for 1<|d <k, (2.13)
H(d) = 0 for |[d>2k" (2.14)
Proof. Since (h, k) = 1 there exist ng, [ such that noh + lok = 1. Then for all t € Z
(no +tk)h + (I — th) = 1

and we may choose ny, o satisfying 1 < ng < kand —h < [y < —1. Similarly, for fixed h, k, d, all solutions
(n,1) of nh + lk = d are given by

n=dng+tk, l=dlo—th (tcZ). (2.15)

Hence, for k 1 d, there is exactly one solution (n, ) with 1 < n < k — 1. Then H(d) = 1 if the corresponding [
satisfies —L < ! < L and H(d) = 0 otherwise.
In (2.15),if 1 < n < k — 1 thent = —|dno/k]. Therefore

I =dly — th = dly + h|dno/k]

and [ satisfies —k? < [ < k? for |d| < k. This proves (2.13). Finally, to show (2.14), note that |n| < k, |I| < L
implies [nh + k| < k(h + L) < 2k3. O

The sum (2.12) with indices d restricted to |d| < k is

sin(2rmd/k)
—_ 2.1
Z (dh=1 mod k)d 2.16)
—k<d<k, d#0

Replacing d by dh if d > 0, and d by —(dh mod k) = (—dh) mod k if d < 0, allows us to write (2.16) as

sin(2rmdh/k) _
2 (@hmod )] — i k).
—k<d<k, d#0

Proof of Proposition 2.2. With Lemmas 2.5 and 2.6 we have demonstrated that

A k sin(2rmd/ k)
Z(n (2mjh/k) = 5=S(mih. k) + > H(d) @ T mod ) + O (logk). (2.17)
j=1 d€Z : k<|d|<2k3

To estimate the sum on the right of (2.17), write d = mk + r and use (2.14) to see that it is bounded by

2.18
2k2<mg2k2 r=1 Imk +7|( Th I mod k) ( )
_ Ksms

For m > 1 the inner sum is less than

k—1

Z 1 _Lkzl 1+loghk
— mk(rh~' mod k)~ mk — mk

<

Similarly for m < —2 and therefore (2.18) is bounded by

1+10gk2 log k
— O




2.2 Relating S(m; h, k) to Clausen’s integral
With (2.7) and Proposition 2.2 we have proved that

Llog |TT ym| = 00 <1°g2 4. (219)

k

For the proof of Theorem 2.1 we therefore need to estimate S(m; h, k). To do this, note that the largest terms
in the sum (1.11) should occur when || and +y are both small. We introduce a parameter R to the set Z(h, k)
to control the size of the elements:

Zr(h k) = {(5,7) €ZxZ :1<|f| <R, 1<7y<R,fh=rmod k} (2.20)
Then Z(h, k) is Zi(h, k) in this notation.
Lemma 2.7. For an absolute implied constant

> sin(2rmy/k) _ <10gR) . (2.21)

R
Grezanm -zt D

Proof. We may partition the terms of the sum on the left of (2.21) into the three cases where |3| > Rory > R
or both. The first two corresponding sums are each bounded by 2(1 + log R)/R. With the Cauchy-Schwarz
inequality, the third is bounded by

b1 1/2 b1 1/2
1 1 1
B=R y=R
Lemma 2.8. Suppose Zg(h, k) is non-empty and k > 2R?. Let ($1,71) be a pair in Zg(h, k) with |31v1| minimal.

Then for each (8,v) € Zr(h, k) there exists a positive integer A such that (3,v) = (AB1, A71).

Proof. The number § may not have an inverse mod k so write 8 = /%’ with k'|k and ged(8',k) = 1.
Necessarily we also have v = +'k’ with ged(v/, k) = 1. Similarly, there exists k1 |k so that

B1 =Bk, =k, ged(8y, k) =ged(v), k) =1

Then
h=(8)"" mod k/k', h=(B;)""'v modk/ ko

and letting k* = ged(k/k', k/k1) we obtain
(879" = (B1) 171 mod &

so that

681y — B4 = 0 mod k*. (2.22)
Now ) N

2R
- < < k¥ 2.2
131 Tl < ok S Tk (2.23)
so that (2.22) and (2.23) imply
By =B =0

which, in turn, shows that 3/31 = ~/v1. Hence (3,7) = (81, uy1) for p:=v/y1 € Qso. Write p = A +9
withhe€Zand0<d<1.If0< § < 1then

(677) - A(ﬁlu/}/l) = (6 - Aﬁlu/}/ - )\’71) = (5517671) S Zk(h7k)7
but [628171] < |S171]| and |B171| was supposed to be minimal. We must have § = 0, as required. O

Proposition 2.9. Let (5o,70) be a pair in Zy(h, k) with |Bo~yo| minimal, and so equalling D(h, k). Then for an

absolute implied constant
Cla(2mmeyo/ k) <log k>
S(m;h, k) = ——/——=+0 . 2.24
( ) 1800l Vk (2.24)




Proof. By Lemma 2.7 with R = /k/2

S(m;h, k) = 3 W +0 (11’%“ > . (2.25)

(B,V)Ezm(hak)

Assume first that Z\/m(h, k) is empty. If (5o, 70) ¢ Z\/m(h, k) it follows that |Byyo| = /k/2 and so

Cla(2mrmyo/k) _ (L)
|Boyol o VEk) (2.26)

Then (2.24) follows from (2.25) and (2.26).

Assume now that Z \/m(h, k) is not empty. Apply Lemma 2.8 with the same R = \/k/2, and (81,71) €

Z\/m(h, k) with |8171| minimal, to get

sin(2rmy/k) 1 Z sin(2rmAy1 /k)
(By)EZ (hok) By |B171] A2
7 VE/2VD 1<A</k/2/ max{|B1],71}
12(2 k 1 1
_ Ch@mmm/k) 3 1
151l 1Bl A
AZy/k/2/ max{|B1],71}
012(27rm'71//€) ( 1 )
=————F+0(—=]. 2.27
|B171] vk ( )
If (Bo,v0) € Z \/m(h, k) then necessarily (5o, 70) = (81, v1) and so (2.25) and (2.27) prove the proposition in
this case.
In the final case, Z \/m(h, k) is not empty and doesn’t contain (8y, o). Since |G171| = |Bovo| = V' k/2 we
find Cla(2 k 1
Ch@mmm/k) _ (_) (2.28)
1817 vk
so that (2.24) follows from (2.25), (2.26), (2.27) and (2.28). O
Proof of Theorem 2.1. The proof now follows directly from combining (2.19) and Proposition 2.9. O

Corollary 2.10. There exists an absolute constant T such that for all integers m with0 < m < k —1

Cly(7/3) log k
o D(h k) | VE

Proof. We may take 7 to be the absolute implied constant of Theorem 2.1 and note that | Cly(6)| < Cla(7/3)
forall € R. O

g TT,, (/0| <

Numerically, it looks as if the implied constant in Theorem 2.1 may be taken to be 1/3, for example.
Hence 7 in Corollary 2.10 could be 1/3, but in fact it seems that 7 = 0 would probably do. See Figure 1.

3 Bounds for most Q. (V)

3.1 Initial estimates
In this subsection we prove the next result, mentioned in the introduction.

Proposition1.4. For 1 <k < N,oc € Rand s := |[N/k]|

Qe < Fyexp (VORI LB It ). G

10



Proof. From definition (1.5),
6271'1'02

Qnko (N) = /L (1 — 2miz)(1 — 27mi2%) ... (1 — 27iNz)

dz (3.2)

where z traces a loop £ of radius 1/(2rNk) around h/k, i.e.

1

and ) is large enough that only the pole of the integrand at h/k is inside £. This is ensured when A > 1/2x,
since if a/b is any other pole (1 < b < N) we have
1 1

ak—bh|_ 1 _ 2 ol
ok |~ bk~ Nk~ YN

a
b &k

ﬁ}_

Therefore, letting e>™*7* [y (2) denote the integrand in (3.2),

1 2mioz .
m) sup{|e In(z)| 1z € L}. (3.3)

|QMANM</W&MMLN@MM<QW<
c
It is easy to see that if A > 1/k then

|827ria'z| < e‘a"/N (Z c £7 e R) (34)

Now write Iy (z) = Ix(2) - I () for
B = [ ———er = [[ ———.
. (1 _ 6271'”2)’ . (1 _ 627r13z)
1<GEN 1<GEN

klj ktj

We use the following simple bounds, (better ones are proved in Lemma 3.3). For all z € C with |z| < 1

11— e* < 22, (35)
1—e*7 <2/, (3.6)
[log(1 — 2/2)| < 3|z| /4. (3.7)
Lemma 3.1. For z € Land A > 1/k we have
. 6\ 172
I < —= | = 2ek\). 3.8
< o= (5) e 68)
Proof. Clearly
x 1 1
In(z) = 1<11N (1 — ezmid(h/kFw)) = 1<H< (1 — e2nikmw)’
\k7|; IMx
Also ok .
2mikmuw] = < T (3.9)

2rNEX © NX kX
so assuming A > 1/k, we can apply (3.6) to get

. 2 2NX  (2N))®
I (2)] < H 2ﬂ'km|w|: H m s

1<m<s 1<m<s

1
V2ma

It follows from Stirling’s formula that 1/a! < (£)® for a € Z>1. Hence the lemma is obtained with

1 s+l - s+1 ( e )SH_ e ( e )s< e (%)S
st (s+1)! 2m(s+1) \s+1 V2r(s+1) \s+1 V2rN/E\N /) =

11



Lemma 3.2. For z € L and X\ > 1 we have

I3 (h/R)]| -

Proof. If k = 1 then I}/ (z) = 1 and the lemma is true. So we may assume k > 2. Write

15 (2)] < N B3NN L
NS EPAGN T8N ) s

Kok 1
=11 (1 — e2ris(h/ktw))

1<JSN
ktj
-- 1
_ H —2mijw H
- &
_ p2mijh/k _ —2mijw
1SN 1<G<N (1 — e2migh/k — 1 4 e=2mijw)
ktj ktj
_ o~ miw(N(N+1)—ks(s+1)) H H (3 10)
e 17 .
_ p2mijh/k _ .
A a1 a G
ktj ktj

for iy
) 1— 872771371;
nh/k(jvw) = 1 _627rijh/k'
To estimate the parts of (3.10), we start with
N(N +1) —ks(s+1) < N?, (k< N) (3.11)

to see that N
—m‘w(N(N+1)—kS(S+1))’ < AN 12
’ <o (75 612

With (1-¢)(1—¢?) - (1—¢*1) = k for ¢ a primitive kth root of unity, (by [0’S12, Lemma 4.4] for example),
the middle product satisfies

1 1o
= HNfsk(h/k)‘. (3.13)
1<1j_£N ’(1 —e? Jh/k)’ k

ity

Next we estimate the right-hand product of (3.10). By (3.5)

omij _ 27
1— 2mwijw < 2.9 — .14
[1—e | mjlw] = (3.14)
provided A > 1/k. We have
1 1 1
— = < — —-1/2<60<1/2
[1—e—27®  2|sin(wh)| ~ 4|6 (=1/ /2
and it follows that ) ) .
< = > 2). .
‘1 — e—2m’jh/k’ = ’1 — e—2m’/k’ =4 (k>2) (3.15)
Consequently, (3.14), (3.15) show
. J
< —=. 1
(705 (J, W) NN (3.16)
If A > 1 then |, (j,w)| < 1/2forall j < N and we may apply (3.7):
ﬁ =exp | — Z 10g|1—77h/k(jaw)|
1N Mh/k\J, W 1<G<N, ktj
ktj
< exp Z [log(1 — mp/x (5, w))]
1IN, kg
3 _ 3N
<exp | = Z |nh/k(],w)| < exp (ﬁ) (3.17)

IGSN, Kty
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where we used (3.11) in the last inequality. Combining the estimates (3.12), (3.13) and (3.17) for (3.10) finishes
the proof. O

Inserting the bounds from (3.4) and Lemmas 3.1, 3.2 into (3.3), we obtain

e 1 3 14log2A lo| 1

N € ——77— N|l=—~+—F+—7"— —’ _L(h/E)|. 3.18
eV € =t (| S LB B It (.18)

For fixed k, the expression

1 n 3 1-+log2)
2kX - 8A k

has its minimum at A = 1/2 + 3k/8. We may set ) to this value in (3.18) since all the conditions A > 1/(2w),
1/k, 1 are satistfied when k > 1. This completes the proof of Proposition 1.4. O

An example of Proposition 1.4 is given in Figure 2 for h = ¢ = 1 and N = 50 where we denote the
right side of (3.1) as Q51 (V). The numbers Q. (N) are calculated using the methods of [0’S12, Sect. 5] as
follows. For N, k > 1, m > 0and 0 < r < k — 1 define the rational numbers Ej (N, m;r) recursively with
E(0,m;r) setas 1if m = r = 0 and 0 otherwise. Also

m aga—1 k-1
En(N,m;r) == E N k' E Ep(N —1,m —a;(r — Nj) mod k) - Bo(j/k) (N=>1)
a!
a=0 j=0

for B,(x) the Bernoulli polynomial. Then

N-1

YN R j
Qo (V) = 17 N? N it/ N TR (NN — 11— i), (3.19)
! — 4l

r=0 7=0

In particular, we see from (3.19) that e=277"/kQ, ;. . (N) is a polynomial in o of degree N — 1.

