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Abstract.  In the space of moduli of surfaces of genus g, the locus of surfaces with
automorphisms is a complicated set which can be stratified according to topological con-
jugacy of the full automorphism groups of the surfaces. The strata are non-disjoint, and
the intersections can contain surfaces admitting isomorphic subgroups of automorphisms
which are topologically but not conformally equivalent. The paper is expository, with
some explicit examples at the end.

1. Introduction

The space of moduli of compact Riemann surfaces of a given genus g has a large
singular set corresponding to surfaces with automorphisms. A precise geometric
understanding of the singular set requires a good deal of background material. The
purpose of this expository paper is to present this material in a coherent and reason-
ably self-contained way. There are several possible approaches. Ours is essentially
algebraic, involving Fuchsian groups whenever possible. A second purpose of the
paper is to show how the distinction between topological and conformal conjugacy of
group actions on surfaces is reflected in the branch locus in Teichmiiller space. The
main background references for the paper are [3,27,28]. Some general references for
later sections are [6,31,16].

The contents of the paper are as follows. In Section 2. we define Fuchsian groups
and their proper discontinuous action on the upper half plane. In Section 3. we define
the Teichmiiller space and modular group associated to a given Fuchsian group.
In Section 4. we investigate the interaction between a quasiconformal map of the
upper half plane and a given Fuchsian group, and prove, in Section 5., that every
isomorphism between Fuchsian groups can be realized as conjugation by a quasicon-
formal map of the upper half plane. We sketch a proof of the existence and uniqueness
of Teichmiiller maps realizing such isomorphisms. This leads to the definition, in
Section 6., of the Teichmiiller metric on the Teichmiiller space of a Fuchsian group.
In Section 7. we show that the fixed point set of a finite subgroup of the modular
group is itself a Teichmiiller space, embedded in the ambient Teichmiiller space on
which the modular group acts. We state a version of the Nielsen-realization theorem,
that every finite subgroup of the modular group has a non-empty fixed point set.
In Section 8., we define the relative modular groups, which are set-wise stabilizers of
fixed point sets of finite subgroups of the modular group, and the quotient groups of
the relative modular groups which act effectively. Next we define the relative Riemann
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spaces parametrizing surfaces admitting a given symmetry group. In Section 9. we
distinguish topological from conformal conjugacy of group actions on surfaces. This
provides a precise way of describing the branch locus in Teichmiiller space in terms
of embedded Teichmiiller spaces of smaller dimension. The branch locus corresponds
to the singular set in the space of moduli. The stratification of this space is described
in Section 10.. The intersections of the strata echo the corresponding relationships
among the embedded spaces in Teichmiiller space. We finish with some explicit
examples in Section 11..

2. Uniformization and Fuchsian groups

According to the uniformization theorem (Klein, Poincaré, Koebe), a simply con-
nected Riemann surface, up to conformal equivalence, is one of the following:

1. the complex plane;
2. the Riemann sphere;
3. the upper half plane U = {z € C|Im(z) > 0}.

Each of these has a canonical complete metric of constant curvature. On U
the metric is Poincare¢’s hyperbolic metric |dz|/Im(z), of constant curvature —1.
A consequence of the uniformization theorem is that every Riemann surface can be
represented as a quotient X / I', where X is one of the three simply connected surfaces,
and I' is a discrete group of orientation-preserving isometries, acting discontinuously
on X. This means that every point x € X is contained in an open set which does not
meet any of its y -translates, y € I', unless y is the identity.

A slight weakening of the notion of discontinuity permits a covering theory of
orbifolds (surfaces with cone points), analogous to the uniformization theorem for
surfaces.

Definition 1. A group of G of homeomorphisms of a topological space S acts properly
discontinuously if

1. every s € S is contained in an open set V. C S such that, for g € G, gV NV £ 0
implies gs = s;
2. the stabilizer of a point is finite.

Definition 2. A group G acts effectively on a set S if the (normal) subgroup H =
{g € Glgs = s forall s € S} is trivial.

If I' acts effectively and properly discontinuously on X, the points in X with non-
trivial stabilizers form a discrete set D C X. The quotient map X — X /T, restricted
to X — D, is a covering which transfers the metric and conformal structures from
X — D to the quotient (X — D)/ T, a surface punctured at a discrete set of points. The
filled-in punctures become the cone points, and the metric and conformal structures
extend in a canonical way to the resulting closed orbifold.

When X = U, T is a discrete subgroup of the real Mobius group

az+b
cz+d

£=IZP—> , a,b,c,d eR, ad—bc:l}:PSL(Z,R),
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called a Fuchsian group (see [21], Chapter 5 or [22]). The boundary 6U = R U {c0}
contains the limit set of accumulation points of I'-orbits of points z € U. A Fuchsian
group is elementary if the limit set is finite. Here we consider only non-elementary
Fuchsian groups of the first kind, for which the limit set is all of U ..

An element of L is elliptic if it has a single fixed point in U, parabolic if it has a
single fixed point in 0U, and hyperbolic if it has two fixed points in 60U . Parabolic and
hyperbolic elements have infinite order. An elliptic element can have infinite order,
but, if it is contained in a Fuchsian group, by discreteness, its order must be finite.
A hyperbolic element 1 € L stabilizes a geodesic axis [; C U. For z € I, the hyper-
bolic distance between z and ¢z is an invariant of ¢ called the translation length. The
limits as n — 00 of #"*z are the endpoints of /; on 6U. They are called the attracting
(+) and repelling (—) fixed points of 7.

Lemma 1. Non-identity elements in L commute if and only if they have the same fixed
point set.

Proof. [21], Theorem 5.2.4. One need only examine the centralizers of representatives
of conjugacy classes. Parabolic elements are conjugate to z — z £ 1, and the centra-
lizer of these elements is {z — z + k|k € R}. All such elements fix {co}. Hyperbolic
elements are conjugate to z — Az, 4 > 0, A # 1, with centralizer {z — uz|u > 0};
the fixed point sets are {0, co}. After a standard conformal transformation from U to
the interior of the unit disk, all elliptic elements are conjugate to rotations w ew,
6 € R, which are centralized by {w +— ePw|0 < ¢ < 2x}. All such elements fix the
origin. O

Corollary 2. The centralizer in L, and, in particular, the center, of a non-elementary
Fuchsian group is trivial.

