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Directions:  You have one hour to take this test.  Scrap paper is allowed.  The use of calculators is NOT 
permitted, as well as computers, books, math tables, and notes of any kind.  You are not expected to 
answer all the questions.  However, do not spend too much time on any one problem.  Four points are 
awarded for each correct answer, one point is deducted for each incorrect answer, and no points are 
awarded/deducted for blank responses.  There is no partial credit.  Unless otherwise indicated, answers 

must given in exact form, i.e. in terms of fractions, radicals, �, etc.  NOTE: NOTA = None Of These Answers. 

 
1. The mod function is defined as: modm n✁  "the remainder when m is divided by n," for integers m 

and n.  For example: 8 mod 5 3✂ , 8 mod 2 0✄ , and 8 mod 9 8☎ .  If ( mod ) ( mod ) 1x y y x✆ ✝ , with 

x and y positive integers, then which of the following must be true? 

  I.  1x ✞  or 1y ✟           II.  | | 1x y✠ ✡          III.  x y☛  

A)  I only               B)  I and III only                C)  II only               D)  II and III only 

 
2. How many ways can we obtain $20.15 using only quarters and dimes? 

 

3. The hyperbolic cosine function is defined as: ☞ ✌
1

cosh( )
2

x xx e e✍✎ ✏ .  Thus, the inverse hyperbolic 

cosine function, 
1cosh ( )x✑ , for 0x✒ is 

A) ✓ ✔2ln x xe e✕✖             B)  
1

2ln
1

x

x

e

e✗
✘ ✙✚✛ ✜✛ ✜✚✢ ✣

            C)  ✤ ✥2ln 1x x✦ ✦             D)  ✧ ★2ln 1x x✩ ✪  

 
4. What is the length of the radius of a circle that is inscribed in a      

5-12-13 right triangle?  

 
5. What is 

20162015 mod 9 ?  See problem 1 for the definition of mod. 

 
6. The sum of all solutions to the equation: 6 7 0x x x✫ ✬ ✭ , where x  is the absolute value of x,  is 

A)  1✮             B)  0             C)  6             D)  7  
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1. Let's consider the three cases:  ✛ x y� , ✁ x y✂ , and ✄ .x y☎  

✛✆✝ x y� , then ( mod ) ( mod ) 0 0 0.x x x x✞ ✟ ✞ ✟   Thus, choice III must be true. 

✁✆✝ x y✠ , then ( mod ) ( mod ) ( mod ).x y y x x y x✡ ☛ ✡   Since x and y are positive integers, this 

      last sum can  be 1 only if 1x☞  (which makes mod 0y x✌ ). 

✄✆✝ x y✍ , this is the same as case ✁✎✏✑✒ x and y  switched, making 1.y ✓  

Thus, choices I and III must be true.                                                                                                          Answer: B  

2. Let x  = the number of quarters used, and y  = the number of dimes used.  Thus, 25 10 2015,x y✔ ✕  

with x and y non-negative integers.  Solving for y  gives: 403 5 402 1 5 1 5
2 2 2201x x xy ✖ ✗ ✖ ✖✘ ✘ ✘ ✙ .  Since y  

must be an integer, 1 5
2

x✚  must be a whole number.  Hence, 1 5x✜  must be even, and x  must be odd.  

Therefore, x  may be 1, 3, 5, ..., 79 (81 quarters is $20.25, too much!).  Hence, there are 40 ways to 

obtain $20.15 using only quarters and dimes.                                                                                    Answer: 40  
 

 

 
 

 

3. Solving for 1( ) :f x✢  ✣ ✤1
2

y yx e e✥✦ ✧  and solve for y.   
22 1 2y y y ye e x e xe★✩ ✪ ✫ ✩ ✪ , after 

multiplying by 
ye , which gives  

2 2 1 0y ye xe✬ ✭ ✮  or 
2( ) 2 ( ) 1 0y ye x e✯ ✰ ✱ .  Using the quadratic 

formula to solve for 
ye  yields: ✲ ✳

2
2 22 4 4

1 ln 1
2

y x x
e x x y x x

✴ ✵✶ ✶ ✴ ✵ ✷ ✶ ✴ ✵ .  We take 

the positive square root, since ✸ ✹2ln 1 0.x x✺ ✺ ✻                                                                                 Answer: D  

4. Letting r be the radius of the inscribed circle, gives 

the following diagram.  Since the hypotenuse has a 

length of 13, (5 ) (12 ) 13 2.r r r✼ ✽ ✼ ✾ ✿ ✾  

 