40 T *
30 —+ log Q1k1(50)
?8 1 log |Q1£1(50)]
0 -4
wm i M
1 1 p——— 1 1
10 20 30 40 50 k

Figure 2: Bounding Q0 (50) forh =0 =1and 2 < k < 50

3.2 Improved estimates

By tightening up the bounds (3.5), (3.6), (3.7) and restricting the range of £ we can improve Proposition 1.4
a little as follows.

Lemma 3.3. For z € Cand |z| <Y we have

1—¢? eV —1

‘ . <ay):= v (3.20)

‘1 _Zez <pY) =2+ g <1 — cot (g)) (Y <2m) (3.21)
10g(12— | < yv) = 2 1og (%) (Y < 1), (322)

13



Proof. For |z| <Y < 27 we have

Z|B| 1+Y+<1—§cot<§)>,

using [Rad73, Eq. (11.1)]. The other two inequalities have similar proofs. Note that for Y = 0 we have
a(0) = 8(0) = ~v(0) = 1 in the limit, with a(Y"), 8(Y) and 7(Y) increasing for Y > 0. O

’1—62

Start with a parameter K > 1. We assume
k> K, A>1/2+ K/8. (3.23)
The quantity 1/(k\) in (3.9) then satisfies
1 1

Sl — .
i SEAEF R -
With (3.21) we may therefore replace the factor 2 in (3.8) by
1
G =4(K):=p (—K(1/2+ K/S)) : (3.24)
Similarly, the factor 2 in (3.14) may be replaced by
1
This improves the bound (3.16) to
§2J

] <
so that for all j < N we have |ay, (4, w)| < &2/(4)\) < 1. The factor 3/2 in (3.17) can now be replaced by

§3=&(K) =v (ﬁ) (3.26)

H 1 < exp <§2§3N>
1N 1—0%/1@(]}10)’ 8A
ktj

and we obtain

Hence

e 1 &¢ 1+ logé&i A lo]
|Qnrko (V)] < WGXP (N [m + % + Tl] > ’HN sk(h/k) (3.27)

and setting A = 1/2 + £2¢3k/8 minimizes (3.27). Note that {23 > 1 so that our initial inequality (3.23) for A
is true. We have proved

Proposition 3.4. For 1 < K < k < N and s := | N/k| we have

|Quio (V)] < %exp (N“log (51/2; §16263k/8) '”') ]HN L(h/k) (3.28)

for &1, €2, €3 defined in (3.24), (3.25), (3.26) and depending on K.

Some examples of triples (K, &1, &&2€3) are

K=2: & ~137065, &&&s~ 2.64070 (3.29)
K=61: & ~100101, &&¢&; ~ 1.01778 (3.30)
K=82: & ~1.00057, &8¢~ 1.01297 (3.31)
K =101: & ~1.00038, & &&;~ 1.01041. (3.32)

14



3.3 Final bounds
Define B(K, N) to be the set

{h/k . K<k<N,0<h<Ek, (h,k)zl} (3.33a)
but with the restrictions

h # +1mod k if N/3<

N2, (3.33b)
h# 41,42, (k+1)/2mod k  if N/2<k<N

(3.33¢)

Theorem 3.5. There exists W < U := — log |wo| =~ 0.068076 so that

> Qure(N) =0("N).

h/k€B(101,N)
We may take any W > Cla(n/3)/(67) ~ 0.0538 and the implied constant depends only on o and W.

Proof. Recall from Corollary 2.10 that there exists an absolute constant 7 such that for all m, h, k € Z with
1< h<k, (hk)=1and 0 < m < k we have

1og}H;f(h/k)} < % -k +VElogk. (3.34)

It follows from Proposition 3.4 and (3.34) that

24 log (&1/2 + £16283k/8) | Cla(n/3)
<N 3 +27rD(h,k) ~k+r\/N10gN)

1
Qrio(N) < 3 P

where k > K = 101 and &, & &263 are given in (3.32). Given any € > 0 we have 7v/Nlog N < eN for N large
enough. For £ in a range 0 < a < k < b where we know D(h, k) > D*, the expression

Nt log (§1/2 + £&16283k/8) i Cly(m/3) I (3.35)
k 2n D*
has possible maxima only at the end points k = a or k = b. For h/k € B(101, N) with 101 < k < N/3 we

know D(h, k) > 1 and see the end points are bounded by

2 +log (§1/2 + £1£263101/8) n Cly(m/3)

N -101 < 0.0454N + 16.315, (3.36)
101 om -1
2 +log (&1/2+&§16263(N/3)/8)  Cla(n/3) N Cla(m/3)
N 2 N+ 222
N/3 T SN

Therefore

6m

Similarly, for h/k € B(101, N) with N/3 < k < N/2 we have D(h, k) > 2 by (2.3). Hence (3.35) is bounded
by the maximum of

Qnko (N) < % exp (N [M + 25D (h/k € B(101,N), k < N/3).

Cly(m/3) N Cly(mw/3) N
N =202 44 eN + 22020
breN+ =5 3 teN TS 3
For h/k € B(101,N) with N/2 < k < N we have D(h,k) > 3 by (2.4). Hence (3.35) is bounded by the
maximum of Cl(n/3) N Cly(n/3)
2\ ol
4+6N+W'3, 2+6N+T~3

It follows that for any W > Cly(7/3)/(67)

-N

Quio(N) < "N /K3 (h/k € B(101, N)).

15



Finally,
S Qe < Y VYR

h/ke€B(101,N) h/ke€B(101,N)
Nk N
<<eWN221/k3:eWN21//€2 < VN, O
k=1h=1 k=1

Remark 3.6. Theorem 3.5 is still true if we enlarge B3(101, N) to B(82, N), i.e. allowing all k£ > 82. This is
because we obtain 0.0535N + ... on the right side of (3.36) when we replace 101 by K = 82 on the left (and
use the corresponding ¢;s as in (3.31)). Furthermore, with K = 61 we find

> Cua(N) =0("N),
h/k€B(61,N)

needing W ~ 0.067403, very close to U (see (3.30)). We expect that K can be pushed all the way back to 2
and that with improved techniques it should be possible to prove that for some W < U

Z Qhka(N) = O(GWN).
h/keB(2,N)

This would eliminate the 3 °_;, /1.c #,,, term in (1.4) of Theorem 1.1.

What remains from Zy — (F100 U A(N) U B(101, N)) are the subsets C(N), D(N) and £(N) as defined
in (1.13), (1.14) and (1.15). In the following sections we find the asymptotics for each of the corresponding
Qhkg(N) sums.

4 Further required results

We gather here some more results from [O’S] we will require for developing the asymptotic expansions in
the next sections.

4.1 Some dilogarithm results
In [O’S, Sect. 2.3] we saw the identity
Lip (e7™%) = —Lip (e™) + 27° (2* — 2m + 1)z + m*> + m + 1/6) 4.1)
for m < Re(z) < m + 1 where m € Z. Also
Cly (2m2) = —iLip (e*™) + in” (2> = 2m + 1)z + m® + m + 1/6) (4.2)
form<z2<m+1.

Lemma 4.1. Consider Im(Liz(e*™%)) as a function of y € R. It is positive and decreasing for fixed = € (0,1/2) and
negative and increasing for fixed x € (1/2,1).

Lemma 4.2. Consider Re(Liz (€2™%#)) as a function of y > 0. It is positive and decreasing for fixed x with |z| < 1/6.
It is negative and increasing for fixed x with 1/4 < |z| < 3/4.

Lemma 4.3. For y > 0 we have | Liz(e?™**)| < Lig(1).

4.2 Approximating products of sines
In the following, let h and k be relatively prime integers with 1 < h < k. From [O’S, Sect. 2.1] we have

Proposition 4.4. For N/2 <k < N

(_1)k+1

Qnka(N) = P <

—mih(N? + N — 40)
2k

> exp <%i(2Nh F Ntk hk)> I35, (h/R).
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So estimating Qni- (IV) requires these further results on sine products from [O’S, Sect. 3]:

Proposition 4.5. For m, L € Z>1 and —1/m < 6 < 1/m with 6 # 0 we have

i (5)" (22620) "co(-2425)

L—1
X exp (Z Bae (m)*1 cot(2£2)(7rm9)> exp(Tr(m,0)) (4.3)

— (20)!
for
3m,6) i= (ro)?" [ P2 =Tt L ) o0 rap o . [ ot et Sl o
Lemma 4.6. For 1 < m < k/h we have
Ty (m, h/k)| < 7°h/18 + 1/12. (4.4)

Proposition 4.7. Let W > 0. For § satisfying 0 < 6 < 1/e and §log(1/0) < W we have

_ k h 1 h
k) < cyesp (V) for 0<™ <5 anad Lo5<™ <)
m h k 2 k
Proposition 4.8. Suppose A and W satisfy 0.0048 < A < 0.0079 and Alog1/A < W. For the integers h, k, s and

m we require
O0<h<k<s, Ra<s/h, As/h<m<Ek/(2h).

Then for L := |weA - s/h| we have
(72/2)e(h) - esWV/", (4.5)
73 /2. (4.6)

I, (h/K)TL(m, h/k)

<
Tr(m, h/E)| <

See [O’S, Sect. 3.4] for the definition of RA. We will only use it in the case when A = 0.006 and then
Ra ~ 130.7.

Corollary 4.9. Let W, A, s, h, k,m and L be as in Proposition 4.8. Suppose also that 0 < u/v < h/k. Then

[T (h/K)Ti(m,u/v)| < (x°/2)e(h) - ", 47)
(T (m,ufv)| < 72 /2. 49)
The main consequence of Propositions 4.5 and 4.8 is:

Proposition 4.10. For W, A, s, h, k, m and L as in Proposition 4.8 we have

[T, (h/k) = <m) v exp (;—h Cly (27Tmh/k))

L—1 —
xexp|—» B (wh\*™ eoa) (mh +0(65W/h) 4.9)
2201 \ K k

for an implied constant depending only on h.

5 The sum C;(N,0)

We find the asymptotic expansion of

Ci(N,o) = > Quo(N)=2Re > Qare(N) (5.1)

h/keC(N) & <k<N, kodd



in this section and the next. Setting h = 2 in Proposition 4.4 yields

2 —4do T _
Qoro(N) = % exp <—7TZIW) exp <7(5N +2— k)) HNl_k(2/k) (5.2)

The sum (5.1) corresponds to 2N/k € [2,4) and we break it into two parts: Co(N, o) for 2N/k € [2,3) and
C;(N, o) with 2N/k € [3,4).

0.06 2Re Q210 (N)
0.03
./‘\/\.
2 5/2 3 7/2 4 IN/k
—0.03
C2(N, o) C;(N,o)

Figure 3: 2Re Q20 (N) for 0 =1 and N = 100

5.1 First results for C2(N, 0)
With (5.2) we have

cvn—ne S e(v[F (A ea-k))

kodd, 2N/k€([2,3)
—mi2N 1 [ 2N .
X exp (TT) exp (N [2#107]> [Iy_x(2/F). (5.3)

Define B
ge(z) := —(2—;; (72)* 7t ot (72) (5.4)

and set z = z(N, k) := 2N/k. The analog of the sine product approximation, [O’S, Thm. 4.1], we need here
is:

Theorem 5.1. Fix W > 0. Let A be in the range 0.0048 < A < 0.0079 and set o = Ame. Suppose § and &' satisfy

A 1 1
—<5<—,0<5’<E

! !
< WL
T—A - and dlogl/d, &'logl/o" < W

Then for all N > 2 - Ra we have
TN (2/k) =0 (VN2)  for 22, 2+0]U/2- 4, 3) (5.5)

and

I 0= e (V) (rnes)

L—1
X exp ( 9¢(2) ) +0(MNR) for ze(2+46,52-0) (56)

N20—1
=1

with L = |« - N/2|. The implied constants in (5.5), (5.6) are absolute.

18



Proof. The bound (5.5) follows directly from Proposition 4.7 with m = N — k and h = 2. Next, in Proposition
4.10, we set s = N and again m = N — k and h = 2. The condition on m in Proposition 4.10 is equivalent to

A 2N 5

24 —— <2
TTCARSTH S2

So (5.6) follows from Proposition 4.10 if

A
- <. 7
1—-A)2 o (57)
The inequality (5.7) is equivalent to 1/A — 1/§ > 1/2. Since our assumption A/(1 — A) < § is equivalent to
1/A —1/6 > 1, we have that (5.7) is true. O

With (4.2) for m = 2 we obtain
Cly(272) = —i Lig(e*™#) +im?(2* =52 +37/6) (2 < 2 < 3).