Proof. The existence of a non-trivial element of £ which commutes with every
element of the group would imply that every element has the same (finite) fixed point
set, making the group elementary. O

A finitely generated Fuchsian group has a fundamental polygon in U U U with
finitely many sides [18]. If none of the sides is contained in U, the polygon has finite
hyperbolic area. If none of the vertices is contained in U, I" contains no parabolic
elements, and the quotient U/ I" is compact. A Fuchsian group I" of this type is called
co-compact, and it has the following canonical presentation:

1“:<a1,b1,...,ag,bg,el,...,e,,lel =ef=--=¢) =

8 n
[Tiai.bi1] ] es = 1>, (1)
1 j=1

i=
where the generators {e;} are elliptic and the other generators are hyperbolic. The

(n 4+ 1)-tuple
(givi,v2, ..., vp) 2
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is called the signature of ', and it determines I" uniquely if we assume, as we shall,
that vi < vy < --- < v,. The v; are called the periods of I', and they form a com-
plete set of maximal orders of elliptic elements in I', one for each conjugacy class.
A signature of the form (2) is said to have type (g, n).

The presentation (1) defines a Fuchsian group if and only if the number

n
1
)((F)=)((g;v1,V2,...,vn)=27r 2g—2+2(1__) > (3)
=M
is positive. y (I') is the hyperbolic area of a fundamental polygon for I' acting on U.
If y(I') > 0, then y(I') > = /21, with equality if and only if I" is the group with
signature (0; 2, 3, 7).

Lemma 3 (The Riemann-Hurwitz relation). If I' < I'* are co-compact Fuchsian
groups, the ratio y (T')/y (I'*) is finite and equal to the index [T* : T'].

Proof. See, e.g., [18], or [11], Theorem 1.2.7. d

For co-compact I, the compact quotient U/ I is an orbifold of type (g, n), that is, a
compact Riemann surface of genus g with n distinguished points, over which the quo-
tientmap U — U/ T, elsewhere a covering map, is ramified. All orbifolds with a finite
number of distinguished points, except those of type (g, n) = (0, 0), (0, 1), (0, 2), and
(1, 0), arise as quotients of co-compact Fuchsian groups acting on U. If I has presen-
tation (1), the order of the isotropy subgroup of a point lying over the ith distinguished
point is v;.

The normalizer of a subgroup G in a group H is the subgroup Ny (G) = {h €
H|IhGh™! = G}.

Lemma 4. The normalizer Np(I') of a co-compact Fuchsian group T is a co-compact
Fuchsian group, and the index [N, (') : '] is finite.

Proof. 1If Nz(I') is not discrete it contains an infinite sequence of distinct elements
{d;} tending to the identity. For all y € T, there exists a positive integer m such that
0iy0; I = y,i > m, otherwise {0;y J; 1} would be an infinite sequence of distinct
elements of I" tending to y, contradicting the discreteness of I'. Thus, by Lemma 1,
0i, I > m, has the same fixed point set as y. Since I is nonabelian there exists y’ €
I' which does not commute with y. Repeating the previous argument, there exists
m’ such that &§;, i > m’, has the same fixed point set as y’. But then y, y’ have
the same fixed point set and hence commute. This contradiction proves that N, (I")
is discrete. By the Riemann-Hurwitz relation, 7 /21 < y(Ng(I)) < y(I') < o0
whence the index [N/(I') : T'] < oo. Since a fundamental domain for N/ (T') is
contained in a fundamental domain for I", which has no sides or vertices in 06U, N (I")
is co-compact. O

A co-compact Fuchsian group without elliptic elements (i.e., torsion-free) is called
a surface group. If the signature is of type (g, 0), the group is isomorphic to the fun-
damental group of a compact surface of genus g. We shall use A (Ag) to denote a
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surface group (of genus g). By the uniformization theorem, every compact surface of
genus g is conformally equivalent to a quotient surface U/A’, where A’ is the image
of an injective homomorphism r : A, — L.

Theorem 5. Surface groups A and A’ of genus g > 1 are conjugate in L if and only
if the surfaces U /A and U/’ are conformally equivalent.

Proof. If t='At = A’ for some t € L, then ¢ induces the conformal map Az
A't~'z between U/A and U/A’, where Az denotes the A-orbit of z € U. Conversely,
a conformal map ¢ : U/A — U/A’ lifts to a conformal map ¢ of the universal
covering space U, i.e., an element ¢ € L. Since ¢(Az) = A/(Cz), it follows that
CAgt™ = A O

A subgroup G of a group H is called characteristic if all automorphisms of H
preserve G. In particular, G is normal in H.

Theorem 6 (Bundgaard, Nielsen, Fox). A co-compact Fuchsian group contains a
surface group as a characteristic subgroup of finite index.

Proof. [8,12]. The proof is based on two lemmas: (i) there exists a normal subgroup of
finite index which contains no non-trivial power of any given elliptic element; (ii) the
intersection of a finite number of subgroups of finite index is a subgroup of finite
index. Since there are only finitely many conjugacy classes of elliptic elements, the
theorem follows. O

3. Teichmiiller spaces of Fuchsian groups

Henceforth I" denotes a co-compact Fuchsian group with presentation (1).

Let R(I") be the set of all injective homomorphisms r : I' — L such that the image
r(I') is Fuchsian. R(T") is topologized as a subspace of the product of 2g + n copies
of L, by assigning to r € R(I") the point

(r(ar), r(b1),...,r(ag), r(bg),r(er),...r(ey)) € L84,

The identity idr : I' < £ may be taken as a base point in R(I"). Aut(L) acts on
R(T") by post-composition; since Aut(£) >~ £ ~ Inn(L), the action is by conjugation.
r1,ry € R(I') are called equivalent if their images are conjugate within £. Equiva-
lence classes [r] are the points in T (I'), the Teichmiiller space of T', which takes the
quotient topology from R(I").

Theorem 7 (Greenberg [17]). Let I' and I'* be co-compact Fuchsian groups.
An injective homomorphism i : I' — T'* induces a homeomorphism i : T(I'*) —
T (') onto a closed subspace, defined by

i:[r1— [roil. (4)

Proof. We sketch the proof given in [27], Theorem 7.11. Let 61,2, ...,J, be a
canonical finite set of generators of I', as in (1). Let y1, y2,..., yx € I'* be a com-
plete set of coset representatives of i (I') in ['*. k < oo since, by the Riemann-Hurwitz
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relation, the inclusion i : I' — I'* has finite index. It can be arranged that all the y;
are hyperbolic elements ([27], Lemma 4.8). ['* is generated by the set

{i(01),...,i0n), Y1, .- .5 Yk}

and r € R(I'*) corresponds to the point

(roi(d1),....,roi(0h),r(y1),...,r(y)) € LK.