                                                                            Answer: 2  

5. The closest multiple of 9 to 2015 is 2016, thus if we write as 2015 2016 1❀ ❁ , 
2016 20162015 (2016 1)❂ ❃ .  Expanding this binomial would give 2017 terms, the first 2016 of them 

would have 2016 as a factor.  The last would be 
2016( 1) 1.❄ ❅   Thus, 

20162015  is 1 more than a 

multiple of 2016.  Since 2016 is a multiple of 9, 
20162015  is also 1 more than a multiple of 9.  Hence, 

the remainder is 1.                                                                                                                                           Answer: 1 
 

6. 6 7 0x x x❆ ❇ ❈  has two cases:  ✛ 0x❉  and ✁ 0.x❊  

✛ 0x x x❋ ● ❍ ● 26 7 0 6 7 0x x x x x■ ❏ ❑ ▲ ■ ❏ ❑ , which gives 3 2x ▼ ◆ . 

✁ 0x x x❖ P ◗ ❘ P 26 7 0 6 7 0x x x x x❙ ❚ ❯ ❱ ❙ ❙ ❚ ❯ , which gives 7,1x ❲ ❳ .  However,     

0x❨ , so 7x ❩ ❬  is the only solution in this case.  The sum is 7 3 2 3 2 1.❭ ❪ ❪ ❪ ❭ ❫ ❭      Answer: A 

12 r❴
 

5 r❵  
12 r❛  

5 r❜  

r  

r  

r  





  

 

13. Let h � the height of the building,  x✁ the distance Person 1 is from the building, 

and y ✂ the distance Person 2 is from the building, as shown in the diagram (not 

drawn to scale).  The Pythagorean Theorem yields: 2 2 22015 .x y✄ ☎   Using the 

relationships for the sides of a 30✆-60✆-90✆ right triangle and a 45✆-45✆-90✆,  we 

have: x h✝  and 3 .y h✞   Thus, ✟ ✠
22 23 2015h h✡ ☛  

2 24 2015h☞ ✌  

2 2015h✍ ✎ .  This gives 2015
2 1007.5h ✏ ✏  feet.                               Answer: 1007.5 

 

 

 

 

14. A rough sketch of 3xy ✑  and 6y x✒  gives the impression that there are only 

two points of intersection.  However, exponential growth always, eventually, 
dominates polynomial (or power) growth.  Hence, there must be another point of 

intersection, beyond which 
63x x✓   for all greater x-values (which turns out to 

be about 14.67, the other two x-values are about  0.86 and 1.26).          Answer: A 

Choice B: The curves do not intersect; Choice C: The curves intersect at infinitely many points. 

15. The slope from A: (1, 2) to B: (3, 4) is 1.  If a right angle is formed at either A or B, then the slope of 

the joining side would be 1 (i.e. the negative reciprocal of 1).  Adding those slopes give zero.  Hence, 
the 3rd side would have to have a slope of 1 to make the sum of all slopes 1.  However, that would 
make it parallel to the line joining A and B, which is impossible!  If the right angle is at point C, then 
the sum of the slopes of the two new legs (from A to C and B to C) must be zero.  Suppose the slope 

from A to C is m, then the slope from B to C would be 1
m✔ , which means 1 0.m m✕ ✖ ✗   whose only 

solution is 1m✘ , which is impossible (as explained above).                                                            Answer: D 

16. Let x ✙ the width of the rectangle, and y ✂ the height of the rectangle.  Thus, 

8x y✚ ✛  and 
2 2 26x y✜ ✢ , since the diagonal of the rectangle is a radius of the 

circle.  Substituting 8y x✣ ✤  into the other equation, gives 
2 2(8 ) 36x x✥ ✦ ✧ , which 

yields 
2 8 14 0x x★ ✩ ✪ .  The quadratic formula gives 4 2x ✫ ✬ .  If we take 

4 2x ✫ ✭ , then 4 2y ✮ ✯ , and the area is ✰ ✱✰ ✱4 2 4 2 16 2 14.✲ ✳ ✴ ✲ ✴   If we take 4 2x✵ ✶ , 

then 4 2y ✮ ✷ , and the area is still 14.                                                                                               Answer: 14 
 

17. Dividing cos( ) 2sin( ) 2x x✸ ✹  by cos( )x , gives: 1 2tan( ) 2sec( )x x✺ ✻ .  Now square both sides to 

get: 
2 21 4tan( ) 4tan ( ) 4sec ( ).x x x✼ ✼ ✽   Using the identity 

2 2sec ( ) 1 tan ( )x x✾ ✿ , gives us 

❀ ❁2 21 4tan( ) 4tan ( ) 4 1 tan ( )x x x❂ ❂ ❃ ❂ , which simplifies to 
3

tan( ) .
4

x ❄                                   Answer: B 
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