Therefore

Cla(27z) = mi AN | . omiz ) 9
B G (4 2) = g [t~ 1ia(t) 4] &8

with the right side of (5.8) now holomorphic in the strip 2 < Re(z) < 3.
To combine (5.3) and (5.6) we set, initially with z € (2, 3),

re(z) == 2732-2 [LiQ(em) — Lis(1) — 47r2} , .9)
. 1/2
qe(z) :== <W> exp(—miz/2), (5.10)
Imicy (2)
ve(z N,0) = == + Jff‘f%_l (L =|a-N/2)). (5.11)
=1
Then define

C3(N,o) :== N_—%Re Z % exp(N - r¢ (2))qc (2) exp(ve(z; N, 0)), (5.12)

kodd: z€(2+446,5/2—46")
and it follows from (5.3) and Theorem 5.1 that for ¢ € R and an absolute implied constant

Co(N,0) = C3(N, o) + O(e"N/2), (5.13)

5.2 Expressing C5(/V, o) as an integral
Proposition 5.2. Suppose 3/2 < Re(z) < 5/2and |z — 2| > € > 0. Also assume that

max{l + é 16} < %e (5.14)
Then, for an implied constant depending only on €, acand d,
L-1
3 Zié(ﬁl < N;fle—ﬂlyl (d>2,L=|a-N/2). (5.15)
t=d

Proof. For z in this range, we may bound g,(z) by ((1+ 1/ s)é)é + g16€)€. These bounds get very large for ¢
large. The condition (5.14) ensures L is small enough that g¢(z)/N*~! remains small. See [O’S, Sect. 4.2] for
the details. 0

We now fix some of the parameters in Theorem 5.1 and take
W =0.05, «=0.006me~0.0512, 0.0061 <4, ¢ <0.01, N >400. (5.16)

Also, with € = 0.0061, condition (5.14) is satisfied and Proposition 5.2 implies:
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Corollary 5.3. With §,6" € [0.0061,0.01] and z € C such that 2+ 6 < Re(z) < 5/2 — ¢’ we have

omicz <= g (2) 1
[
UC(Z§N70):T+ N2e1+O<N2d1>
=1

for2 < d < L= 0.006me- N/2| and an implied constant depending only on d.
In the next theorem we assemble the results we need to convert the sum C3(N, o) in (5.12) into an integral.

Theorem 5.4. The functions r¢(z), qc(z) and ve(z; N, o) are holomorphic for 2 < Re(z) < 5/2. In this strip,

2mij 1 1
Re(re(2)+ 29} < (2 Cly@rz) + x2ly| | = +4( +1) (y > 0) (5.17)
z 27| z|? 3
Re (e () + 2 ) < — L (2 Cly@ra) + 2] |2 — 45 (y < 0) (5.18)
re (z . S P z Cl(2rz) + 77yl | 5 j Yy < .
for j € R. Also, in the box with 2 + 6 < Re(z) < 5/2—6"and —1 <Im(z) <1,

qc(2), exp(vc(z;N, 0)) <1 (5.19)
for an implied constant depending only on o € R.

Proof. Since Lis(e*™#) is holomorphic away from the vertical branch cuts (—ico,n| for n € Z, we see that
r¢(z) is holomorphic for 2 < Re(z) < 5/2. Then in this strip, using (4.1),

re )+ 7 = o [Uia(et™) — Lin(1) — 4 + 1)
= gz [~ Liae ) + Lia(1) — 4% = 2)] =iz —5). (5.20)

The inequalities (5.17) and (5.18) follow, as in [O’S, Sect. 4.3].
Check that for w € C,

—m/2 < arg(sin(mw)) < 7/2 for 0 < Re(w) < 1.

Consequently, —7 < arg(z/sin(nz)) < 7 for 2 < Re(z) < 5/2 and so gc(z) is holomorphic in this strip. Also
ve(z; N, o) is holomorphic here since the only poles of g,(z) are at z € Z.
Finally, g¢(z) is bounded on the compact box, as is exp(vc(z; N, o)) by Corollary 5.3. O

By the calculus of residues, see for example [Olv74, p. 300],

_1 ©(2) 3
2. el =3 /C Sitan(r(z —1)/2) ¢ (521)

a<k<b, kodd

for ¢(z) a holomorphic function and C' a positively oriented closed contour surrounding the interval [a, b]
and not surrounding any integers outside this interval. Hence

1 _ -1 p(2) i
aékgbz,k odd ¥ PENIE) AN /C 2itan(m(2N/z —1)/2) d

for C' now surrounding {2N/k | a < k < b} with a > 0. Therefore

_ ! ge(?) .
C3(N,o) = WRG /01 exp(N - r¢(z)) 2 tan(=(2N/z —1)/2) exp(ve(z; N, 0)) dz (5.22)

where C is the positively oriented rectangle with horizontal sides C;", C; having imaginary parts 1/N2,

—1/N? and vertical sides C1,, C1 g having real parts 2 + § and 5/2 — &' respectively, as shown in Figure 4.
The next result shows that the integrals over C' 1, C1 g are small.
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cf Cy
1/N2“ - <
Cio Cir Cor Co.r
2| o |52 I 4
—1/N%+ > >
2465  5/2-¢ 346 1/2-0

Figure 4: The rectangles C; and C»

Proposition 5.5. For N greater than an absolute constant, we may choose 6, §' € [0.0061, 0.01] so that

! qc(2) .
Cs(N0) = SR /cfucl (N 10 g tranys — 1) P (e No0) e+ O

for W = 0.05 and an implied constant depending only on o.

Proof. The proposition follows from (5.22) if we can show [, . . = O(e""/?). For N large enough, we
may choose § and ¢’ so that Cy 1, and C, pass midway between the poles of 1/ tan(7(2N/z —1)/2). Hence

1

1 € C1,L UC1R). 5.23
tan(m(2N/z — 1)/2) < (2 bE LR) (5.23)
The bound (5.19) from Theorem 5.4 implies
qc(z) exp(vc(z; N, 0)) <1 (z € Cy1,, UChR). (5.24)
Theorem 5.4 with j = 0 also implies
Re(rc(z)) < i 117012(271':17) + ﬁ (Z € Cl,L @] Cl,R)-
8T N
Note that
Cly(272) < 0.24 if 2<2 <201,  Cly(2rz) <0.05 if 249 <z <2.5. (5.25)
Therefore )
Re(re(2)) < 8i (2.01 x 0.24 + E]’Viz) <0.025 (z€Cyp, N>25) (5.26)
T
and we obtain (5.26) for z € ('} g in the same way. Consequently
exp(N - r¢(z)) < exp(0.025N) (2 € C1,L UCh,R). (5.27)
The proposition now follows from the bounds (5.23), (5.24) and (5.27). O
We have
1 1243 (=17 IN/Eif Tmz > 0 (5.28)
2itan(m(2N/z —1)/2) | =1/2 =35, (=1)7e>™N/= i Imz < 0 ‘

and therefore

/C1+ _ j;l(_l)j /C1+ exp(N[re(z) + 2mij/2])qe(z) exp(ve(z; N, o)) dz, (5.29)
/7 =- Z/(—l)j / B exp(Nre(z) + 2mij/2])qe(2) exp(ve(z; N, 0)) dz (5.30)
1 720 =

where > indicates the j = 0 term is taken with a 1/2 factor. The terms with j = 0, —1 are the largest:
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Proposition 5.6. For W = 0.05 and an implied constant depending only on o

2.49

C3(N,0) = #;/2 Z (—1)jRe/0 exp(Nre(z) 4 2mij/z])qe(z) exp(ve (z; N, o)) dz+0(e"N/?). (5.31)
j=0,~1 201

Proof. As in [O’S, Sect. 4.5], the total contribution to (5.29), (5.30) for all j with |j| > N? can be shown to be
O(N). Let D} be the three lines which, when added to C;", make a rectangle with top side having imaginary
part 1. Orient the path D so that it has the same starting and ending points as C; . Since the integrand is
holomorphic we see that |, cf = J D} For integers j with —N? < j < 0 we consider

/D+ eXp(N[rc (2) + 27Tij/z])qc(z) exp(vc(z; N, J)) dz. (5.32)

We have qc¢(z) exp (ve(N, 2)) < 1 for z € DI by Theorem 5.4. On the vertical sides of D" we have

2mij ) x Cly(27z)
<
z 8

< 0.02

Ro (re(s) +

™

by Theorem 5.4 and (5.25) if j < —2. On the horizontal side of D}, with y = 1, Theorem 5.4 implies

Re (rc (2) + 2”%) < (2.5 Cly(7/3) + 7 [% +4(5 + 1)D <0

S 2nl?

if j < —2. Hence, for each integer j with —N? < j < —2,(5.32)is O(exp(0.02N)). In a similar way, the terms
in (5.30) for 1 < j < N? are O(exp(0.02N)). Moving the lines of integration from C; and C}" to [2.01,2.49]
is valid with (5.24), (5.27) and this completes the proof. O

A slightly more detailed argument shows that the j = 0 term in (5.31) is also O(e"V¥/2)

Proposition 5.7. For W = 0.05 and an implied constant depending only on o

/2.49 exp(N - r¢(2))qe(2) exp(ve(z; N, 0)) dz = O(eVN/2), (5.33)
2.01

Proof. Change the path of integration to the lines joining 2.01, 2.01 — 4, 2.49 — i and 2.49. The result follows
if we can show Re(r¢(z)) < W/2 on these lines. For y < 0, by (5.20),

2Im(Lig(e~27%))

Re(re(z)) = my — —— (Lig(1) — Re(Liz(e"2™)) + 872) —

27|z |? 27|2|?

Yy . . — 9z 2 T Clg (271',(6)

< 1y — ——— (Li2(1) — Re(Li 8 —
Y EHE (Liz(1) — Re(Liz (e ) +87%) + 2]

using Lemma 4.1. Recalling (5.25) we obtain the following bounds on each segment:
e r =201, -1 <y < 0. By Lemma 4.2 we have —Re(Liz (e 7"%*)) < 0 so that

Re(re(z)) < my + (—y(Liz(1) + 87%) 4 0.24x) < 0.025.

1
2m(x? +y?)
e r =249, -1 <y < 0. By Lemma 4.3 we have —Re(Liz (e 7"%%)) < Liy(1) so that

Re(re(2)) < my+ (—y(2Lis(1) + 877) + 0.05z) < 0.01.

1
2m(x? +y2)
e 2 <z <25,y =—1. With Lemma 4.3 again

Re(re(2)) < my + m (—y(2Lix(1) 4 87?) + 2.5 Cly(7/3)) < 0. O
Since p(z) = —(rc(z) — 2mi/z), and recalling (5.13), we have therefore shown
Co(N,0) = C4(N,0) + O(eVN/?) (5.34)
for W = 0.05, an implied constant depending only on o, and
Cs(N,o) := 2N#B/QRe /::9 exp(—N - p(2))qc(z) exp(ve(z; N, 0)) dz. (5.35)
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5.3 A path through the saddle-point

To apply the saddle-point method, Theorem 1.8, to C4(NN, o) we first locate the unique solution to p/(z) = 0
for 3/2 < Re(z) < 5/2 as

N 1og(1 —w(0, —2))

2mi

~ 2.20541 + 0.345648:

zZ1 =2

by Theorem 1.9. Then we replace the path of integration [2.01,2.49] in (5.35) with one passing through z;.
Let v = Im(z1)/Re(z1) ~ 0.156728 and ¢ = 1 + v. The path we take through the saddle-point z; is
Q = Q; U Qs U Q3, the polygonal path between the points 2.01, 2.01¢, 2.49¢ and 2.49 as shown in Figure 5.

21
0.346 -+
Qo

0, Qs

2 2.205 5/2

Figure 5: The path Q = Q; U Q5 U Q3 through z;

For Theorem 1.8 we require the next result.

Theorem 5.8. For the path Q above, passing through the saddle point z,, we have Re(p(z) — p(z1)) > 0 for z € Q
except at z = z1.

Theorem 5.8 seems apparent from Figure 6. We prove it by approximating Re(p(z)) and its derivatives
by the first terms in their series expansions and reducing the issue to a finite computation. This method
was used in [O’S, Sect. 5.2] and we repeat the results from there. To take into account that we are using an
approximation to z;, we give proofs valid in a range 0.15 < v < 0.16.

003 1 Re[~p(2)]

0.02 +

0.01 +
Z1

9 Q> Qs

Figure 6: Graph of Re[—p(z)] for z € Q

Generalizing to pq(z), we examine Re(p4(2)) for z on the ray z = ct for ¢ = 1 + iv with v > 0. We also
write _
c = pe't (0<p, 0<8<7/2).