For each j = 1, ..., k, there exists a smallest n; < oo such that y;j € i([). Let

y;j =i(ej),ej € I'. Thenr(y;) is the unique 7 jth root of r o i(e;). Call this element
l; € L. Uniqueness of /; follows from uniqueness of roots in infinite cyclic groups:
roi(e;) belongs to the infinite cyclic group generated by the hyperbolic element r(y ;).
Then r oi € R(I") corresponds to the point

(roi(d),....,roi(n),1i,...,Ik) € LMK,

and r is uniquely and continuously recoverable from r o i. Hence i induces an
embedding of R(I'*) into R(I'), whose image is a closed subset. As r varies in its
Teichmiiller class, so does r o i (the images are both conjugated by an element of £).
Thus the embedding descends to an embedding of the quotient Teichmiiller spaces,
with respect to the quotient topology. O

Let Aut™(I") be the group of automorphisms of I' which are both type- and
orientation-preserving. Type-preserving automorphisms carry elliptic elements to
elliptic elements, parabolic elements to parabolic elements, etc. (For co-compact
Fuchsian groups, which contain only finite-order elliptic elements and infinite-order
hyperbolic elements, all automorphisms are type-preserving.) Orientation-preserving
automorphisms are induced by automorphisms of the free group on the generators of
(1) which carry the final relator in (1) to a conjugate of itself but not of its inverse.
Inner automorphisms are type- and orientation-preserving. Let Inn(I") € Aut™(I") be
the normal subgroup of inner automorphisms. o € Aut™(I") induces a homeomor-
phism of 7'(I") defined by

[r] = [roa] &)

If « € Inn(T"), there exists 0 € I such that a(y) = 0~ 'yd. Then r(a(l')) =
¢~ 17 (e, where ¢ = r(8) € L, so that [r o a] = [r]. Thus the effective action is by
the Teichmiiller modular group of T’

Autt (T
Mod(T') = {[a]} ~ %(r))

[a] denotes the class in Aut™(I")/Inn(I") induced by a.
Theorem 8. The action Mod(I") x T (I') — T (I") defined by

([a], [r]) > [r o a]

is properly discontinuous.
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Proof. This was proved by Kravetz [24] in the case where I' is surface group.
We follow the proof in [28], Theorem 7, which assumes Kravetz’ result.

By Theorem 6, I" contains a surface group A as a characteristic subgroup of finite
index. The inclusion i : A < T induces the embedding i : T(I') < T(A) defined
by (4). Let [r] € T(T'), and suppose [r oi] € V C T(A), where V is an open set
satisfying property 1 of Definition 1 for the action of Mod(A) on T(A) (Kravetz’
result is assumed here). Let W = V N i(T(I')) = i~ (V). W is an open set in
T (I') which is non-empty, since it contains [r]. Since A is characteristic in I, for
every f € Autt(I') there exists a unique a € Aut™(A) such that foi = i o a.
If # € Aut™(I) is such that [8](W) N W # @, then [a](V) NV # @ and by property
1 for Mod(A) on T'(A), [a] fixes [r o i], that is, [r o i o a] = [r o i]. Equivalently,
[r o f oi] = [r oi] which implies [r o f] = [r]. Thus W C T(I') is an open set
containing [r] which satisfies property 1 for Mod(I") acting on 7' (I").

Property 2 of Definition 1 for Mod(I') acting on 7 (I') follows from the next
theorem and Lemma 4. a

Theorem 9. The stabilizer of a point [r] € T (I') is isomorphic to the (finite) subgroup
N (r(1))/r(T) of Mod(T).

Proof. 1If [a] € Mod(T'") fixes [r], then [r o a] = [r] and there exists t € L such
that, forall y € T, r oa(y) = tr(y)t~!'. It follows that r € N, (r(I')). If t € r(I'),
a € Inn(I") and hence [a] is the identity in Mod(I"). Thus the stabilizer of [r] is
isomorphic to a subgroup of Nz (r(I"))/r(I"). On the other hand, if t € N (r(I")), the
map f; : r(y) — tr(y)t~! is a type- and orientation-preserving automorphism of
r(T'), whence a; = r~! o f; o r is a type- and orientation-preserving automorphism
of I'. a; is inner if and only if 7 € r(I"). This establishes the isomorphism. O

4. Quasiconformal maps; compatibility

A homeomorphism w : U — U is called quasiconformal, or more precisely,
k-quasiconformal, if there exists k < 1 such that |wz/w,;| < k almost everywhere.
Partial derivatives w, and w; exist in the sense of distribution theory ([3], §2), and
obey the usual chain rules

(wov), = (uy ov)v; + (uz ov)(0);; (6)
(uov); = (uyp ov)vz + (15 0 0)(0)z. (N

The expression w;/w; is called a Beltrami differential. A complex measurable func-
tion u(z) defined on U determines a Beltrami equation

w: = u(2)w,, 3)

in which u(z) is the Beltrami coefficient. If |1(z)| < 1, the Jacobian (1 — uji)|w;|?
of w is positive, and hence w is orientation-preserving.



604 Anthony Weaver

Lemma 10.

(1) If u(2) is a Beltrami coefficient with | (z)| < k < 1 almost everywhere, and w is
a solution of (8), then w is k-quasiconformal; conversely, every k-quasiconformal
self-homeomorphism of U is the solution of (8) for some Beltrami coefficient
1(2), |u(@)| <k < 1 almost everywhere.

(i1) Ifw is a solution of (8), and ¢ € L, then w) = cow is also a solution; conversely,
if w, w1 are both solutions of (8) then there exists ¢ € L such that w) = ¢ o w.

Proof. [3], §4 E, §4 B. O

Lemma 11. A quasiconformal self-homeomorphism of U has a unique extension to a
self- homeomorphism of U = U U 8U.

Proof. 3], §3 E. O

There is a definition of quasiconformality due to Ahlfors and Pfluger [1] which
makes no reference to differentiability (distributional or otherwise): a conformal
image of {(x,y) € R*|0 < x < m,0 < y < 1} is called a topological rectangle R
with modulus m = m(R). By the Riemann mapping theorem, a continuous image of
a topological rectangle is a topological rectangle (with a possibly different modulus).
A homeomorphism w : U — U is k-quasiconformal if, for every topological rectan-
gle R,

m@w(R) _ (1+k)

m(R) — (1—k)

Lemma 12. The composition of a ki-quasiconformal map with a ky-quasiconformal
map is k-quasiconformal, where

1+k_1+k1 14+ ko
l—k 11—k 11—k

Proof. An immediate consequence of (9). O

©))

For quasiconformal w, let k(w) < 1 be the smallest k such that w is k-quasi-
conformal. The maximal dilatation of w is

K(w) =

We have the following consequences of the preceding definitions and lemmas. Let w1,
w2, w : U — U be quasiconformal maps, and let ¢ : U — U be conformal. Then

K(c) =1, (10)

K (wy o wy) < K(w1)K (w2); (1)
K(w) = K(w™); (12)
K(woc)=K(cow)=K(w). (13)

Let I' be a Fuchsian group. A Beltrami coefficient u(z) is ['-compatible if it trans-
forms according to the rule

1(y (@) = u@y'(2)/y’ () forally eT. (14)
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A holomorphic function ¢(z) defined on U is called a I'-2-form (automorphic form
of weight 2 for I') if it transforms according to the rule

$(y () = ¢()/y'(z)* forally eT. (15)

A T'-2-form induces an integrable quadratic differential on the quotient surface
U/ T, holomorphic except possibly for simple poles or removable singularities at the
orbifold points. All holomorphic quadratic differentials on U/ I arise in this way.