For the second derivative we have

2

O Relpalet)] = Ra(L:1) + B3 (L;1)
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for

L—1
24d 4+ 1) sin 6@
Ry(L;t) := _% + mE:1 (Am (t) cos(2mmt) + By, (t) sin(2ﬂ'mt)),
_ 2 2mp 1
. 2mmot :
Am(t) =€ (W +Sln9(T+ mzﬂpt3>> N
2 1
B (t) := e 2™ cos ) (Lp — 27)
t m2mpt3

and

e—27ert 1 2 27Tp
Ry (L;t)| < Es(Lst) := — +— .
| 2( ) )| 2( ) 1 — e—2mot (7TpL2t3 + Lt2 + t )

We see that F(L;t) is a decreasing function of L and ¢t. We have A,,(t) a positive and decreasing function

of t. Also B,,(t) is a positive and decreasing function of ¢t when ¢ > ﬁﬁm' The above formulas for Ry (L;t)

use (1.16), which is valid since [e?™**| < 1 when Im(z) > 0. For a ray 2z = ¢t with Im(c) < 0, the functional
equation (4.1) must be applied first and then similar formulas are found.
Let v; = 0.15 and vp = 0.16. Writing p1€% =1 +4v; and pee’®? = 1 + ivy we have

l<pi<p<pr, 0<O; <00 < /2

For v in the interval [v1, v2], we may bound A,,(t), By, (t) and E2(L;t) from above and below by replacing
v, p and 6 appropriately by v;, p; and 6;, j = 1, 2. For example

0< A, (t) < An(t) < Af (1) (v € [v1,v2])

with
A~ (t —27rmv2t + sin@ 27Tp1
m ! t m27rp2t3
_ 27Tp2
AJr 2mmuit 9
o ( cants (55 mw))
and similarly write 0 < B, (t) < By (t) < B} (t) and 0 < E; (L;t) < Eo(L;t) < Ey (L t).

Lemma 5.9. Let ¢ = 1 + v with 0.15 < v < 0.16. Then 4 Re[ (ct)] > 0 fort € [2,2.35].

Proof. Break up [2,2.35] into n equal segments [z;_1, z;]. Then

j—ZRe[( £)] > min ((te[min RQ(L;t)) —E;(L;xj_1)>. (5.36)

1<j<n j—1,15]

Lett = z7,, correspond to the minimum value of cos(27rmt) for t € [zj_1,;] (so that 2}, equals z;_1, x;
or a local minimum & /2m for k odd). Similarly, let t = x7%, correspond to the minimum Value of sin(27mt)
fort € [x;_1,x;]. Then

. L—1
0
min Ro(Lit) = _gsma 2+ Z (Am xj) cos(2mma} ) + B, (:vj)sin(me:C;fm)) (5.37)
t€[r;—1,75] P1T;_q m—1

where we must replace A, (x;) in (5.37) by Af, (x;-1) if cos(2rmz},,) < 0 and replace B, (x;) in (5.37) b
B (zj-1) if sin(2mmah,) < 0.

A computation using (5.36) and (5.37) with n = 10 and L = 3 for example shows > Re[ (ct)] > 0.09. O

We may analyze the first derivative in a similar way. We have

@ Relpa(et)] = Ra(L:1) + Ri(L:1)
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for

L-1

24d + 1) sin 6
Ri(L;t) := % + Z (—Cm(t) cos(2mmt) + Dy, (t) sin(27rmt)),
m=1
1 sin 6 cos
Cm t) = —2mmut [~ Dm t) = —2mmut
(8):=e (mt m22ﬂ'pt2) ’ () :=e m22mpt?

and

e*QﬂLvt 1 1
Ri(Lit)| < Ex(Lst) = t)"
| 1( ) )| 1( ) 1 — e—2mot (27TpL2t2 + Lt)

We see that Ey (L;t) is a decreasing function of L and ¢. Also C,,,(t) and D,,(t) are positive and decreasing
functions of ¢.

Lemma 5.10. Let ¢ = 1 + iv with 0.15 < v < 0.16. Then % Re[p(ct)] > 0 for t € [2.35,2.5].

Proof. Break [2.35,2.5] into n equal segments and, as in the proof of Lemma 5.9, bound %Re[p(ct)] from
below on each piece. Taking n = 10 and L = 3 shows % Re[p(ct)] > 0.03 for example. O

Corollary 5.11. Let ¢ = 1 + iv with 0.15 < v < 0.16. There is a unique solution to £Re[p(ct)] = 0 for t € [2,2.5]
that we label as to. We then have Re[p(ct) — p(cto)] > 0 for t € [2,2.5] except at t = 1.

Proof. Check that £Re[p(ct)] < 0 whent = 2 and £Re[p(ct)] > 0 when t = 2.35. By Lemma 5.9 we see that
%Re [p(ct)] is strictly increasing for ¢ € [2,2.35]. It necessarily has a unique zero that we label ¢y. By Lemma
5.10, £ Re[p(ct)] remains > 0 for t € [2.35,2.5] . Hence Re[p(ct) — p(cto)] is strictly decreasing on [2,t) and
strictly increasing on (%o, 2.5] as required. O

Proposition 5.12. For 0.15 < v < 0.16 we have Re[—p(z)] < 0.024 for z € Q1 U Qs.
Proof. We have z fixed as 2.01 on Q; and 2.49 on Q3. Write

f(y) +9(y)

Re[—p(z)] = 27T|Z|2

for | |
f(y) =Y (L12(1) — Re(LiQ(S%UZ))) , g(y) — CCIIIl(LiQ(e%”Z)).

If z = 2.01 or 2.49 it follows from Lemma 4.1 that ¢(y) is positive and decreasing. Similarly, it follows from
Lemma 4.2 that f(y) is always positive and increasing for y > 0.
For z € Q,sothatz =2.0land 0 < y < Y :=2.01 x 0.16 = 0.3216,

Re—p(2)] < (F(Y/3) + g(0))/(272.012) ~ 0.0232 ye[0,Y/3]
(F(Y) + g(Y/3))/(2m(2.01% + (Y/3)?) ~ 0.0226  y € [YV/3,Y].

Forz € P3,sothatz =249and 0 <y <Y :=2.49 x 0.16 = 0.3984,
Re[-p(2)] < (f(Y) + ¢(0))/(272.49%) ~ 0.021,  y € [0,Y]. O
Proof of Theorem 5.8. Let v be given by Im(z1)/Re(z1). Then

%Re[p(ct)] = Re|ep’(cRe(z1))] = Relcp’(21)] = 0.
t=Re(z1)

It follows from Corollary 5.11 that Re[p(z) —p(21)] > 0 for z € Qs and z # z;. We also note that Re[—p(z1)] ~
0.0256706.
For z € Q1 U Qg, Proposition 5.12 implies Re[p(z) — p(z1)] > —0.024 + 0.0256 > 0. O
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5.4 Applying the saddle-point method

For j € Z3o put

2 y mi ma . m
g (2) = ) (mios + ()™ gala)™ | gglal™ (5.38)
J my! mo! m;!
mi1+3ma+5mg+---=j J

with 4, = 1. Recalling the definition of g,(z) in (5.4), we see that u, ;(z) is holomorphic for z ¢ Z. The
proof of the next proposition uses Corollary 5.3, see [O’S, Sect. 5.3].

Proposition 5.13. For 2.01 < Re(z) < 2.49 and [Im(z)| < 1, say, there is a holomorphic function (4(z; N, o) of z

so that
d—1

Uy 1
exp(vc(z; N, U)) = > ]\J[g ?) +Ca(z;N,0) for Ca(z;N,0) =0 <W)
=
with an implied constant depending only on o and d where 1 < d < 2L — 1 and L = [0.006me - N/2|.
We now have everything in place to get the asymptotic expansion of Ca(NN, o).

Theorem 5.14. With ¢y = —z1e~ ™1 /2 and explicit ¢1(0), ca(0), . . . depending on o € R we have

C2(N,0) = Re {“’(0&# <co+i]\f)+-~-+%lf‘f)>} +o<|“](?\’[+ﬂ“v) (5.39)

for an implied constant depending only on o and m.
Proof. Recall from (1.32) that e?(*1) = w/(0, —2). Proposition 5.13 implies

d—1

1 Ne(s 1 _Nep(e
ZW/Qe NP ge(2) - ug (2 )dz+2N3/2/ e N >-qc<z>-<d<z;N,a>dz] (5.40)
j=0

where the last term in (5.40) is

; /
L —7
N3/2 o

by Theorem 5.8, (5.19) and Proposition 5.13. Applying Theorem 1.8 to each integral in the first part of (5.40)
we obtain

—Nop(z _ z1) a2s\4qc * Ug, 1
[ o) ) dz = 2 (ZFHW e o) ”*0(@))' o

The error term in (5.41) corresponds to an error for C4(N, o) of size O(|w(0, —2)| = /N5Ti+2). We choose
S = d so that this error is less than O(|w(0, —2)|~ /N9+3/2) for all j > 0. Therefore

C4(N,U) = Re

—dz < efNRC(p(Zl)) — |’LU(O, _2)|7N

o Np(2) 1 1w(0, =2)77
Nd Nd+3/2 Nd+3/2

[a—1 d—1
1 o~ Nz (s +1/2)a2s(qc - Uo,j) lw(0, —2)|~N
Ci(N,0) =Re | ~gme VP Z; Notis + O —yamEz—
7=0 s=
i 2d—2 min(¢t,d—1) _N
- 1 |w(0, —2)|
=Re |w(0,-2)~" Z Ni+2 Z [(s+1/2)azs(qc - umt—s)] +0 (W
t=0 s=0
B d—2 t
— 1 |’U}(O, _2)|_N
= Re ’U}(O, —2) N T2 ZF(S + 1/2)a2s(QC . ua’,t—s) + O (W .
t=0 s=0

Hence, recalling (5.34) and with

¢
ci(o) := Z I(s+1/2)ass(qc - Uo1—s), (5.42)
s=0
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we obtain (5.39) in the statement of the theorem.
Use the formula (1.29) for ag to get

co(0) =T (1/2)ao(gc - us0) = V7

w
2(w2pg)1/2 9o

which is independent of 0. The terms py and ¢ are defined in (1.26), (1.27). Using the identity

1 27 - 272
17 _ /
p'(z) = - (2]9 () + W)
we obtain i
i 2Tz o

” L B iz
po=p"(21)/ w(0, —2) a6 = qc(z1) w(0, —2)

Therefore ) )

4o 21

4p0 = 4627rizl :

(5.43)

(5.44)

We may take w = z; since the path Q; is a segment of the ray from the origin through z;. A numerical check

then gives us the correct square root:

COZ\/E

w - z1
2(w2po) /2 90 = T 9emiz

O

For example, Table 1 compares both sides of (5.39) in Theorem 5.14 with ¢ = 1 and some different values

of m and N. For other values of o we get similar agreement.

N | m=1 m=2 m=3 m=4 | C(N,1)
800 293.204 301.757 303.016 303.119 303.112
1000 | —263123. —261461. —261486. —261493. | —261493.

Table 1: Theorem 5.14’s approximations to Co(NN, 1).

6 The asymptotic behavior of C;(V, o)
We find the asymptotic expansion of

C3(N,0) = 2Re > Qaro (N),

kodd : 2N/ke[3,4)

the second component of C; (N, ), in this section.

6.1 Approximating the sine product

From (5.2), Q210 (N) contains the sine product H;1(2 /k) form = N — k and k/2 < m < k. The next result

expresses this product in terms of a new variable a.

Proposition 6.1. Let k be an odd positive integer. Write m = a + (k —1)/2for 1 < a < (k—1)/2. Then

(1) [Ty, (1/k)
VE T, (2/k)

H:nl(Q/k): for k/2<m <kEk.

Proof. The formula

— ) (k— 1
[Tl (h/k) = (1) D0=D/2 2

from [O’S, Sect. 2.2] implies [, (2/k) = (—=1)*~1/2/k and therefore, by symmetry,
_ 1
)2(2/k) = 7
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Hence

a

- - 1
Hml(2/k) = 1_[(161*1)/2(2/16) 71;[1 2sin(m(j + (k —1)/2)2/k)

1
- ﬁjl;[l 2sin(m(2j — 1)/k+m)

_ DT !
T VE Jl;ll 2sin(m(25 —1)/k)

and the result follows. O

In this subsection we define z = 2(N, k) := 2(N + 1/2)/k. The next result is the sine product approxima-
tion we need here.

Theorem 6.2. Fix W > 0. Let A be in the range 0.0048 < A < 0.0079 and set o = Ame. Suppose 6 and &' satisfy

A 1 1
< = I < = ! I <
1—A<6\e’0<6\e and dlogl/s, 6'logl/é" < W
Then for all N > 3 - R we have
TIN" . (2/k) :o(eWN/3) for ze[3,3+6UT/2—4, 4) 6.1)

and also for z € (349, 7/2—1¢")

[Ivor(2/k) =

_1\N+(k+1)/2
(=) ex N+1/2 Cla(272)
2k 2mz
L*—1

- ge(2)
X exp <ZZ N+ 1/2 )25 1~ ; W) +0 (eWN/S) (6.2)

with L = |o-2N/3| and L* = |« - N/3]. The implied constants in (6.1), (6.2) are absolute.

Proof. We have 2N/k € [3,4) so that N/2 < k < 2N/3. For m = N — k this corresponds to k/2 < m < k. In
terms of a this means
1<a<k/2, 2a/k =z —3.

For L = 1, Proposition 4.5 implies

1/2
/0 = (g ) o (e Clatama/i) ) exp (<Ti(2a,1/1).

'@/ = (romaer) e (4 Claltna/)) exp (~Tifa, 2/0)

so that

-1
% = 21% exp (% C12(4ﬂ'a/kz)) exp (—T1(2a,1/k) + Ti(a,2/k))

1/2
= (gsin@ﬂ'a/k)) exp (=T (2a,1/k) + 2T1(a,2/k)) - T1, " (2/k).