Lemma 13.
(1) If ¢ is a I'-2-form, then
1@ =kp@)/lp@I, 0<k <1, (16)

is a I'-compatible Beltrami coefficient. Partially conversely,

(i) If ¢(2) is a holomorphic function such that (16) is a T'-compatible Beltrami coef-
ficient, then, up to multiplication by a real character y : T — (RT,.), ¢ isa
I'-2-form.

Proof. [27], Lemma 5.18. (i) is a consequence of the chain rules. (ii) A real character
is a homomorphism of a group into the multiplicative group of positive reals. If ¢ (z)
has modulus 7(z) > 0 and argument 6(z) € R, then u(z) = kexp(—if(z)), and, since
u is I'-compatible, forall y € T,

—0(yz) —argy'(z) = —0(z) + arg y'(z).

This implies that the number y(y) = ¢(y (2))y'(z)?/¢(z) is real (arg(y(y) = 0).
In addition y (y) = r(y (z))|y’(z)|*/r(z) > 0. The homomorphism property x (y172)
= x(y1) x (y2) is easily verified. O

Theorem 14. Let I'; be a subgroup of finite index in I'. Let ¢ be a I'1-2-form. Then
(16) is I'-compatible if and only if ¢ is a I'-2-form.

Proof. [27], Theorem 5.20. By Lemma 13, (16) is I';-compatible; if it is also
I'-compatible, then there is a real character y : ' — (R™, -) such that

d(y @) =) ¢@)/y'(z)* forally eT.

For some finite ¢, y’ € T'| since the index [ : T'1] is finite. It follows that y (y’) =
(x(y))" = 1. This implies y(y) = 1, since (R, -) has no non-trivial element of finite
order. Hence ¢ is a I'-2-form. Conversely, if ¢ is a I'-2-form, then (16) is I'-compatible
by Lemma 13. O

5. Geometrical realizations

r € R(I') has a geometrical realization if there is an orientation-preserving homeo-
morphism w : U — U such that, forall y € T, r(y) = wyw~"'. It is a remark-
able fact, not at all obvious, that every r € R(I") has a quasiconformal geometrical
realization.

Let Q(, '), r € R(I'), denote the set of quasiconformal geometrical realiza-
tions of r.



606 Anthony Weaver

Lemma 15. If w € Q(r, '), then the Beltrami differential wz/w, is T -compatible.
Conversely, if u(z) is a I'-compatible Beltrami coefficient, and w is a solution of (8),
there exists r € R(I') such that w € Q(r, I').

Proof. [27], Theorem 5.14. Let w € Q(r, T'). Then wTl'w ™" = r(I') and for y € T,
z € U, w(yz) = r(y)w(z). A computation using the chain rules (6), and the fact
that y and r(y) are conformal, shows that wz/w, satisfies (14). Conversely, if u(z)
is a ['-compatible Beltrami differential, and w is a solution of (8), then w o y is also
a solution and hence by statement (ii) of Lemma 10, there exists ¢ € L such that
w oy =cow,orequivalently, wy w™! = ¢ € L. Thus one can define r : I' — L by
r(y) =wyw ! forall y e T.Clearly, w € Q(r, ). a

The next theorem is a consequence of a well-known result of Nielsen [29]: every
automorphism of the fundamental group of compact surface (= Ay) is induced by
a self-homemorphism of the surface. The homeomorphism can be taken to be piece-
wise linear [37]; as such it lifts to a quasiconformal homeomorphism of U. One can
therefore restate Nielsen’s result as follows: every automorphism a € Aut*(Ag) has
a quasiconformal geometrical realization.

Let A = Ag.

Theorem 16. Q(r, A) is non-empty for allr € R(N).

Proof. Letr € R(A). There exists a piecewise linear homeomorphism # : U/A —
U/r(A) which lifts to a quasiconformal homeomorphism % : U — U satisfying
h{Az} = r(A)h(z), z € U. h induces the isomorphism ro : A — r(A) defined by
A= fzifz_l, LJeANa=rlo ro € Aut™(A), so, by Nielsen’s result, there is a
quasiconformal map w realizing a. Hence r = rg o a~! is geometrically realized by
the quasiconformal map how!. O

Definition 3. w : U — U is a Teichmiiller mapping for I" if it is either conformal or
quasiconformal with Beltrami differential

w: _, 90
Wz |¢(Z)|,

0<k<l,

where ¢ is a I'-2-form.

Theorem 17 (Uniqueness of Teichmiiller mappings). Let wg € Q(r, A), r € R(A),
be a Teichmiiller mapping for A. If w € Q(r, A), w # wq, then K (wg) < K (w).

Proof. [3], §11, 12. Teichmiiller’s original proof is in [33]. d

Let the surface group A = Ag be generated by hyperbolic elements

{al,bl,---,agabg}, (17)

subject to the relation aibia; 'by' .. aghga;'b;! = 1.1 € R(A) is (a1, by)-
normalized if the repelling and attracting fixed points of r(a) are 0, co, respectively,
and the repelling fixed point of r(b1) is 1. Let Q(ay, b1, A) C R(A) be the subspace
of (ai, b1)-normalized representations.
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Let Q(A) be the subspace of quasiconformal maps w : U — U, topologized by
uniform convergence, which realize some r € R(A) geometrically (i.e., such that
wAw~! is Fuchsian) and which, in addition, fix 0, 1, oo € dU. Let B (A) be the space
of A-compatible Beltrami coefficients u(z) with 0 < |u(z)| < 1, topologized by
pointwise convergence at almost every z € U.

Theorem 18. T (A) is homeomorphic to the open unit ball in R,

Proof. [3], §14; [27], §6. We sketch the proof, omitting the continuity arguments. The
starting point is the existence of a one-to-one correspondence between the space of
A-2-forms and the vector space V of quadratic differentials on the quotient surface
U/A, which has real dimension 6g — 6, by the Riemann-Roch theorem ([11], §II1.4).
An inner product (, ) is defined on V by choosing a basis and taking it to be an ortho-
normal set. The continuous one-to-one map

‘93¢'—>#¢=(¢>¢)|%: pev (18)

has image 8(V) € B(A) by Lemma 13 and the fact that (¢, ¢) < 1. By Lemmas 10
and 11, there is a (¢, ¢)-quasiconformal solution to the Beltrami equation w; =
Uy (z)w, whose continuous extension to 0U fixes 0, 1, co. Let wyg) be the solution; it
is a Teichmiiller mapping, hence, unique. The map

Oty > Wig) (19)

from (V) to Q(A) is therefore one-to-one. By the converse of Lemma 15, there
exists ry € R(A) defined by ry(y) = wp,y wigy, forall y € Ag. wy)0wig) = 0 and
w[;%oow[(;s] = oo; similarly, w[;ﬁlww)] = 1. These are, respectively, the attracting
and repelling fixed points of r(a1), and the repelling fixed point of r(by). Thus ry €
Q(ai, b1, A). rg is unique since, by Lemma 10 (ii), another such solution would differ
by a real Mobius transformation fixing 0, 1, oo, which must be the identity ([21],
Corollary 2.5.3). A continuity argument ([27], 6.17) shows that the one-to-one map

T wg > ry (20)

is also onto Q(ay, b1, A). This proves that Q(ay, b1, A) is homeomorphic to the open
unit ball in R%~°, Finally, for every r € R(A) there exists a unique ¢ € £ such that
¢ 'r(A)c € Q(ay, b1, A). Thus for every Teichmiiller class [r] € T(I') there is a
unique ro € Q(ay, b1, A) such that [r] = [ro]. It follows that T'(A) is homeomorphic
to Q(ai, b1, A). O

Corollary 19. Q(r, A) contains a (unique) Teichmiiller mapping.

Proof. If r € Q(ay, b1, M), this follows immediately from the proof of Theorem 18.
For the general r € R(A), there exists ¢ € £ which maps the attracting and repelling
fixed points of aj, and the repelling fixed point of b, onto 0, co, 1, respectively. Then
the map r’ : A — L defined by 2 — ¢ o r(1) o ¢c~! belongs to Q(ay, by, A) and
hence there is a unique Teichmiiller mapping r € Q(r’, A). It is not difficult to verify
that ¢! o 7 is a Teichmiiller mapping in Q(r, A), hence, the unique one. g

We now pass to the general co-compact Fuchsian group T'.
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Theorem 20. Q(r, I') is non-empty for all r € R(I').

Proof. Let r € R(I'). By Theorem 6, I' contains a surface group A as a normal
subgroup of finite index. By Theorem 16, the restriction r|, is realized by a unique
Teichmuller mapping ¢ : U — U. Choose an arbitrary element y € I' and use it to
define a map

=r(yy~', U U. 1)

By (13), ¢’ has the same maximal dilatation as 7. For 1 € A,
= =r(e Ay e 7Y

=r()r@y apry™h
=r(A).

Thus ¢’ realizes r|p geometrically. Since it is also Teichmiiller map for A, by unique-
ness, ' = t. Then (21) shows that ryt~! = r(y). Since y € I' was arbitrary,
reQT). a

Theorem 21. If I'| is a subgroup of finite index in T, and t is a Teichmiiller mapping
for 'y, then t is also a Teichmiiller mapping for T.

Proof. Using Theorem 6 it is easily shown that there is a surface group A which
is normal and of finite index in both I'y and I'. Let r € R(I'), and let ¢ be the
unique Teichmiiller mapping in Q(r|s, A). The proof of Theorem 20 shows that
t € Q(rlr,, ') NQ(r, T'). Thus ¢ is both I'- and I'-compatible. By Theorem 14, ¢ is
a Teichmiiller mapping for both I'; and I'. O

Corollary 22. Q(r, I') contains a (unique) Teichmiiller mapping.
Let I" have signature (2).
Theorem 23. T (') is homeomorphic to the open unit ball in R%8~=6+2",

Proof. [27], Theorem 7.13. Let A be a surface group contained with finite index in I"
and generated by hyperbolic elements a1, by, . .. ay, by,. Define Q (ay, by, I') as the set
of (aj, b1)-normalized representations of I'. If i : A — I is the inclusion homomor-
phism, then r +— r o i, r € Q(ay, b1, '), embeds Q(ay, b1, I') as a closed subspace
of Q(ay, by, A), by Theorem 7. Let w = 706 be the composition of the homeo-
morphisms (18), (19), (20). The image of the restriction of z//_l to Q(ay, b1, I') is
the open unit ball in a linear subspace, namely, the subspace of A-2-forms which are
also I'-2-forms. This subspace is linearly equivalent to the vector space of quadratic
differentials on U/I" having possible simple poles or removable singularities at the
n orbifold points; by the Riemann-Roch theorem, the real dimension of this space
is6g — 6+ 2n. O

6. The Teichmiiller metric

Ifri,r € R(I'), then rp o rl_1 € R(r1(I')). Letz(rp o rl_l) be the unique Teichmiiller
mapping in Q(r; o rl_l, I).
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Lemma 24. The function
d(r1,r2) =log |K (t(r2 o1 1)) (22)

defines a pseudo-metric on R(I') which induces a true metric on T (T').

Proof. d(r1,r) > 0 since K(t(r o rl_l)) > 1.d(r1, ) = d(ra,r1) by (13). The
triangle inequality follows from (12). d(ry, r2) = 0 if and only if #(rz o r|” 1) =ce¢€
L, or, equivalently, for all y € T, r1(y) = ¢~ !'ra(y)c. Thus r(T) and ro(T") are
conjugate in £ and [r1] = [r] as points in T (T). O

The metric on 7' (I") is called the Teichmiiller metric. It is not difficult to show that
this metric induces the same topology on 7' (I") as the quotient topology inherited from
R(I") ([27], Theorem 8.6).

Theorem 25. With respect to the Teichmiiller metrics, the embedding i : T (I'*) —
T (T') induced by the injective homomorphism i : T — TI'* (¢f. Theorem 7) is an
isometry.

Proof. Recall that the embedding is defined by i :[r] — [roi]. If d,d* denote the
Teichmiiller pseudo-metrics on R(I') and R(I'*), respectively, and r;,r» € R(I'™),
then

d(rioi,ryoi) =log|K(t(ry0ioi  ory )| =d*(r1, r).

It follows that the Teichmiiller distance between [r1] and [r2] is the same as the
Teichmiiller distance between [r; o i] and [, o i]. O

Corollary 26. Mod(I") acts as a group of isometries of T (I').

Proof. This is the special case of Theorem 25 in whichT™* =T',d* =dandi =a €
Aut™(I). 0

There is a complex structure on 7(I"), compatible with the Teichmiiller metric,
making T (I') biholomorphically equivalent to a bounded domain in C3¢~3+" [2]. We
shall not need this structure, so we omit the details.

7. Fixed point sets

Let H be a subgroup of Mod(I") and let F(H) C T(I') be the set of points fixed by
H under the action
Mod(T') x T(I') — T(T). (23)

Theorem 27 (Nielsen-Kerckhoff). F(H) is non-empty if and only if H is a finite
group.