Therefore, employing Lemma 4.6,

I3 (/0 1o )
Hzl(z/k) <KPIL N2/ (1<a<k/2) 6.3)

28



with an absolute implied constant. A similar argument proves

7%2;2 <k (IRam)" a<a<k), (64

Then using Proposition 4.7 to bound [],"(2/k) on the right of (6.3) and noting that k < 2N/3 proves (6.1).
For positive integers L, Lo, Proposition 4.5 implies

L,—-1

% — % exp (% C12(4ﬂ'a/kz)) exp <_ gg' (%)%—1 cot(2-2) (%))

Ly—1 20—1
X exp < ; (123;;! (2%) cot(¢-2) <2a7”)> exp (=Ty, (2a,1/k) + Ty, (a,2/k)). (6.5)

Use Proposition 4.8 with h = 2, m = a and s = 2N /3 to show that, for AN/3 < a < k/4,

I1, " (2/k) T, (a,2/k) < eV N/3 (6.6)
Tr,(a,2/k) < 1 (6.7)

with absolute implied constants, Ly := LweA N/3]and N > 3- Ra. The above inequality (6.6) is valid with
[1,'(2/k) replaced by [I,. (1/k)/ 1, " (2/k) using (6.3):
(Tla (/) T12 ' (2/8)) Traa,2/k) < N2 N/, 68)
Use Proposition 4.8 with h = 1, m = 2a and s = 2N /3 to show that, also for AN/3 < a < k/4,

[T, (1/k)T1, (20, 1/k) < e2VN/3 6.9)
Tr,(2a,1/k) < 1 (6.10)

with absolute implied constants, L, := [reA-2N/3| and N > 3- Ra /2. Taking square roots of both sides of
inequality (6.9) and using (6.4) and that |T}, (2a,1/k)| < |TL, (2a,1/k)["/* shows

(H% (1/k)/ T 2/k)TL1(2a,1/k) < N4WN/3, (6.11)

With the inequalities (6.6) - (6.11) established, the arguments of Proposition 4.10 now go through, applied
to (6.5). This allows us to remove the factor exp (—17%,(2a,1/k) + Tr,(a,2/k)) in (6.5) at the expense of

adding an O(e"V'"/3) error. The interval AN/3 < a < k/4 corresponds to
P S
1-A/3 57573

SO we require

A
The inequality (6.12) is equivalent to 1/A —1/§ > 1/3. Since our assumption A/(1 — A) < ¢ is equivalent to
1/A —1/6 > 1, we have that (6.12) is true. This completes the proof of (6.2). O

We rewrite (5.2) as

e mi/4 —71 mi(160 z 1
Qoo (N) = ©—exp ((N +1/2) =5+ 2/z)> exp (%) [Ivc(2/%)

and combine with (6.2) from Theorem 6.2 as follows. With (4.2) for m = 3 we obtain
Cly(272) = —i Lig(e*™*) 4+ in? (2% — 72+ 73/6) (3 < z < 4).

Hence oL(2 ' )
CL@rz) (2= 542/2) = —mi + —— | Lin(e2™%) — Liy(1) — 1o7r2]

2mz 2 2miz
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Define the following functions

* . . 2miz\ _ T3 _ 2
r5(z) = Imis [ng(e ) — Lig(1) — 107 },
qé(z) = 67371'1/4\/;7
. L—1 L—1
. (160 + 1)z ge(2) 9¢(2)
velz o) = gmay * ; 2(N +1/2))2 1 ; (N +1/2)21
for L = |a-2N/3| and L* = |- N/3]. Set
* 1 (_1)(k+1)/2 * * *
C;(N,o) := 71/2Re Z — exp((N +1/2)r8(2)) g5 (2) exp(vg (25 N, 0)).
(N T 1/2) kodd : ze(3+9,7/2—6") k
It follows from Theorem 6.2 that
C3(N,0) = Ci(N,o) + O0(eVN/3). (6.13)

6.2 Expressing C;(N, o) as an integral
Similarly to Proposition 5.2 we have
Proposition 6.3. Suppose 5/2 < Re(z) < 7/2and |z — 3| > ¢ > 0 and assume max{1 + £, 16} < Z&. Then for

d=>2,
L*—1

_ L
Z N+1/2 )21 g (N +g€1(/22))2e_1 < Nea-1¢ vl (6.14)

where L = |« - 2N /3], L* = |a - N/3| and the implied constant depends only on €, o and d.

Fixing the choice of constants in (5.16) and with ¢ = 0.0061 and

gee(2) = go(2) (27 @Y — 1) (6.15)
we obtain:

Corollary 6.4. With §,6" € [0.0061,0.01] and =z € C such that 3+ 6 < Re(z) < 7/2 — ¢’ we have

./ _ mi(160 + 1)z =l ge.e(2) 1
We(=N.0) = gy +; AT O (de—1>

for2 < d < L* = |0.006me - N/3] and an implied constant depending only on d.
Next,

211

re () +—(-1/2) =

v (2) + @( L1/2) = [L12 — Lig(e™2%) — 4n%(j — 3)} — (22— 7) (6.16)

Li Lis (€2™%) — 472 (i 2}
m[ iy (1) + Liz(¢*™%) — 4%(j + 2)|,

where (6.16) follows from (4.1) when 3 < Re( ) < 4. Then with a similar proof to Theorem 5.4 we have

Theorem 6.5. The functions r}(z), q5(z) and v5(z; N, o) are holomorphic for 3 < Re(z) < 7/2. In this strip

2
Re (Tc( ).,.ﬂ( _1/2> 27r| B ((EClg 21x) + |yl [ +4(]+2)}> (y =20) (6.17)
2
Re (rc( )+ ﬂ(g +1/2) ) 27T| E (:c012 2mx) + 7w y| [— — 4A(j +3/2)D (y<0) (6.18)
for j € R. Also, in the box with 3+ 6 < Re(z) < 7/2— ¢ and —1 < Im(z) < 1,

qE(Z% exp(vi(z; N, o)) < 1 (6.19)

for an implied constant depending only on o € R.
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By the calculus of residues,
1 ()
(_1)(k+1)/290(k) = _/ ————dz
a<k§k odd 2 Je 2icos(mz/2)

for ¢(z) a holomorphic function and C a positively oriented closed contour surrounding the interval [a, b]
and not surrounding any integers outside this interval. Hence

(—1)(k+1)/2 L "
a<k§k oddTw(Q(N B 4(N +1/2) / Sicos(r(N +1/2)/2) 7 (6.20)

for C now surrounding {2(N + 1/2)/k | a < k < b} with a > 0. Therefore

C;(N,o) =

WRG /02 exp((N + 1/2)r5(2)) 57 cos(ﬂ'(]CV 1972 exp(vg(z; N,0))dz  (6.21)

where C, is the positively oriented rectangle with horizontal sides C;, C; having imaginary parts 1/N2,
—1/N? and vertical sides C5 1, C» g having real parts 3 + § and 7/2 — ¢’ respectively, as shown in Figure 4.

Arguing as in Proposition 5.5 proves the contribution to (6.21) from integrating over the vertical sides
Ca.1, C2. g is O(e%016N) We have

. _ i A e e CE(N +1/2)( - 1/2)) i Tmz >0 622)
2icos(m(N +1/2)/z) Zj>0(_1)j exp (2(N +1/2)(j +1/2))  if Tmz < 0. ]
Therefore
—4(N +1/2)*2C3(N, o)
ITm ex ri(z @'_ % () exp (v (2 o .
_jg(—l)l /02+ p((N+1/2)[c( )+ —0 1/2)ch() p(v5(z N, 0)) d
+ jg(—l)jlm /02 exp <(N +1/2) {1%(2) + ?(i + 1/2)]> g6 (2) exp(vi(2; N, ) dz + O(%016N),

A similar proof to Proposition 5.6’s, employing Theorem 6.5, shows that the total size of all but the j = —1,
—2 terms above is O(e"13N) Let d = j + 2 and we see pq(z) = —(rj(z) + 27i(j — 1/2)/2) so that

4(N +1/2)3/2C3(N, 0)
3.49
= Z (=1)%Im ol exp(—(N + 1/2)pa(2))¢i (2) exp(vé(2; N, o)) dz + O(e®1N). (6.23)
d=0,1 :

6.3 Paths through the saddle-points
We treat the d = 0 case of (6.23) first. The unique solution to p’(z) = 0 for 5/2 < Re(z) < 7/21is

- log(1 —w(0,-3))

211

Zg 1= ~ 3.21625 4 0.402898:
by Theorem 1.9. Let v = Im(z2)/Re(z2) ~ 0.125269 and ¢ = 1 + iv. The path we take through the saddle
point z2 is R := R1 U Ra U R3, the polygonal path between the points 3.01, 3.01¢, 3.49¢ and 3.49.

A similar proof to that of Theorem 5.8 shows that Re[p(z) — p(z2)] > 0 for z € R except at z = zy, as seen
in Figure 7. Hence

Re[—p(z)] < Re[—p(22)] =~ 0.013764 (z€eR)

and it follows that the term corresponding to d = 0 in (6.23) is O(e%-914V),

Define

1 3.49

Ci(N,o):= Wlm ol exp(—(N 4+ 1/2)p1(2)) gt (2) exp(vg(z; N, 0)) dz (6.24)
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0.02 +

0.01 A

R Ra Rs

Figure 7: Graph of Re[—p(z)] for z € R

and we now know from (6.13), (6.23) and the above that
C3(N,0) = Ci(N,o) + O0(eVN/3). (6.25)
The unique solution to pj(z) = 0 for 5/2 < Re(z) < 7/21s

log(1 — w(1,-3))

21

~ 3.08382 — 0.08334511

z3 =3+

by Theorem 1.9. Let v = Im(z3)/Re(z3) ~ —0.027027 and ¢ = 1 + 4v. The path we take through the saddle
point z3 is S := &1 U Sz U Ss, the polygonal path between the points 3.01, 3.01¢, 3.49c and 3.49. A similar
proof to that of Theorem 5.8 shows that Re[p1(z) — p1(23)] > 0 for z € S except at z = z3. This is seen in
Figure 8.

0.04
0.03
0.02
0.01

Re[—p1(2)]

Ss3

Figure 8: Graph of Re[—p:(z)] forz € S

6.4 Applying the saddle-point method
Recall (6.15) and for j € Z>( put

)

ul (2) = Z (mi(160 +1)2/8 + gc,1(2))™* ge,2(2)™? gc.;(z)™i

7>J . ml! m2! mj!
mi1+3me+5mg+---=j

with uj , = 1. Similarly to Proposition 5.13 we have

Proposition 6.6. For 3.01 < Re(z) < 3.49and |Im(z)| < 1, say, there is a holomorphic function (j(z; N, o) of z so

that
d—1 u*

1
exp(vg(z; N, 0)) Z N—|—1/2 +(j(z;N,0) for C;(Z;N,o):O(m>

Jj=

with an implied constant depending only on o and d where 1 < d < 2L — 1 and L = [0.006me - N/2|.

Theorem 6.7. With cf; = —z3e~ "3 /4 and explicit ¢} (o), c3(0), . .. depending on o € R we have
* ’LU(l, _3)_N * CT(U) Crnfl(o') |’LU(1, _3)|_N

for an implied constant depending only on o and m.
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Proof. Asin Theorem 5.14, applying the saddle-point method to (6.24), with the path of integration moved

to S, yields
(s + 1/2) lw(l,—3)|~N
+0 <7Nd+1 .

ags (iqc - Ug—s)

d—2
Ci(N,0) =Re [e”(NFTH/2mi(z) -
t:O

N+1/2 t+2z

From (1.32) we know that e?1(*3) = (1, —3). Hence, set

(o) = e 1 (=)/2 Z T(s+ 1/2)azs(igh - uj,_,)/2. (6.27)
s=0

We want to convert the above series in 1/(N + 1/2) to one in 1/N. With the Binomial Theorem we have
(1+2)77 =32, (77)2" for || < 1. Also, by Taylor’s Theorem,

m—1

ﬁ =2 <;j)zr+0(zm> (I2] <1). (6.28)
=0

With z = 1/(2N) above we find

o0

aj - Z —_7 — 2 2_T . aj
(N +1/2)i+2 ~ r Nit+2+r

for any a; s, and can write

(o7} aq Bo B1
Nr12E P Nrer T N2+F+
with , ,
_ —J=2\5r —J=2\oj-t  _ e[t 1
*3“.2< r >2 'O‘j_z(t—j>23 o= <J+1 o
JjHr=t 7=0 7=0
So we set .
L (t+1
C*O' — _23 Hk
0= (1)@

and with (6.25) we obtain (6.26) in the statement of the theorem. Note that the omitted terms satisfy

o (k)

t=m

by (6.28) and can be incorporated into the error term of (6.26).
A similar computation to that of ¢ in the proof of Theorem 5.14 shows that

(c5()" = 3e 77 /16
and a numerical check then indicates that the correct square root has a minus sign. O

For example, Table 2 compares both sides of (6.26) in Theorem 6.7 for some different values of m and N.
This is for o = 1 and the results for other values of ¢ are similar.