Proof. H is necessarily finite by Theorem 9 and Lemma 4. That every finite sub-
group of Mod(I") has a non-empty fixed point set was a long-standing conjecture,
known as the Nielsen realization problem. It was first proved for restricted classes
of groups such as cyclic and solvable, and finally in full generality by S. Kerckhoff
[23] using one-parameter families of deformations of hyperbolic structures known as
earthquakes. O
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Lemma 28. A finite subgroup H < Mod(I") exists if and only if there is a short exact
sequence

1>T 515 B, (24)
where T'* < N (i(I)).
Proof. Let the sequence (24) be given. The natural homomorphism
j i NzG(T)) — Aut™ () =~ Aut™(T) (25)

is injective because i(I") has trivial centralizer in £; the restriction j|;) is an iso-
morphism between i (I') and Inn(i (I')), because i (I') has trivial center (Corollary 2).
Hence j induces an injective homomorphism

. Nc@GE(I)
i)

Of course, the restriction of j, to I'*/i(I) is also injective, and the image in Mod(I")
is isomorphic to H.

Conversely, suppose H is a finite subgroup of Mod(I'). Let [a1], [a2], ..., [ax] be
the elements of H. Assume [a;] = 1. By the Nielsen-Kerckhoff theorem there exists
[r] € T(I') which is fixed by all of the [¢;], i.e., [roa;] = [r], for 1 < i < k.
Equivalently, there exist ¢; € £, 1 < i < k, such that, forall y € T, r(a;(y)) =
c; ¥ (y)ei. Each ¢; is unique because the centralizer of r(I') is trivial. In particular,
¢y = L. Let ' < Ng(r(I')) be the Fuchsian group generated by the set r(I') U
{c1, ..., ck}. Every element of I'* can be written uniquely in the form c;r(y), y €
I'. The group operation is c;r(y1) - ¢;r(y2) = cjer(y1)“r(y2), where r(y)? =
cl_lr(y )ci. The map p : I'* — H defined by by ¢;{r(y)} — [a;],i = 1,...,k, for
all y € T, is an epimorphism. Thus there is a short exact sequence of the form (24),
except that we have r(I') in place of I". There is no loss of generality, since we may
assume that r = idr. O

— Mod(I'). (26)

The next theorem characterizes the fixed point set of H < Mod(I") as the embedded
image of Teichmiiller space.

Theorem 29. I[f H < Mod(I') belongs to the short exact sequence (24), then
F(H) =i(T(T™), @7)
where i : T(I'*) — T(T') is the embedding induced by i : T — I'*.

Proof. [27], Theorem 9.11. Let [s] € i(T(I'*)) C T(T'). Then there exists [o] €
T(I'*) such thats = o oi. Forevery [a] € H, thereis auniquec € I'* < N.(I') < L
such that, for all y € T, s(a(y)) = ¢ 's(y)c. Thus [s o a] = [s]. It follows that
s € F(H). Conversely, suppose [s] € F(H) C T(I'). We may assume s = idr. Let
o =idr+. Clearly, s = ¢ oi and hence, [s] € i (T (I'*)). O

Remark 1. The embedding i : T(I'*) < T(I") can be a surjection even if i (') # I'*.
For this to occur, the dimensions of 7T (I') and T (I'*) (computed using Theorem 23)
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must be equal. This implies that 1 < T'*/i(T') ~ H < Mod(I") fixes every point
in T(I"), so that the action of Mod(I") on T'(I') is not effective. The complete list of
subgroup pairs I' < I'* for which the Teichmiiller dimensions are equal, together with
the corresponding signatures, and the indices of the inclusions, is given in [32] (see
also [17]).

Let Stabyoa(ry (F (H)) denote the set-wise stabilizer of F(H) in Mod(I").
Theorem 30. Stangd(r)(F(H)) = NMod(F) (H)
Proof. [28], §4. If [a] belongs to the normalizer Nyoqry(H) of H, then [a]F(H) =
F(H), by a simple calculation. Thus
Nmod(r)(H) € Stabmoda(r) (F (H)).

Conversely, let & € Autt(I'), and suppose [a] € Stabyod(r) (F(H)). We may assume
H belongs to the short exact sequence (24). Since F(H) = i(T (I'*)), for every [r] €
T (I'*), there exists r’ € T (I'*) such that

[roioal=1[roil.
This implies the existence of € Aut™(I'*) such that
ioa=pfol.
There is a unique element ¢ € Nz (I'™*) such that
B(6) = coc™!,

for all § € I'*. In particular, a(i(y)) = B@(y)) = ci(y)c™ L. It follows that ¢ €
Nz (1)) and ji(c) = [a] € Mod(I"), where j, is the injective homomorphism (26).
Then

H = ju(I*/i(D)) = ju(eT e /i(D)) = [alHla] ™",

which shows that [a] € Nmoa(r) (H). O

8. Relative modular groups

The action of Nmod(ry(H) on F(H) is properly discontinuous and isometric (being a
restriction of (23)). Since H < Nwmoq(r)(H) acts trivially on F(H) by definition, the
effective action is by Nvod(ry(H)/H, or, possibly, a quotient of this group.

Definition 4. Nysoqr)(H)/H is called the relative modular group of I'* with respect
to i (I).

There are other ways to define the relative modular group (see, e.g., [14,10]). One
useful alternative definition is as a subgroup of Mod(I"*).

Lemma 31. The subgroup
Mod(T*,i(')) = {[f] € Mod(I'*)|B(i(T")) = i(T')} < Mod(T'"")

is isomorphic to the relative modular group Ny.qry(H)/H.
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Proof. [28], Theorem 10. Let Aut™ (I*,i(I')) = {8 € Autt(I)|BG(T)) = i(I)}
< Aut™(I'*). Note that Inn(I'*, i(I")) = Inn(i(I")) since i(I") is normal in I'*. The
restriction homomorphism f : Aut™(I'*,i(I")) — Aut™(i(I')) defined by f : f
Bliry is injective: if B'l;ory = Bli(r), then, for all § € T*, B/(5)~'4(6) is in the
(trivial) centralizer of B(i(I')) and therefore f = f'. Let [a] = [B iyl If [r] €
T(T*),[roi] €i(T(C'*))and

[allroil=[roioal=[rofoil=1i([rop]) €i(T(I*)).