N | m=1 m =2 m=3 m=4 |  C5(N,1)

800 | 1.43938 x 10° 1.39381 x 10°  1.3934 x 10°  1.39341 x 10° | 1.39341 x 10°
1000 | 1.7278 x 109  1.74062 x 10°  1.74028 x 10°  1.74028 x 10° | 1.74028 x 10°

Table 2: Theorem 6.7’s approximations to C5 (N, 1).

A consequence of Theorem 5.14 is that
Co(N,0) = 0N /N?)  for  Ue:= —log|w(0,—2)| ~ 0.0256706. (6.29)

Since —log |w(1, —3)| ~ 0.0356795 we see that C2(N, o) is much smaller than C} (N, o) (despite appearances
in Figure 3) and is bounded by the error term in (6.26). Therefore, Theorem 1.5 on the asymptotic expansion
of C1(N,0) = C2(N,0) + C5(N, o) follows from Theorems 5.14 and 6.7.
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7 The sum D;(N, o)

We find the asymptotic expansion of

Di(N,o) := Z Qnio(N) = 2Re Z Q(%)/«;(N)

h/kED(N) N k<N, kodd

in this section. With k odd, setting h = (k — 1)/2 in Proposition 4.4 yields

@iy ) = gren (5 {WD

X exp (Tm [(N — k) (N —k+1) =3k — 3]) [ ((k=1)/2k). (7.1)

71 D;(N,o) for N odd
If Nisodd then N — kisevenand (N — k)(N —k + 1) = k — N mod 8. Hence (7.1) becomes

Q™ = e (8| (F+1+ )]

X exp (%@ (% +3)) exp (;] [ ma—D b (k= 1)/2k). (7.2)

We next get [y~ .((k — 1)/2k) into the right form to apply Proposition 4.5.

Proposition 7.1. For k odd and m even with 0 < m < k we have

-1 2
(= 1)2k) = U 00 Llnpp(178) 7.3
e 0 = g ) ™ L./ 72
Proof. Since
o ~J(=1)/2 4  sin(mj /2k) j even
sin(mj(k = 1)/2k) = {(_1)0‘—”/2 cos(mj/2k)  jodd
we have L1y 1)
-1 — —
[L ((k = 1)/2k) = 1<1j1m 2sin(rj/2k) , AL 2eos(mifaR) (7.4)
j even j odd
Hence
-1 -1 1
IL, ((k—1)/2k) = Hm/Z(l/k) 1<11 m
Jodd
-1 1
= Hm/z(l/k)lgljl W 1<1:[/2W- (7.5)

Use the identity 2sin20 = 2sinf - 2cosf to convert the cosines in (7.5) back to sines and complete the
proof. O

Recall the definition of g¢(z) in (5.4), define

gi(2) = — (123;;! (r2/2)* " cot®2) (n(z — 1)/2) (7.6)

and set z = z(N, k) := N/k. The sine product approximation we need is as follows.
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Theorem 7.2. Fix W > 0. Let A be in the range 0.0048 < A < 0.0079 and set o = Ame. Suppose § and &' satisfy

A 1 1
—— <6< 0<5’<E

! !
<
T—A > and dlogl/d, 6'logl/o" < W

Then for all N odd > 2 - Ra we have

[In (k= 1)/2k) = O (eWN/Q) for ze[l,1+0]U[3/2—4, 2) 7.7)

and

-1 Cly(272 Py 1/2
HN?k((k - 1)/%) - (N 24(77,2 )) (2Nsin(7r(z - 1)/2)> exp (Z oz N26— 1 )

Lt 2g2(2) — go(z
Xexp(; %) +O(€WN/2) for ze(1+4,3/2-0) (7.8

with L = |« - N| and L* = |« - N/2]. The implied constants in (7.7), (7.8) are absolute.

Proof. Applying Proposition 4.5 to each of the factors on the right of (7.3) shows

I~ /28 = (g ) o0 (s Chtzmmyi)

Li—1
B 20—1
X exp <— Z (2—;; (%) cot (26— 2)( )) exp (=T, (m, 1/k))
£=1 ’
20—
xexp( 2 Z B (W) cot (26~ 2) )
Ls—1 20-1
2 BQ[ (27T> 2@ 2) )
X exp Z — = exp (T, (m/2,2/k))
<é—1 20! \ k

exp (—2T7,(m/2,1/k))

Ly—1 ) o
X exp ( ; gg (l) - cot(% 2) ( ok )) exp (Tr,(m,1/(2k))) (7.9)

for 1 < m < k and positive integers L1, La, L3, L.
First we set each L; to 1 in (7.9) to see

1/2
[ (k= 1)/2k) = (W) exp (% Clg(2ﬁm/k)>
x exp (—=Ty(m, 1/k) — 2Ty (m/2,1/k) + T1(m/2,2/k) + T1(m,1/(2k))). (7.10)

Comparing (7.10) with the expansion of H;l/z (2/k) from Proposition 4.5 then shows
[T, (k= 1)/2k) = (cos(rm/(2k)))"/?
x exp (=T1(m,1/k) — 2T1(m/2,1/k) + 2T1(m/2,2/k) + T1(m, 1/(2k))) H;ll/Q(2/k:). (7.11)
It follows from (7.11) and Lemma 4.6 that for 0 < m < k,
[T ((k = 1)/2k) < TL,(2/k) (7.12)

with an absolute implied constant. Similarly, by comparing (7.10) with the expansion of [[.'(1/k) from
Proposition 4.5,

L (k- /28 < (TMam) 7.13)
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Using Proposition 4.7 to bound H;I/Q(Q /k) on the right of (7.12) and noting that k£ < N proves (7.7).

To prove (7.8) we wish to apply the argument of Proposition 4.10 to (7.9). This requires finding L1, Lo,
L3 and L4 so that, form = N — &,

[T, (Ck = 1)/28) (1T (. 1/R) [Ty (/2,1 /K) [Ty (m)2,2/R)| + [T (m, 1/ (2K)]) < V2 (714)
|Tr, (m, 1/ k)| + [T, (m/2,1/k)| + [Ty (m/2,2/k)| + |Tr,(m, 1/(2k))| < 1. (7.15)
We examine the four terms 77, in (7.14) and (7.15) separately:
e The term T7,(m/2,2/k). Use Proposition 4.8 with h = 2 and s = N to show that, for AN/2 < m/2 <
k/4,

[Lny2(2/k) - Try(m/2,2/k)| < /2 (7.16)
|Tr,(m/2,2/k)] < 1 (7.17)
with absolute implied constants, L3 := |meA - N/2| and N > 2 - Ra. Inequality (7.16) is valid with

[1,./2(2/k) replaced by TT,' ((k — 1)/2k) using (7.12):
] LM ((k — 1)/2k) - Ty, (m)2, 2/k)} < VN2, (7.18)

e The term 77,(m/2,1/k). To prove

[T (= 1)/20) - T (m/2, 1K) < VN2 (7.19)
|Tr,(m/2,1/k)| < 1 (7.20)

for AN/2 < m/2 < k/4, choose Ly = L3 and note that (7.16) and (7.17) are valid with 2/k replaced by
1/k using Corollary 4.9.

e The term 77, (m, 1/k). Use Proposition 4.8 with h = 1and s = N to show that, also for AN < m < k/2,

I1,. (1/k) - Tw, (m, 1/k)| < VN (7.21)
Tr,(m,1/k)] < 1 (7.22)

with absolute implied constants, L, := |meA - N] and N > Ra. Taking square roots of both sides of
(7.21) and using (7.13) shows

[T (e = 1)/2k) - Ty, (m, 1/1)| < 7N72, (7.23)
e The term 7, (m, 1/(2k)). To prove

| TL (= 1)/20) - T (m, 1 20)) | < V2 (7.24)
T, (m,1/(2k))| < 1 (7.25)

for AN < m < k/2, choose Ly = L; and note that (7.21) and (7.22) are valid with 1/k replaced by
1/(2k) using Corollary 4.9.

The inequalities (7.17) - (7.25) establish (7.14), (7.15) and the arguments of Proposition 4.10 now go
through, applied to (7.9). This allows us to remove the exp(7T7,) factors in (7.9) at the expense of adding
an O(e""N/2) error. Write L for L1, Ly and L* for Ly, L3. The interval AN < m < k/2 corresponds to

A
1-A

< z<3/2.

This completes the proof of (7.8). O

36



It simplifies things to work with the conjugate of (7.2):

@iy, () = %exp <N [‘Tm <z—|—1+ %)D exp <_T7” (z+3)> exp <7””> TTb, ((k — 1)/2k).

(7.26)
From (4.2) we have
Cly(272) = —i Lig(e*™*) +in? (2% — 324+ 13/6) (1< z2<2)
so that Cly(272) ' ) )
277‘—2 _ 7T_Z ) = =5 - : 2miz _ 13
dmz 4 (Z L z) et dmiz [ng(e ) LlQ(l)]
Set
ro(z) = [Lin(e27%) ~ Lio(1)] (7.27)
P iz P 2 ’
z 1/2 e’
w0 = (g - 1)/2)) o (-5 +9)
- L*—1
' _ mioz (2) 297 (2) — ge(2)
’UD(Z,N,U = ; NQZ 1 + ; W (728)
for L = |a- N]and L* = |a- N/2]. With N odd, define
. _2 1 .
Dy(N, o) = WRQ Z e exp(N - rp(2))gp(2) exp(vp(z; N, 0)). (7.29)
kodd : ze(1+96, 3/2—6")
It follows from (7.26) and Theorem 7.2 that for o € R and an absolute implied constant
Dy(N,0) = Do(N, o) + 0(eVN/?) (N odd). (7.30)

7.2 Expressing Dy(N, o) as an integral for NV odd
Similarly to Proposition 5.2 we have

Proposition 7.3. Suppose 1/2 < Re(z) < 3/2and |z — 1| > € > 0 and assume max{1 + L, 16} < Z¢. Then

gE 296 ) 1 - 2
Z N2é 1 + Z N/2 2@ 1 < N2a-t¢ W (7.31)

ford > 2where L = |a- N|, L* = |- N/2| and the implied constant depends only on e, o and d.
Fixing the choice of constants in (5.16) and with ¢ = 0.0061 and
9p,0(2) = 9e(2) — g7 (2) + 2271 (297 (2) — 9(2)) (7.32)
we obtain:

Corollary 7.4. With §,6' € [0.0061,0.01] and z € C such that 1 + 6 < Re(z) < 3/2 — §' we have

. a1
. _ mioz 9p.0(2) 1
UD(Z’N’U)_T+ N20—1 +O(N2d1)
=1

for2 < d < L* = |0.006me - N/2] and an implied constant depending only on d.

Similarly to Theorem 5.4 we have
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Theorem 7.5. The functions rp(z), ¢p(z) and vp(z; N, o) are holomorphic for 1 < Re(z) < 3/2. In this strip

Tij 1 o (1
)< — — > .
Re (rp () + 22 ) € 1 ((wCnatema) + w2 [+ 03] ) w=0) 039
mij 1 o[
Re(rp(2) + — )| £ ——= | 2 Cla(27x) + m°ly| | —4(j — 1/2) (y <0). (7.34)
z 47|z |? 3
for j € R. Also, in the box with 1 + 6 < Re(z) < 3/2— ¢ and -1 <Im(z) < 1,
qp(z), exp(vp(z;N,0)) < 1 (7.35)

for an implied constant depending only on o € R.

Let C be the positively oriented rectangle with horizontal sides C*, C~ having imaginary parts 1/N?,
—1/N? and vertical sides Cf,, Cg having real parts 1 + § and 3/2 — ¢’ respectively, as used in [O’S, Sect. 4.4].
Recalling (5.21), (5.28) and arguing as in Proposition 5.5, we find

Dy(N,0) = 5\732%;@ /C exp(N - 7p(2)) 37 tan(ﬁf@(/zz)_ 375 exp(vp(z; N, 0)) dz

1

= WRG

ZI(—I)j/ exp(N[rp(z) + mij/2])ap(z) exp(vp(z; N, 0)) dz

<0 ot

— ZI(—I)j /cf exp(N[rp(z) + mij/z])qp(z) exp(vp(z; N, 0)) dz | + O(eV N2y,
Jj=0

With Theorem 7.5, and reasoning as in Proposition 5.6, we see that the two j = 0 terms above dominate and
Dy(N, o) = D3(N, ) + O(e"N/2) for

_ 1.49
D3(N,o0) := NTZRG/“H exp(—N - p(2)/2)qp(z) exp(vp(z; N, 0)) dz (N odd) (7.36)

since rp(z) = —p(2)/2.

7.3 Dy(N —1,0) for N odd

Assume N is odd. If v is even then v — k is odd and (v — k)(v — k 4+ 1) = v — k + 1 mod 8. Hence, with
v = N — 1, the conjugate of (7.1) becomes

Q™ 1) = % exp (N {‘T“ (z 14 %)D exp (%’ (z— 3)) exp (”E’Z> It (k= 1)/2k).