Thus [a] stabilizes i (T(I'*)), and hence, by Theorem 30, [a] € Nmoar)(H). B €
Inn(T'*, i(I")) if and only if [a] € H. Thus f induces an injective homomorphism
f : Mod(I'*, i(T')) — Nmod(r)(H)/H defined by [#] — [a]. On the other hand, if
[a] € Nmod(r)(H)/H, then [a] stabilizes F'(H) and by the proof of Theorem 30 there
exists § € Aut™(I'*) such that B|;ry = a. Thus B € Autt(T'*,i(I)), FABD = [al,
and f is surjective. O

If i(T') is characteristic in T'*, Mod(I'*, i{(I')) = Mod(I'*); otherwise, the index
[Mod(I'*) : Mod(I'*, i(I"))] is equal to the number of distinct images [£](i (I")), [f] €
M (I'*). This number is finite since each [#](i(I")) is the kernel of a homomorphism
from a finitely generated group (G*) onto a finite group (H), of which there are just
finitely many. (See [14].)

Even the action of the relative modular group

Mod(T*, i(T')) x i (T(T*)) — i(T(T*)), (28)

is not always effective. Let H;/H be the largest subgroup of Nyoq(ry(H)/H which
fixes every point in F'(H). Then the effective action is by the group

Nmod(ry(H)/H

HH >~ Nmod(ry(H)/Hi. (29)

9. Topological versus conformal conjugacy

The orbit space
R(C*,i(T)) =i (T(I*))/Mod(T*, i(I))

of the action (28) is called the relative Riemann space of (I'*,i(I")) [10], [14].
If i(I') = I'* it is called simply the Riemann space of I'. The Riemann space of Ag
(a surface group) is the space of moduli of compact Riemann surfaces of genus g,
denoted R. Of course, one obtains the same relative Riemann space if one replaces
Mod(T™*, i(I")) with the effective relative modular group (29).

Let Hy be a finite group. A surface with Hy-symmetry, or, briefly, a surface-
symmetry pair, is a pair (X, H) in which X is a compact Riemann surface and
H =~ Hj is a finite group of automorphisms of X. It is convenient to define two
equivalence relations on the set of surfaces with Hy symmetry.
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Definition 5. Surfaces with Hy symmetry (X1, H) and (X, H) are conformally
equivalent (resp. topologically equivalent) if there exists a conformal map (resp.
orientation-preserving homeomorphism) t : X1 — Xj such that Hy = tHot~!. The
Hi-actions are called conformally (resp. topologically) conjugate.

Theorem 32. If H belongs to the short exact sequence (24), there is a bijection
between R(I'*,i(I')) and the set of conformal equivalence classes of surfaces with
H-symmetry.

Proof. Let [r1], [r2] € i(T(I'*) C T(I'). Then there exist [r;.] e T(I'*,j =12
such that [r}] =[rjoil.PutX; =U/r;(I'), and
H; =r;-(F*)/rj(F)’_VH, j=12. (30)
The H; action on X ; is defined by
r}(y)rj(F): ri(Nz +— r}(y)rj(r)z, yel*,zel. (31)

If [r1], [r2] are in the same Mod(I'*, i(I"))- orbit, there exists # € Aut™(I'*,i(I"))
such that [rio Ll = [ré], Moreover, S restricts to & € Aut™ (T") such that [rjoa] = [r2].
Equivalently, there exists ¢ € £ such that

rBG) =y, yel™ (32)
In particular, 71 (I') = cr2(I')c~!. The map
ri@z ¢ 'rn@z, zeU,

induces a conformal map ¢ : X — X», since by (32), c Dz = rz(F)c_lz.
Fory € I'*, let h;(y) : X; — X, denote the map (31). To show that ¢ commutes
with the H-actions, we show that the diagram

h
x; M9y,

1 ) (33)

h
X, 29 x,

commutes. For z € U, let p, = r{(I')z € X;. On the one hand,

¢ohi(y)(p) =r2(D)e™ ' ()z, (34)
and on the other,
ha(y) 0 &(p) = rn(D)ry(y)e™ 'z (35)
the diagram commutes if and only if the right-hand sides of (34) and (35) represent
the same point in X;. Using (32), the right -hand side of (34) is equal to
(DB~ (7)e 2.

Since ré(,b’_l(y ))c~! and 5 (y Ye~! represent the same coset of r5(I), it follows that
the right-hand sides of (34) and (35) both represent the the same point in X7, namely,
rz(F)c_lz.
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We have shown that there is a one-to-one map from the relative Riemann space
R(I'*, T') to the set of conformal equivalence classes of surfaces with H symmetry.
The proof that this map is surjective is straightforward and we omit it. O

Suppose ij : I' — I'*, j = 1,2, are two different injections of I" into I'* such
that the image i;(I") is normal in I'*. Let [r{] € i(T(T*) and [r2] € ir(T(T*).
There exist [r}] e T(I'*), j = 1,2 such that [r;] = [r;. oijl,j=12PutX; =
U/r;(I') and define H;, and Hj-actions on X ;, exactly as at (30), (31), respectively.
The isomorphism

ryo ri_l cry (%) = ry(T)

has a quasiconformal geometrical realization ¢ : U — U by Theorem 20. We may
take 7 to be the unique Teichmiiller map in Q(r} o ri_l, I'1). t induces an orientation-
preserving homeomorphism 7 : X; — X, which (in place of ¢) satisfies the
diagram (33). Thus the surface-symmetry pairs (X1, H1) and (X», H») are topologi-
cally conjugate.

One way to obtain distinct injections i; : I' — I'*, j = 1, 2 is to precompose i}
with # € Aut™ ("), obtaining i» = ij o B. Then [r1] = [r2 o B], i.e., [r1], [r2] are in
the same Mod(I")- orbit and the surfaces X; and X, are conformally equivalent. The
surface-symmetry pairs (X;, H;), j = 1,2, however, need not be, since f need not
extend to an automorphism of G*.

Under the action of Mod(I"), the images of an embedded Teichmiiller space
i(T(T'*)) = F(H) C T(T') can intersect without coinciding (provided the embedded
space has positive Teichmiiller dimension). In this case, we shall argue, the intersec-
tion is composed of embedded Teichmiiller spaces of strictly smaller dimension.

Let [A] € Mod(T), [r1], [r2] € F(H) N [BIF(H), [r1] # [r2]. Suppose [r2] =
[B1[r1], so that [r1] and [r2] project to the same point in X € R(I"). If [r1] and
[r2] are not in the same Mod(I'*, i(I"))-orbit, i.e., if they determine distinct points
in the relative Riemann space R(I'*, i(I")), the surface-symmetry pairs (X, H;) and
(X, H») are not conformally equivalent. Thus X € R(I') is a surface admitting two
H-actions which are topologically but not conformally conjugate. Equivalently, the
full automorphism group G = Aut(X) contains two non-conjugate copies of Hy. The
inclusion i : T' — TI'* extends to

r5>r*5r, (36)
where j is a strict normal inclusion, j oi : ' — I'y is also a normal inclusion, and
G ~T/T.Then

F(G) =io j(T(T1)) € F(H)N[BIF(H).

If the dimension of F(G) is positive, and there are Mod(I")-images of F(G) which
intersect without coinciding, the procedure just described can be repeated begin-
ning with F'(G) instead of F'(H). After finitely many repetitions the procedure must
terminate: we reach a finite group G’ > G such that all Mod(I")-images of F(G’) are
either disjoint or identical. Then topological conjugacy implies conformal conjugacy
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and there is a bijection between the relative Riemann space and the image of F(G’)
in R(T'). This is always the case if the Teichmiiller dimension of F(G’) is 0.

For further discussion of these matters from an algebraic geometric view point,
see [16].

10. Stratification

Let Mod, = Mod(A,). Let (H) denote the conjugacy class of a finite subgroup
H < Mod,. There is a bijection between the set

{(H)|H < Modg, H non-trivial, finite}

and the set of topological equivalence classes of surface-symmetry pairs (X, H),
where X € R, is a surface of genus g (see, e.g. [31]).

For X € R,, let £(X) denote the conjugacy class (Aut(X)) in Mod,. We call
2 (X) the symmetry type of X. The (H)-equisymmetric stratum of R is the set

R = (X € Ry|Z(X) = (H)) (37)

(the terminology is due to S. A. Broughton [6]). The stratification of R is the union
of the equisymmetry strata over all conjugacy classes of non-trivial finite subgroups
of Mod,. The stratification is the image of the branch locus in T (A,) = 7, under
the action of Mod, and is thus also the locus of surfaces with automorphisms. Each
stratum is the image of an embedded Teichmiiller space in 7,. One can obtain the
stratification by considering all normal inclusions of the form i : A, — I'* where
Ay is fixed and I'* varies over all co-compact Fuchsian groups containing A, as a
normal subgroup of finite index, and i varies over all normal inclusions i : Ag — T'*.
From this it is clear that the number of strata is finite: there are finitely many I'*
such that the ratio y (Ag)/x (I'*) is an integer, as required by the Riemann-Hurwtiz
relation (Lemma 3), and each such T'*, being finitely generated, admits finitely many
homomorphisms with kernel isomorphic to Ag.

It can happen that R§G) = R§H). This occurs when G O H and the dimen-
sions of the covering embedded Teichmiiller spaces are equal (cf. Remark 1 following
Theorem 29). In this case, H is not the full automorphism group of any surface in
RE,H). Naturally, it is preferable to associate the largest possible group with a given
stratum.

It is possible to make the strata disjoint, and avoid the sort of duplication just
described (allowing some empty strata), by defining

R(H) _ 72 (H) (@]
R =R — | | RY.
GDH

On the other hand, for some purposes, it is precisely the intersection of different strata
which are of most interest: the intersection and nesting relationships between the strata
echo those of the covering branch locus.

The strata (37) are known to be irreducible complex algebraic varieties ([4], §7).
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11. Examples

1. The equisymmetric stratification of R, is simple enough to describe in words:
R, itself has complex dimension 3. It contains a 2-dimensional stratum RéDZ),
where D> is the Klein 4-group. This stratum contains two 1-dimensional substrata
associated with the dihedral group D4 of order 8 and the product C; x S3 (cyclic by
symmetric). These two strata, in turn, intersect in two distinct O-dimensional strata,
one corresponding to the group G L,(F3) of order 48 and the other to a certain
group of order 24. Finally, there is an isolated 0-dimensional stratum, not contained
in RéDZ), associated with the cyclic group Cip. (See [6,26], and also, [25].)

2. For all g > 2, Ry itself is properly regarded as the stratum associated with the
trivial group, but this is not the case in genus 2. In fact R, = RECZ). The explana-
tion is that all surfaces of genus 2 admit the hyperelliptic involution. Equivalently:
there is a normal inclusion i : Ay — I'*, where I'* is the group with signature
0;2,2,2,2,2,2). It is easily verified that the dimension of the Teichmiiller space
of T'* is equal to the dimension of 7. Thus M, acts ineffectively on 7, because
I'* /Ay >~ Cr < Mod; fixes every point.

3. The equisymmetric stratification of /R3 can be constructed from the information in
[6]; see the author’s Ph.D. dissertation [34] for a (complicated) picture.

4. Let T'™ denote the Fuchsian group with signature (n; 2, ..., 2), where the number
of 2’sis2g +2 — 4n. For g > 2n — 1 and g > 1, there is a short exact sequence

1> Ay 5T™ 5 ¢y 1. (38)

Let T/ Ag = (J,,IJn2 = 1) >~ C,. J, is known as an n-hyperelliptic involution
since it acts on the surface U /A, with quotient a surface of genus n. (Jy is the clas-
sical hyperelliptic involution.) A short argument shows that all surface-symmetry
pairs (U/Ag, (J,)) are topologically conjugate. By a theorem of Farkas and Kra
[11], §V.1.9,if g > 4n + 1, J, is unique (hence central) in Aut(U/Ag). Restated
in terms of Fuchsian groups, this theorem says that whenever there is a sequence
of injective homomorphisms

Ag RN NORER Ne(Ay), (39)

the image j(I'™) is normal. (The image i(Ag) is normal in '™ because the index
is 2.) Hence any automorphism group I'* /A, of U /A, which contains rm, Ag =
(Jn), contains it as a normal subgroup, so Jj, is a central element. As a consequence,
all pairs (U/Ag, (J,)) are conformally conjugate.

In the intermediate range (¢ — 1)/4 < n < (g + 1)/2, the theorem of Farkas
and Kra does not hold and there may be (J,) actions that are topologically but
not conformally conjugate. We show this is the case when g = 3 and n = 1.
In genus 3 the Klein 4-group D, = (Jp, J1) acts with signature (0; 2, 2,2, 2, 2, 2).
The hyperelliptic involution Jy is unique, so the other two nontrivial elements in
D;, namely J; and JoJ, acting with signature (1;2, 2, 2, 2), are a pair of non-
conjugate 1-hyperelliptic involutions.



Stratifying the Space of Moduli 617

5. (4., continued.) The theorem of Farkas and Kra has another consequence: if g >
4n + 1, and Ay is contained in '™ then Ne(Ag) < N (T™). A finite subgroup
H < Mod, may be represented as I'* /Ag, I'* < Nz (Ag). By assumption, G* /A,
contains F(”)/ Ag = (J,) as a normal subgroup. It follows that every finite sub-
group H < Mod, stabilizes the fixed point set F(({J,)) C 7. In other words, the
embedded Teichmiiller space

i(T(@"™) c Ty,

where i is the injective homomorphism in (38), is invariant under the action of
Mod, . The n-hyperelliptic stratum RZ,U")) is therefore disjoint from all other strata
except those contained in it. This is an advantage: to determine the substrata of
jo”)) one need only consider the (finite) class of finite groups which are central
extensions of C by groups which act in genus n. See the author’s paper [35] for
the case n = 0.
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