(7.37)
For m even, (7.4) implies
1 B o qym/241 (—1)7/2+1 (-1)U-1/2
1<jsm 1<jsm
jeven jodd

= 2(=1)"/*  sin(wm/(2k)) - T1,, ((k — 1)/(2k)).
It follows that for NV odd we have
TIney_p (k= 1)/(2k) = 2(=1) N9/ 2  sin(r(N/k — 1)/2) - [Ty, ((k = 1)/(2k)) (7.38)

and can use our results from the last subsection. Recall rp(z) and vp(z; N, o) from (7.27), (7.28) and set

d(2) = 2sin(n(s = 1/2) (5o /2))1/2 e (T 1),
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With N odd, define
Dy(N —1,0) := N_T%Re Z (_1);#)/2 exp (N {rp(z) - ;—j) 4p(2) exp(vp(z; N, 0)).
kodd : z&(1+6, 3/2—6")
It follows from (7.37), (7.38) and Theorem 7.2 that
Di(N —1,0) = Do(N — 1,0) + O(eWN?) (N odd).
The next result is mostly a restatement of Theorem 7.5.

Theorem 7.6. The functions rp(z) — 2%, ¢4 (2) and vp(z; N, o) are holomorphic for 1 < Re(z) < 3/2. In this strip

]—1/2

Re (w (2) — ;_Z 4W|Z|2 <x Cly(27z) + 72|y [ 40— 1)D (y>0) (7.39)

e (rote) 2+

(sChzme) 422l [3-16-1/2)) w0 @40

47T|Z|2

Re(z) < 3/2—4§ and —1 <Im(z) <1,

/ ;
j+1 2
<

for j € R. Also, in the box with 1 + 6
4p(2), exp(vp(z;N,0)) < 1 (7.41)
for an implied constant depending only on o € R.

With the rectangle C' from the last subsection and recalling (6.20), (6.22)

Dy(N —1,0) = (=2) (= )Re/ exp (N [rp(z) - ”—’D %exp(vp(z;N, o)) dz

N1/2 2N 2z ) 2icos(mN/(2z))
; m mi(j —1/2
N3/2 ——Re ]2(—1)3 /C+ exp (N [rp (2) — 2T (jf/)}) 4p(z) exp(vp(z; N, o)) dz

—HZ / exp (N {rp (2) — ;r_z + M}) a5 (2) exp(vp(2; N, 0)) dz | + O(eVN/2).

z
7=0

With (7.39), (7.40) we see the j = 0 term on C~ dominates so that Dy(N — 1,0) = D3(N — 1,0) + O(e"V/?)
for

1.49
D3(N —1,0) := N;? Re/lo1 exp(—N - p(2)/2)igp(z) exp(vp(z; N, 0)) dz (N odd). (7.42)

Thus, with the definitions (7.36) and (7.42) we have shown that for all N
D1(N,0) = D3(N, o) + O(e"VN/?), (7.43)

7.4 The asymptotic behavior of Dy (N, 0)
Recall (7.32) and for j € Z>( put

Z (mioz + gp,1(2))™ gp2(2)™*  gp,;(2)™

ml! m2! mj!

up o;(2) ==

)

m1+3ma+5maz+---=j
with up 0 = 1. The proof of the next proposition is similar to Proposition 5.13’s and uses Corollary 7.4.

Proposition 7.7. For 1.01 < Re(z) < 1.49 and |Im(2)| < 1, say, there is a holomorphic function (p 4(z; N, o) of z
so that

d—1
UD,0,;(2) 1
exp(vp(z;N7 0)) = ZO T; + (p,a(z;N,0) for (p.a(z;N,0)=0 (W)
J=
with an implied constant depending only on o and d where 1 < d < 2L* — 1 and L* = [0.0067e - N/2|.
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We restate Theorem 1.6 here. Recall that zp = 1 + log(1 — wy)/(27i) where wy is the dilogarithm zero
w(0, —1).

Theorem 1.6. Let N denote N mod 2. With

do () = z01/2emiz0 (e=miz0 4 (1))

(7.44)
. depending on o € R and N, we have

and explicit dy (o, N), dz (0, N), ..

o di(eN) dn1(0. N) R
w, 110, m—1\9, Wo
Di(N,0) = Re | = <d0 (N+—Fx—+ || O (W) (7.45)

for an implied constant depending only on o and m

Proof. Let v = Im(zp)/Re(z0) = 0.216279 and ¢ = 1 + iv. We replace the path of integration [1.01,1.49] in

(7.36) and (7.42) with the path P through zy made up of the lines joining 1.01, 1.01¢, 1.49¢ and 1.49. This

pathis used in [O’S, Sect. 5.2] and it is proved there that Re(p(z) — p(20)) > 0 for z € P except at z = 2.
For N odd, applying the saddle-point method to (7.36), as in Theorem 5.14, gives

—Np(z0)/2 s |/w0|_N/2
D3(N,O'):Re e Z +O W .
t=0

t
Z S+1/2 a?s(qD Up,o,t— s)
s=0

Therefore we set

t

) Z ['(s+1/2)ass(qp - up.ot—s)

di(o0,N) == ot (N odd).
s=0

(7.46)
Since /wo = eP(#0)/2 and (7.43) is true, we obtain (7.45) in the statement of the theorem in this odd case
For N even, (7.42) implies

—1
Ds3(N,0) = ESEE 1)3/2]?{e/1.01

1.49

exp(—(N—i— 1) -p(z)/?)iq}g(z) eXp(UD(Z;N-i— 1,0)) dz (N even)

and applying the saddle-point method yields

d—2 t

D3(N,0) =Re N1 HQZI‘ s+ 1/2)ass(iqp - Do 1—s)

e~ (N+1)p(20)/2

t:O

|w0|—N/2
A
Define

t
df (o) := —2¢7P0)/2 Z (s +1/2)a2s(iqp - uD,ot—s) (7.47)
s=0

and we want to convert the above series in 1/(IN + 1) to one in 1/N. The method to do this is given in the
proof of Theorem 6.7. Let

t

di(o,N) == Z(—l)t_ (jii) di(c) (N even)

j=

(7.48)

and with (7.43) we obtain (7.45) in the statement of the theorem in this even case.
To calculate dy (0, N), we begin with N odd and see from (7.46) and (1.29) that

do(O’,N) = —2\/EGQ(QD . 1) = —2\/— d

7T_2(w2p0/2)1/2 qo

for g0 = ¢p(20), po = p’'(20)/2 and the direction w = zj. Short computations (see (5.43)) provide

e 5  —izge TR0
bo = zo(1 — e~ 2miz0)’ 9 = e—Tizo 1 1
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so that . .
do (o, N)z = 2z5e "0 (e7 0 — 1) (N odd)

and (7.44) follows in this case. The N even case is similar: from (7.47), (7.48) and (1.29)

_ ol ok - w -
do (O‘, N) = —2¢ M 0)/2\/}(10(qu 1) = 2w, 1/2ﬁ2(w2p0/2)1/2 o

for ¢§ = ¢35 (20). We see that (¢2)® = izo(e™ + 1) and so
do (o, N)Q =2z5e” %0 (e70 + 1) (N even)
and (7.44) follows in this case also.

Table 3 gives an example of the accuracy of (7.45) in Theorem 1.6.

N | m=1 m =2 m =3 m=4 | D1 (N, 1)

1000 | —1.7713 x 10° —1.7785 x 109 —1.7778 x 109 —1.77778 x 10? | —1.77778 x 10°
1001 | —2.10996 x 10° —2.11483 x 109 —2.1142 x 10° —2.11418 x 10° | —2.11418 x 10°

Table 3: Theorem 1.6’s approximations to D; (N, 1).

8 The sum & (N, o)

In this section we find the asymptotic expansion of

Ei(N,o) == > Quo(N)=2Re > Quro(N).
h/kEE(N) Nkgd
8.1 Higher-order poles
Recall from (1.5) that

e27rzaz

+(N) :=2m R . . -
Qhk ( ) m z:l??k (1 _ 827”‘2)(1 _ 827r12z) .. (1 _ eszNz)

and the expression on the right above has a pole at z = h/k of order s = | N/k]|. We calculated Qpxo(N)
in the case of a simple pole (s = 1 or equivalently N/2 < k£ < N) in Proposition 4.4 and require the double

pole case (s = 2 or N/3 < k < N/2) in this section. In general, we have

TLO2Z TLo - (27”'0')T r
2oz — o2 h/kZT(z—h/k)
=0 ’

and for m € Zo write

1 > Br(m,h/k i, z—h/k)"Y if k|m
-y x/%%WMX& /W7 k|

1— eQTrimz if k 1, m.

Therefore, for any &,

ro Bry (17 h/k)ﬁrz (27 h/k) Py (N7 h/k)

_ - 2mich/k ;
Qnko(N) = 27i - € Z (2mio) rolry! - ry!
ro+rit+-+ry=s—1
where
67«(7’)1, h/k) = —(27Tim)r_lBr (k | m)v
Bulm. k) = (k tm)
T ’ - dzT 1 — e2mimz c—h/k :
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Formula (8.2) implies for example,

Bo(m, h/k) = 1_62%
Bi(m, h/k) = —2m’mﬁo(m,h/k)(1—ﬂo(m,h/k))

Bo(m,h/k) = (2mim)2Bo(m, h/k)(l—?,ﬁo(m, h/k)+260(m,h/k)2)

for k¥ m.

8.2 Second-order poles
For N/3 < k < N/2 (and s = 2), formula (8.1) shows that

. Tio . 6 (Lh/k) N h/k N
Qhkg(N):27m-e2 h/k |:27T7,0’+m+... o (N ) } 1;[ 3, h/k)

and hence, recalling the root of unity identity after (3.12),

—e2mioh/k [ N(N 4+ 1) — 3k — 20 m N2k 1
Qnia (N) = okA4 2 - Z 1 — e2mimh/k H 1 _ e2mihj/k

1<m<N, ktm J=1

For the case weneed, h = 1,

—mim/k

m m-e
Z e2mim/k _ q = Z emim/k _ o—mim/k
1<mLN, kim 1<mLN, kim
1 Z m(cos(—mm/k) + isin(—mm/k))
21 L<mEN, kim sin(mm/k)
-1 _ 1
=5 Z im + % Z mcot(mm/k).
1<m<N, ktm 1<m<N, ktm
Therefore
1 —im (N k —im N 1
Q10 (N) = 2k2¢(N k,o)exp (N {T (E -1+ 2N>}) exp <TE) exp <N {21#0 ]) HN o (1/K)
(8.3)
for . ’ '
— 2 Ty T
d(N,k,0) := 4k2 (N“+ N —40)+ 5k i cot ( p ) (8.4)
1 kfj
Also note that ]
Qo (V)] = 57 [ 6Nk, ) - TTxLa (1/8)] (8.5)
Lemma 8.1. For N/3 < k < N/2and an implied constant depending only on o
¢(N,k,0) = O(N).
Proof. Verify that 1/|sin(7j/k)| < 2k/m for k 1 j (as in [O’S, Sect. 3.3]). Therefore
|cot(mj /)| < 2k/m  (k1{J)
and the lemma follows. O

Set z = z(N, k) :== N/k. Applications of Propositions 4.7 and 4.10, with m = N — 2k and s = N/2, prove
the following.
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Theorem 8.2. Fix W > 0. Let A be in the range 0.0048 < A < 0.0079 and set o« = Ame. Suppose § and &' satisfy
A 1 1

— <6< -, 0<8 <=

1-A° e e

Then for all N > 2 - Ra we have

and  &log1/d, &'logl/d < W.

TN o (1/k) = O ("N/2)  for ze[2,246]Ul5/2- 7, 3) (8.6)

and

L—1
X exp ( Jgg%_)l) +0 (eWN/Q) for z€(2+446,5/2—0) (87)
=1

with L = |« - N/2|. The implied constants in (8.6), (8.7) are absolute.

8.3 Estimating ¢(N, k., 0)
With Lemma 8.1 and (8.6), we see that

E1(N,0) = 2Re > Quio(N) + O(NeN/2) (8.8)
k:ze(2+9, 5/2—98")

and so we may restrict our attention to indices k corresponding to this range. Let
f(@) ==z cot(x),
a smooth function of = € R except at x = £7, £27... and with f(0) = 1. Note the identities
f(=a) = [(z), [f(m+a)=f(@)+mcot(x), [f(m—ux)=f(z)—mcot(z)
for example. Let m = N — 2k as before, so that 0 < m < k. With (8.8) we may assume
ok <m < k/2 -0k,
and in particular, m # 0. For m < k/2, the sum we need from (8.4) is

5/() 2 (@) (52)

1<GEN, kij m<j<k—m

R ) () o () (22 o (22
=5 > f(%‘j)+2 > f(%]) (8.9)

1<j<m m<j<k—m
With p(z) := log((sin z)/z), we have
f(2) =1+ ap (@)
and ford € Z3,
FD(z) = zcotD(z) + dcot' =V () (8.10)
= 2p ) (2) 4 dp D (). (8.11)

Since p(%)(0) equals 0 for d odd, (and equals —2%|B,|/d for d even), we see

F90)=0  (dodd). (8.12)
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Also note the relation

fD(r—z)=(-1)4 (f(d)(ac) — meot@® (x)) . (8.13)
Applying Euler-Maclaurin summation to (8.9), as in [Rad73, Chap. 2] or [Olv74, p. 285], and simplifying
with (8.12), (8.13) produces

S () e [ -Gy (5 e ()

k 2

+ ; % (%)26—1 {f(zfz—l) (%) + 27 cot(2-1) (%)} +ep(m,1/k) (8.14)

for
2L m k—m Bsy, — Bop(x — |z]) T
1/k) = (=~ 2 CL (22 da. 1
eL(m, 1/) (k) [5/0 * /m (2L)! ! (k) v 815

With the evaluation .

/ x cot(z) dr = %Clg(%) —tCly(2t)

0
we find

"ormx k=m ra k ,
5/0 f (7) dz + 2/m f (?) dz = 5= Cly(2wm/k) = N Cly(27m/k).
Using (8.10) also, (8.14) becomes

$ f(%?):%012(2wm/k)—NCl’2(2ﬂm//€) L (WZL)

— 2+ = cot
} , 5 T o
1<GEN, ktj

L

1

Bae (N AN (a0 (M g (20—2) (T
* < (20)] (k:) { g oot ( k )*W 1) cot ( - ) +ep(m,1/k). (8.16)

~
Il

Define B
ge(z) := (2—;; (mz)?! {wz cot =Y (12) 4 (20 — 1) cot*2) (wz)} .

With (8.4) and (8.16) we have demonstrated that

472 omi 4 N

SN k) = Clp(27mz)  2Cly(2m2) N 22} 1 [22 cot'(wz) n 2 2]
43 4 Am

N
N2 i N2t o2mik ’
which we write as -
~ Goe(2)  en(m,1/k)
N,k = ’
(N, k, ) ez::o G S

though only ¢, 2(z) depends on o.

Proposition 8.3. For 1 < m < k/2 we have

ler(m,1/k)]| 5 oL — 1\ !
— T K — .
py <2m°(2L—1)

2mwem

Proof. The arguments here are similar to those in [O’S, Sect. 3]. Use the inequalities

Bs, 2
Bow — Bone — |2))| < 2|Baal, 122l ¢

(2n)! ~ 3(2m)2n
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from [Olv74, Thm 1.1, p. 283] and [Rad73, (9.6)] to see that

e (m, 1/K)| < % (5" l5 /Om 2 /:_m] 75 ()] . (8.18)

By [Rad73, (11.1)]
X 921

2 |BQT| w27‘—1
(2r)!

—p/(w) = (| < ) (8.19)

r=1

so that
pD(x) <0 forall ze€[0,7), de Zso.

Hence (8.11) implies
D) <0 forall zel0,7),deZs

and | f®D) (rz/k)| = — f@D) (7z/k) in (8.18). On integrating and applying (8.12), (8.13) we obtain

ler(m, 1/k)| < —g <%)2L1 (f<2L—1> (%) + 2 cot L) (%))

5 ()" (e () - S () - veon (32)

with the last line coming from (8.11) and the further identity

(—1)4d!

cot ¥ (z) = SN Pl ().
Use ;
2rd! (2
@< B (2) (ol </ dezs)
from (8.19), and (n — 1)! < 3 (n/e)" from Stirling’s formula, to complete the proof. O

8.4 Approximating & (N, o)
With (4.2) for m = 2 we find, for 2 < z < 3,

M _ E(Z — 1+ 2/;;) = 27 + L [LiQ(eQ“i'z) _ Lig(l) . 4#2}.
2miz

21z 2
Put
re(z) = — [Lig(e%iz) ~Lis(1) — 4w2} (8.20)
2miz
1/2 . 20—1
Noy= (2 iz Pot(2)
qe(z; N, o) := (2sin(ﬂ'z)> exp( 5 ) X ; e (8.21)
. L—1
2mioz z
ve(z;N,0) := N + 13[222—)1 (8.22)
=1
for L := |a - N/2] in (8.21) and (8.22). Also set
1 1
Ey(N,o) := WRe Z e exp(N - 7¢(2))qe(z; N, o) exp(ve(z; N, 0)).

k: z€(2446, 5/2—06")

The terms summed for (N, o) above differ from the terms in £ (N, o) only in the removal of the error
terms from the approximations of ]_[;\,1_%(1 /k) and ¢(N, k, o). The next proposition lets us control what
happens on removing the error term for ¢(N, k, o).
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Proposition 8.4. Suppose A and W satisfy 0.0048 < A < 0.0079 and Alog1/A < W. For the integers k, s and
m we require
1<k<s, Ra<s, As<m<k/2

Then for L := [meA - s] we have

I, (/i IR e

Proof. We may copy the proof of Proposition 4.8 in [O’S, Sect. 3.4]. The bound used for T7,(m, h/k) in that

resultis (32-1) 671 The corresponding bound for £ (m, 1/k)/(2rik) in Proposition 8.3 is bigger by a factor
2L -1 s. O

Choosing s = N/2 and m = N — 2k in Proposition 8.4 shows

vaizk(l//f)# O(NeN/2) (8.23)
EL(m, l/k) .
5 = OV) (8.24)

for N >2-Ra, L=|a-N/2]and2+ A/(1—-A/2) < z<5/2.
Proposition 8.5. For an implied constant depending only on o

E1(N,0) = &(N, o) + O(NeV N2y,
Proof. Starting with (8.8), write

Ql o < 1¢ m,1/k
2 Quio (N) = 2 ¢(1\]; ko) (Z ka/ )>

k: z€(240, 5/2—46") k: z€(2446, 5/2-¢")

where

by (8.3). We have

Z Qiko(N) ep(m, 1/k)

k: z€(2+46, 5/2—4") ¢, k,0) 2mik
er(m,1/k) WN/2

(1/k) 5k < Ne

< >

k: z€(240, 5/2—46")

using (8.23) and that
A A

1-A2 “1-A
so the bound (8.23) is valid for z € (2 + ¢, 5/2 — ¢’). Therefore,

<0

Ques(N) (R Go.(2) W2
& (N, o) = 2Re > o ko) (Z + O(NeWN/2), (8.25)
ki 2€(2+8, 5/2—8")
Next note that -
1/k
Z —¢ | o(N, k, )| + | LT L/R) ‘ <N (8.26)
2mik

by Lemma 8.1 and (8.24). With (8.26) we see that replacing H]_Va%(l /k) in (8.25) by the main term on the
right of (8.7) changes &; (N, ) by at most O(Ne"V'"/2), as required. O
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Comparing (8.20)-(8.22) and (5.9)-(5.11) gives the relations

re(z) = re(2), qe(z;N,0) = qc(2) Z ]\V , ve(z;N,0) =wve(z; N, o)
=0

so that we may reuse our work from Section 5.

Lemma 8.6. The function gg¢(z; N, o) is holomorphic for 2 < Re(z) < 5/2. In the box with 2+ < Re(z) < 5/2—0¢’
and —1 <Im(z) <1,
qge(z;N,0) < 1 (8.27)

for an implied constant depending only on o € R.

Proof. The only issue is that ¢, (=) has only been defined in (8.17) for z € R. Use (4.2) and its derivative
with m = 2 to show

bo0(2) = 412 [Lip(1) — Lig(e*™*) + 6% — 2mizlog(1 — €°™**)] (8.28)

giving the analytic continuation of ¢ o(z) to all z with 2 < Re(z) < 5/2. O

With the rectangle C from Figure 4 we find

_ qe(z; N, o) .
&E(N,o) = N3/2 ——Re /C1 exp(N - re(z2)) W exp(ve(z; N, 0)) dz
where -
1 1243 e NE i Tme > 0
2itan(mN/z) | -1/2— s e2™iiN/zif Tmz < 0.

The arguments of Propositions 5.5, 5.6 and 5.7 now go through almost unchanged:

E(N,o) = Z / exp(Nre(z) + 2mij/2])qe (2; N, o) exp(ve(z; N, 0)) dz

Jj<0

—1
N3/2

_ Z /7exp Nlre(z) + 2mij/z])qe(2; N, o) exp(ve(z; N, o)) dz | + O(e WN/2)
7=0

the term with j = —1 is the largest and
E3(N, o) = E(N,0) + O(eV'N/?) (8.29)

for W = 0.05, an implied constant depending only on o, and
2.49

E(N,o) = Ni/zRe/201 eXp(—N ~p(z))qg(z;]\], o) exp(vC(Z;N, J)) dz. (8.30)

8.5 The asymptotic behavior of &, (N, o)
Similar proofs to those of Proposition 5.2 and Corollary 5.3 give:

Proposition 8.7. For 2.01 < Re(z) < 2.49 and |Im(z)| < 1, say, there is a holomorphic function &.(z; N, o) of z so
that

qge(z; N, o) = Z¢ k(2) +&-(2;N,0) for gr(z;N,J)_O<%>

with an implied constant depending only on o and r where 1 < r < 2L — 1 and L = [0.006me - N/2|.

We restate Theorem 1.7:
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Theorem 1.7. With eq = —3z1e~™*1 /2 and explicit e1(0), e2(0), . .. depending on o € R we have

£1(N,0) = Re [‘”(0];# (eo—i—#—l—---—k%@)]—kO(%) (8.31)

for an implied constant depending only on o and m.

Proof. With Propositions 5.13 and 8.7, write

qge(z; N, o) exp(ve(z; N, o)) = <Z¢ )( “aj&fﬁ)
7=0

+qe(z;N,0)Ca(z;N,0) + &-(2; N, 0) exp(vc(z; N, J)) —&-(2;N,0)Ci(2; N, o).

Then putting this into (8.30) and moving the line of integration to Q gives

E(N,o) = N3/2Re/gexp( N -p(z (Z(b ) (J OWZ’V;SZ)) dz
+O<7|w(0’_2)|_]v (i+ ! +L)> (8.32)

N3/2 Nd NT Nd+r
The integral in (8.32) is
r—1d—1
>0 N3/2+k+g / exp(=N - p(2)) e (2)bon(2)1 (=) dz
k=0 j=0

and applying the saddle-point method, Theorem 1.8, gives

r=ld=1l 5 —N-p(z1)

a2s(qc - Pok * Uo,j) 1
ZZ N3/2+k+5 <Z I(s +1/2) Ns+1/2 +0 <W .

k=0 j=0

Letting S = r = d we obtain, as in the proof of Theorem 5.14,

B SR AR ot e (0, ~2)| N
E(N,0) =Re |e 1 ZNt+QZZI‘s+1/2)a25(qC bo Uoi—sk)| +O | —pgi— ) (833)
s=0 k=0

Hence, recalling Proposition 8.5, (8.29) and with

t t—s

222:[‘ S+1/2 GQS(QC ¢Uk Ug t—s— k) (834)

5=0 k=0
we obtain (8.31) in the statement of the theorem.
Computing eo (o) with (8.34) gives

eo(0) = 2v/mao(gc + do0 - 1)—2\/_ 32 )1/2(16(21)05«70(21)-

With the identity _ _
2miz’p’(z) = Liz (€™*) — Liz(1) + 2mizlog (1 — ™)
from [O’S, Sect. 2.3] we find that

672 — 2miz?p/(z1) 3

¢O’,0(Zl) - ) — 5

Combine this with the calculations in (5.44) to get eg(0)? = 92%e~27%*1 /4 and the formula for ¢y = eg(0) in
the statement of the theorem follows. O
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N | m=1 m=2 m=3 m=4 | &(N,1)
800 879.611 905.272 909.048 909.358 909.337
1000 | —789369. —T784383. —784458. —784480. | —784480.

Table 4: Theorem 1.7’s approximations to & (V, 1).

For example, a comparison of both sides of (8.31) in Theorem 1.7 with ¢ = 1 and some different values
of m and N is shown in Table 4.

Proof of Theorem 1.3. Recall the sets B(K,N), C(N), D(N) and £(N) from (3.33), (1.13), (1.14) and (1.15)
respectively. Then

Fn — (F100 UA(N)) = B(101, N) UC(N) UD(N) UE(N).
Summing Quk, (N) for h/k € B(101,N) is O(e" ™) for any W > Cly(7/3)/(67) ~ 0.0538 by Theorem 3.5.
Since

—log|w(1, —3)| ~ 0.0356795,  —log|w(0,—1)|/2 ~ 0.0340381,  —log|w(0, —2)| ~ 0.0256706

we see from Theorems 1.5, 1.6 and 1.7 that the sums of Qs (N) for h/k € C(N), D(N) and E(N) are
O(e%935™N), O (20311 and O(e%-92°7V) respectively. This completes the proof. a

As a final remark, comparing Tables 4 and 1 we notice that £ (N, 1) is almost exactly 3 times the size
of C2(V, 1) and that their asymptotic expansions also seem to match. This is true for other values of o too.
From Theorems 5.14 and 1.7 we have

3-ci(o) = er(0) (8.35)

for the first expansion coefficients at ¢ = 0. Numerically, (8.35) seems to be true for all ¢, as we mentioned
before in (1.24).
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